Electronic Journal of Differential Equations, Vol. 2012 (2012), No. 141, pp. 1-12.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

BEHAVIOR OF THE MAXIMAL SOLUTION OF THE CAUCHY
PROBLEM FOR SOME NONLINEAR PSEUDOPARABOLIC
EQUATION AS |z| — oo

TATIANA KAVITOVA

ABSTRACT. We prove a comparison principle for solutions of the Cauchy prob-
lem of the nonlinear pseudoparabolic equation us = Au¢+Ap(u)+h(t, u) with
nonnegative bounded initial data. We show stabilization of a maximal solution
to a maximal solution of the Cauchy problem for the corresponding ordinary
differential equation 9’ (t) = h(t,9) as |z| — oo under certain conditions on an
initial datum.

1. INTRODUCTION
In this article we consider the Cauchy problem for the pseudoparabolic equation
up = Aug + Ap(u) + h(t,u), x€R" t>0, (1.1)

subject to the initial condition
u(z,0) =up(z), =eR"™ (1.2)
Put Ry = (0,400) and Iy = R™ x [0,7], n > 1, T > 0. Throughout this paper
we suppose that the functions ¢ and h satisfy the following conditions:
©(p) is defined for p > 0, h(t,p) is defined for ¢ > 0 and p > 0,
o(p) € CH(R1)NC3(Ry), h(t,p) € Clod (Ry x Ry )NCYLH (Ry %

loc loc (13)
Ry), 0 < a <1, h(t,0) =0, t € R4, ¢(p) + h(t,p) does not
decrease in p for all t € R,.
Assume that one of the following conditions is satisfied:
h’(tap) 207 tEE-'ra p6§+, (14)
or
h(t,p) does not increase in p for all t € R. (1.5)
Let the initial data have the following properties:
up(z) € C32(R™), 0 <wg(z) <M (M >0), 2 €R", (1.6)
lim wg(z) = M. (1.7)

|| — o0
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Equations u; = Auy +AuP +u? and uy = Auy + A(u! +uP) —uP, where p,l > 2, q >
0, are typical examples of equation (1.1)) satisfying (L.3) under conditions (|1.4)

and (1.5]) respectively.
If we suppose ug(z) = M in ((1.2)) then a solution of the Cauchy problem for the
corresponding ordinary differential equation

9 (t) = h(t,9), 90)=M (1.8)
will be a solution of , .

Remark 1.1. We note that problem (1.8) may have more than one solution. In-

deed, we put h(t,9) = 97,0 < p < 1, and M = 0 then problem ([1.8) has the

solutions 91 (¢) = 0 and Ja(t) = (1 —p)ﬁtﬁ.

Definition 1.2. A nonnegative solution ¥(¢) of (L.8) is called maximal on [0,7)
i5)

if for any other nonnegative solution f(t) of ( the inequality f(t) < ¥(¢) is
satisfied for 0 <t < T.

We suppose that the maximal nonnegative solution 9¥(¢) of (1.8)) exists on [0, Tp),
Ty < 400. Similarly we define the maximal solution of , (1.2).

Assume that and (1.6) hold. Then there exists a nonnegative solution
u(z,t) € C*1(y) of ([L.I), (1.2) (see [9]) satisfying for any T < Tp the inequality

0 <wu(z,t) <9(), (x,t) €.

The main result of this article is the following statement.

Theorem 1.3. Let (1.3), (1.6), (1.7) hold and u(x,t), 9(t) are mazimal solutions
of problems (1.1), (1.2) and (1.8) respectively. Suppose that either (1.4) or (1.5) is

satisfied in addition. Then we have
u(z,t) — 9(t) as|zr] — o0
uniformly in [0, T (T < Tp).
Results similar to Theorem were obtained in [5 [7] and [2, B, 8, 11, 12|

[I3] respectively in studying of an asymptotic behavior of solutions of parabolic
equations, systems and blow-up solutions of nonlinear heat equations and reaction-
diffusion systems at infinity. Pseudoparabolic equations has been analyzed by many
authors (see [14] and the references therein).

Our main research tool is a comparison principle.

