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STABILIZATION OF A SEMILINEAR WAVE EQUATION WITH
VARIABLE COEFFICIENTS AND A DELAY TERM IN THE
BOUNDARY FEEDBACK

JING LI, HONGYINPING FENG, JIEQIONG WU

ABSTRACT. We study the uniform stabilization of a semilinear wave equation
with variable coefficients and a delay term in the boundary feedback. The
Riemannian geometry method is applied to prove the exponential stability of
the system by introducing an equivalent energy function.

1. INTRODUCTION

Let €2 be a bounded domain in R™ (n > 2) with smooth boundary 02 = T'o JT';.
Assume that T’y is nonempty and relatively open in 0Q and I'g NI’y = (). Define
Au = —div(A(x)Vu) for u € HY(Q), (1.1)
where div(X) denote the divergence of the vector field X in the Euclidean metric,
A(x) = (aij(x)) is a matrix function with a;; = aj; of class C"', satisfying

n

)‘2‘51‘2 = Z aij(w)&i&; < AZE? Yz € Q,
=1 irj=1 i=1 (1.2)

07&5: (€1a€2"'§71)T €Rna

for some positive constants A, A.
We consider the initial boundary value problem
uge(x,t) + Au(z,t) + h(Vu) + f(u) =0 in Q x (0, +00),
u=0 onIyx(0,+00),
0
L —prug(z,t) — poug(x,t —7) on I'y x (0, 400), (1.3)
81/A
u(z,0) = up(x), w(x,0)=ui(z) inQ,
ug(x,t —7) = go(z,t —7) on Ty x [0,7],

where
n
au Z 8U
— Qs U
vy L= Tox; "
1,5=1
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and v(z) = (v1,v2,- - v,)T denotes the outside unit normal vector of the boundary,
va=Av. f: R— Rand h: R" — R are continuous nonlinear functions satisfying
some assumptions (see (A1), (A2)). Here, 7 > 0 is a time delay, u1, o are positive
real numbers, and the initial values (ug,u1, go) belong to suitable spaces.

The problem of uniform stabilization for the solution to the wave equation has
been widely investigated. We refer the reader to [3| 6, 8, [10, [I1]. The system
was claimed to be a nondissipative wave system in the literature. The stability of
a nondissipative system is a important mathematical problem and has attracted
much attention in recent years. On the other hand, delay effects arise in many
applications and practical problems and it is well-known that an arbitrarily small
delay may destabilize a system which is uniformly asymptotically stable in absence
of the delay, see [4, [12] [[3] [16]. Consequently, we consider the stabilization for a
nondissipative wave system with a delay term in the boundary feedback.

When A(z) = I, we say that the system is of constant coefficients. In this
case, many results on such problems are available in the literature, see [4, 6], 10l 12
13| [16]. The coefficients matrix A(x) is related to the material in applications. Our
main goal is to dispense with the restriction A(x) = I, and we consider the variable
coefficients case. The main tool is the Riemannian geometric method which was
first introduced in [I7] to obtain the observability inequality. This method was
then applied to established the controllability and stabilization in [I, 2] [, [T5] 18]
for second-order hyperbolic equations with the variable coefficients principal part.
For a survey on the Riemannian geometric method, we refer the reader to [7].

We will show that the nondissipative system is essentially a dissipative
system by introducing an equivalent energy function of the system. A similar
nondissipative system with variable coefficients has been studied in [8]. However,
the delay term was not considered. The appearance of the delay term often brings
great difficulty. We will select a new equivalent energy function, which is different
from the equivalent energy function in [§], to obtain the exponential stability of the
solution to .

Our paper is organized as follows. In Section 2, some necessary notation is
introduced and the main results are presented. In Section 3, some preliminary
results and the main theorem are proved. The proof of the existence theorem of
the solution is presented in the Appendix.

