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EXISTENCE OF SOLUTIONS FOR CRITICAL HENON
EQUATIONS IN HYPERBOLIC SPACES

HAIYANG HE, JING QIU

ABSTRACT. In this article, we use variational methods to prove that for a
suitable value of A, the problem

—Apnvu = (d(@)*|ul” Pu+ru, w20, ue HHQ)

possesses at least one non-trivial solution u as @ — 07, where €/ is a bounded
domain in Hyperbolic space BY, d(z) = dyn (0,2). Agny denotes the Laplace-
Beltrami operator on BY, N > 4, 2* = 2N/(N — 2).

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

In this article, we study the existence of non-trivial solution for the problem

— Apvu = (d(x))*u* 2u+ I, u>0,uec H(Q) (1.1)
where N > 4,
N(N —2) 2N
T <, 2=
4 < < A1, N _ 27

d(z) = dgn(0,7). Here Agn denotes the Laplace Beltrami operator on BY. We
denote by A; is the first eigenvalue of the Laplace-Beltrami operator with Dirichlet
boundary conditions. The domain €’ is a bounded domain with an interior sphere
condition, 0 € Q' ¢ BY, Q € B;(0) and Q N OB (0) # 0, where B;(0) C BY is the
geodesic ball with radius 1.

When posed in the Euclidean space R, problem is a generalization of the
celebrated Brezis-Nirenberg problem

— Au=|z|*u* 2u+ I, u>0,ue HH(Q), (1.2)

see [IL 8, @, 12, 13] for more general and recent existence results. In spaces of
constant curvature it has been studied by Bandle, Brillard and Flucher [3]. The
special case of S3 has been treated in [2].

When «a # 0 and A = 0, problem is known as the Hénon equation

— Au = |2 uP2u, u>0,uc H} Q) (1.3)

and the study goes to Hénon [I4], Ni [I7], Smets [I9], Cao-Peng [10] and oth-
ers. Attention was focused on the existence and multiplicity of nonradial solutions
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for critical, supercritical and slightly subcritical growth, symmetry properties and
asymptotic behavior of ground states (for p — %, or a — 00). We refer to
[4, 6, [7, 0T, 15] for more information. As far as we know, the Brezis-Nirenberg
problem for the critical Hénon equation has been studied only in [16], where the
authors prove that there always exists a solution to , provided « is small

enough.
In the hyperbolic space, the existence of Brezis-Nirenberg problem for the critical

equation
— Agvu = [ul?* 2u+du, uw>0,uc H(Q) (1.4)

has been studied in [20] and the results are very similar to the results in the Eu-
clidean case. However, for problem , there exists some difference from Eu-
clidean space. Firstly, the weight function d(z) depends on the Riemannian dis-
tance r from a pole o. Secondly, there is a lack of compactness due to the fact
that the Sobolev imbedding H}(€Y) «— L2 (€') is noncompact, so the functional
of problem cannot satisfy the (PS). condition for all ¢ > 0. In generally, to
prove the functional of problem satisfying the local (PS). condition, we need
to use the unique positive solution of the problem

— Agvu=u?""" inB". (1.5)

to control the energy of the functional. However, Mancini and Sandeep [5] proved
that (1.5) did not have any positive solutions. Thirdly, when we study the critical
elliptic problem

—Apvu=Q@)u* '+ A u, 2, u=0, zed, (1.6)

it is necessary that the function Q(x) have the maximum in €. But the weight
function d(z)* of problem (1.1)) has the maximum on 99'. So we have the difficulty
to control the energy. Our main result is as follows.

Theorem 1.1. There exists & > 0, such that when 0 < a < @&, problem (1.1)) has
at least one non-trivial positive solution.

The proof of this result will be given in Section 3. In section 2, we give some
basic facts about hyperbolic space and prove that the functional of problem (|1.1))
satisfies the local (PS). condition.

2. PRELIMINARIES

A hyperbolic space, denoted by HY, is a complete simple connected Riemannian
manifold which has constant sectional curvature equal to —1. There are several
models for hyperbolic space, and we will use the Poincaré ball model

BY = {z = (21,29,...,2,) € RY : |2] < 1}
endowed with Riemannian metric g;; = (p(x))?8;; where p(x) = ﬁ We denote
the hyperbolic volume by dVg~ and is given by dVgy = (p(z))Y dx. The hyperbolic
gradient and the Laplace Beltrami operator are:

Nu,
p(x)

where V and div denotes the Euclidean gradient and divergence in RY, respectively.

Ay = (p(2)) "V div((p(2))V V), Vevu=



EJDE-2013/05 EXISTENCE OF SOLUTIONS 3

The hyperbolic distance dg~ (z,y) between x,y € BY in the Poincaré ball model
is
20z —y|?
(1= =) (1 = [yl*)

From this we immediately obtain that for z € BV,

dgn~ (x,y) = arccosh(1 +

).

