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SERRIN BLOW-UP CRITERION FOR STRONG SOLUTIONS TO
THE 3-D COMPRESSIBLE NEMATIC LIQUID CRYSTAL FLOWS
WITH VACUUM

QIAO LIU

ABSTRACT. In this article, we extend the well-known Serrin’s blow-up criterion
for solutions of the 3-D incompressible Navier-Stokes equations to the 3-D
compressible nematic liquid crystal flows where the initial vacuum is allowed.
It is proved that for the initial-boundary value problem of the 3-D compressible
nematic liquid crystal flows in a bounded domain, the strong solution exists
globally if the velocity satisfies the Serrin’s condition and L*(0,7T; L°)-norm
of the gradient of the velocity is bounded.

1. INTRODUCTION

The time evolution of the density, the velocity and the orientation of a compress-
ible nematic liquid crystal (NLC) flows occupying a bounded domain 2 of R? can
be described by the system

Op +div(pu) =0, (x,t) € Q x (0,400), (1.1)
O (pu) + div(pu @ u) + VP

= pAu— AV - (Vd © Vd — (%|Vd|2 + F(d)), (x,t) € Q x (0, +00), (12)
Od+ (u-V)d =v(Ad — f(d)), (z,t) € Qx(0,+00), (1.3)

together with the initial value:
p(0,2) = po(z) >0, w(0,z)=ug(x), d(0,z)=dy(zx), VzeqQ, (1.4)

and the boundary conditions:
u(t,z) =0, d(t,x)=do(x), |do(z)]=1, V¥(t,x) € [0,+00) x IN. (1.5)

Here we denote by p the unknown density, v = (u1, ug, u3) the unknown velocity,
d = (dy,d2,ds) the unknown orientation parameter of the nematic liquid crystal
material, and P = P(p) the pressure function. p, A and v are positive viscosity
coefficients. The unusual term Vd ® Vd denotes the 3 x 3 matrix, whose (4, j)-th
element is given by Zi:l 0;d0jdy. I is the 3 x 3 unit matrix. f(d) is a polynomial
function of d which satisfies f(d) = 8% (d), where F(d) is the bulk part of the

2000 Mathematics Subject Classification. 76A15, T6N10, 35B65, 35Q35.
Key words and phrases. Compressible nematic liquid crystal flows; strong solution;
Serrin’s criterion; blow-up criterion; compressible Navier-Stokes equations.
(©2013 Texas State University - San Marcos.
Submitted September 12, 2012. Published April 24, 2013.
1



2 Q. LIU EJDE-2013/107

elastic energy, usually we choose F(d) to be the Ginzburg-Landau penalization;
i.e.,

F() = (4P =12 (@) = (P~ 1),

where o is a positive constant. In what follows, we will assume o = 1 since it does
not play a special role in our discussion. Throughout this paper, we adopt the
following simplified notations for standard Sobolev spaces

L9:=L%Q), WFr:=WFr(Q), H":=H"Q)=W"? Hj:=Hj(Q),

where 1 < p, ¢ < o0 and k£ € N.

System 7 is a simplified version of Ericksen-Lesile system modeling the
flow of compressible nematic liquid crystals materials, and the hydrodynamic theory
of liquid crystals was established by Ericksen [5] [6] and Leslie [I8] in the 1960’s. In
[34], Wang and Yu established the global existence and large-time behavior of weak
solutions for the initial-boundary value problem f. When the direction
d does not appear, the system f becomes the compressible Navier-Stokes
(CNS) equations. Matsumura and Nishida [29] obtained global existence of smooth
solutions for the initial data is a small perturbation of a non—vacuum equilibrium.
For the existence of solutions for arbitrary initial value, Lions [19] and Feireisl
[91 [10] established the global existence of weak solution to the CNS equations. Cho
et al [2, B, 4] proved that the existence and uniqueness of local strong solutions of
the CNS equations in the case where initial density need not to be positive and
may vanish in an open set. Xin in [36] showed that there is no global smooth
solution to the Cauchy problem of the CNS equations with a nontrivial compactly
supported initial density. Hence, there are many works 3] [7} 8, 13, [14] [T5], B2} B3]
trying to establish blow-up criterion for the strong solution to the CNS equations.
In particular, it is proved in [I5] by Huang, Li and Xin that the Serrin’s blow—up
criterion (see [30]) for the incompressible Navier—Stokes equations still holds for the
CNS equations; i.e., if T is the maximal time of existence strong solution, then

A ([ divafziomze) + 1o ?ull Lo 0, 7:m) = o0 (1.6)
or
TILH%*( pllro, o) + ||P1/2U| L(0,T;L")) = 00, (L.7)

where r and s satisfy % + % <1, 3 < r < oco. Huang et al [I3] [14] established
that the Beale-Kato-Majda criterion (see [I]) for the ideal incompressible flows still
holds for the CNS equations; that is,

T
lim / (IVu|| e dt = 0.

T—T* 0
Sun, Wang and Zhang in [32] (see also [I5]) obtained another Beale-Kato—-Majda
criterion in terms of the density, i.e.,

lim sup |[p|l Lo (0,7;L) = oo
T—T*

Recently, Wen and Zhu in [35] established a blow-up criterion of the strong solution
for the CNS equations in terms of the density,

liTrnsup ol o 0,7;24) = 00,

—

for some 1 < g < oo large enough.
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When p is a positive constant, the system (1.1)-(1.3) becomes the incompressible
nematic liquid crystal (INLC) equations, the global-in-time weak solutions and
local-in-time strong solution have been studied by Lin and Liu [2I]. Later, in [23],
they further proved that the one-dimensional spacetime Hausdorfl measure of the
singular set of the so-called suitable weak solutions is zero. In [I2], Hu and Wang
established global existence of strong solutions and weak—strong uniqueness for
initial data belonging to the Besov spaces of positive order under some smallness
assumptions. Liu and Cui in [26] obtained that the blow—up criterion or
still holds for the solution of the INLC equations. We also refer [111 20 22} 24] 25] [31]
and the references cited therein for other related work on the INLC equations.