2. NOTATION AND STATEMENT OF RESULTS

All definitions and notation are standard and classical in the literature, see [14].
Set

G(x) = (gij(2)) = A7 (). (2.1)

For each z € R" in the tangent space R} = R", we denote the inner product and
the norm as

g(XY)=(X,Y)g = gij(@aify, |X[y= (X, X)}> (2.2)

i,j=1

for all

n 9 n 9 . .
X:Zai%, Y:ZﬁzT%ER$, r e R".
=1 i=1
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From [I7, Lemma 2.1], it holds that
(X(2), A(x)Y (z))g = X(2) - Y(z) =eR", (2.3)
where the central dot denotes the Euclidean product of R™.
It is easy to check that (R",g) is a Riemannian manifold with the metric g.
Denote as D the Levi-Civita connection in the Riemannian metric g. Let H be

a vector field on (R™, g). Then the covariant differential DH of H determines a
bilinear form on R} x R7 for each z € R", by

DH(X,Y) = (DyH,X), VX,Y €R”, (2.4)

where Dy H stands for the covariant derivative of vector field H with respect to Y.
Denote as Vg u the the gradient of u in the Riemannian metric g. It follows from
[I7, Lemma 2.1] that

- - ouy 0 " Ou Ou
— y 7Y 2 2 _ et
Vou = Z (Za” (z) 8%_) oz, |Vgu|g = Z aij 92: Oz, (2.5)
i=1  j=1 i,7=1
We refer the reader to [I7] for further relationships.
The following assumptions are needed for proving our results.

(A1) f:R — Ris a C'-function deriving from a potential

F(s) = / f(r)dr >0 VseR, (2.6)
0
and satisfies
[F()] < bulsl” + b2, [F/ ()] < bulsl”™" + b2, (2.7)
where by, bs are positive constants and the parameter p satisfies
2 <3
1<p<{™ T (2.8)
s, n>4
(A2) h:R™ — Ris a Cl-function and there exist two constants 3 > 0 and L > 0
such that
[RE] < BV, [Vh(E) <L vEER™ (2.9)
(A3) There exists a vector field H on the Riemannian manifold (R™, g) such that
DH(X,X)=c(z)| X2 VxeQ, X €R]. (2.10)
Let b = ming ¢(z) > 0 and B = maxg c() such that
2b—3
B < min {b+ TEO,r(b - %O)} for some ¢y € (0,b) and r > 1. (2.11)
Moreover,
H-v<0onTgand H-v >4 >0 onI; for some constant §. (2.12)
Note that (A3) implies that

nb < div(H) < nB. (2.13)

A number of examples of such a vector field H on (R™, g) for which the condition
(2.10]) is satisfied without any constraints on B are presented in [I7].

When A(z) = I, condition (2.10) is automatically satisfied by choosing H =
Tr — Xg.
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If po = 0, that is, in absence of the delay term, the energy of the system
is exponentially decaying to zero, see [§]. On the contrary, if pu; = 0, that is,
there exists only the delay part in the boundary condition on I';, the system
becomes unstable. See, for instance [B]. So it is interesting to seek a stabilization
result when both py and po are nonzero. In this case, the boundary feedback is
composed of two parts and only one of them has a delay.

The stability of a linear wave equation with constant coefficients and a delay in
the boundary feedback has been studied in [12]. There it is shown that if pu; = po,
then there exists a sequence of arbitrary small (and large) delays such that insta-
bilities occur, if ps > u1; delays which destabilize the system were also obtained.

In this article, in agreement with [12], we assume that

po < . (2.14)
Set
V={veH Q=0 onTy}, W=HQ)nNV.

Theorem 2.1. Under assumptions (Al), (A2) and (2.14), for any given initial
values (ug,u1) € W x W, go € CY([-7,0]; L3(T'1)), satisfying
3u0
aVA

and T > 0, system (1.3) admits a unique strong solution u on (0,T) such that

= —pyuy — pogo(x,—7) onTy (2.15)

uwe L(0,T;V), u € L(0,T;V), uy € L=(0,T; L*()). (2.16)

Moreover, if (ug,u1) € V x L*(Q), go € L*(—7,0; L?(T'1)), then (L.3)) possess at
least a weak solution in the space C([0,T]; V)N C*([0,T]; L*(2)).

The Galerkin’s approximation will be used for proving Theorem Under
assumption (2.14]), define the energy of (1.3)) as
1 1
Elt)== / [Jug)® + |Vgu|§ + 2F(u)]dz + §/ / ui(z,t — tp)dldp,  (2.17)
2 /o 2J)o Jr,
where € is a strictly positive constant satisfying
The < § < T2 — p2)- (2.18)
Denote E;(t) as
1
E(t) = / (g2 + [V gul2 + 27 (u)]da (2.19)
Q
Our main result is the following theorem.