Theorem 1.4. Let hold and uq(z,t), us(x,t) be nonnegative bounded solu-
tions of in I and one of them is not less some positive constant. Suppose
that the corresponding initial data uey(x) and uga(x) satisfying and the in-
equality
uo1 () < up2(z), x€R"™
Then
ur(x,t) <wug(x,t), (x,t) €.

For problem , with o(u) = u? and h(t,u) = 0 the comparison principle
was established in [I]. For an initial-boundary value problem for equation
with h(t,u) = h(u) it was proved in [10].

This paper is organized as follows. In the next section we prove Theorem
Some auxiliary statements used for description a behavior of the maximal solution

of (L.1), (1.2)) at infinity are established in Section [3} Theorem is proved in
Section [l
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2. PROOF OF THEOREM [L4]
Without loss of generality we may assume that us(x,t) >, € >0, (z,t) € .
Obviously, the function w(x,t) = ug(x,t) — uy(z,t) satisfies the problem
wy = Awy + Alaw) + bw, (z,t) € R™ x (0,T), (2.1)
w(z,0) = up2(z) —up1(x), =z €R™

Here
1

1
a(x,t):/o ' (2(0)) db, b(x,t):/() h.g)(t, 2(6)) dob,

where z(0) = Qua(z,t) + (1 — @)uq(x,t). By (1.3) the functions a(x,t) and b(z,t)
have the following properties:

a(z,t) € C*O(Ily), blx,t) € C2O (1),

loc

(2.3)
a(z,t) + b(x,t) >0, |a(z,t)]+|b(z,t)] <m, (x,t)€llp,

where m is some positive constant.

Lemma 2.1. Let a(z,t) and b(xz,t) be functions such that conditions (2.3) are
satisfied. Then a solution of (2.1)), (2.2)) is unique.

The proof of the above lemma is analogous to the proof the same statement for

problem (1.1)), (1.2) with h(¢,p) = 0 in [6].
Let @ be a bounded domain in R™ for n > 1 with a smooth boundary 0Q. We
denote Qr = @ x (0,T) and S = 9Q x (0,T). Let us consider the equation
Ut = (I)(mvt’ u) + F(u(7 t)), (l‘,t) € Qr, (2'4)
subject to the initial data
u(z,0) = uo(z), z€Q, (2.5)
where the function ®(z,t,£) is defined on the set @ x [0,7] x R and F(u(-,t)) is a

nonlinear integral operator.
Definition 2.2. We shall say that a function 0¥ (z,t) € C%Y(Qr), —00 < mr <
ot (z,t) < My < +o00, (z,t) € Qr, is a supersolution of , in Q if
of (v,t) > ®(z,t,0") + F(ot (1), (z,t) € Qr,
ot (x,0) > up(x), z € Q,
where mp, Mp are constants depending on T'.

Analogously we say that o~ (z,t) € C%Y(Qr), mr < o~ (x,t) < My, (x,t) € Qr,

is a subsolution of (2.4)), (2.5) in Qr if it satisfies inequalities (2.6) in the reverse
order. Under the assumption o~ (z,t) < o™ (x,t), (z,t) € Qr, we introduce the

set O(c~,07) ={uc C(Qp) o~ <u<ot, (x,t) € Qr} and make the following
assumptions on data of (2.4)), (2.5):
There exist a supersolution o (x,t) and a subsolution o~ (z, ) of (2.7)
(2.4), (2.5) in Q7 such that o~ (z,t) < o™ (x,t), (z,t) € Qr. ’
®(z,t,€) and Pg(w,t,€) are continuous functions on the set Q x [0,T] x R. (2.8)
The operator F(u(-,t)), on C(Qr) into C(Q7), is completely con-
tinuous and monotone on O(c~, ™).
up(z) € C(Q). (2.10)

The following existence theorem has been proved in [I].

(2.6)

(2.9)
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Theorem 2.3. Assume that (2.7)-(2.10) hold. Then there exists a solution of
problem (2.4), (2.5) in Qr such that

o (x,t) <wu(z,t) <ot (z,t), (z,t) € Qr.

