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EXISTENCE OF THREE NON-NEGATIVE SOLUTIONS FOR A
THREE-POINT BOUNDARY-VALUE PROBLEM OF NONLINEAR
FRACTIONAL DIFFERENTIAL EQUATIONS

HAITAO LI, XIANGSHAN KONG, CHANGTIAN YU

ABSTRACT. This article concerns the existence of three non-negative solutions
for two kinds of three-point boundary-value problems of nonlinear fractional
differential equations, where the fractional derivative is taken in the Riemann-
Liouville sense. Using Leggett-Williams fixed point theorem, we present some
existence criteria and then illustrate our results with examples.

1. INTRODUCTION

With the development of fractional calculus and its applications [8, [9, [TT] in
mathematics, technology, biology, chemical process etc., increasing attention has
been paid to the study of fractional differential equations including the existence
of solutions to fractional differential equations [T} 2] [} [7, 12} 13| 14} [15] 16} 17, 18],
the stability analysis of fractional differential equations [4} [6, [10], and so on. As a
fundamental issue of the theory of fractional differential equations, the existence of
(positive) solutions for kinds of boundary-value problems (BVPs) of fractional dif-
ferential equations has been studied recently by many scholars, and lots of excellent
results have been obtained for both two-point BVPs and nonlocal BVPs by means
of fixed point index theory [2], fixed point theorems [II, 15 [I7], mixed monotone
method [14], upper and lower solutions technique [12], and so on.

Xu et al [14] [15] investigated the fractional differential equation

Dgult) + f(t,u(t) = 0, t € (0,1), (1.1)
subject to the following two kinds of three-point boundary conditions:
u(0) = 0, Dy, u(1) = miDy, u(€), (1.2)
and
u(0) = 0, u(1) = mau(§), (1.3)

respectively, where 1 < <2, 0< <1, a—F-120,0<m; <1,0<mq, £<
1, and Dg, is the standard Riemann-Liouville derivative. They obtained some
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interesting positive properties of Green’s functions for (1.1f) with (1.2) and (1.1)
with (1.3]), respectively, and presented some existence criteria of positive solutions

by using some fixed point theorems and the mixed monotone method.

It should be noted that there are fewer results on the existence of multiple (triple)
solutions for nonlocal BVPs of fractional differential equations such as with
and with (1.3)). As a result, the purpose of this paper is to establish the
existence results for triple non-negative solutions of with and with
by virtue of Leggett-Williams fixed point theorem and enrich this academic
area.

Throughout this paper, we assume that the nonlinearity f : [0, 1] x [0, +00) —
[0,400) is continuous in (L.I). Moreover, let E = C[0,1] with the norm |z| =
maxyeo,1) |¢(t)]. Then, E is a Banach space. We will consider the existence of
non-negative solutions for with and with in E.

The rest of this work is organized as follows. Section 2 contains some prelimi-
naries on the standard Riemann-Liouville derivative and the properties of Green’s
functions for with and with (1.3)). Section 3 investigates the ex-
istence of triple non-negative solutions for (1.1)) with and with ,

respectively, and presents the main results of this paper. In Section 4, two illustra-
tive examples are worked out to support our obtained results.

2. PRELIMINARIES

In this section, we give some necessary preliminaries on the Riemann-Liouville
derivative and the properties of Green’s functions for with and with
(1.3[), which will be used in the sequel.

We first recall some well known results about Riemann-Liouville derivative. For
details, please refer to [9, [8, [{1] and the references therein.

Definition 2.1 ([II]). The Riemann-Liouville fractional integral of order a > 0 of
a function y : (0,00) — R is given by
I .
I y(t) = — t—s)*" d 2.1
S = i [ =9 sy (21)
provided the right side is pointwise defined on (0, o).

Definition 2.2 ([1I]). The Riemann-Liouville fractional derivative of order @ > 0
of a continuous function y : (0,00) — R is given by

D§0l0) = gy ()" [ s (22

where n = [a] + 1, [a] denotes the integer part of «, provided that the right side is
pointwise defined on (0, c0).

One can easily obtain the following properties from the definition of Riemann-
Liouville derivative.

Proposition 2.3 ([11]). Let a > 0, if we assume u € C(0,1) N L(0,1), then, the
fractional differential equation D§, u(t) = 0 has u(t) = C1t* " + Cot* 2 4 - +
Cyt*™N,C; €R,i=1,2,...,N as unique solution, where N is the smallest integer
greater than or equal to a.