Theorem 2.2. Let u be a (strong or weak) solution of (L.3). Suppose that (Al)—
(A3) and (2.14) hold. In addition assume that f satisfies

2rF(s) < sf(s) for some constant r > 1, and all s € R. (2.20)

If B in (2.9) is sufficiently small, then there exist positive constants C' and w inde-
pendent of initial values such that

E(t) < CE(0) exp{—wt} Vt>0. (2.21)
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3. PROOF OF THEOREM

Proposition 3.1. Let u be a (strong or weak) solution to the system (1.3), the
following estimate holds:

o /Fl[u?@f,t) +uf (.t = 7)]dL + BE, (1), (3.1)

with Cy is a positive constant to be specified later.

Proof. Differentiating (2.17)), we obtain

dE
T = [t (93 V), + S da

1
Le / / wele,t — 7p)use(e,t — 7p)dTdp
I

3.2)
ou / (
= —udl' — [ ush(Vu)dx
ry (9Z/A t o t ( )
¢ / [l t = o)zt = rp)ardp
o Jr,
Now, let y(x, p) = u(x,t —7p). So we have
1 1
Ut == —Yp Ut = 5 Ypp- (3.3)

Therefore,

1 1 1
/ /F ut(x,t — Tp)up(z,t — 7p)dl'dp = —;/ /F Yo(@, P)Ypp(, p)dldp. (3.4)
0 1 0 1

Integrating by parts in p, we obtain

1
/ / yp(ffaﬂ)ypp(%p)drdp
0 I

- (/F Yo (@ P)p (2, p) dF / /F Yoo (T; P)Yp(, p)dldp (3.5)

= 2 X —q? X — X X .
—/Fl [y2(x,1) — y2(x,0)] dT /0 /Fl Yoo (@, p)yp (2, p)dldp

That is

[ e oo pyirap =5 [ 1) - o)) ar

Therefore,

/ / ut(x,t — Tp)ug(z, t — 7p)dldp
Fl

= 25 [y2(x,1) =y (x,0)] dT (3.6)
T Jry

1

=5 - [u?(m,t) — u?(m,t — 7')} dr’
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which, together with the boundary condition of (1.3) on I'; and (3.2), leads to

dE(t
dE(t) = *Ml/ u?(z,t)dl — pg/ ug(x, t)ug(x,t — 7)dl" — / ur(x, t)h(Vu)de
dt r, r, Q
+ £/ [uf (z,t) — uj(x,t —7)] dI.
27— T
(3.7
Applying the Cauchy-Schwarz inequality to (3.7), from (2.9) and the fact F(s) > 0,
we have

dE(t) M2 § 2 H2 § / 2
a  — ( Ty 2T> /1“1 ui (@ 1) ( 2 27> _ (2.t = 7)d

+£/[|ut|2+|vgu|§]da¢
Q

2
2 § 2 M2 S / 2
< ( _ [aC T re _ 5 _
< ( w5+ 27) /F w2 (z, t)dl + ( > 27) |ttt 7)dr
+ BEs(1),
(3.8)
which implies
dE(t
% < o / [u2(2,t) + ud (@, t — 7)) dT + BE,(), (3.9)
I'y
with ¢ ¢
—m _H2_ S S M2
Cr=min{in =5 =50 50 =5 )
Due to (2.18)), we have C; > 0. The proof is complete. O

Remark 3.2. From inequality , it seems that the system is not dissipa-
tive. However, this is a wrong impression. Actually, by introducing an equivalent
energy function, we will find that the system is essentially dissipative under
some suitable conditions.

Lemma 3.3. Let H be a vector field on Q2. For any (strong or weak) solution to

(1.3) we have

ou
%H(u) = |Vgu|Z(H -v) onTy. (3.10)

Proof. Let x € T'y. We decompose V u into a direct sum in (R, g)

V,u(@) = (Tyu(e), 228 14D Ly (3.11)
[valg "9 |valg
where Y (z) € R? with (Y (x),va(z)), = 0. Taking into account, we obtain
Y(z)-v(z) = (Y(z), A(x)v(z))y = (Y (2),va(z))g =0, (3.12)

which imply Y (z) € T'o,, the tangent space of T'g at x.