Let Gy (z,€) be the Green function of the boundary value problem for the oper-
ator L =1 — A in Q. It is known that

Gn(xvf):é‘n(x_g)"_gn(xag)v ((E7§) GQXQ»

where &, (x) is the fundamental solution of the operator L of R™ tending to zero
as |z| — oo and for any fixed £ € @ the function g, € C?(Q) N C(Q) satisfies the
equation

Lygn=0, z€q,
and the boundary condition
gn (7, 8)|zeoq = —En(x — locoq, €€ Q.
It is well known that
Ea(@) = eala| 2K 3 o(la]), (2.11)

where K, (|z|) is the uth order Macdonald function and ¢,, is the normalizing mul-
tiplier such that [, &, (z)dz = 1.
We note some properties of the Green function (see []):

0<Gp(z,8) <&(z—¢), (z,8)€QxQ,

9Gn@:8) o ceoq, xeo,
81/5

- OG(w,€) (2.12)
/Qcm,f)dg—u/w selis, zeq.

yrg})%(—en(m —y) < gn(2,€) <0, (7,§) €QxQ,

where v¢ is the outward normal derivative on 0@ in variables of .
We consider the integro—differential equation, in Qr,

wi(x,t) = —a(z, Hw(z,t) + /Q Gp(z,8)[al&,t) + b€, t)]w(E, t) dE (2.13)
subject to the initial condition, in @,
w(z,0) = up2(z) — up1 (). (2.14)
Let uga(x) — up1(z) < My, x € R", My € R,.

Lemma 2.4. Let conditions (2.3) hold. Then there exists a solution of (2.13)),
(2.14)) in Q1 such that

0 < w(x,t) < Me*™  (z,t) € Qr. (2.15)

Proof. We use the following functions

B(z,t,w) = —alz, hw(z, 1), HM%DLG@%W@&+M@W@U%
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and show that the conditions of Theorem [2.3|are valid. It is obvious, that o~ (z,t) =
0 is the subsolution of (2.13)), (2.14). We shall show that ot (z,t) = M1e?™ is the

supersolution of (2.13)), (2.14]). Indeed,
B(z,t,0%) + Flot) = —ale, )My + / G, )[a(€, 1) + b(E, 1)) My ™ de
Q

< mMie®™ + mM;e*™ < 2mM;e®™
=0 (2,1), (2,t) € Qr,
ot (x,0) = My > wg(z), x€QqQ.
Condition of Theorem [2.3]is satisfied by virtue of (2.3). As a(x,t)+b(z,t) > 0

then the operator F' is monotone on O(c~, ™). We shall prove that the operator
F is completely continuous on O(c~,0"). Let w € O(c~,0") then

P, 0)1 =] [ Gl a1+ 56 e )| < mane™
Hence, the operator F is bounded. Suppose z,y € Q and w € O(¢~,07). Then

P, 0) = Fou,0)] = | [ 16006 = Guly O)(a(6.8) + (e, D)u(e 1)

< mM; 2T /Q G, €) — Gy, )] dé,

that implies the validity of (2.9). Relations (1.6) for the initial data woi(x) and
upz(x) are valid then all conditions of Theorem [2.3|are satisfied. Hence, there exists

a solution w(zx,t) of (2.13), (2.14)) in Q7 for which inequality (2.15]) holds. O
Lemma 2.5. If conditions (2.3)) are satisfied then there exists a nonnegative solu-

tion of 1), £2) in Tz

Proof. Let Gy (x,&,1) be the Green function of the boundary value problem for the
operator L =1 —Ain Q; = {x € R" : |z] <1}, I > 0. Let the functions of the

sequence wy(x,t) (I = 1,2,...) satisfy equation (2.13) in @, = @; x (0,T) and

initial data (2.14) in @;. According to Lemma [2.4] there exists a solution w;(x,t)
of , (2.14) in @; ¢ such that
0 <w(z,t) < Mye*™  (2,t) € Q. (2.16)
Differentiating with respect to x; (i =1,...,n) we obtain
Wit (2, 1) = —ag, (z, )wi(x,t) — alx, )wiy, (z,t)

+ Q Gnﬂ?z (J"v f, l)[a(gv t) + b(&a t)]wl (57 t) dfa (J}, t) S Ql,Tv

from which we find that
t
Wiy, (z,t) = e~ Jo a@.r)dr [uog(:c) —ug1(x) + / pi(x, T)eIOT a(w,m) dr1 dr], (2.17)
0

where

pi(@,t) = —ag,(z, hw(z, 1) + o Ga; (2, & D]a(€, 1) +b(E, 1)]wi (€, 1) dE.

