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STABILITY AND HOPF BIFURCATION IN A SYMMETRIC
LOTKA-VOLTERRA PREDATOR-PREY SYSTEM WITH DELAYS

JING XIA, ZHIXIAN YU, RONG YUAN

ABSTRACT. This article concerns a symmetrical Lotka-Volterra predator-prey
system with delays. By analyzing the associated characteristic equation of the
original system at the positive equilibrium and choosing the delay as the bi-
furcation parameter, the local stability and Hopf bifurcation of the system are
investigated. Using the normal form theory, we also establish the direction and
stability of the Hopf bifurcation. Numerical simulations suggest an existence
of Hopf bifurcation near a critical value of time delay.

1. INTRODUCTION

Since the pioneering work of Volterra [18], the delayed predator-prey models of
Lotka-Volterra type have played an important role in the development of population
dynamics. For instance, the predator-prey system

&(t) = w(t)[r1 — anz(t - 7) — ary(t)),
9(t) = y(t)[=r2 + anz(t) — azey(t)]

was first proposed and discussed briefly by May [I1] in 1973. The dynamics of
system (1.1} or systems similar to (1.1) has been widely investigated, concerning
boundedness of solutions, stability, permanence, persistence, periodic phenomena,
bifurcation and chaos (see, for example, [I}, @, 12| 13| 14] and their references). In
particular, research on the stability of positive equilibrium and periodic solutions
arising from the Hopf bifurcation is very critical, which helps us to realize the
law and trend for species quantity. Also, extensive models of various fields (such as
biology, neural network, engineering systems, epidemic disease) have been embodied
these properties, (see [6, 10, 19, 17]).

In mathematical biology, Lotka-Volterra type predator-prey with a delay have
been well studied by Song and Wei [I5], Yan and Li [20], Yan and Zhang [21] and
so on. In addition, models involving two discrete delays are increasingly applied to
the study of a variety of situations. Faria [6] considered the predator-prey system
of the form

(1.1)

z(t) = z(t)[r1 — anz(t) — arny(t — 1)

b

. (1.2)
y(t) = y(t)[—re + anrx(t — 72) — aey(t)].
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The author took 75 as a bifurcation parameter and obtained the existence of local
Hopf bifurcation. Moreover, Song et. al took the sum of two delays 71 + 75 as
a parameter and showed that when 7 passed through some critical values, Hopf
bifurcation occurs.

In the present article, we focus on the following symmetrical Lotka-Volterra
predator-prey system:

z(t) = z(t)[r1 — ax(t) — bx(t — 7)) — cy(t — m2)],
y(t) = y(t)[r2 — ay(t) + cx(t — 1) — by(t — 72)],

where r1, 79, a, b, ¢, 71, T2 are constants with a > 0, b > 0, ¢ > 0 and 71 > 0,
T > 0. The variables z(t) and y(t) denote the population densities of prey and
predator at time t, respectively. The initial conditions for system (|1.3)) are

z(0) = ¢1(0), —71 <6<0, ¢1(0) >0,
y(0) = ¢2(0), —72 <0 <0, ¢2(0) > 0.

Obviously, in the case b = 0 and a # b, systems (|1.3) is reduced to system (1.2)).
Systems ([1.3)) shows that, in the absence of predator species, the prey species are
governed by general case of Hutchinson’s equation

(t) = z(t)[r1 — ax(t) — bx(t — )] (1.4)

(There is an extensive literature on various aspects of (L.4), see, e.g., [7, [16]). In
the presence of predators, there is a hunting term, cy(t — 72), with a certain delay
7o, called the hunting delay. In the absence of preys, the feedback cz(t — 1) has a
nonnegative delay which is the time of the predator maturation. For system ,
Saito et al studied the permanence and the global asymptotic stability of positive
equilibrium including the cases b < 0. Our main purpose is to study stability and
Hopf bifurcation of .

This article is organized as follows. In Section 2, the local stability of the positive
equilibrium of system is addressed. In Section 3, we show that the system
with 71 = 7 undergoes Hopf bifurcation as the delays cross some critical values.
In Section 4, following the procedure of deriving normal form due to Faria and
Magalhaes [4] 5], the direction and stability of the Hopf bifurcation are determined.
Finally, we give some numerical simulations to justify the theoretical analysis.

(1.3)

2. LOCAL STABILITY

The following lemma will be needed in analyzing the characteristic equation of
the linearize system.