Since u = 0 on Ty, it follows from (3.11) and (3.12)) that
1 2
T Y
|VA|£27 <Vgu(I),l/A(I)>g + (u)
1 joup
|VA|3 aUA

|Vgu‘§ = Vgu(u) =
(3.13)
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Similarly, H can be decomposed into a direct sum

H = (H(z), ”A(“’)>g”*“(x) + Z(2), (3.14)
|VA‘9 |VA‘g

where Z(z) € Toy.
Recalling that v = 0 on Ty, from (2.3)) and (3.14]), we obtain

(H(z),va(z))g , Ou H(x) v(z), Ou
H(u) = 2o ale (20 2D A (20 3.15
( ) |I/A‘£27 (81/A) |VA|?, (61/A) ( )
which, together with (3.13]), leads to (3.10]). The proof is complete. O
Let
P(t) = / [2H (u) 4 (nb — eg)u] ugdz  for some g¢ € (0,b). (3.16)
Q

Proposition 3.4. Let u be a (strong or weak) solution of (1.3)), under the assump-
tions of Theorem[2.3, there exist two positive constants 0 and N such that

dP(t)

5 < —20E,(t) + N | [u?(z,t) +u?(z,t — 7)]dT. (3.17)
'y
Proof. Differentiating with respect to ¢ we obtain
dP
% = /Qut[QH(ut) + (nb — eo)ug]dx — /Q.AU[ZH(U) + (nb— eo)u]dx
- / h(Vu)[2H (u) + (nb — go)uldx — / f(w)2H (u) + (nb — eo)uldx
Q Q
=11 (t) + I (t) + Is(t) + Lu(2),
(3.18)
where

I(t) = /Qut [2H (ut) + (nb — go)ut]dz,
I (t) = —/ Au[2H (u) + (nb — go)uldz,
Q
Is(t) = — /Q h(Vu)[2H (u) + (nb — o)uldx,
I(t) = — /Q f(w)[2H (u) + (nb — go)uldx.
Now we estimate I;(t), (i = 1,2,3,4). Noting that w = 0 on I'y, we have
L(t) = /QH(uf)dm—i—/Q(nb—ao)ufdx
= /1“1 uy(H - v)dl — /Q[div(H) — nbluzdx — E()/ uyde,

Q

where div(H) denote the divergence of the vector field H in the Euclidean metric.
Denoting M = maxg |H|4, from (2.13]) we obtain

L) <M ﬁﬂ—%/@m (3.19)
IR Q
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Next, we estimate I5(t).

6’LL 8u
12(”:2/8 v, Wl =2 /Q<Vgu,vg(H<u>>>gdx+ / (b — o) T

0 OVA 0

—/(nb—eo)wgu@dx
Q

= —2/ DH(V4u,Vgu)dz +/ [div(H) — nb+ o] |V gul2dx
Q Q

ou 9 Ju
+/ {2871{( ) = [Vquf3(H - v) + (nb — eo)u | dT

/ |Vgul2(H -v)
(3.20)

where the validity of the last step comes from the fact u = 0 on I'y and (3.10).

Since

M?

/ 2ﬂH(u)drg/ [5|v uff + 55— Ou ]dn (3.21)
I aI/A r,

from (2.10), (2.12)), (2.13)), (3.20), (3.21)) we obtain

L(t) < /Q [div(H) — (n+ 2)b + eo] [V, yul2de

M?
+/ [5\Vgu|2 + 7| Ou 5\Vgu|§ + (nb— so)u@ dr
I 8VA
(3.22)

<[nB-(n+2)b+ 50]/ |Vgu\3dx
M2, du ou
/ [7|—| uﬂ}dF.
Using the trace theorem,
|v|2dl" < 6/ |V gv|2dz
I Q

for some constant C' > 0, for all v € V, and the boundary condition of (|1.3) on I'y,
we estimate the last term on the right-hand side of (3.22) as

M?, du ou
/Fl [T}ayA (nb—EO)Um}dr

M?, Ou 1, 0u 2
g/rlé\a dr + ( nb—go)/F [n|u|2+—|a—{ Jar

nb —
< C(nb—eo)n /|v ul d:c+( /'auA|dF

< C(nb— so)r]/ |Vgu|§dx
Q

(3.23)

b—ey M?
+02(n m 0 +T) /Fl [u?(x,t)—}—utz(l‘,t—Tﬂ dar

= 50/ |Vgu|3d:13 + M, / [uf(a:,t) +ul(z,t — )] dT,
Q

1
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where n = =—0— My = Cg("b 0 S ) were used in the last step and Cs is a
C(nb—eg)
positive constant. Substitute (3.23)) into to obtain