EJDE-2012/88 EXISTENCE OF THREE NON-NEGATIVE SOLUTIONS 3

Proposition 2.4 ([I1]). Assume that u € C'(0,1)NL(0,1) with a fractional deriv-
ative of order a > 0 that belongs to C(0,1) N L(0, 1). Then,

I8, Dg u(t) = u(t) + C1t* ' + Cot* 2 4+ + Oyt N, (2.3)

for some C; € R, 1 = 1,2,..., N, where N is the smallest integer greater than or
equal to a.

In the following, we present some important properties of Green’s functions for
(1.1) with (1.2) and (1.1)) with (1.3]), which have been proved in [2] [7] 14} T5].

Lemma 2.5 ([I5]). z(t) € E is a solution to (LI) with (L.2)), if and only if
x(t) = Thx(t), where

1
Toa(t) = / Cr(t, 5) f (s, (s))ds, (2.4)
0
Dta71(1—5)0‘7[371—7711Drt(c;7)1(5—8)0‘7671—@—8)&71’ 0 S s S " S 1’ s é é"
Crlt.s) Dta*l(l‘s)?]z;l‘(t‘s)afl, 0<e<s<t<l,
1 8) = Dot (1=6)*~F~ ! —my Dt~ (g—s)* P!
» 7;3711—‘(65 , 0<t<s<E&<,
e 0<t<s<1,&<s,

(2.5)
and D = (1 —myge—F-1)~L

Lemma 2.6 ([I5]). The Green’s function G1(t,s) given in (2.5)) satisfies
pteLs(1 — s)a=A-1 Dte=1(1 — s)a—A-1
I(a) I(a) ’

Lemma 2.7 ([I4]). z(t) € E is a solution to (1.1) with (1.3)), if and only if
x(t) = Tox(t), where

< Gi(t,s) < Vit sel0,1]. (2.6)

1
Tox(t) :/ Ga(t, s)f(s,z(s))ds, (2.7)
0
and
[(1— )] —mat 1 (€—5)° T (t—5)* "} (1-m€"Y)
[p1—s))* " (: ST e t) EPSSR
—s —(l—s —m2
Ga(t,s) = (A-mag>= Do) ’ 0<&ssstsl
2(2, [t(1=8)]> " —mat® L (£—5)* 1 0<t<s<é<l1
L S =hEsEss
t(1—s)]*
(T mage- (@) Ostsssl Ess
(2.8)

Lemma 2.8 ([I4]). The Green’s function Ga(t, s) given in (2.8) satisfies
Mot~ ts(1 —s)—t to (1 —s)at
(1 —mag*~ "I (a) (1= mag> 1)l (e)’
where 0 < My = min{1 — ma&~1, mag® 2(1 — &) (a — 1),ma6" 1} < 1.
Finally, we recall the Leggett-Williams fixed point theorem. Let E = (E, ||-||) be
a Banach space and P C E be a cone on E. A continuous mapping w : P — [0, +00)
is said to be a concave non-negative continuous functional on P, if w satisfies
wAz + (1= A)y) > dw(z) + (1 = Mw(y) for all z,y € P and A € [0, 1].
Let a,b,d > 0 be constants. Define Py = {x € P : ||z|| < d}, Py ={x € P:
lz]| < d} and P(w,a,b) ={z € P:w(x) > a,|z| < b}.

S GQ(ta 3) S

Vit sel0,1], (29)
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Lemma 2.9 ([B]). Let E = (E,|| - ||) be a Banach space, P C E be a cone of E
and ¢ > 0 be a constant. Suppose there exists a concave non-negative continuous
functional w on P with w(z) < ||z|| for allx € P.. Let T : P. — P. be a completely
continuous operator. Assume that there are numbers a, b and d with 0 < d < a <
b < ¢, such that

(i) {z € P(w,a,b) :w(z) > a} # 0 and w(Tx) > a for all x € P(w,a,b);

(i) ||Tz| < d for all x € Py;

(iii) w(Tx) > a for all x € P(w,a,c) with || Tz| > b.
Then, T has at least three fized points x1, To and x3 in P.. Furthermore, 1 € P,;
Ty € {x € P(w,a,¢) :w(z) > a}; z3 € P.\ (P(w,b,c) UP,).