Lemma 2.1 ([3]). Let f(\,7) = A2 4+ aX + b e ™ + c+de™ ™, where a, b, c, d,
T are real numbers and T > 0. Then, as T wvaries, the sum of the multiplicities
of zeros of f in the open right half-plane can change only if a zero appears on or
crosses the imaginary azis.

In the rest of this paper, we assume that system ([1.3) has a unique positive
equilibrium E(x*, y*):
. ri(a+b)—rac

:—>0, * =
. (a+b)2+c? Y

ro(a +b) + rc

(a+b)% + 2 >0,

and z* # y*.
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By using the transformation Z(t) = z(t) —2*, 7(t) = y(t) — y*, and dropping the
bars for simplicity of notation, system (|1.3)) can be transformed into the system
i(t) = —ax*z(t) — ba*x(t — 1) — cx*y(t — 72) — ax?(t)
—bx(t)z(t — 1) — cx(t)y(t — 12),

50 = —ayy(®) + 'alt - )~ byt - ) )
+ cx(t — m)y(t) — by(t)y(t — 72).
Then we obtain the linearized system
(t) = —ax*x(t) — bz (t — 1) — cx™y(t — 12),
y(t) = —ay*y(t) + cy*z(t — 1) — by*y(t — 12). (22)
The associated characteristic equation of system is
A2 4 Naz™ + ay® + bx*e ™ 4 by*e ) 4 alaty* + abartyte M (2.3)

+ abx*y*e‘m + (b2$*y* + 02$*y*)6_>\(T1+T2) = 0.
Obviously, A = 0 is not a root of (2.3). When 74 = 75 = 0, the characteristic
equation ([2.3]) becomes

A2+ Nax® + ay™ + ba* + by*) + a’x*y* + 2abx*y* + b2a*y* + Aatyt = 0. (2.4)
Letting A1, Ay be the characteristic roots of (2.4)), then Ay + Ao = —(ax™ + ay* +
br* +by*) < 0, My = a’x*y* + 2abz*y* + b2z y* + ca*y* > 0. Thus, all roots of
(2.4) have negative real parts.

When 7, = 0, Equation (2.3)) becomes
M4 pA+ g+ se™ F e =0, (2.5)

where p = az* + ay* + by*, ¢ = (a® + ab)x*y*, s = (ab+ b* + c?)a*y*, | = bx*. We
first study (2.5) with the delay 1. We consider the stable intervals of 7 by taking
71 as a parameter and applying the lemma in [3]. Secondly, we investigate (2.3)) in
the stable interval of 71. Choosing 72 as a parameter and using the lemma in [3]
once more, we will find a stable interval (depending on 71) for 75. This will be the
stable interval for ([2.3)).
By putting 7 = 0 in (2.5]), we obtain
N+ Al+p)+s+qg=0.
Based on the above analysis, we know that two roots of the above equation have
negative real parts. In addition, A = io is a root of (2.5)) if and only if o satisfies:
—0? 4iop+q+ se T 4 lige” T = ().

Separating the real and imaginary parts, we have

o — q=scosoTy + losinoTy,

po = ssinor — locosoTy,

which leads to
ot 4 02(p? —2¢—1*)+¢* — s> =0.
In this article we will use the following hypotheses:
(H1) ¢* < 8%,
(H2) ¢® > 5%, 2¢+ 12 —p? >0, (2¢ + 12 — p?)? > 4(¢* — 5?).
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Then we easily obtain the following results.

Lemma 2.2. For , we have
1. If (H1) holds, then when 7 = 7'1(71,3, Equation has a pair of purely
mmaginary roots io ;
2. If (H2) holds, then when 11 = 7'1( ,3(7'1 = 7'1(2,3) Equation has a pair of
purely imaginary roots :I:z'a+(:|:w_)
3. If neither (H1) nor (H2) hold, then has no purely imaginary root,
where

2q + 17 —p* £ /(24 + 12 — p?)? — 4(¢* - %)

2
U:I: - )
2
1 02s—qs—Ilpo2  2%kw
Tl(lk) = — arccos ———————+ 5 d 5 2p 4 (2.6)
' oy 52+ 1207 fo
(2) 02s—qs—lpo?  2kw
Tl,k = Z arccos —82 + ZQO'E 70_7

Let Ak = pin k(1) +iopn k(1) (n = 1,2) denote the roots of (2.5) satisfying
1
pi(r) =0, oua(rl) = oy,

pok(rin) =0, oak(r) =0 .