Inspired by the above mentioned works on blow-up criteria of the strong solutions
to the CNS equations and the INLC equations, particularly the results of Huang
et al [13, [14] and Sun et al [32] [33], we want to investigate the similar problem for
the compressible nematic liquid crystal flow 7.

When the initial vacuum is allowed, the well-posedness and a blow-up criterion
for strong solutions to the compressible nematic liquid crystal flows — were
established by Liu et al [27, 28]. More precisely, under the assumption of the
pressure P satisfies

P=P(-) € C'0,0), P(0)=0. (1.8)
They established the following result.

Theorem 1.1 ([27, 28]). Suppose that the initial value (po,uo,do) satisfies the
regularity conditions

OS,O()EWLG, UOEHolﬂHQ, d0€H37

and the compatibility condition
. 1
pAug — Adiv(Vdy © Vdo — (§|Vd0\2 + F(do))I) = VP(po) = /py (1.9)

for some function g € L?. Then there exist a small T € (0,00) and a unique strong

solution (p,u,d) to the system — with initial boundary condition -
such that
0<peC(0,T); W), py € C([0,T); L°),
ue C([0,T); Hy N H?) N L*(0,T; W29),  w; € L*(0,T; Hy),
de C([0,T); H®), d; € C([0,T); Hy)NL*0,T;H?),
dy € L*(0,T;L?), /pus € C([0,T); L?).

Moreover, let T* be the maximal existence time of the solution. If T* < oo, then

there holds
T

tim [ (IVull? + ullw) dt = oc, (1.10)
T—T* 0

where o, 3 satisfying % + % <2 and (@ > 4.

Recently Huang, Wang and Wen [16] [I7] considered a similar, but not equivalent,
system of partial differential equations modeling compressible nematic liquid crystal
flows, they obtained the existence of local in time strong solution and two blow—up
criteria under some suitable assumptions on u and d or on p and d.
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The purpose of this article is to obtain a blow-up criterion for the strong solutions
to the compressible liquid crystal flow only in terms of the velocity. Our main result
is stated as follows

Theorem 1.2. Assume that (p,u,d) is the strong solution constructed in Theorem
and T* be the mazimal existence time of the solution. If T* < oo, then we
have

Tli_>njl“*{||vu||Ll(0’T;Lw) + Hu| Ls(oﬁT;Lr)} = 00, (111)

for all r, s satisfying

2
7+§§17 3<r<+oo. (1.12)
s

The remaining of this article is devoted to proving Theorem The main
idea used here is similar as the papers [14, [15] of Huang et al, who studied the
blow-up criterion of strong solutions to the 3D CNS equations. The key issue
in our proofs is derive the suitable higher norm estimates of the strong solution
(p,u,d). Some of the new difficulties appears due to the fact that system (1.1])—
is the coupling of the CNS equations 7 and the liquid crystal equation
(1.3). To proceed, some new estimates are needed. In fact, we found that under
the assumption of L'(0,T;L°)-norm of the divergence of velocity implies that
both the time-independent upper bound for the density and the L>°(0,T; L9)-norm
with 2 < ¢ < oo of d, and when the opposite to holds, the bound of the
L>(0,T; L?)-norm with 2 < ¢ < oo of Vd can be directly from the liquid crystal
equation . These properties are important for us to establish the higher order
norm estimates of p, u and d.

2. PROOF OF THEOREM

In what follows, we assume that (p,u,d) is the unique strong solution to the

system (|1.1)—(1.3) with initial-boundary condition (1.4)—(1.5) constructed in The-

orem m and 7™ is the maximal existence time of the solution. We assume that
the opposite to (1.11]) holds; i.e.,

1. . o0
TLH%*{HVUHD(O,T,L )+ llul

Leo,riLr) f < M < oo.

Hence, for all 0 < T < T™, there holds
T
/ IVul| Lo + [Jullf- dt < M < oo, (2.1)
0

from which we will prove the same regularity at time 7™ as the initial value, a
contradiction to the maximality of T*. Throughout the paper, we will use C' to
denote a generic positive constant depending only on p, A, v, M, T, Q and the initial
data. Here, we notice that thanks to the assumptions and , we have

T
/0 lul|? dt < M < . (2.2)

Under assumption , it is easy to obtain the L*°-norm bounds of the density
p and the L9-norm (for all ¢ > 2) of the orientation parameter d by using the mass
conservation equation and the liquid crystal equation respectively. More
precisely, we have the following Lemma.
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Lemma 2.1. Assume that

T

/ |divul|pedt <M, 0<T<T*, (2.3)

0

then
sup |lpllpee <C YO<T <T%; (2.4)
0<t<T
sup ||d||lpe <C  forallg>2and 0 <T < T, (2.5)
0<t<T

where the constant C' independent of q.

Proof. The proof of estimate ([2.4]) is essentially due to Huang and Xin [I3], for
reader’s convenience, we sketch it here. Multiplying the mass conservation equation
(1.1) by ppP~! with p > 1, it follows that

O (p?) + div(pPu) + (p — 1)pP divu = 0.
Integrating the above equality over §2 yields
OillplLe < (p— DIl divullLellpllZ,;

i.e.,
Fllpllr <

Condition (2.3) and estimate (2.6) imply
sup |pllr <C Vp>1,
0<t<T

p—1 )
( . )|l divull g o]l or- (2.6)

where C' is a positive constant independent of p, letting p — oo, we obtain ,
and this completes the first part of the proof.