It follows from (2.12), (2.13)), (2.16) and (2.17) that absolute values of functions
wy, wi, wy, (¢ = 1,2,...,n) are uniformly bounded with respect to ! on each
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set @k,T, where k is an arbitrary fixed natural number, & < [. According to
the Arzela—Ascoli theorem the sequence wy(z,t) is compact in @k’T. By applying
diagonal process we can extract from the sequence wj(z,t) a subsequence w,(x,t)
such that

wy, (z,t) — w(z,t) uniformly in Q 7. (2.18)
Without loss of generality we assume that is valid for the sequence w;(x,t).
Integrating equation with respect to t we obtain

wi(x,t) = up2(x) — up1(z) — /0 a(x, T)w(z,7)dr

+ /0 / Gl & Dlalé,7) 4 HE (€, 7) dedr, (1) € Qur

(2.19)
Let (z,t) be an arbitrary point of II; and let k be such that (z,t) € @k’T, k<l

By virtue of (2.12)), (2.16) and (2.18) we obtain
¢

tin [ [ Gule & 0lal€7) + 6 (e, 7) de dr
0o Jq

e t (2.20)
= [ [ et olate. + bt e r) de
Letting [ — oo in and using and we conclude that
w(x,t) = uga(x) — upr(x) — / a(x, T)w(zx, 7)dr
, 0 (2.21)
+/ / En(x —8al&, ) + b, )w(&, 7)dédr, (x,t) € Ig.
0 Jrr
By the solution w(z,t) of belongs to the class C?1(Ilz) and
A (wi(z,t) + a(z, t)w(x, t))
=A - En(x = §)a(&,t) + (&, t)]w(E, t) dS
= —la(z,t) + b(z, t)]w(z,t) + - En(z = &[a(&,t) + b(& t)]w(E, 1) dE
= w(z,t) — bz, t)w(z,t), (z,t) € R" x (0,T),
w(x,0) = uga(x) —ue1(x), =e€R™
O

According to Lemmas [2.1] and [2.5] we have
uz(z,t) > ui(z,t), (z,t) € lr.

Remark 2.6. The comparison principle is valid without the condition that one
of the solution is not less some positive constant if we assume that h(t,p) €
C’O’IJFQ(RJr X R+)7 0<a<l.

loc

Remark 2.7. If the inequality ug(xz) > m > 0 and ([1.4]) hold then problem (1.1)),
(1.2) has an unique solution.

Indeed, in the same way as it was done in [9] we can show the existence of the
solution u(zx,t) of problem (1.1, (1.2]) such that u(z,t) > m > 0.
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3. AUXILIARY STATEMENTS

Let condition (1.4) hold. We consider the Cauchy problem for equation (1.1)
subject to the initial condition

u(z,0) =up(z) +¢, zeR™ (3.1)

If we suppose ug(z) = M in (3.1)) then a solution of the Cauchy problem for the
corresponding ordinary differential equation

9'(t) = h(t,9), 9(0)=M+e (3.2)

will be a solution of (1.1}, (3.1]).
Suppose that the solution ¥, () of (3.2) exists on [0,y ), To,. < +00. It is easy

to show (see [9]) that a solution wu.(x,t) of the integral equation

ue(x,t) = up(x) + & — o(ue(z, 7)) dr
’ /0 (3.3)

t
[ eua = 9letuten) + hiruc(e ) dedr
for any T, < Ty solves in Iz problem , and satisfies the inequality
e <wue(x,t) <V:(t), (z,¢t)€llr,. (3.4)
We note that problem is equivalent to the integral equation

V(t) =M +e+ /t h(r,9:(7))dr, t€[0,Tp.). (3.5)
0

Lemma 3.1. Let (1.3)), (1.4), (1.6) and (1.7) hold. Then for some Ty . < Tp. we

have
ue(x,t) — 9:(t) as |z| — o0
uniformly in [0, T .].