I(t) < [nB — (n+ 2)b+ 2¢¢] / |Vgu|£27dx + M, / [u(2,t) + ui(x,t —7)]dT.
Q

'y
(3.24)
Applying the Cauchy inequality and recalling (2.9), we can obtain the estimation
of I5(t) as follows:

Is(1) §25M/ |vgu|§dx+ﬁ(nb—50)/ IVl uldz
Q

. (3.25)

§ﬂ{2M+ (1+C}/|Vu|dx

where C' is a positive constant satisfying [, [u|* < C [, |[Vul2dx for all u € V.
Finally, we estimate I4(t) . By (2.12)), (2.13)), (2.20), the nonnegativity of
F,F(0) =0, u=0 on I'g, we have
I(t) < —(nb— 80)7‘/ 2F (u)dx — 2/ H(F(u))dx
Q Q
I

_ /Q ((nb — eo)r — div(H)2F(u)de — | 2F(u)(H -v)dD  (3.26)

< [nB — (nb—¢go)r] /Q 2F (u)dz.

Let
€0
oM + (bl (1 4 T
Combine (3.18)), (3.19), (3.24), (3.25) and to obtain (3.17)), where
0 := min{(n + 2)b — nB — 3eq, (nb — g9)r — nB, &0},

0<pB<

2
N :=M; + M. (3.27)
By (2.11)) and the values of M and M, we have § > 0,N > 0. The proof is
complete. (Il

Proof of Theorem[2.3. Define

/ / S=tu2(x, s)dTds. (3.28)
t—r JI'y
We can easily estimate

ds(t
ﬂ:/ uf(x,t)dr—/ e "u2(z,t —7)dT — / / s=ty2(z, 5)dT'ds
dt r, I t—1 JI'y
§/ uf(m,t)dl"—e_T/ uf(m,t—T)dI‘—e_T/ / u?(z, s)dTds.
Iy I t—7 JI'1

(3.29)
Let us define a new energy function for (|1.3) as

L(t) := E(t) + mP(t) +725(1), (3.30)

where 71,79 are suitable positive small constants that will be specified later on.
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Note that L(t) is equivalent to the energy E(t) if 71,72 are small enough. In
particular, there exist a positive constant C's and suitable positive constants a;, as

such that
a1 E(t) < L(t) < agE(t) V0 < 91,72 < Cs. (3.31)
Therefore, L(t) is an equivalent energy function of(1.3)) for small ~1, 5.
Differentiating the function L(t) and recalling (3.1)), (3.17), we deduce
dL(t) _ dE(t) o d];it) o dflit)
u?(z,t)dl’

dt dt
< (=2m0+ B)Eq(t) + (=C1 +m N + 72)/
I'y

+(-C1+mN - "/26_7—)/ u?(ac,t —7)dl’
r
. 1
—726_7/ / u?(z,s)dlds.
t—7 JI'y

Note that
1
E(t) = E(t) + g/ / u?(x,t — 7p)dldp
0 I (3.33)

t
= FEs(t) + £ / / u?(z,s)dlds.
27 t—1 JI'

Choosing 71,72 sufficiently small such that —Cy + 1N + v < 0, —Cy + 1N —
v2¢~ T < 0 and choosing > 0 small enough such that —2v,0 + 8 < 0, from (3.32)

(3.32)

and (3.33)), we have
dL(t PN
aL(t) < —CE(t), (3.34)
dt
with C' is a positive constant. Applying the second inequality of (3.31)), from (3.34)),
we have
dL(t) C
—L <Lt 3.35
<L) (3:35)
(3.36)

Then, we easily obtain
vt > 0,

L(t) < L(0) exp(—wt)
with w is a positive constant. Using (3.31)) again, we deduce the estimate (2.21)
|

The proof is complete.
4. APPENDIX: PROOF OF THEOREM 2.1]

As in [§], we use Galerkin approximations to prove the well-posedness of (|1.3))