In what follows, we can verify the follovvlng transversality conditions.
Lemma 2.3. Assume that either (H1) or (H2) holds, then
dRe Ay i(1\}) dRe Xz i (1\7)
- > 07 - v
dT1 dTl
Proof. Differentiating the characteristic equation (2.5)) with respect to 71, we obtain
dA -1 _ 22 +p l Ty
( ) 2 T3z Ty
dr A pA+q) AN+ As A
Thus, if A = io4, then

) d\ . d
sign { Re(Tﬁ) ‘71 -0 } = sign { Re(é) |,\:w+}
262 _ 242

<0. (2.7)

_Sin{ail2+20+s —2¢s® +p }
U et ) S

Since
ailQ + 20132 — 295 4+ p?s? — 12¢?
1
= 5PV @+ —p?)? - 4(g? - 5)
X [V(2q + 12 = p?)? —4(¢® — s%) + (2¢ + I* = p?)]
+ 57V (20 + 12— p?)2 — 4(¢? — %),
thus, either (H1) or (H2) implies that sign{Re(j—é)’TliTm} > 0. If \ =id0_, we
1,k

can similarly prove that

TI=Ty g

dA
sign { Re(dT1 )| (2>} < 0.
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The proof is complete. O
From Lemmas 2.2 and we have the following result.

Lemma 2.4. For Equation (2.5), the following statements are true:

1. Assume that (H1) holds, then for any 7 € [0,7'1(,10)), all roots of (2.5) have
negative real parts, and for T > 7'1(’10), Equation (2.5) has at least one root with
positive real parts.

2. Assume that (H2) holds, then there exists an integer k1 > 0 such that there are

k1 switches from stability to instability to stability; that is, when 7 € (71(2,3, Tl(}]€)+1),

k=-1,0,1,...,k1 — 1, all roots of (2.5 have negative real parts, where 7'1(7231 =0y
When 1, € (7'1(1,2,7'1(2,3) and T, > Tl(}lc)l, k=0,1,...,k — 1, Equation (2.5 has at

least ome root with positive real parts.

In what follows, we consider (2.3)) with 7y in its stable interval. We will take 7,
as a bifurcation parameter and have the following result.

Lemma 2.5. Assume that all roots of (2.5)) have negative real parts, then there
exists Ta(11) > 0 such that when 1o € [0,72(71)), all roots of (2.3 have negative
real parts.

Proof. Since all roots of have negative real parts, all roots of with
T2 = 0 have negative real parts. Similar to the proof in [3], let f(A,71,72) be
the left-hand side of . Obviously, f(\, 71,72) is analysis in A and 7. We
take T as a bifurcation parameter, when 75 varies, the sum of the multiplicities of
zero of f(A,71,72) in the open right half-plane can change only if a zero appears
on or crosses the imaginary axis. Thus, there exists 7o(71) > 0, such that when
To € To(71), all roots of have negative real parts. The proof is complete. [

Following Lemma[2.5] we can get sufficient conditions for local stability of system
E1).

Theorem 2.6. For system (2.1), the following statements hold.

1. Suppose that (H1) holds, then for any 7 € [0,7’1(’10)), there is a 7o(11) > 0 such
that when T4 € [0,72(71)), the zero solution of system (2.1)) is locally asymptotically
stable.

2. Suppose that (H2) holds, then for any 1 € (71(2,3, Tl(},€)+1), k=-1,0,1,...,k—
1, there is T2(71) > 0 such that when 12 € [0,72(71)), the zero solution of system

(2.1) is locally asymptotically stable.
3. Suppose that neither (H1) nor (H2) holds, then for any 7 > 0, there is a

To(m1) > 0, such that when 1o € [0,72(71)), the zero solution of system (2.1)) is
locally asymptotically stable.

3. HOPF BIFURCATION
Let 71 = 79 = 7. System becomes
(t) = x(t)[r1 — ax(t) — bx(t — 7) — cy(t — 7)],
y(t) = y(t)[r2 — ay(t) + cx(t — 1) — by(t — 7)].
and the characteristic equation has the form
N +pd+aq+ (s1 A+ ll)e*’\T +mye T =0, (3.2)

(3.1)
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where )
p1=az” +ay*, @ =a‘z*y", | =2abzy",
(3.3)

2 x ok

s1 = bx* +by*, my = b2yt + Fatyr.
Lemma 3.1. Ifb*>+c? > a?, then there exists oy (> 0) such that (3.2) with T = 7,
has a simple pair of conjugate purely imaginary roots +io,., where