To prove the estimate , we multiply the liquid crystal equation by
q|d|972d with ¢ > 2, integrate it over 2, and make use of the boundary condition

(1.5)), then there holds

d
SdlL -+ [ (@ 9d?a + g = 2vld 1) do -+ g [ (7 o
Q Q

3
:—Z/ ul@i(|d|‘1)dx+qy/ d]? da
=179 Q

g/ |divu\|d|de+(ﬂ/ |d|q+2dx)m(2m|)riz
Q 2 Ja

< O divul| < || d]l2 + %/Q 4+ d + O,

2.7)

where we have used the fact that dVd = |d|V|d| implies

—q/ Ad|d|q*2ddx:q/ \Vd|2|d\q*2dx+q/ Vd- dv|d"? dz
Q Q Q
=Q/ \Vd|2|d\q72d$+61/ |Vd||d|(q — 2)|d|9*V|d| dz
Q Q

—q / VdPldT2 de + (g — 2) / 1491V |d]? da
Q Q
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and the fact that f(d) = (|d|?> — 1)d. It follows from inequality (2.7) that
d .
Zildlz. < Clldivull=[ld]7, + C,
which together with the Gronwall’s inequality imply
sup ||d||re <C  forall ¢ > 2, (2.8)
0<t<T

where C' is a positive constant independent of ¢. By letting ¢ — oo, we notice that
the estimate (2.5)) still holds. O

By assumption (|1.8)) on the pressure P and the estimate ([2.4)), it is easy to obtain
sup {|[P(p)llz=,[[P'(p)llr=} < C < 0. (2.9)
0<t<T

Now, let us derive the stand energy inequality.

Lemma 2.2. There holds

T
sup /(p|u|2+|Vd\2+2F(d))dx+/ IVl 4+ |Ad— f(d)]2 dedt < C. (2.10)
0<t<T JO 0 Q

Proof. Multiplying the momentum equation (|1.2)) by w, integrating it over 0, mak-
ing use of the mass conversation equation (|1.1)) and the boundary condition (1.5),
it follows that

;jt/pluFdHM/ IVul?de = — /QWde—A/Q(u-V)d'(Ad—f(d)()dx)
2.11

where we have used the equality div(Vdovd) = (Vd)T Ad+V (@) . Multiplying
the liquid crystal equation (1.3)) by Ad — f(d) and integrating it over €2, we obtain

jt (5 Vd+ F(@) dx+u/ Ad— f(d )|2dx—/ﬂ(u V)d-(Ad— f(d) de. (2.12)

Comblmng and (| -

i/[f(p|u|2+)\|Vd|2)+)\F(d)} dx+ﬂ/ |Vu|2dx+>\l// |Ad — f(d)|* d=
dt Jo 2 Q Q

—/uVde
Q

:/Pdivudxgs/ |Vu|?>dz + Ce™t,
Q Q

(2.13)
where we have used the estimates (2.4)), (2.9) and the Young inequality. Taking
small enough in (2.13]) and applying the Gronwall’s inequality, we can establish the

estimate immediately. O
In the next lemma, we will derive some estimates of the direction field d.
Lemma 2.3. Under the assumption , it holds that for 0 <T < T*
sup ||Vd||r« <C  for all 2 < g < oo; (2.14)
0<t<T

sup |Vd||%. +/ de |22 dt < C; (2.15)

0<t<
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T
sup || d||% +/ |Vd||2. dt < C; (2.16)
0<t<T 0

T
/ |Vd||2% dt < C. (2.17)
0

Proof. Multiply the gradient of the liquid crystal equation (1.3) by ¢|Vd|9~2Vd
with ¢ > 2, integrating it over {2, and using the boundary condition (L.5)), then
there holds

d _ -
%IIVdII%q+/Q(CJV\V(Vd)|2|VdI" *+qlq = 2)v|V|Vd|*|Vd*™?) dz

3 3
— _Z/ uiai(|Vd\q)dx—Zq/ Vu,;0;d|Vd|1?Vd dx
i=17% i=1 /9

—Vq/ V(|d|2d)|w\q—2wdx+uq/ |Vd|? dx
Q Q

3 3
:Z/ 0iui\Vd|ququ/ Vu;0;d|Vd|72Vd dz
i=179 i=1 79

—l/q/ V(|d|2d)|Vd\q’2Vddz+uq/ |Vd|? dx
Q Q

3
= / divu|Vd|?dz + ) ¢ / w;0;Vd|Vd|"*Vddz
Q =1 JQ

3
+Zq/ﬂuiaidvuvcz|q4w) dx—yq/QV(|d|2d)|Vd|HVddx
i=1

Jrl/q/ |Vd|? dx
Q
g/ |divu||Vd\qda:+2q/ lu||V2d||Vd|?™! dz
Q Q
+q(qf1)/ IuI\VIVdIHleq’ldvaq/ V(|d[*d)|Vd|*"*Vddz + vq||Vd]|{,
Q Q
. a-2 a-2
< [ divul o= Vd|7, +e([[V2d][Vd] =" |72 + [[|[VIVd][[Vd] = ||72)
+Ce™ M |u||Vd| ?[17 —vq/ V(|d[*d)|Vd|*"*Vd dz + vq||Vd]|,
Q
. a-2 a-2
= || divul < |Vd|7, +e([[V2d][Vd| =" |72 + [[|[VIVd][[Vd] =" ||72)
+ Ce M||u||Vd|? |2, —Vq/ d|*Vd|Vd|**Vd dx
Q
~va [ V4PVl dde + v T,
Q
. -2 -2
= || divu| = [Vd|7, +e([[V2d][Vd| =" |72 + [ VIVd][[Vd] = ||72)
+ O ull~ IV}, — 3w [ 4RIV do -+ va] V],

q—2
< O(ldivul| e + e HullFe + 1)[VAllT, + (V2] Vd] = |7
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+[IVIVd|[|Vd = [72),

where we have used the facts that V|d|*> = 2[d|V|d|] = 2|d|dTv‘d = 2dVd, and
|Vd|V|Vd| = V(Vd) - Vd implies