3. MAIN RESULTS

In this section we investigate the existence of triple non-negative solutions for
(L.1) with (L.2) and (1.1)) with (1.3), and present some existence criteria. Denote

P = W, Py = a(l —mpé® NI (),
v, = F(a)(a—B)(a—B+1) U, = aa+1)(1 —me&* )T ()
peaL(1 = &) b(a — BE+ 1) Mol = &) (a +1) ’
ala+1)(1 —mef* T (@)

L(e)(a—p)la—-B+1)
ﬁé‘afl ’ Mofa71 ’

11, = 11, =
_ t,
fo =limsup sup M7
z—0+ tefo,]] T
where D and My are given in Lemmas [2.5] and [2.8] respectively.

To use Lemma [2.9] we define a cone P ={zx e E:z() >0Vt e[0,1]} and a
functional w : P — [0,400) by

w(z) = tg?%nl] x(t), (3.1)

then, one can easily see that w is a concave non-negative continuous functional on
P, and satisfies w(z) < ||z| for all x € P.
We first consider (1.1)) with ((1.2) and obtain the following result.

Theorem 3.1. Consider (1.1)) with (1.2)). Assume that there exist two constants
a and ¢ with 0 < a < min{e, Ftc}, such that

(H1) f(t,z) < @yc, for all (t,z) €]0,1] x [0,c];
(H2) there exists a constant n with 0 < n < ®1, such that fo = n;
(H3) f(t,z) > Vya, for all (t,z) € [§,1] X [a,c].

Then (1.1) with (L.2) has at least three non-negative solutions.

Proof. Let us divide the proof into 4 steps. o
Stepl. From (H1) and Lemma [2.6 for all z € P., we have

|Tiz| = max / Gi(t,s)f(s,x(s))ds

<tI>1cmax/ G1(t,s)
te[0,1]
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1 a—1 _ a—p-1

D 1

< ®;c¢ max / t ( ) ds
tef0,1] Jo (@)

< c(a— ﬁ)/o (1—s)*Plds =c.

Thus, T} : P, — P.. o o
Now, let us show that T; : P. — P. is completely continuous. Let x,,zq € P,
with ||z, — 20|l — 0 as n — +oo. Then,

1 1
ITin = Tiaoll = max | [ Grlts)7(ssmalo)ids = [ Gt )5 Gs,0(s))s|
t€[0,1] 0 0

< s [ G (5.20(9) = Fs (o)l
i ' — )P f (s 2. (s)) — F(s.zo(s S —
< Fag |, (1= 9T () = s os)lds = 0

as n — +oo. Hence, T7 : P. - P.is Continu0ui.
In addition, for any ¢, t3 € [0,1] and = € P,, we have

|(T11‘)(t1) — (Tlx)(t2)| S (I)lc/o |G1(t1,8) — Gl(tg,s)\ds. (32)

Since G1(t, s) is uniformly continuous on (t, s) € [0, 1] x [0, 1], it is easy to see that
|(Tyx)(t1) — (Thx)(t2)| — 0 as |t; — ta| — 0. Moreover, Ty (P.) is bounded. Thus,
the Arzela-Ascoli theorem guarantees that T; : P, — P, is compact. Therefore,
T : P, — P, is completely continuous.

Step2. Choose a constant b € (a,c]. Let zo(t) = GTH’, YV t € [0,1]. Then,
w(zo) = %2 > a and |zo| = 42 < b. Thus, 2 € {z € P(w,a,b) : w(z) > a} # 0.

Now, let us prove that w(Tiz) > a holds for all z € P(w,a,b). In fact, z €
P(w,a,b) implies that a < x(t) < b, for all ¢t € [¢,1]. One can obtain from (H3)
and Lemma [2.6] that

Tixz) = min (T} = G1(t, ds
ofTie) = i, (o) té??h/ {61(56)
> Wia min / G1(t, )
tel€,1]
a—1 _ Ja—p—1
> Vqa min/ pre 51— 5) ds
tele.1] Je I'(«)

ﬁé’a—l ! a—(F—-1 _
> Wia (o) /g s(1—s) ds = a.

Hence, the condition (i) of Lemma [2.9 holds.
Step3. It is easy to see from (H2) that for all ¢t € [0,1],V0 < e < QTEﬁF(oz) -,
there exists § > 0, such that for 0 < x < §, we have

flt,x) < (n+e)x. (3.3)
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Let 0 < d < min{d,a}. Now, we prove that ||Tiz|| < d for all z € Pp={zeP:
lz]] < d}. As a matter of fact, for all x € P, one can see that

|Thz| = max/ G1(t,8)f(s,z(s))ds

t
< -+ ) el max / G (1, )ds

Dt~ 1 _ )a B—1
d
<+ ] max / s

<+ 9)llel s / (1= 8)*5"1ds < |laf| < d

Thus, |Tiz|| < d, for all z € Py.