(i —sipy)ot =l —mi)  2kw

T = —— arccos , k=0,1,....
o (0% +@)? —mi+pjot o4
Proof. Obviously, A = 0 is not a root of (3.2)). If A = io is a root of (3.2), then
— ol 4+ipio+q 4+ 1lie T +iosie T + mye 2T = 0. (3.4)

Multiplying both sides of (3.4)) by ¢, we have
(=02 +ip1o+ q)eT + (I, +iosy) + mie 7 = 0. (3.5)
Separating the real parts and imaginary parts of (3.5 leads to

cosor = (I1 — s1p1)o? — li(q1 —my),

(0% + q1)? —m3 + pio?]sinor = s10° + [lip1 — s1(q1 + my)]o, (3.6)
and thus,
(o + 00)* = m + gl
=[(li = s1p1)o® = li(gr —ma)]? + [s10° + [lip1 — s1(q1 +ma)]o]?.
Let y = o2, define
F@) =~y +a)* =mi +piyl> = [(h = s1p1)y — L@ —ma))? 57
—y[s1y + lip1 — s1(q + ma))>. .

Since f(y) is a quartic function, we have f(y) — +oo as |y| — +o0o0. On the other
hand,
£(0) = (g7 = m?)* = (g1 — m1)® = (g1 —m1)* (@1 +ma + 1) (g +m1 — 1) >0,
Define
F(y) = [(~y + ) —mi +piy)*,

G(y) = —[(h — s1p1)y — li(gn — ma)]?,

H(y) = —yls1y + lipr — s1(q +ma))?,
Then f(y) = F(y) +G(y) + H(y). Assume that g(y) = (~y +¢1)* — m +piy, then

9(0) = ¢¢ —mi = (g1 + m1)(qn —m1) = (¢ + ma)a*y*(a® — b* = ?),

In view of b2 + ¢ > a2, we have g(0) < 0. On the other hand, g(y) — +oo
as y — +o0o. Thus, there is a zp > 0 such that g(z9) = 0; i.e.,, F(z9) = 0. It
is easily to see that positive roots of F, G and H are mutually different when
x* # y*. Consequently, G(z9) < 0, H(z9) < 0. Thus, f(z9) < 0, which together
with f(0) > 0 imply that there exists a yo > 0 such that f(yo) = 0. Obviously,
there exists another positive root because f(y) — +oo as y — +oo. Furthermore,

one of the two roots is a simple root at least. Let yo be such a simple root and
Yo = o2, Substituting yo = o2 into (3.6)), we have

1 (lh — 81101)03r —li(gr —ma)  2km
Tj; = —— arccos _—,

k=0,1,.... 3.8
T T R T 55
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The proof is complete. O
0

Let A(7) = (1) +i0(7) be the root of (3.2)) near 7 = 73, satisfying u(7g) =
o(tg) =04,and k =0,1,2,..., where 74 is defined by (3.8).

)

Lemma 3.2 ([14]). Assume that b*> + ¢®> > a® and a > b, then
dA
sign { Re(E)ITZW} > 0.

The proof of the above lemma is similar to that in [I4) p. 549] and is omitted.
By Lemma [3.1] and we have the following result.

Theorem 3.3. Assume that b*> + ¢ > a? and a > b. Then

1. When 7 € [0,79), the equilibrium E = (x*,y*) of z's locally asymptoti-
cally stable;

2. When T > 19, the equilibrium E = (z*,y*) of is unstable;

3. System undergoes a Hopf bifurcation at E = (z*,y*) and 7 = 7.

4. DIRECTION AND STABILITY OF THE HOPF BIFURCATION

In this section, we shall determine the direction and stability of the bifurcating
periodic solutions by employing the normal form theory duo to Faria and Magalhaes

4, 5]
Let 21 (t) = x(7t) — x*, 22(t) = y(7t) — y*. Then system (3.1]) can be rewritten
as a functional differential equation in C'([—1,0],R?),
Z21(t) = 2" 1[—az1(t) = bz1(t — 1) — cza(t — 1)] — 721(t)[az1(t)
+bz1(t —1) + ezt — 1)],

5a(t) = y*rlenn(t — 1) — azalt) — bealt — )] + r2a(lem(t — 1) OV
—az1(t) — bze(t — 1)].
and its linearized system is
21(t) = 7[—ax*z1(t) — bx*z1(t — 1) — ca™2z(t — 1)], (42)