—q/QVAd\VdW—QVddx
_ q/ﬂ V(Vd)2|Vd|"2 dz + q/ﬂ V(Vd) - VdV|Vd|"~2 da
~ 4 [ [V(VORITd2 s+ q [ V()| V(g ~ 2|V >V|Vd]ds
= q/Q [V(Vd)]>|Vd|"? dz + q(q — 2) /Q [Vd|T V| Vd][? da.
Taking e small enough, it follows form the above inequality that

d .
ZIVdlL. < Clldivulpe + [lullZ= + DIV,

which, together with the Gronwall’s inequality, (2.1)) and (2.2)), imply

sup ||Vd||p«e < C forall ¢ > 2. (2.18)
0<t<T

Letting ¢ — oo, estimate (2.18) still holds. Thus the estimate (2.14]) holds.
To prove estimate (2.15), multiplying the liquid crystal equation (1.3) by dy,

integrating it over 2, and using the boundary condition ([1.5), then
vd
2dt

_ _/Q(u~V)ddt dx—u/ﬂf(d)dt do

- —/(u~V)ddtdx—zx/(|d|2—1)ddtdx
Q Q

<l V| L2l dellz2 + (ldl[7~ + Dlidllzz e e (2.19)

dell72 + 5= IV llZ

1 1
< iz + Cllu- ValIZ. +1) < S ldil|Z: + Cllul

Vd|? .. +C
L

2
Lr r—2

2(r—3)

T 6
Vd| . ||V2d|;. +C

2
LT

1
< iz + Clul

1 _27r_
< iz + e V2dl7e + Ce™Hull ;2 [IV] 72 + C,

where we have used the Holder inequality, estimate (2.5)), the interpolation inequal-
ity and the Young inequality. By applying the standard elliptic regularity result to
the liquid crystal equation (1.3]), then we have

IVd| 7. < C(I|AdII: + [ldoll72)
< C(lldellZ> + llu- ValZ> + [1F(@)II72 + l1dollZ2)
< ClldellZe + IulZ-1Vl? oy + Nz ldlfZ + Iz lldIIZ: + C)

r—2

_2r_
< O(lldell 72 +nll V2|22 + 07 ull 12 [Vd] 72 + C).
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Taking n small enough, the above inequality implies that
2r
IV2dl|Z= < C(lldellZe + lull 7 IVdlZ> + C). (2.20)
Inserting the inequality (2.20)) in (2.19)) gives
d 2
ldellz2 + v IVllZ: < Cllull 7 [Vdl72 + C,

which, together with the Gronwall’s inequality, give estimate ([2.15)).

To prove the estimate (2.16)), we first multiply the liquid crystal equation (|1.3))
by Ad;, integrate it over {2 and make use of the boundary condition (1.5)), then we
have

d
— 1/|Ad|2dx+/ |Vd,|* dx

_ / u-VdAdtdx+u/(|d|2— 1)dAd; de
Q Q

3
== /uiaidafdtdx—u/ V(|d|2d)thdx+u/ Vdvd, dz
Q Q Q

i,j=1
3 3
= — Z/Ojuz&dajdtdx— Z/uz&ajdajdtdx
ij=1"% ij=1"9

2.21
—u/ V(\d|2d)wtdx+u/ Vdvd; dx (2.21)
Q Q

< C(IVull2lIVdll o Vel L2 + [[ul| V|| 2 Ve | 2
+ <Vl L2 Vel L2 + IVl 2] V]| 2)

< el V|7 + Ce (IVulfe + lllul[ V2|72 +1)

<e|Vdilz + Ce7 (I Vullfe + [ulZ-IV2d]? 2 +1)

2(r—3)

V2d|| .

2
LT

6
< el V|7 + Ce (I VulZe + [lul IV3dl|z. +1)
_2r
< el|Vdl|Z: + Ce ([ Vullis + Ce™?|lull 1" [IV2d] 72 + %[ VPd] 72 + 1),

where we have used the Holder inequality, the interpolation inequality, the Young

inequality, estimates (2.5)), (2.10) and (2.14). Now, differentiating the liquid crystal
equation (|1.3]) with respect to space variable gives us

vA(Vd) = Vd; + (Vu-V)d+ (u-V)Vd+vV[(|d* - 1)d]. (2.22)

By applying the standard elliptic regularity result to (2.22]), one can estimate the
term || V3d||2 as follows

V2]l < CIVde]l L2 + 1(Vu - V)d] 2 + [|(u - V)V 2
+IVI(d? = D)dlllz2 + lldoll s + V]| =)
< C(HthIILz + IVl L2 V] oo + [lull - [Vl

2+ [ld][ < V|2

r—2

+ |1V 2 + 1)

r—3 3
< C(IVddll 2 + IVul 2 + [[ull - I V2d]| 2 [VPd]|;. + C)
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< C(IVdllzz + I Vullze + 0l V3dl L2 + 07 el 2 (IV2d] 22 + C),

where we have used the estimates (2.5, (2.10]), (2.14), (2.15) and the Young in-
equality. Taking 7 small enough, it follows from the above estimates that

IVPd]lL: < CIVdellL2 + | Vullzz + [Jull 7 IV2d] L2 + 1) (2.23)
Inserting the estimate (2.23)) in (2.21)), and taking ¢ small enough, it follows that
d 2r
G [ 18R d s [ 194 dz < OVl + Jul i IVl + 1),

which, together with the standard elliptic regularity result ||V2d| 2 < C(||Ad| 2 +
ldo|| z2) and the Gronwall’s inequality, give that the estimate holds.