1— ||
Let us denote the energy functional corresponding to (1.1)) by
1 1 x
1) =5 [ (Vaval? = x)dVes = oo [ @)l a2
o Q

defined on Hg (). If A < A1, we know that
Il == [/ (|Vervul? — Mu?)dVi~]/?
Q/

is a norm equivalent to the HJ(€') norm, and it is known that critical points of the
functional I € C1(H}(Q'),R) correspond to solutions of (1.1). If u is a nontrivial
solution of (1.1)), we define

P )<N72>/2u

v(z) = (1 ~ 22
which is a nontrivial solution of the Euclidean equation
N(N -2 1

(N=2) o Lt

A
R 1 |af

Yo 2o+ ApPu, e v>0, ve HI(Q),

(2.2)
where 2 C RY is the stereographic projection of €’ into RY, and QN ('9Be ! (0) #
0, B el (0) is a ball in the Euclidean space. Let us define the energy functlonal

correépondmg to (2.2)) by
1 N(N -2 2
- f/ Vol — (A — ( )y 20 da

1— |z
1
/| 2o ()2 g
1—|x |

Thus for any v € HY(Q) if @ is defined as @ = (17|2I|2)(N_2)/2u7 then I(u) = J(a).

Moreover (I'(u),v) = (J'(@), ) where ¥ is defined in the same way.
Now, we want to prove that the functional I satisfies the (P.S). condition. It is
well known that the best Sobolev constant

= inf {/ |Vul*de :u € ’DLQ(]RN),/ > de = 1}
RN RN

is attained by the function

(2.3)

N—-2

V() = Y= 2T
At 1a) 5

which is a solution of the problem
—Au=[u* 2, zeRY (2.4)
with [n [VU|? = [pn U da = SN/2.
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Lemma 2.1. For all ¢ € (0, SN/2/N), the function I(u) satisfies the (PS). condi-
tion.

Proof. Suppose ¢ € (0,SN/2/N), {u,} C H} (L) is the (PS). sequence of the func-
tion I(u), then I(u,) — c as n — 00, I'(u,) — 0 as n — oo. We have that

1
ct+ 1+ [Junlley > I(uy) — 7<I/(un),un>

2
= %/ <|VIBNun|2 - Aui)dVBN - 271*/ d(x)o‘(u,f)TdVBN
Q/ ’
- Qi* (IVevun | — Muj)dVey + 2—1*/ d(2)* (u)? dViy
Q/ !’

1 1 9 5

= (5 - 5) (I[Vervun|® = Aug, )dVey
Q

1 1

= (3= )l

It follows that ||u,|| is bounded in H (). It implies that
u, —u forxc Hi(Q),
u, —u forxz e LP(Q),2<p<2* (2.5)
Up — u a.e. on Y,
From {u}} being bounded in L2 (Q), it follows that {(u;})?>"~'} is bounded in
L%(Q’). It follows that {d(z)®(u;})? ~'} is bounded in L%(Q’) and
) () = d(@) (@) i LR (),

So w is the solution of problem and
1
2+
Let us define v,, = u,, — u. The Brézis-Lieb Lemma leads to

3 +o(1),

1 “ 1 X
() = 5 i3 — /Q A)* () dVor = 5 [ d(@)* () dVew > 0.

Q

3* = |u, — u|§i + |u

|un

and

dx)*(w)? dVgy = [ d(@)[(un —u)T)> dVes + [ d(z)*(w)? dViy +0(1).
o o (o)

So we have
1 1 .
(un) = L fun|Ze — & / d(2)* (u ) AV
2 2 Jo
1

1

= I(u) + 5\\vnllfw - d(x)* (v})* dVigy +o(1) — c.

2 Jo
Since ||u, || is bounded in H} (), and (I'(uy), u,) — 0, we obtain
[0 —/ d()* (v)* AV = (I'(un),up) = (I'(w),u) — =(I'(u),u) = 0.
Q/

It implies that
lonllZs - / d(2)* () dVax — 0,
Q/
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So we can assume that
foaly = b [ da) () dVar — .
Since u, — u, in L?(Q), it follows that v,, = u,, —u — 0 in L?(Q’), and
/Q/ |Vnv,|? dVgny — b.

We know that when we consider the above calculation in the Hyperbolic space,
the Sobolev inequality is not satisfied; so we should transfer it into the Euclidean
space. Let us define:

. 2
V() 1= p 7T wy(2), P:1_7|x|2~
Then
N—2
; |Venv,|2dVey :/Q|V(p77wn)|2p]v72daz
Q 4 Q
and

/d()( dVBN_/U x‘| 24y b asn — oo

From v, — 0 in L?(€Y’), and

(e +1)?