29(t) = Tley*z1(t — 1) — ay™ za(t) — by*22(t — 1)].
The characteristic equation associated with system (4.2)) has the form
N AT (ay™ +az® +bre  +by*e ) + 2%y (a® 4+ 2abe A +b2e N 4 e = 0.
(4.3)
By the change of variable A = {7, Equation (4.3)) becomes
E4pétq+ (s16+1)e™ 5 Fme " =0, (4.4)

where p1,q1, 81,01, m are defined by (3.3). Equation (4.4) is the same as (3.2)).
(-4

Therefore, from Section 3, we know that (4.4) has a simple pair of conjugate complex
roots £(7) = u(7) £ io(7) which satisfy
u(mi) =0, o(me) =04, W) #0,
where 7 is given in (3.8). Thus, Eq. (4.3) has two complex roots A(7) = Tu(7) +
iTo(7), which satisfy
dRe \(7)
dr

dRe&(r
‘T:Tk = TTf()‘T:Tk + RGE(T)‘T:T]C = Tkul(Tk) 7é 0.
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Letting z = (21, 22)7, then system (4.1)) can further be written as
Z(t) = L(T)Zt + F(ZtaT)v (45)

where

cy*1(—1) — ay*p2(0) — by*pa(—1

(a3 (0) — b (0)g1 (1) — e ()
Flom=r <—aw§(0) T epr(—1)pa(0) — bpa(0)p

)
and ¢ = (p1,02)T € C([-1,0],R?).
Introducing a new parameter o« = 7 — 7y, system (4.5]) is equivalent to

2(t) = L(mi)(2t) + Fo(ze, @), (4.6)

where Fy(z¢, ) = L(a)zt + F(z¢, 7 + ).

Let Ao be the infinitesimal generator corresponding to 2(t) = L(7x)z;. Then
Ag has a pair of purely imaginary characteristic roots +iog(or = 7104 ), which
are simple, and no other characteristic roots with zero real part. Define A =
{—iog,ior} and denote by P the invariant space of Ay corresponding to A, where
the dimension of P equals to 2. The phase space is C = C([—1,0],R?), so we
can decompose the space C' as C = P & @ by applying the formal adjoint theory
for functional differential equations in [§]. Consider complex coordinates and still
write as C([—1,0],C?). Suppose that ®;,®, are the eigenvectors of the operator
Ag associated with eigenvalues ioy, —ioy, respectively. Thus, ® = (®q,Ps) is a
basis of P, ®1(0) = e+%T = €10 (1,0v)T | ®5(0) = ®1(0), —1 < 6 < 0, where
v = (v1,v2)T is a vector in C? and

_ (=ax*p1(0) — br*p1(—1) — cx*pa(—1)
L =7 (T 1 ).
2(—1)
2(—1

10 + TRax™ + TRbxr*e 0k
Vg = — ;
2 TRCT* e 'k ’

which satisfies

L(Tk)(‘bl) = iO’kUT.
For ® = (P, ®3), we note that b = ® B, where B is a diagonal matrix of the form
diag(ioy, —ioy). Also, the formal adjoint operator Aj of Ay has eigenvectors ¥y,
Uy corresponding to iok, —iog. W(s) = col(¥(s), ¥a(s)) constructs a basis of the
adjoint space P* of P and Wy(s) = €795 (uy,uz), Ua(s) = ¥i(s), 0 < s < 1. We
know —¥,(0) = fi)l Uy (—0)dn(0), therefore, we can choose

ioy + Trar* + TRbx*e ik

Uy = - Uuq.
TRCYy* e "k

In order to have (¥, ®) = ((¥;,®;),4,j = 1,2) = Iy; i.e., second order identical
matrix, where (,") is a bilinear inner product form

() = $(0)(0) — /_ 1 /0 B(E — 0)dn(6)p(E)de,

we have
*

Yy
(1 +iok)(y* — z*v2) + Taz*y* (1 — v3)’

Uy =
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Using that the enlarged phase space BC : {p : [-1,0] — C2?|p is continuous on
[—1,0), it exists limg_,g- ©(#). The elements of BC have the form ¢ = ¢ + Xpa,
where ¢ € C, a € C?, Xy = X¢(6) is given by

I, 6=0
X 0: b )
o(®) {0, —1<6<0.

The projection of C' onto P, ¢ — ®(¥,¢), associated with the decomposition
C =P Q is replaced by m : BC — P such that

(e + Xoa) = @[(¥, ) + ¥(0)a].