Now, we will prove the estimate . By using the standard elliptic regularity
result | Vd| gz < C(||V3d||L2 + ||Vd]|L2 + ||do| m2), it follows that

T T
/O IVl dt < C / (19|22 + V25 + ldo]|Zs) dt
T _2r_
e / (V|2 + [VaulZa + lullf [V2d|2. + |Vd|2. + C) dt

T r
< C/O (IVddllZz + IVulZz + lull 7" [ld] 7 + C) dt

T 2r_
<c / (V22 + IVul2e + Julli=° +C)dt < C,
0

where we have used the estimates (2.23)), (2.10), (2.15) and (2.16]). This completes
the proof of Lemma [2.3 (]

The following two lemmas give some estimates of the velocity wu.

Lemma 2.4. Under assumption (2.1), it holds that for 0 <T < T*,

T
sup ([Vull2s + [Voll22) + / 10 2|2 dt < C, (2.24)
0<t<T 0

T
/ ull2e dt < C. (2.25)
0

Proof. Notice that the momentum equation ([1.2]) can be rewritten as
put + pu - Vu + VP = pAu— \(Vd)T (Ad — f(d)). (2.26)
We multiply (2.26) by u: and integrate it over €2, to obtains the inequality

pd 2 2
5 7711Vl +/ plu|” dz
2 dt Lz P

= —/ pu - Vuutdx—i—/ Pdivu,de — )\/ (ug - V)d(Ad — f(d))dz
it @ @ (2.27)

1
< f/p|ut|2dx—|—2/p|u\2|Vu|2dx+/Pdivutd:r
2 Ja Q Q

- )\/Q(ut - V)d(Ad — £(d)) dw.
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Combining the mass conservation equation (|1.1)) and the assumption (2.1)), it follows
that the pressure P satisfies the equation

P, + P'(p)Vp-u+ P'(p)pdivu =0, (2.28)

then we have

d
/Pdivutdx:—/Pdivudz—/Ptdivuda:
Q dt Jo Q

g (2.29)
:—/Pdivudx+/P’(p)(Vp~u+pdivu)divudx.

Inserting the above equation (2.29)) in (2.27)), and integrating it over [0, 7] give that

T
IVuls + [ [ pluf? dz e
0 Q

T
§C+C’/ /p|u|2|Vu|2dxdt+C’/P(p)divudx
0 e @ (2.30)

T
+C/ /P’(p)(Vp~u+pdivu)divudxdt
o Jo

T
—)\/O /Q(u,V)d(Adff(d))dxdt.

Here, we use the facts |[Vuol[z2 < C < oo and [, P(po) divugdz < C' < oo. To
estimate the term fOT Jo plul?|Vul? dz dt, we first have

/p|u|2|Vu|2dx§ c/ 2| Vuf? da
Q Q

< Cllulz-Vul?

2r—6

6
2, < Clull3[Vull s [[Vullf (23D

—

_2r_
< Cel|Vullfp + Ce™Hull 77 [ Vul Z2,

where we have used the Holder’s inequality, the interpolation inequality and the
Young inequality. By using the standard elliptic estimate on (2.26) yields

lull 2 < CllpuellLz + llpu - Vullzz + VP22 + (V)" (Ad — f(d))l|z2)
< C(lp"uelle + ol p=llu- Vaullz + [1(Vd) T (de + (u- V)d)| 2

< O(lp" ullze + Nullr [ Vull £* + (V)T (de + (u - V)d)|l 12

1—3

3
< Ol uell g + lull e I Vull 2 ™ IVl o+ 1(V)T (e + (u- V)d)| e

L IVullz + [ Vpll>

< C(Jlp" 22 + ol Vullm + o ull
+ IVl ol o + [V allZllull o)

= CHP1/2U:&||L2 + ol Vullm + 071\|U||£:j||vu||m + [IVpollzz + lldell s
+ |Vl 2 + 1)

< O (102wl + o Fullmr + ol 90l 22 + [Vl

+ V]l 22 + Va2 + 1),
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where we have used the estimates (2.6)), (2.9), (2.10) and (2.14)) in the last inequality.
Taking o small enough yields

[ull g2 < C(||P1/2Ut||L2+HU|| i IIVUI|L2+IIVPHL2+||th||L2+HVUHL2+1) (2.32)
Inserting estimate into , it follows that

T
/ /p|u|2|Vu|2dacdt§/ (e V|3 + Ce
o Ja

T
<ce / (19 2ue25 + [ Vpl2 + V|2 + 1) dt
0

T
+ Cs_l/ (]
0

T
<Ce / (1P 2ue 25 + |V pl22) dt
0

I Vull3) di

)| Vul3s dt (2.33)

T _2r_
et / (5 + 1)) Vul22 dt + C,

where we have used the estimate (2.16). For the term —\ fOT Jo(ue - V)d(Ad —
f(d)) dz dt, we have

- /Q(ut V)d(Ad — £(d)) dz

/ 0;ui+0;d0;d dx + / ©;0;0;d0;d dx) + / ug - Vdf (d) dz

l_]l Q

\dl“ \dP
auztada ddx — auzt|a d|? dz) Z az i ( ) da

—Z{ /auzadad Sl 05 d?) dx—/auladtaddm

1,j=1

Q Q

ﬁ/< AE 2D ot [ (i, — lar) o}

zgl

< Z /auzada d- 8uz|8d|2 8uz|d|4—|— 8uz|d|)
i,j= 1

+ CHVUHLZIIWIILOO IVdy| L2 + C”VU'”U"||dt||L2(||d||L°° +Ddl e

< Z /8u28d6d 501105 d? — ”|d|4+ 8uz|d|)