2 < <
<p(x) < 5o

we have that [, p?w2dz — 0 in L?(£2). So
/ |Vw,|?dz — b, asn — oo.
Q

By the Sobolev inequality, we have

Jo |Vw,|?dz > g
(fo(wih)? da)2/ =

. 2/2
/ |an|2d:£ > S(/(wi)2 dx) ,
Q Q

which implies b > Sb%/2". Then either b =0 or b > SN/2,
If b > SN/2, by the above, it follows that

Thus

R | . SN/2
<(2— V<e<Z—
N SGoghse<T
we know that is a contradiction. So b = 0, the lemma is proved . O

Lemma 2.2. There ezist & > 0, and a nonnegative function w € HE(Q)\ {0} such
that

2, NN -2 2, 2 1+ 2] o 2, V%
v+ CEE gty ([ T w ) an) T <

forany 0 < a < a.
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Proof. When N > 5, suppose (£ +1’0""’0) €N, xg= (;‘_} — %,0,...,0) € RN,
Fix ¢ € C3°(£2), such that
1 ifzxe Bl 45(5(:0)
p(z) = & (2.6)
0 ifz € R\ Bi yz(w0),
0<p(z) <1, |Ve(x)] < 7 Let
ue(@) = p(@)Ue (@), dcla) =p~ 7 uela),
where N
2 NN -2)ef T
P=1C z2’ Ue(z) = [E2 1 |z — 2P| V272
First we prove that
/Q|Vu5|2dat :/ VUL 2dz + o(e25%) = V2 1 o(e™5%). (2.7

Indeed, since

|Vu5\2dx = lp(z) - VU (z) + V(z) - Us(x)|2d:c
Q Q

- / VU, (2)*de
B yz(w0)

4 / o(z) - VUL () + Vep(a) - Ue () *de,
B3 45w0) \P1 $2(e0)

we have

‘/ |Vu5|2dm—/ VU *da
Q RN

o VU + V- U |2da
By eo) \Py 20

+ (/ VU de|
RYAB1 42(0q)

+/ |VU.|?dx
RM\B1 42(ag)
§2/ VU |*dx + —~ \f |U.|?dx
B3 45w0) \P1 $2e0) B 4220) \B1 42(0)
+/ |VU.|?dx
BI\B1 42(a0)
N-2 2
E J—
SC/ EEn e
B} 42tee) \BY d5) - 11T T O
N-2
£
/ dx
B [e? + |z — zo[2]V 2

1 Y2e0) \B1L 42(00)
eN=2|g — g2

—|—c/ dx
RN\B} 47200 [€2 + |z — 0|2V
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< ce N4 +C€3N475 _ O(€3N476).
Therefore (2.7) is proved.
Now we prove that
1 . 14+ (&L - e
[ o > (mitlem = v AT
o 11—l 1—(6+1—\/5)
1+ (:I} —VE)\e 2* 3N/4
_ (ln1_(671_\4/g)) [/ U do+ O]
e+1
e—1
N 1n1+(e+1 _%) « SN/2+O(53N/4)
“ TR |
e+1 (2 8)
Indeed,
‘/ |u5|2*dx—/ U de]
Q RN
— / |u8|2*dag—|—/ |u8|2*da:—/ |UE|2*dJ:‘
B ¥eeo) By 420) \B 4200) Ry
- / |§0UE‘2*d.T+/ |<10.U6|2*d$_/ |UE|2*dx‘
B1 42y Bt 4220 \P1 420 RY
< / |UE|2*da:+/ \U5|2*dz—/ \U5|2*d;z:‘
B1 ye@o) B 420) \B1 42(a0) R
</ U dot [ UL da
B 42(00) \B1 420e0) BB 42 (ag)
N N
€ €
:c/ 3 — 2Ndx—|—c/ 5 —n e
By 4z00)\B1 42(e0) €2 + & — @o|?] EN\BY 42,0 €2 + |2 — @o[?]
1 Ye N-1 +o0 N-1
N [2 r N r
- R U
“ /{{ AT Je e
3VE +oo
< ceN/ r’N’ldr+ceN/ r~Nlay
< BN/ 4 (NI Z O(S3N/Y),
Now we estimate | ( N J\i 2) — A)p*u2dz. We claim that
/p2u2 dr > ce? + O(e o 4). (2.9)

Indeed, since p(x) = 1= mz >p(0) =2

/p2u§dx > 4/ uldx
Q Q

)