Proof. Put ug.(x,t) = Y:(t). We define a sequence of functions uy(z,t) (k =
1,2,...) in the following way

uge(z,t) = up(z) + € — / o(up—1,(x, 7)) dr
0 (3.6)

+ / En(x —&[p(ug—1,(& 7))+ h(T,up—1(&, 7)) dE dT.
0 Jrn

Fix any T} such that T, < Tp . and show that the sequence uy, -(x, t) converges to the

solution ue(z,t) of , as k — oo uniformly in some layer Iz, _ (Ty . < T;).
At first we show that the sequence uy -(x,t) is uniformly bounded in some layer

Iz, .. Using the method of mathematical induction we prove the inequality

3
g <upo(z,t) < M+ 56 HOTL), (wt) €Ty, ., k=0,1,.... (3.7)

It is obviously that (3.7) is true for £ = 0. We assume that (3.7)) holds for k = kg
and we shall prove the inequality for kK = ko + 1. Using the property of function
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@ + h and the mean value theorem we obtain

Ulc0+17e(9€7t) =ug(r) +e— /0 @(“ko,a(xaT)) dr
+ / / = Ol (e (€ 7)) + Al o (6 7)) dE

SM—s—E—i—/Ot Rné'n(x—f)[so(M-i-Sj—f'ﬁs(Te))

2

3e

Fh(r, M+ Z ﬁE(TE))} de dr — /O (g o (z, 7)) dr

2 (3.8)

<M+e +/0 {w(M + % +9e(T2)) — p(uky e (x,7))

+ (7, M + % +9.(T)) pdr

<M +e+Tee(M+e+9:(T:)) max ¥’ (0)]
£<O<SM+3£ 49 (Te)
3e

T 5, M0 M 4 0:(T2)

and
Uko+1,6(T, 1)
R e @9)
0

>e— ! = )
> T*,g((M +e+0.(TL)) . [ (O)] + max, b, 5)

From (3.8) and (3.9) we conclude that inequality (3.7) is valid for k = kg + 1
provided

€/2
Ty e <min{T,, , 3.10
€= {7 (M+6+195(Tg))>\+u} (3.10)
where
A= max o (O)], n= max h(t,0).
£<O<SM+324+9.(T:) 0<t<T., §<OSM+E+9.(Te)

Using the method of mathematical induction it is easy to show the validity in Il _
the estimate
th—1

(k-1

luge(z,t) —up—1,.(x,t)] < M(2A+ V)k_l (3.11)

where

v= max |ho(t,0)].
0<t<T., §<OSM+3E 49, (1)

For kK =1 we have
t
[ure(x,t) —uoe(x,t)] = Ve(t) —up(z) — e — / h(r,9:(7))dr < M.
0

We assume that (3.11)) holds for & = kg and we shall prove the inequality for
k = ko + 1. By (3.11) and the mean value theorem we have

|uko+1,€(x, t) - uko,tE(x’ t)l
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oy / ! (012, 7)) itk o (2, 7) — g 1,6, 7)] d]

+ / Enl — €)' (B2(6,7)) kg £ (€, 7) — kg 1.+ (€, 7)) dE dr]
0o Jrn

t
+ | / En(x = E)hoy (T, 03(E, 7)) [y, (€ 7) — o —1,6(§, )] dE dr|
0 JR»

Tko—l

t
< M(2 ko f
< M(2A+v) /0 (ko—l)!dT

ko

t
S M(QA + V)k0p7
0!