’le

+C[Vulg. + CIIthIILz +Clldellz-
d
T dt

+ C(HVUIILz + IIthIILz +ldellZ2), (2.34)

((vu Vd)Vd — = d1vu|Vd|2 - - d1vu|d|4 + = d1vu|d\ )dx
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where we have used estimate (2.10) in the last inequality. Integrating (2.34) over
[0, T, and by using Lemmas [2.1}{2.3] give

T
—A/O /Q(urv)d(Adff(d))dxdt

< O/(|vu||Vd|2 + | divau|(|Vd|? + |d|* + |d]?)) dz
Q

T (2.35)
e / (IVuls + V]2 + |da]22) dt

< C|[Vaul|2|Vd||7a + ClIVull 2 (IVall7a + [|dll7s + [|dl|74) + C
1
< vauniz +C

To estimate the remaining term of the right side of estimate (2.30]), by using Lemma

the estimates (2.9) and (2.10]), we obtain
1 1
[ Praivuds < JIvulia+C [ 1P@Par < IVl + 0 230
Q Q

T
/ P'(p)(Vp-u)divudzdt
0 Q
T
<C [ NP9l ol v
T
<C [ 1P )= 19l el v~
o (2.37)
<C [ 19l |Vl o v o e
0
T T
<C [ IVplaldivullim de+C [ [Vultsdivalo de
0 0
T T
<C [ 19NVl de+ [ Va3l ul i
T T T
[ [ Pepldvapasac<c [ oliValgae < [ |Valear< o
0 Q 0 0

(2.38)
Inserting estimates ([2.33]), (2.35)—(2.38)) into (2.30]), we obtain

T
||Vu||2L2+/ /p|ut|2dxdt
o Jo
T 27r

T
<= / (1 2us |22 + [ Vp|22) dt + Ot / (ull i + D[ Vul2. dt - (2:39)
0 0

T
+ c/ V|12 |Vl oo dt + C.
0

Now, applying the operator V to the mass conservation equation ([1.1)), then mul-
tiplying it by Vp and integrating it over (2 yield

d
£||Vp||2L2 Z—/Q|Vp|2 divudx—2/QprVdivudx—Q/Q(Vp-Vu)Vpdx
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< OlIVplz:IVullL= + Cl[Vpll 2|V div ul £2;
that is,
d
Z1Vollzz < ClIVpll 2 IVull e + Cllul g. (2.40)

By applying the Gronwall’s inequality, for ¢ € (0, 7], we obtain

t t
IVellz: < (lleoll +/ l[ull 2 dT)exp(C/ [Vul| L~ dr)
0 0 (2.41)

t
<c+ [ fule an)
0
Inserting (2.32) into (2.41)), for £ > 0, gives
T
EIVelz: < Ce +/0 (o' ?urll 72 + NullZoe | VulZ2 + IVpl 72 + IVde]172) dt)

T
< cg +/0 (lo* 2uellZs + lulZee [ VullZs + [ VolZ2) db),

(2.42)

where we have used the estimate (2.16)) again. Combining (2.39) and (2.42)), and
taking € < ¢ small enough, it follows that

3 e
IVullzz + 51VolE: + 5 plu|? dar dt
0 Q

27
i Jullie +1)dt + C.

(2.43)
By using the Gronwall’s inequality and noticing that the assumption (2.1)), we can
deduce that

T
<C+e) / (IVul2s + [Vol2)([Vul = + [lu

T
sup ([|Vul3z + (|Vpl32) —I-/ / plug|* dzdt < C.
0<t<T 0 Jo

For (2.25)), it follows from (2.32) that
T T
| it <C [ 0wl + 1 9uls + Va3 + e < .
0 0

where we have used the estimates (2.10), (2.16) and (2.24) in the last inequality
above. This completes the proof of Lemma [2.4] a

Lemma 2.5. Under the assumption (2.1), it holds that for 0 < T < T*,

sup (0 w3 + del3: + [V il172)
= (2.44)

T
+ / Vel + [(Ad — F(@)i]22) dt < C.
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Proof. Differentiating equation (2.26)) with respect to time, multiplying the result-
ing equation by wu,, integrating it over 2, and using the equation (1.1 yields

1d
f—/p|ut|2dm+u/ |Vut|2dx—/Ptdivutdx

=— /Q pu - V(|Jug|* + (u- Vuug) + p(ug - V)uug de
X | (up-V)dy(Ad — f(d)dt = X | (uy - V)d(Ad — f(d)); da (2.45)
Q Q

= / Vo - ulug|* + pdivu|ug* — pu - V{((u- V)uug) — p(ug - Vuug dz
Q

—)\/Q(ut-V)dt(Ad—f(d))dt—/\/Q(ut~V)d(Ad—f(d))tdx.