Thus, we have the decomposition BC' = P @ ker w. Using the decomposition z; =
Sx(t) + vy, o(t) € C? y, € kermNC =: Q! the equation is equivalent to the
system

& = Bx + ¥(0)Fo(®z + y, o),

d (4.7)
7Y = Aqy + (I = m)XoFo(Pz +y,a).
Consider the Taylor expansion as follows:
1 1
U(0)Fo(Px + y, ) = §f21 (z,y,a) + gf?} (z,y,a) + h.o.t., (4.8)

1 1
(I —m)XoFp(Px +y,a) = §f22(:c, y,a) + gfg(:c, y, ) + h.o.t.,

where fj1 (z,y,a) and fj2 (z,y, @) are homogeneous polynomials in (x, y, «) of degree
j, j = 2,3, with coefficients in C? and ker 7, respectively, h.o.t. stands for higher
order terms. Thus, the normal form method gives a normal form on the center

manifold of the origin for as

1 1
&= Bx + ig%(x, 0,a) + ggé(aﬁ, 0,a) + h.ot, (4.9)

where g3, g3 are the second and third order terms in (x, ), respectively. Always
following [5], ij+p (X) denotes the linear space of the homogeneous polynomials of
degree j in m+p real variables, z = (21,...,&m),a = (a1, ..., o) with coefficients
in X; that is,

VI (X) = { 3 cgprtal s (q,0) € NI e € X}.
(@.D)]=7

The operators Mj1 are defined by
(Mjlp)(x, ) = Dyp(x, ) Bx — Bp(z,a), j > 2,
1 3002 — 1 1
and M; act on V7(C?) = Im(M;) @ ker(M;), and
ker(M}) = span{zfales : (¢,A) = e, k = 1,2,q € Nj, 1 € No, |(¢, )] = j},

where e, ey is the canonical basis of C2. Hence,

ker(My) = span{ <x6a> : <mga> }
ker(M3) = span{ (‘T%O@) ) (xl(jf) , (xl()x%) ) (gciy?) }
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From (4.8)), we have
fa(2,y, @) = W(0)[2L(a)(Pz + y) + Fo(Pz + y, 1)), (4.10)

where ,
—ap1(0) — bp1(0)p1(—1) — 0801(0)@2(—1))
F 5 - 2 )
2 (05 ) = 27k (—w%(o) + cp1(—=1)p2(0) — bip2(0)p2(—1)
Therefore, we obtain

241100+ 24500 + agox? + apexd
1 _ 1171 A% 2027 0225
f2 (x’ 0, a) o <2A2x1a + 2A12000 + @0233% + ELQQ.T% ’ (411)
here . )
io —io
A= ?k(ul +ugva), Az = - , (u1 + ug?2),
k
_up | ugv3 Uy uoTs (4.12)
ago = 2iok(— + —=), ao2 = —2iok(— + ——).
z Yy z Yy

Since the second order terms in (a,x) of the normal form on the center manifold
are given by

1 1 .
59; (JI, Oa Oé) = 5 Pro.]ker(M;) f21 (.13, 07 05)7
it follows that

1 1 o A1z
592(2,0,0) = (A1m2a> ; (4.13)

where A, = f—:(ul + ugve). We notice that

2z r10 0 0
g3(x,0,a) € ker(M3) = Span{ ( 10 2) , ( 10 ) ) (:Elx%) ) (z2a2> }

However, the terms O(|z|a?) are irrelevant to determine the generic Hopf bifurca-

2
tion. Thus, we only need to compute the coefficients of <x1x2) and ( 0 2). Note

0 T1T5
that
1 1 . = 1 . F
ig?l,(xﬂ 0, O‘) = 5 PrOJker(Me}) fsl(xv 0, a) = g PI"OJS f?}(xﬂ 0, 0) + O(|m|a2),
where )
- T1T2 0
s += span { ( : ) , () }
and
~ 3 3
fé(az,0,0) = fgl(x,(),O) + 5[(Drf21)U21 - (DmUzl)gé}(w,o,o) =+ 5[(Dyf21)h}(x,o,o),

here f; (2,0,0) is the third order terms of the equation which is obtained after
computing the second terms of the normal form.

Now we compute 5 g3(z,0, @) step by step.