Step4. Let us prove that w(71x) > a holds for all z € P(w, a,c) with ||Tyx| > b.
For z € P(w,a,c) with |T1z| > b, we have a < z(t) < ¢, for all t € [§,1]. From
(H3) and Lemma [2.6] one can see that

w(Tyx) = tgfgiri}(Tlx)( )

:mln/GltS (5, 2(s))ds

telé]

a— 1 _ Ja—p—1
min / Bt ) f(s,2(s))ds

tel¢,1]

pe! s(1—8)* P71 f(s,2(s))ds
>F(a)/€ (1= 8)° 571 (s, a(s))d

ﬂé‘a 1 /1 P
> Wia [ s(1-5)"Plds=a.
I‘(a) 13
Therefore, the condition (iii) of Lemma is satisfied.
To summing up, all conditions of Lemma hold; therefore, BVP ([L.1)) with
(1.2) has at least three non-negative solutions. O

v

Next, we study (1.1)) with (1.3 and establish a sufficient condition for the exis-
tence of triple non-negative solutions of (1.1)) with (1.3]).

Theorem 3.2. Consider with . Assume that there exist two constants
a and ¢ with 0 < a < mln{c c} such that

(H4) f(t,z) < Doc for all (t,z) € [0,1] x [0,];
(H5) there exists a constant p with 0 < p < ®q, such that fo = u
(H6) f(t,z) > Vaa for all (t,x) € [£,1] X [a, ]

Then (1.1) with (1.3)) has at least three non-negative solutions.
Proof. By (H4) and Lemmam 2.8 for all x € P., we have

| Tox| = max / Ga(t,s)f(s,z(s))ds

<<I>Qcmax/ Ga(t, s)d
te[0,1]
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1 —1 -1
11— )
<o d
> 2Ctr€n[03'§]/0‘ (1 — mgﬁo‘fl)F(a) S

1 ! a—1 _
< (DQC(l—mgfa*l)F(a) /0 (1-9)*"ds=c.

Thus, T : P. — P,. Similar to the proof of Theorem [3.1} it is easy to see that
T, : P, — P, is completely continuous.
Choose a constant b € (a,c]. Denote by zo(t) = %t for allt € [0,1]. Then,
w(zp) = “F2 > a and ||zl = %2 < b. Thus, 2o € {z € P(w,a,b) : w(z) > a} # 0.
Next, let us prove that w(Thoz) > a holds for all z € P(w,a,b). In fact, x €
P(w, a,b) implies that a < x(t) < b for all t € [£,1]. One can obtain from (H6) and
Lemma [2.§] that

1
w(Tex) = min (Tex)(t) = min]/o Ga(t,s)f(s,z(s))ds

tefg,1] tel¢,1

1
> WUaa min/ Ga(t, s)ds
tel§,1] Je
1
. My
> Usa min
=2 te[&l]/g (1 —mag>1)Ia)
Moé-a—l /1 o
s(1 —8)* "ds =a.
(= mago () Jo * 7

Hence, the condition (i) of Lemma [2.9| holds.

Next, we prove that the condition (ii) of Lemmal[2.9 holds. (H5) implies that for
allt € [0,1], and all 0 < ¢ < &y — p, there exists § > 0, such that for 0 < z < §, we
have

t* 1s(1 — 5)* ds

2 \Ifza

flt,z) < (n+e)x. (3.4)

Let 0 < d < min{d,a}. Now, we prove that ||Tox|| < d for all z € Py = {x € P :
el <d}.
For all z € P;, one can see that

| Tox| = max/o Ga(t,s)f(s,z(s))ds

telo,1]

1
< (u—i—E)Hthren[g)i]/o Ga(t, s)ds

1 -1 a—1
t*1(1—y¢)
<
< G-+ 2ol max / e

1

1
< o+ )loll Ty, (-9

<zl < d.

Thus, ||Tox|| < d for all x € P;.

Finally, let us prove that w(Tex) > a holds for all z € P(w, a, c) with ||Tex|| > b.
For x € P(w,a,c) with ||Tez| > b, we have a < z(t) < ¢, V1t € [¢,1]. From (H6)
and Lemma |2.8] it is easy to see

w(Thx) = tg[lginl](T 27)(t)
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:mln/thS (s,2(s))ds

tele,1
Moy
> i [
MO a—1 ' a—1
- (1 —mgga—l)r(a)f /5 s(1— )7 f(s,x(s))ds

MO a—1 ! a— o
7 A= maeo (@) ‘I’W/g s(1—9)*"'ds = a.