Differentiating the liquid crystal equation ([1.3]) with respect to time gives

Multiplying the above equality with (Ad — f(d)); and integrating it over 2, one
obtains the equality

| (- Dd(ad— gy as
= /Q(VI(Ad — F(d)e|* = duAdy + dip f(d)e — (u- V)di(Ad — f(d));) d

2 1 d 2
- / V(A Fd)P o+ 5 IVl - / (e - V)d) (d); dz (2.47)
+ / vF(d)(Ad — £(d)), dz — / ((u- V)d)(Ad — f(d)), da
Q Q

- [ (@ D)) s(@da,
From , we have

/ Py divugdz = — / P'(p)(Vp-u+ pdivu)divu, dz. (2.48)
) Q
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Inserting (2.47) and (2.48) into (2.45) gives

d [,1
7 Q(gpl’utl2 + AV |*) dz + pl| Va7 + M[[(Ad — f(d))ell7

<cC / (19 pllulluel? + pl div ul g 2 + plulfuel [l + pluf? ][V
Q
+ plul? [Vl [Vug| + pluif*|Vu]) da + € /Q (1w - )ar(ay
+[(Ad = f(d)ef(d)e] + [(u- V)di(Ad — f(d))e] + |((u- V)dt)f(d)t|) da (2.49)
+C [ (- V)aad - (@) s
Q

e / [P/ (p)| [V pl[ul| divue| + pl P (p)]| div ul] div uy] de
Q

We will estimate J; term by term. In the following calculations, we will make ex-
tensive use of Sobolev embedding, Holder inequality, Lemmas[2.1H2.4] and estimate

23)

Ji < ClVplleallulzsllulle < CllVulZalVullz: < el Vuel|Zs + Ce™

Ja = [ pldivalu® do < CITul 20
Q

Js = / plul[Vul?ur| dz < Clplpee l[ull pollue | o[Vl 22 | Vul| e
< OV 2| Vul 2 ull 2 < €] Vuel2e + Ce™ |lull%:
Ji = /Qp\u|2|v2u\|ut| dz < O|pl| o lue | o lul 26 | V2l 2
< OV 2| Vul 2 lull sz < €l Vuel 2z + Ce™|lull%:
T = [ pluPIVulVia]dz < Cloll fulf ol Vulles [V
< OVl 2| Vul 2 lull 2 < €] Vuel2a + Ce™ |lull%;
Jg = /Qp|ut|2|Vu|dx
< Ollp2ugl 25| V] s
< Ollp" g 2| 2ue | po |Vl 22 V20l 12
< Ollp" g 2|02 oo | o | Vel 1571 9 20|
< Ollp" 2ue 2|Vl 2 | V20l 5
< el a3z + Ce7 oM 2w 3 ul 12

< ellVuel|Za + Ce™ o 2ue | 2o ([ful 72 + 1);
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Jr < Cllugl 2|Vl La(lldl[ T + 1)l de] e
< Cllp" ] 2l Vdel 2 < ellp'url|7e + Ce™t|[Vdl|Ze;
Js < Cll(Ad = f(@d)ellz2 [l f(d)ellLe < ell(Ad — f(d))ellZ2 + Ce™ lde]Z25

Jo = /Q |(u)di(Ad — f(d))¢| dz < C|(Ad — £(d))el|p2|||u]| V| 2
< ell(Ad— (@)l + Ce ul3 = [ Vds] 22
Tio = /Q (- V)dy) £(d)s] dx
- /Q (- V)di)(d2d — d)y) da
gc/ﬂ\unwgudmdt\+|dt\>dx

< O(IVdel el ulldelll 2 + 1 Vdell 2]l Jullde ]| 2)
3 _ € _
< SIVdelze + CeHllulldil 72 < SVl + Ce™ ullZrlldel? 2,

2(r—3)
0"

6
Va2 + CeHullL-lldell o Vel

IN

o
2
< e[ VdilfZz + Ce2full 17 1225
it < Cllugll ol Ve 22| Ad] 1o + Cllue 2 Vell 2 ()3 + 1)
< C||Vurll 2 Vdel 2 |l 12 [Vdll 2 + Cllp" ?ue | Lal| Vel | 2
< e[ Vul2e + Ce M V|22 (19|32 + 1) + ellp 2w |3 + Ce V| Vdy |32
< el Vuel 22 + ellp2ue|22 + Ce™H |V |22 (IVd)32 + 1);
Ji2 < CIVpllellull = [ Vuell 2 < Ol Vgl e llull 2
< e[ Vul2e + e ull e,
i3 < Cllplle |Vl 2| Vugll 2 < el V|3 + e

Substituting all the estimates of J; into (2.49), and taking ¢ small enough, we
obtain

d
7 /Q(/lefl2 +[Vdi*) dz + [Vuel|Z> + [[(Ad = f(d))e]7-

< Cllp" e (|l divull = + ulfpe + C) + C| V|72 ([lull 2~

2 2.50
+ V| % + C) + Cllde |22 (lul 527 +1) + Cllull%s + C (2.50)

< O(l0" 2ul|Z> + el 7o + [19el| 7o) (I Vull e + [l 7o

_2r
+lullz + llullfe + 1VdlZ + C) + Cllullf + C.
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To estimate the terms ||d;||z2, by multiplying (2.46]) with d;, it follows that
1d
2dt
= — / (ut . V)ddt dz — / (U . V)dtdt dx — V/ f(d)tdt dx

Q Q Q

|dy|?

= —/(ut -V)dd, dx—i—/ divu dz — 1// f(d)dy dz

Q Q 2 Q
< CllluellzeIVellzalldell e + [ Vull o [1del|72 + Ndll7 1del72 + lldel1Z2)
< el VuellZz + CeTHldilIZz + ClIVull oo |de]|7,

/ \d,2dz + v||Vdy |22
Q

(2.51)

where we have used the estimate (2.14]) and the Cauchy inequality. Combining the
estimates (2.50) and (2.51]) together, and let ¢ small enough, it follows that

(pluel® + |de* + [Vede[*) dz + [ Vue| |72 + [[(Ad = f(d))ellZ-

dt

< C(Ip" 2wz + ldellz + V| Z2) (IVull Lo + lullFe + [Ju
+||Vd|32 + C) + Cllul|3: + C.