We first compute Proj, (D f3)U3](x,0,0)- Following [5], we know that

U%(.’E,O) = (M21)_1P11,2f21(w7 0; 0)
From (4.11)), we can easily see that

2 2

L 0.0) = a20T] + Qo275
fz(zvv)* ~ 2 = 2]

Ap2T] + Q2075
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According to the definition of M}, the equation M}U}(x,0) = f3(z,0,0) can be
written as the following differential equations:

ouq ouq 1
2 2
T1=—— — To— —u; = — (agexy + ap213),
0x1 0xo 10

8’&2 61@

1 2, = 2
_— = +u ap2x7 + A20x5).
(‘3 1 6302 wk( 0271 2073)

For the equation, we can easily obtain
1 2 _ 1 2
1 ion (agor] — 3‘102%)
U2(xa0): 1 (1 2 2)
ion 3a02m1 a20x2

Thus,

. agz|?xizy
Proj,[(Dsf3)Us = 3wkl
Js[( If?) 2](17070) (3zo_k|a,0221'1-/132

From (4.13)), we know g3(x,0,0) = 0. Thus, [(D;U3)g3](x,0,0) = 0.
Next, we compute Proj,[(Dy f3)h](z.0,0), where h = (h',h?)T is a second order
homogeneous polynomial in (21, 22, a) with coefficients in @', which has the form

h = h(zy, T2, @) = hi10T129 4+ Rio1210 + hor1Z20 + hagox? + hogoxs + hooza?
and h = h(x1, 2, ) is the unique solution in V3*(Q!) of the equation
(MZh)(z,a) = (I — 7)Xo[2L(a)(®z) + Fy(Px,73)].
As in [5], we know that
(M3h)(z,a) = Dyh(z,a)Bx — Agi(h(z, )
= D h(zx,0)Bx — h(zx,a) — Xo[L(,)(h(z, o)) — h(z,a)(0)]
= (I — m)Xo[2L(a)(Px) + Fo(Px, )]
thus, h(x,#) is also evaluated by the system
h(z) — Dyh(z)Bx = ®U(0)[Fy (P, 71,)], (4.14)
h(x)(0) — L(7,)(h(z)) = Fy(®z, 1), (4.15)

where h denotes the derivative of h(z)(f) relative to 0. According to (&.10)), it
follows that

f21(1'7ya 0) = \P(O)FQ((I)‘T + vak)
_[u1 U2 —ad% — bd1d2 — Cdan
o Uy  Us Tk —CLTL% +cdong — bning |’

di =1+ a2 +y1(0), do =€ ka1 + €T ma +y1(—1),

where

—1i0L

ny = V21 +5QI’2 -+ yQ(O), ZQ =€ Vo1 + eiakigfﬂg + yg(fl).

Then we have
[(Dyle)h](a;,o,o)

+ ((—2ad;h}(0) — bd, R (—1) — bdyh'(0) — ed,h2(—1) — enbh!(0)
u
_ o —2an h%(0) + cdyh?(0) + cnlhl( 1) — bnth( 1) — bnbh2(0)
=R/ —2ad)h}(0) — bd, B (—1) — bdbh(0) — cdh2(—1) — enbh (0) |
u
—2an; h?*(0) + cdyh?(0) + cn hl( 1) — bnth( 1) — bnbh?%(0)
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where

dy =1 + 1z, dy=e"%x) 4 ey, il

Nl = vary + Taxa, nbh = e TFugxy + T Tyms. (4.16)
Thus,
. 2c372

Prof (D s = (50123
where
C3 = ’Ll,TT]C

(Ahho(o) JFZhjoo(O) + Bhiyo(—1) +§}éoo(*l) + Chiyo(-1) JFC’h%oo(l))
Dhiy(—1) + Dhjao(—1) + Eh314(0) + Eh3o(0) + Fhiyo(—1) + Fhigg(—1)

and
A= —2a—be 9% —ce %y, B=-b C=-—c
D = cvy, E = —2avy+ ce % —be "y, F = —bvs.

Thus, we only need to compute h119(68) and hogo(6). From (4.14) and (4.15]), we
know that hi19 = (ki h310)T and hago = (hdgg, h300)T are respectively the solu-

tion of the following two systems
; 0
hi10 = (0> )

(4.17)
h110(0) — L(7g) (h110) = 27 (Zi) ;

and

haoo — 2iokhagy = (1P2) (2(2);)) )
(4.18)

h200(0) — L(7g) (h2oo) = 27% (Zg) ;

where
a1 = —2a — be'%F — be "% — el Ty — ce kg = 0,
by = —2avsTs + ce 7% by 4 ce'F vy — be'FvyTy — be "R uyTy = 0,
as = —a — be 1% — cpge ik,

by = —avs + ce T uy — bvse 1k,

Solving (4.17)) and (4.18)), we obtain
hi10(0) = 1, (4.19)
and

1 B 1 ) .
hgoo(a) = —E(agoelgke’l} + §a02€710k01—)) + 6220}9062, (420)

(1) (2))T

where ¢1 = (¢; 7, ¢} (M e

, e = (5, e5)T and

e 2a1(a + b)y* — 2bycx* 2) _ 2a1cy* +2by(a + b)x*
D eyt la+b)2+¢2 7 0 T zryt[(a+b)2 + 2

)
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cgl) = (2%@2(22'0;: + Tray® 4 Tpby*e2r) — 2T]§b26x*e—2iﬂk)
+ (Tz?cz:v*y*e“””k + (2ioy, + Traz*
+ Tba*e k) (2o, + Thay” + kay*e*%ak)),
+ (Tz?c%*y*e“”“k + (2i0y, + Traz*
+ rbae ) Bid + may” + mby"e ) ).