(4.1)

The change of variable

v(x,t) = u(z,t) — ¢(x,t),
where

o(x,t) = up(x) + tur(x) (z,t) € Q:=Qx(0,T), (4.2)
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gives the following problem, which is equivalent to (1.3)),

vy — div(A(z)Vo) + (Vo + Vo) + flo+¢) =F inQx(0,T),
v=0 onTyx(0,T),
Ov

i —prfvg(z,t) + wr] — pofvg(z,t —7) +wi ]+ B onTy x (0,7),  (4.3)
A
v(x,0) = ve(z,0) =0 in Q,

ve(z,t —7) =go(x,t —7) —u; on Iy x[0,7],

where F = div(A(z)V¢), B = —% and div(X) denote the divergence of the vector
field X in the Euclidean metric.

Let {w;};en be a basis for W that is orthonormal in L?(Q), and let V,,, be the
space spanned by wy « « - Wy,

When gy € C([-7,0]; L?(T'1)), we choose a sequence go, — ¢go strongly in
C([-7,0]; L*(T1)). Now we define the approximation

m
vm(t) = Y i(t)wy,
j=1
where v,,(t) are solutions to the Cauchy problem

/vatt(t)wdx+/Q<ngm(t),vgw>gdx+/Qh(va(t)+V¢(t))wda:

+ /Q fom(t) + o)) wdx + /F (11 (Ve (8) + w1) + p2 (Ve (8 = 7) 4 1) Jwdl

1
= / F(t)wdx +/ Bwdl',
Q IS
Um(O) = Umt(O) = 07
Umt(2,t) = gom(2z,t) —u1  on Ty x [—7,0],
(4.4)
for all w € V,,.

According to the standard theory of ordinary differential equations, the finite
dimensional problem has solutions wv,,(t) defined on some interval [0,7T},).
The a priori estimates that follow imply that T,, = T.

Step 1: The first-order estimate of v,,. Replacing w by v, (t) in leads to

il /anmw + [Vgvm (O] + 2F (v (t) + 9(6)))de)

+/Qh(V11m(t)+V¢(t))vmt(t)dx—/Qf(vm(t)JrqS(t))uldx
d
_ /Q Fltym(t)r + 5 ( /F | B(1)vyn(1)dr) ~ [ Bl )

- /F (111 (Ut () + u1) + po(Vme (E — 7) 4 w1)][Vime (£) + u1]dD

+ / (1 (Ve (t) + wr) + pro(Ume(t — 7) + u1)]urdl
r,
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Using the Sobolev imbedding theorem, Holder’s inequality, (A1) and the regularities
of the initial values, we infer that

/ F(om(®) + 6()urds < C / [Um () + $(8) ||| ds + C / | de
Q Q Q
<( [ fon®Flulds+ [ 160)Plulde) +C

C(/Qvm(t)|2pdx)1/2(/9|u1|2dx>1/2 (4.6)

4 c(/ ol + 17|+ ) e 4 ©
Q

IN

/2
gc(/ \ngm(t)|§da:)p YOt 4O
Q

Here and in what follows, we use the constant C' > 0 to denote some constants
independent of functions involved although it may have different values in different

contexts.
By (A2), it holds

/Q BV 0 (1) + V() vpme ()

2 1
<5 [ 190n(®) + Voo + 5 [ omelt) P

Combining (4.5)—(4.7)), recalling the trace theorem,

/ lo|2dI < é/ IV, 0l2de
I Q

for some constant C' > 0 and all v € V, it follows that

(/Qﬂvmt(t)IQ + Vgt (8)2 + 2F (o (t) + 6(t))]do

<( [P 0is) 400+ [ Ronnit + 0,00
+%/Q‘vmt(t)‘2dx+%/ﬂ|}'(t)|2d:c+%/Q\vmt(t)\2dx

“ail [ o) + § [ gopar s [ @i e

- /F (1 (Ve () 4+ wr) + p2(Vime (t = 7) + w1)] [V () + uq]dl

+ / 2 (vt (£) + 1) + pr2(0me(t — 7) + )T
Iy
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Integrating the obtained result over the interval (0, t), noticing v,,(0) = v,,(0) = 0,
£ <1 and applying the trace theorem, we obtain