N-2)/2

SN — 2)e?]
44 E

+|5E—Z‘0‘

dzr

2]N—2
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N(N — 2)e2](N=2)/2
1, T
Bleg © T
2IN(N — 2)e2 (N-2)/2
+4/ w[[2(+|x)xg|]2}N2 de
By 4eo0)\BL vz 0
> e? 4 0@ ).
By (2.7), (2.8), (2.9), we know that
Jo IVuel® + (W — A)p*uldz
o (In 17552 ue | da]2/2°
1 SN2 4 0™ T ) + (MEZ2 — \)(ee? + O™ 7))
T (n e e (SN2 + 0N/
1-(Gr—Ve)
1

= — S(e).
(In M)h/%

1—(&1— V)

Since

(1n1+(2+1 — Ve
L= (&1 - Vo)

there exists g9 > 0(small enough), such that S(eg) < S. The case N > 5 is proved.

)—>1 as o — 01,

When N =4, let 29 = (£5 —26,0,...,0) € RN, o(z) € C5°(9),

)1 ifxe Bg(xo),
ple) = {0 it € RN\ Bas(ao), (2.10)

forallz € RN, 3> 0,0 < ¢(z) < 1,|Ve(x)| < ¢, and let

N-—2

) N3 N(N —2)e?] 7
te(z) =p "7 p(x) [52[+(|x — xo)i]gzvz)m

:p 2 us(x)
1 1—|zf?
) = ),

that is to prove that
Jo(Vue|* + (2 = Np*ud)d
[fo (I T2 e [>* da)>/>”
Similarly, we can prove that

(i)

/ IV |Pda = / VU [2dz + O(?) = S + O(2),
Q RN
(i)

1 N
[ n e o
o 11—z
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L+ (51 —49)
> (1 — €
(=) o
_ 1+(21_45) 2* 2 4
_(lnl—(;}—w)) / U7 dz + O(e") = $% + O(eY),
(i)
/ p*ulde > ce?|Ine| + O(e?).
Q
Thus,

Jo(IVue|* + (2 = Np?ul)da

fQ 1+|‘2I Ue Q*das]Q/Q*
- 1 S2 4+ 0(2) + (2 — N)(ce?| Ine| + O(e?))
(1 L+H(5 —45))2a/2* (82 + O(e4))2/2"
L-(71—4P)
1
= S(e).
(1n L 4ﬁ>)2“/2* ©
1— (5+1 4ﬁ)
Since (In %) — 1 as a — 07, then there exists 9 > 0, such that
e+1
S(Eo) < S.

Hence, there exists & > 0, such that when 0 < a < @,
Jo(IVuel? + (P52 — N)p*u2)da

[[,,(In 1+\x| g |2 da]2/2*

\zl

It implies that in the hyperbolic space, we have
fQ, |VBN€LE|2 Au2)dVgn
o (@) > dViv ]2/

3. PROOF OF MAIN RESULTS

Proof of Theorem[1.1] Since the solution of ([1.1)) is the critical point of the function
1, it suffices to apply the Mountain Pass theorem with a value ¢ < + SN /2,

By the Lemma. we know if 0 < a < &, Ji.(z) € H () \ {0} such that

e

< S.
[fQ, |||t |2 dVen]2/2

So let v(x) = (), then

0 < max I(tv) = max[1 / [V~ (tv)]? — A(tv)?]dVey — i/ d(z)%|tv]* dVin]
t>0 2 O 2% Q

t>0
1 1

= (5 = )| (Vanel = 2)dVis /([ da)*[ofaVin)) ¥
Q Q
1 N2
< NS .
Since

1 .
I(u) > 7/ (|Vervul? — Au?) dVgy — i/ lul? dVgw
2 Q/ 2* Q/
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1
> ulld -

1

— | |Ve~ul? AV,
Q*S(BN)% /Q/‘ BN‘ BN

then there exists r > 0 such that

For

b= inf I(u)>0=I(u).

lwllpn=r

1 1 *
3 / (1955 (100)” — Mtov))dVir — 5= / d(2)* [tov|? dVipw
!/ Q/

2" .
/ ([Vanvf2 — Ao2)dVigy — %/ d(z)* 0] dView
Q/ 2 Q/

[(tov)

5
2

12
2*

t3 .
- 50”””]231\, - / d(z)*v]* dVgy — —oc0  as tg — 400,
QI

then there exists ¢y > 0, such that when |[tov|gy > r, we have I(tgv) < 0. Thus

SN/2
I(t- (¢ 2
t?[?i’i( (tov)) < —

From Lemma Lemma [2.2] and the Mountain Pass theorem, we know that I

has

a critical value and problem ([L.1]) has a nontrivial solution u. Multiplying the

equation by u~ and integrating, we find = = 0, and u is a solution of (L.1). O
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