where £ <0, < M+ 3% +9.(T..),i=1,2,3.
To show that the sequence uy o(x,t) converges uniformly in Il7, . we consider
the series -
uo,e(z,t) + Z(ume(:c, t) — Up—1.(,1)). (3.12)

n=1

Then uy((x,t) is the (k + 1)th partial sum of (3.12). By (3.11) every term of
series (3.12) for all (x,t) € Iy, _ is not greater than the absolute value of the
corresponding term of the following convergent series
[eS) Tn
De(t) + MY (21 + p)r s

n=0
Hence, series (3.12)) as well as the sequence uy . (z,t) converge uniformly in Iz, _.
Let
Ue(z,t) = lUm ug(z,t).
k—o0
Passing to the limit as k — oo in (3.6) and using the Lebesgue theorem we obtain
that the function u.(z,t) satisfies (3.3]). Hence, u.(x,t) solves problem (1.1)), (3.1)
in HT* e
Using the method of mathematical induction we shall prove that
Uge(z,t) = V() as|z] =00, k=0,1,... (3.13)

uniformly in [0, T} .].

It is obviously that (3.13) is true for £ = 0. We assume that (3.13) holds for
k = ko and we shall prove (3.13) for k = ko + 1. Fix an arbitrary 6 > 0. By the

induction assumption for any o > 0 there exists a constant Ay = Ag(do, €, Tk, ko)
such that if |z] > Ag and 0 < ¢ < T, . then

[tkg e (2, ) — e (t)] < do.
From (3.5) and (3.6) we have

[tk 1,6 (2, ) = D(1)]

= (@) +e = [ plugcw.r)ar+ [ &a =€) [plue(en)

BT kg e (6, 7)) | d dr — M — & — / h(r, 02 (r)) dr]

0

< [uo(z) - M| + / 01, 7) - [ e (a1, 7) — D ()| 7
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t
+ / / En( — ) (B2(€.7))| + gy (. B3(E. 7))tk e (6,7) — 0 ()] dE dr
0 J|g|<Ap

[ o= 16 Oale, ] + oy (76T Dl (6, 7) — 0-(7)] g,
0 JI§[>A0

where 5 < 6; < M + 375 +9:(Tse), i =1,2,3. By for any 6; > 0 there exists
a constant A; = A;(d1) such that |ug(z) — M| < 0y if || > A;. Using the property
of the fundamental solution &, and we obtain that for any ds > 0 there exists
a constant Ay = As(d2,€) such that if |z| > Az then

/0 /|5|<A En(x — )| (02(&, )| + oy (7, 03(€, 7))t (&, T) — Oc ()| dE dT

< da.
Hence, we obtain

|Uk0+1,5(.13, t) — ’195(15)‘ < 01+ 09 + T*,5(2)\ + V)50,

where
A= max ' (0)], v= max |ho(t,0)].
£<O<SM 43249 (Tx) 0<t<T., §<OSM+32+9.(Te)
Let 6o = 37 (‘52)\+V), 01 = g, 0y = g and A = max(Ag, A1, A2) then

|uko+1,8(xat) - 196(15)| <9d
if 0 <t <T,,.and |z| > A. It follows that for any 6 > 0 by suitable choosing k
and A we obtain
[ue(z,t) — Ve (t)| = |ue(z,t) — upe(x,t) + up e (z,t) — 9 (t)]
<ug(x,t) — upe(z,t)] + lug e (x,t) — ()] <6

for 0 <t <T.. and |z| > A. O
Lemma 3.2. Let (1.3)), (1.4), (1.6) and (1.7) hold. Then for any T. < Tp. we
have

ue(z,t) — V() as|z] — o
uniformly in [0, T¢].
Proof. Fix any T, such that T, < Ty .. We recall that for any T, < Tj . the solution
us(x,t) exists in I, and satisfies inequality (3.4]). Note that the solution wu.(x,t)

of (1.1, (3.1) is unique by Remark
By Lemma there exists T, . < T. such that u.(z,t) — J.(t) as |z| — oo
uniformly in [0, ). If T, . < T, then we construct for t > T, . new sequence
Ug.e(z,t) in the following way:
up,e(z,t) = V.(¢),
t