Therefore, condition (iii) of Lemma [2.9|is satisfied.
Hence, all conditions of Lemma hold; therefore, (|1.1)) with (1.3 has at least
]

three non-negative solutions.

Remark 3.3. It is noted that in the proof of Theorems [3.1] and [3.2] the condition
| T;x|| > b, i =1,2is not applied in Step 4. This is because (H3) or (H6) is sufficient
for the proof, which makes (H3) or (H6) strong.

t*ts(1 — 5)* 1 f(s,2(s))ds

In the following, to apply the condition ||Tjz[| > b, i = 1,2 in the proof and relax
(H3) or (H6), we study (1.1)) with (1.2) and (1.1) with (1.3) by constructing the

following two cones:
P ={z€eE:x(t)>0,VYte|0,1]; z(t) > ]z, Vt € [¢ 1]}, (3.5)
Py={zeE:xz(t)>0,Vte|0,1]; z(t) > v|z|, Vt € [§,1]}, (3.6)

where 0 < v; < min{1, %7 g?}, i =1,2. In this case, w: P; — [0,400), i = 1,2.
We first consider (1.1}) with (1.2]) by using the cone Py, and obtain the following
result.

Theorem 3.4. Consider with . Assume that there exist constants a, b,
canddwith0<%rlhc<d<a and 0 < "}I,rlhcga<71b<b§c, such that

(H1") mlIlie < f(t,2) < ®c for all (t,z) € [0,1] x [0,c];

(H2") f(t,z) < ®1d for all (t,x) € [0,1] x [0,d];

(H3") f(t,x) > Yia for all (t,x) € [€,1] X [a,b].
Then, with has at least three non-negative solutions.

Proof. Let us divide the proof into 4 steps. o
Step 1. By (H1’) and Lemma for any x € P. = {z € Py : ||z|| < ¢} we have

1
ol = max [ Gr(t,)5(s.a(s))ds

)

Dt~ 1 _ Ja—p—1
< dc max/ ) ds

te[01
<7<I> c=rc,
“ (= f)(a)
and
in (11 = G1(t, ds
23800 = g, | 61000

> v11l;¢ min / G1(t,s)
telg,l
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! ptels(1 —s)a=F-1

o) ds

> ~vII;¢ min
n te[su/

1
2 nlheq- = me 2 m|[Tizll.
1

Thus, T} : P, — P.. L o
Next, let us show that Ty : P. — P, is completely continuous. Let x,, xo € P,
with ||z, — x0|| — 0 as n — +oo. Then

1 1
T2y — Thxo|| = max / Gi1(t,s)f(s,zn(s))ds — / G1(t,s)f(s,z0(s))ds|
telo, ] 0 0

< max/ Cr(t, 5)|f(5,2n(5)) — F(s5, 20(s))|ds

tel0,1] Jo
i ' —50‘7[371 S, Tp(S)) — f(s,xols S —
< Fg L (1= 9T s (s) = s os)lds = 0

as n — +oo. Hence, T7 : P. - P.is continuo&s.
In addition, for any t1,ts € [0,1] and x € P., we have

|(T11‘)(t1) — (Tlx)(t2)| S <I)1c . |G1(t1,8) — Gl(tg,s)\ds. (37)

Since G1(t, s) is uniformly continuous on (¢, s) € [0, 1] x [0, 1], it is easy to see that
|(Tyx)(t1) — (Thx)(t2)| — 0 as |[t; — ta| — 0. Moreover, Ty (P.) is bounded. Thus,
the Arzela-Ascoli theorem guarantees that T; : P, — P, is compact. Therefore,
T, : P, — P, is completely continuous.

Step 2. Let zo(t) = 2% for all ¢ € [0,1]. Then w(zg) = %2 > a and [|zo|
@£t < b, Thus, 2 € {z € P(w,a,b) tw(x) >a}l #£0.