[ [t + 1930 (0O + 2P (00 + 9(0)] o
2 t 2 ptl t Ums(8)|2dxds
<(C+28 +1)/0 /Q|ngm(5)|gdxd5+0t + +2/0 /Q| ms(8)|"dxd
+28 / / Vy6(s)|2dxds + /0 /Q 7 s +2 | Bltyun(t)ar

+Ct / O
I

- /0 /F (11 (Vms(8) + u1) + p2(Vms(s — 7) + u1)][Ums(s) + uq]dlds

‘dF+Ct+O

t (4.8)
- A /1“1 [Ml (UmS(s) + ul) + U2(Um5(5 - T) + Ul)]uldFdS

t t
< (C’—|—2ﬂ2+1)/0 /Q|ngm(s)|3dxds—|—2/o /Q\vms(sﬂzdxds
+C/ IVgom(t)[2dx + C(tPT +t+ %)+ C
Q
t
= [ romels) + ) + ra(omls = 7)) om(s) + wrldrds
0 Iy

+ /0 /Fl (1 (Ums(s) +u1) + p2(Vms(s — 7) + uy)]urdlds,

where ¢ > 0 is a sufficiently small constant that will be specified later on. Using
the Cauchy-Schwartz inequality, we deduce

- / (41 (Vma() + 1) + f12(0ma (5 — 7) + 1)) [Vma(s) + wa]dT'ds
(4.9)

/ / = — |vms(s) +ug|? + %h}ms(s —7)+ u1|2} dlds.
I'y

Now, using the history values about v,,:(t) t € [—7,0], the second term in the
right-hand side of (| @ can be rewritten as

/ / |Ums - + Uy |2dFds
Iy
:/ [Um,(p) + u1|?dldp
—T I
0 t—7
~ [ [ lmst) s wiPardps [ [ onglo) +wPardp (a10)
—7 JI'y 0 T
0 t—1
=/ |90m(p)|2d1“dp+/ [Vmp(p) + u1|*dldp
—7JI 0 T

t
<o+ / / [omp(p) + ur *dTdp,
0 Iy



14 J. LI, H. FENG, J. WU EJDE-2013/112

where Cj is a positive constant. From (4.9) and (4.10)), we deduce

[ [ r(omels) + 1) + aa(m(s = 7) ) om(s) + wrldrds
0 Il (4.11)

t
< / / (2 — 111)|Vms(8) + uq|2dlds + C.
0 Jm,

On the other hand, taking the Cauchy-Schwartz inequality, the inequality (4.10)
and the regularities of the initial values, we deduce

/0 /F (111 (Ums (8) + 1) + po(Vms(s — 7) + up)]urdlds
SU/O 1" Iul(vms(s)+U1)+,U/2(’Ums(3—7-)+u1)|2drd8

t
+ C’(n)/ |uy|?dTds
0 T (4.12)

t
<2 [ [ linoms(s) +un)Paras
0 JI'y
t
+ 2n/ |12 (Vs (s — 7) 4 u1)[*dlds + C'(n)
0 JI'y

t
s2(u?+u§)n/ A [Ums(s) + u1|*dlds +C + C'(n) t € [0,T],
0 1

where > 0 is a sufficiently small constant that will be specified later on and
C(n),C’'(n) are positive constants.

Substituting (4.11]), (4.12)) into (4.8)) and choosing ¢ > 0 small enough, we obtain

/Q [[ome (D + [Vg0m(®)2 + 2F (0 () + 6(1))] da

t
+ [ —p —2/12—5—#27]// Vs (8) + u1|*dTds
(11 — p2 — 2(py 2H0F1| (s) + w1 (4.13)

t t
g(C+252+1)/ / |ngm(s)\§dxds+2/ /|vms(s)\2dxds
0o JQ 0 JQ
+ O 4+t 4+ %) + C.