Finally, we compute Proj, f4(x,0,0). From (4.8, we can see that fi(z,0,0) = 0.
Summarizing the above steps, we obtain

Ly _ A3Z%I2
m%@&m_(%mﬁ’
where
Ay = |lagz|® + ! (4.21)
3 = 6i0’k ap2 203. .

Accordingly, the normal form of (4.9)) has the form

1 1
&= Br+ ~g3(2,0,a) + —g5(x,0,a) + h.o.t.

2 3!
_ Az Aszzizs 2 4
= Bz + <A1x2a> + <Aga:1x§ + O(|z]a” + |2[7).

The normal form (4.9) relative to P can be written in real coordinates (wq,ws)
through the change of variables z1 = w1 — iwsg, T2 = w1 +iws. Followed by the use
of polar coordinates (p,§), w1 = pcos§, wy = psiné, this formal form becomes

p=kiap +kap® + O0(a’p + |(p, a)[*),
£ =—or+O(|(p, al),

where k; = ReA4;, ko = ReAs. Following [2], we know that the sign of kiks
determines the direction of the bifurcation and the sign of k; determines the stability
of the nontrivial periodic solution bifurcating from Hopf bifurcation. Therefore, we
have the following theorem

(4.22)

Theorem 4.1. The flow of (4.6) on the center manifold of the origin at T = T3
is given by (4.22)). Hopf bifurcation is supercritical if kike < 0 and subcritical if
k1ko > 0. Moreover, the nontrivial periodic solution is stable if ko < 0 and unstable

We remark that by the same method and calculation, for the nonsymmetric
system, we can also obtain a similar conclusion. Thus, the symmetry does not
affect the emergence of periodic solutions.

5. NUMERICAL SIMULATIONS

In the section, we will give numerical simulations to illustrate the conclusions

obtained. Consider system (3.1) with ry =3/2, 7o =1, a=1/2,b=1/3, ¢ = 1;
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that is,

1 (5.1)
50 = y(0)[1 — Sy(0) + 2l — 1) — y(t — 7]

In this case, system (5.1) has unique positive equilibrium (z*,y*) = (%, ) By

means of the software Maple, we know that yo = 0.0599 is a simple root of (3.7]). By

computation, we obtain oy = 0.2448, 79 = 4.4898, 09 = 1904+ = 1.0989. Applying
Theorems and we have the following theorem.

Theorem 5.1. The characteristic equation of (B.1) at (z*,y*) = (&, 5) has a

simple pair of purely imaginary roots +iocgy for T = 19 and the other roots has non-
zero real parts. System with 79 = 4.4898 has a supercritical Hopf bifurcation
and the nontrivial periodic solution bifurcating from Hopf bifurcation of 18
stable on the center manifold.

Proof. From Theorem we know that the equilibrium (z*,y*) is locally asymp-
totically stable when 7 € [0,4.4898) and is unstable when 7 > 4.4898. In the
following, we will consider the direction and stability of Hopf bifurcation at 7 =
7o = 4.4898. By means of software Maple, we obtain the following values:

(u) 1 ~ (uy\ _ (0.2107 — 0.3369i
U=\ ) T \09197 = 119940 )0 T Ny ) T \0.0226 + 0.0602i )

azo = 5.1560 + 3.32837, ag2 = —4.9973 — 2.9057,
c3 = —24.0701 — 5.0921:.

According to (4.12) and (4.21)), we obtain

A; =0.0756 + 0.07444, Az = —12.0351 — 7.61413.
Thus, k1 = 0.0756, ks = —12.0351. Applying Theorem we obtain that system
(5.1) has a supercritical Hopf bifurcation at 7 = 79 and the nontrivial periodic
solution associated with Hopf bifurcation at 7 = 7y is stable on the center manifold.
The proof is complete. (Il

and

The numerical simulations for 7 = 4.4898 are shown in Figure
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