Now, let us prove that w(Tiz) > a holds for all z € P(w,a,b). In fact, z €
P(w,a,b) implies that a < z(t) < b for all ¢t € [£,1]. One can obtain from (H3’)
and Lemma 2.6 that

w(Tiz) = min (T1x)(t) = min / Gi(t,s)f(s,x(s))ds
te(é,1] tef¢,1]
> ¥;a min / G1(t,s)ds
telé,1] 13
1 a—1 _ o\a—pB-1
> Uia min / ptes(1 ) ds
telé,1] Q

T'(«@)

Hence, condition (i) of Lemma [2.9] holds. o
Step 3. Tt is easy to see from (H2’) that for all x € P;, we have

a—1
> \Illaﬁf / s(1—5)*Plds = a.
3

1
[Tiall = max [ Gr(t,)5(s.a(s))ds

1
< ®.d max/ Gi(t,s)ds

te[0,1]

D>~ 1 a—pB—1
< $1d max / ) ds
te0,1]
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D (! 61
S@ld—/ 1—5)"P"ds=d.
i@ Jy 17

Thus, |Tiz|| < d, for all z € Py.

Step 4. Let us prove that w(Tix) > a holds for all z € P(w, a, c) with ||Tyz| > b.
For z € P(w,a,c) with |[|[T1z| > b, we have a < z(t) < c for all t € [¢,1]. Then, one
can see that

w(Tiz) = Ir[linl](Tlx)(t) >y ||Thz| > y1b > a.

Therefore, condition (iii) of Lemma[2.9]is satisfied. By Lemma [2.9] (1)) with .
has at least three non-negative solutions.

Next, we study (|1.1)) with (1.3]) in the cone P5 and establish the following result.
Theorem 3.5. Consider (1.1)) with (L.3). Assume that there exist constants a, b,
canddwith0<%c<d<a and0<%c§a<vgb<b§c, such that
(H4") ollsc < f(t,2) < ®oc for all (t,z) € [0,1] x [0,c];
(H5") f(t,x) < ®aod for all (t,x) € [0,1] x [0,d];
(H6") f(t,x) > Waa for all (t,x) € [€,1] X [a,b].

Then (1.1) with (L.3) has at least three non-negative solutions.

The proof of the above theorem is similar to that of Theorem thus we omit
it.

Remark 3.6. From the proof of Theorems one can see that at least two
of the three non-negative solutions are positive.

Remark 3.7. Comparing Theorernand Theorem one can see that (H1) and
(H2) are weaker than (H1’) and (H2’), while (H3) is stronger than (H3’). Similarly,
for Theorem [3.2]and Theorem 3.5} (H4) and (H5) are weaker than (H4’) and (H5’),
while (H6) is stronger than (H6’).
4. EXAMPLES
In this section, we give two illustrative examples to support our new results.

Example 4.1. Consider the fractional order three-point BVP
DyfZu(t) + f(t.u(t) =0, te(0,1),

1/2 1 12 1 (4.1)
u(0) =0, Dy{*u(1) = 3 Dg/%u(3),
where
11+ t)x, 0<t<1,0<2<0.5,
flt,r) =8 (1 +t)z—2(1+1), 0<t<1,05<z<], (4.2)
10(1 + ), 0<t<l,z>1.

A simple calculation shows that ®; ~ 0.4431, U; = 6.6843. Set a = 1 and ¢ = 50,
then one can see that

Flta) > 15> Wa, V(o) e [%, 1] % [1,50],

and
ft,x) <20 < D¢, V(t,z) € [0,1] x [0,50].
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Thus, (H1) and (H3) hold. Since fo = lim, o+ SUP;e(0,1] o) — 04 < Oy, we

x

conclude that (H2) holds. By Theorem (4.1) has at least three non-negative

solutions.
Example 4.2. Consider the fractional order three-point BVP
Dy Pu(t) + f(tu(t) =0, te(0,1),

0)=0, u(l)=—u(’ 43)
w(0) =0, u(l) = Zu(3),
where
1(1+t)z, 0<t<1,0<z<0.05,
flt,e) =921 +t)e — L2(1+1¢), 0<t<1, 0.05<z<0.1, (4.4)
3(1+1), 0<t<1, z>0.1.

One can calculate that ®5 =~ 0.8593, Uy ~ 27.7778. Set a = 0.1 and ¢ = 10, then it
is easy to see that

flt,z) =

N ©

1
> Wpa, Y(t,2) € [3,1] % [0.1,10],

and

ft,z) <6< Poc, V(t,z)€[0,1] x [0,10].
Thus, (H4) and (H6) are satisfied. A straightforward computation implies that
fo = limsup,_ g+ SUPte(o,1] f(ij’”) = 0.5 < ®o, and thus (H5) holds. By Theorem
(4.3) has at least three non-negative solutions.
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