Finally, noting the fact ps < p1, F(s) > 0 for all s € R, choosing 1 > 0 sufficiently
small, by Gronwall’s lemma, we obtain the first-order estimate of v,,

[ omi O + [9g0m (02 + 27 0 (®) + 6(0)]

e (4.14)

—l—/ [Ums(8) + u1|2dFds < (4,
0 Jr,

where Cy > 0 is a constant independent of m € N and ¢ € [0,T].
Step 2: The second-order estimate of v,,. We estimate the term [[vy1(0)]|£2(q)-
Take t =0 in (4.4])) and notice the fact v,,,(0) = v,,:(0) = 0, to obtain

/vatt(O)wdx—I—/Qh(Vuo)wdac—i—/Qf(uo)wdx—i—/F [p1ur + p2gom(—7)]wdl

1
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(— %)wdr Y € Vi,

:/Qdiv(A(:L‘)Vuo)wdx—F/

Iy
which, together with (2.15)), leads to

/ Umer(0)wdz + [ h(Vug)wdz + | f(ug)wdx —|—/ [t290m (—7)]wdl
Q Q ry

Q

:/diV(A(x)Vuo)wdx—l—/ pago(—T)wdl  Yw € V,,,
Q r

1

which, together with (A1), (A2) and the regularities of the initial values, lead to

1Vmt(0) || 220y < Cs,

where C5 > 0 is a constant independent of m € N.
Next, differentiate (4.4)) with respect to ¢ and replace w by vy, to obtain

33 L (omieOF +Vyume(0)) de]

+ [ VA(Vop(t) + V(1) (Vome(t) + Vui)vme (t)dz
Q

+ . F W () + () (vime (t) + 1) vine (t)dae (4.15)
+ /Fl [Hlvmtt (t) + H2Umitt (t - T)]Umtt (t)dF

=A;E®WW“M$+%(1:&@Wm@MQ~

Taking (A2) into account, we infer that

/ V(T () + V) (Voma(E) + Viia Jomss (£)dee
@ (4.16)

<o+ / IV gt (8) 2 + / e (1) ).
Q Q

We use Holder’s inequality, the Sobolev imbedding theorem, and the trace theorem,
by noticing (A1), (4.14) and the regularities of the initial values, to obtain

Af@ﬂw+wmwmw+meMMx
sch%wthww*+mmmmwwmmmmw
om (12D o, () 2da 2=y (1) 2da
scAu<m I(md+OLW@I [ome () 2d
+0/ |Vt (1) |2 da + C (4.17)
Q

< C(/Q(|vm(t)|2(p1)'3dx)Z/n</Q(|vmt(t)|2”nzdm)(n—m/n

+C/W@W“W%ﬁﬁw+0/wmﬁww+0
Q Q

< C [ (Vyome® + ma(0)7) o + O
Q
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and

/ Fo ) omn(t)dz < C / (e (8)2de + C, (4.18)
Q Q

B(#)vmme (£)dD < c% be /Q IV g0 ()2, (4.19)

I
where £ > 0 is a sufficiently small constant that will be specified later on.

Finally, combining (4.16)—(4.19), integrating (4.15) over (0,t), choosing & > 0

sufficiently small and recalling |[vp:(0)[|z2(q) < Cs, we obtain
/ ([0mee (8)]2 + [V gom (£)|2) dz + / / 1 Vmss () + H2Vmss(8 — T)]Umss(s)dTds
Iy

<c/ / [Vmss(8)|* + [Vgvms(s)[2) dawds + Ct+ C.

t

// |Vmss (s — 7)|2dTds
0 Iy
t—7

-/ ool vy

/ / |gomp(p)|2dTdp + / / Umpp(p)[2dTdp
<Ch+ / [ tosnlo) i,

0 I

where C{ is a positive constant. From (4.21)), we infer

/ Al[ulvmss<s>+u2vmss<smvmg(s)

(4.20)
Note that

(4.21)

/ /F (11— 52) omss(5)]* = M;\vmss(s—r)ﬂ dl'ds (4.22)

2 / / (111 — p12)|vmss(s)[2dTds — C
0 I

which, together with (4.20)), leads to

(lvmtt( )P+ [V gum(t ) d$+ p11 = pi2) |Vmss ()| *dTds
/ [

// mss(8) 2 + [V gt ()[2) dards + Ct + C.

Recalling the fact ps < w1, by Gronwall’s lemma, we obtain the second-order
estimate of v,,,

t
/ (lomee () + [V gom (8)]7) da +/ / (11 — p2) [vmss (s)|*dlds < C,
Q 0 Iy

where Cy is a positive constant independent of m € N and ¢ € [0,T].
For the delay term, using the same method as the one in (4.9)-(4.11)), the proof
can be completed arguing as in [8, Theorem 3.1].
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