Upe(2, 1) = ue (2, Ty ) — / O(Ugy—1.e(z, 7)) dT
T*,s

t
+ / En (1' - g)[(p(u’m*l,s (57 T)) + h(T7 Uko—1,e (67 T))] df dr,
Ty.. JR"

for k = 1,2,.... By the similar arguments to Lemma [3.I] we can prove that the
sequence uy (z,t) converges to the solution w.(x,t) of (L.1), (3.1) as k& — oo
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uniformly in the layer R™ x [T} ., T . +AT,] provided AT satisfies condition (3.10)
with T . = AT, and the inequality T} . + AT, < 7T. It follows that
uc(x,t) — 9:(t) as|z| — oo

uniformly in [T} ., T\ . + AT.]. Repeating this procedure we obtain the conclusion
of the theorem. O

4. BEHAVIOR OF MAXIMAL SOLUTION AT INFINITY

Proof of Theorem[1.3. Let (L.4) hold and u.(x,t), Y. (t) be solutions of problems ([L.1),
(3.1) and (3.2) respectively. Using Theorem for €1 > 5 we obtain:

u(x,t) < ue,(,t) <ue,(w,t), (w,t) €y, ,
O(t) < Ve, () < Ve, (1), 0,1z,

According to Dini’s theorem the sequences u.(x,t) and 9. (t) convergence to some

solutions u(z,t) and ¥(t) of problems (1.1), (1.2) and (1.8) as ¢ — 0 uniformly
respectively in II7 and [0,T], where T' < Ty. It is easy to see that u(x,t) and 9(t)

are maximal solutions of problems (1.1)), (1.2) and (1.8) respectively.
We fix an arbitrary 6 > 0 and 0 < T < Ty. Choose €1 > 0 such that for any

€ < &1 the inequality T' < Tj . holds. By the uniform convergence functions . (z, t)
to u(x,t) in Iy and 9. (¢) to I(t) in [0,T], (T < Tp) as € — 0 we can take g2 > 0
such that for any € < e,

lue(z,t) —u(z, t)] < g, (x,t) € Up, (4.1)

19(t) — 9(t)| < g te0,7]. (4.2)

Put 9 = min(eq,e2). From Lemma there exists the constant Ay = Ay (9,9, T)
such that for any |z| > Ay we obtain

[tey (2, 1) — Dey (B)] < g, (x,t) € . (4.3)

By 7 we conclude that by suitable choosing e = g9 and A = Ay,
[u(z,t) = I(t)| = |u(®,t) — ue(@,t) + uc(2,1) + Ve(t) — 9e(t) — V()]
< fue(z,t) — ulz, )| + |ue(, 1) — D (1) + [P (t) — I(E)] <0
for 0 <t <T and |z| > A.
Let hold. Consider the Cauchy problems
wr = Awy + Ap(w) + h(t,w) — h(t,e), = e€R" t>0, (4.4)
w(z,0) =up(z) +¢, xR,

and
g'(t) = h(t,g) — h(t,e), g(0)=M +e. (4.5)

We suppose that the maximal nonnegative solution g.(t) of (4.5) exists on [0, Tp.),
To,e < +oo. It is easy to show (see [9]) that for any T, < Tp . there exists in Iz, a
solution we(x,t) of (4.4) satisfying the inequality

€< ws(xat) < gs(t)v (l’,t) € l_[TE-
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Applying Theorem [I.4] we conclude that the solution w.(z,t) of (4.4) is unique.
Let €1 > €2 and we, (2, t), we, (z,t) are nonnegative bounded solutions of (4.4]) with
€ = e1 and € = &5 respectively. Then

We, (7,1) > we, (w,1),  (x,t) €1,

The proof of this statement is analogous to the proof of Theorem [T.4] Then we
consider the sequence wy -(x,t) (k=0,1,...):

wo,e(2,t) = ge(t
wkﬁg(z,t):uo(x)Jre—/O P(wk—1,e(z, 7)) dr + //n (x —¢ {(p(wk_lﬁ(fﬁ))

+R(rwk(67) — h(re)| dedr, k=12,
Analogous to the arguments in Section [3| can be shown that for any T, < Tp
we(z,t) — ge(t) as |z| — o0

uniformly in [0, T;]. Further arguments are similar to reasoning in the proof of this
theorem with condition (L.4]). O
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