3 2
e+ llullze

Applying the Gronwall’s inequality to the above estimate, we deduce

T
sup / (plusl? + |dof? + [Vdy[2) d + / IVuel2e + (Ad — F(d)): ]2 dt
Q 0

0<t<T
T T 2r
< C/O (el + 1>dtexp{0/0 (IVulles + JullZee + llull 7
+ JullZe + (V|3 + C)dt} < C,

where we have used estimates (2.17) and (2.25)), and the assumption (2.1)) in the
last inequality. This completes the proof of Lemma [2.5 (]

(2.52)

The following lemma gives the higher order norm estimates of u, d and p.
Lemma 2.6. Under assumption (2.1), it holds that for 0 <T < T*,
sup ([lullz> + [IVd]|g2) < C; (2.53)
0<t<T

T
sup ||Vpl|lrs +/ [ V2u))26 dt < C. (2.54)
0<t<T 0

Proof. From estimates (2.6), (2.24]) and (2.44)), we have
lull iz < Cllp" 2uellrz + | Vul 2 + [V oll 2 + |Vdel|2) < C. (2.55)

By the standard elliptic regularity result for the liquid crystal equation (1.3)), one
obtains

IV2d] L2 < C(IVdellze + IV (u- V)| 22 + IV F(d)ll 2 + ol o)
< C(IVdellzz + | Vull 2|Vl L + [[[ul|V2d]] 2
+ [Vl 2 (ldlf7 + 1) + lidollzr2)
< C(IVdellr2 + [ Vul 2z + [lul[V*dl| 2 + ©).

(2.56)
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Notice that

ul|V2d]|| 12 < CllullLs|V2d| s < C||Vul 12| Vd 15 V3] 15
< O||Vul 12| V3|5 < nl|V3d 12 + Cn~ Y| Vu2a
< || V3d| 2 + O Y,

where we have used the estimates (2.14) and (2.24). Taking 7 small enough, the
above estimate and (2.56)) imply that

[ul|[V2d|[| L2 < C(|IVdi]| L2 + || Vull L2 + C).
Hence
IV3d|| > < C([Vdy| L2 + | Vull L2 + ©),

and
IVd|| gz < C(IV3d|| > + [Vl 2)

(2.57)
< O(IVdi|lzz + [[Vullzz + [|Vd||z2 + C) < C,

where we have used the estimates (2.14]), and in the last inequality.
Combining the estimates and (2.57) above gives the estimate (2.53)).

To prove . Applying the operator V to the mass conservation equation
, then multiplying the resulting equation by 6|Vp|*Vp and integrating it over
Q give

d
@Ilvpll%
:—6/ |vp|6‘vudg;—/ V(|Vp|6)-udx—6/ V|6 divudz
Q Q Q
—6/ p|Vp|*VpV divudz
Q

= —6/ |Vp|6Vuda?—5/ |Vpl® divudx—G/ p|Vp[*VpV divudx
Q Q Q

< Clldivul L= [IVplgs + Clloll= IV divull 16 [| Vol 76
< Clldivullz=|Volgs + CIIV divul e [V pll7e;

that is,
d .
£||Vp||Le < O||Vullz=|IVpllzs + C|IV divul| rs. (2.58)

Using the Gronwall’s inequality in the above estimate gives

T T
|Wﬂm§mwmw+c/lwﬁm%ﬂmwﬂcf\Wﬂmﬂﬂ
0 0 (2.59)

T
< C(/ V2ul| s dt 4 1).
0
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Applying the standard elliptic regularity result ||V2ul|zs < C||Aul/ze, Holder in-
equality, Sobolev embedding, the estimates @ and , we have
IV2ullzs < C(llpuel|ze + low - Vullgs + IV Pl|zs + |(Vd)" (Ad — f(d))l| )
< C([IVuellze + llull=[VullLs + Vol Lo + [V L[| Ad]| 2
+IVd|[ Lo || f(d)]| o)
< C(IVuellze + llullzz + 1Vl e + ldlls + lldll )
< C(IVuellrz + Vplls +1),

(2.60)
where we have used estimate (2.53) and the fact that ||d|| gz < C(||Vd| g2+ ||d]| L2)-

Inserting the estimate (2.60) into (2.59) yields

T
IVellLs < C/O (IVuellze + [ Vpllze + 1) dt
T
<C [ (1wl + [Vollo + 1
0

T
< [ Vol c.
0

where we have used the estimate (2.38)), then applying the Gronwall’s inequality,
we have

sup ||Vpllps < C. (2.61)
0<t<T
From (2.60) and (2.61)), we have
T T
/ [V2ul|2e dt < o(/ |Vug||32 dt + sup [ Vpll2e +C) <C. (2.62)
0 0 0<t<T

It is easy to show that the estimate (2.54)) follows from (2.59) and (2.62)) immedi-
ately. This completes the proof of Lemma [2.6 (]

Proof of Theorem [I.3. From the existence result of Theorem|[I.1] we know [|u(t)]| g2,
llp(t)|lwrs, ||[d(#)||gs and ||p'/?u(t)||L> are all continuous on time interval [0, 7).
From the above Lemmas we known there holds

1/2

(lull ez, pllwre, |l s, 107 utll 22)|e=2-

. (2.63)
= Jim ([u(@) a2, [lp@) lwre, [dE)] s, Ip"2u(#)] £2) < C.

Furthermore,
o 2uy + pt?u - Vu e L2([0,T%]; L?) (2.64)
and for all T € (0,7%],

1
(uAu—Adiv(Vd@Vdf(§|Vd|2+F(d))I)—VP)(T) = (pug+pu-Vu)(T) = /pg(T)
(2.65)
where g(T) := (p"/?u; + p'/?u - Vu)(-,T) € L?. Therefore, from (2.64) and (2.65),
we can take (p,u,d)|;=r+ as the initial data and apply Theorem to extend the

local strong solution beyond T, this contradicts with the maximality of T, hence,
the assumption (2.1)) does not hold. This completes the proof of Theorem (1.2 [
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