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EXISTENCE OF THREE SOLUTIONS FOR A
KIRCHHOFF-TYPE BOUNDARY-VALUE PROBLEM

SHAPOUR HEIDARKHANI, GHASEM ALIZADEH AFROUZI, DONAL O’REGAN

ABSTRACT. In this note, we establish the existence of two intervals of positive
real parameters A for which the boundary-value problem of Kirchhoff-type

b
K( [ @) Pde)u” = Af(e,u),
a
u(a) =u(b) =0
admits three weak solutions whose norms are uniformly bounded with respect

to A belonging to one of the two intervals. Our main tool is a three critical
point theorem by Bonanno.

1. INTRODUCTION

In the literature many results focus on the existence of multiple solutions to
boundary-value problems. For example, certain chemical reactions in tubular re-
actors can be mathematically described by a nonlinear two-point boundary-value
problem and one is interested if multiple steady-states exist. For a recent treat-
ment of chemical reactor theory and multiple solutions see [Il section 7] and the
references therein.

Bonanno in [3] established the existence of two intervals of positive real param-
eters A for which the functional ® — AU has three critical points whose norms are
uniformly bounded in respect to A belonging to one of the two intervals and he ob-
tained multiplicity results for a two point boundary-value problem. In the present
paper as an application, we shall illustrate these results for a Kirchhoff-type prob-
lem.

Problems of Kirchhoff-type have been widely investigated. We refer the reader to
the papers [2 B [7, @] [0, (111, [15] and the references therein. Ricceri [I3] established
the existence of at least three weak solutions to a class of Kirchhoff-type doubly
eigenvalue boundary value problem using [12], Theorem 2].

Consider the Kirchhoff-type problem

b
K ([ W = 2se 0 L)
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where K : [0, +00[— R is a continuous function, f : [a,b] xR — R is a Carathéodory
function and A > 0.

In the present paper, our approach is based on a three critical points theorem
proved in [3], which is recalled in the next section for the reader’s convenience
(Theorem . Our main result is Theorem which, under suitable assumptions,
ensures the existence of two intervals A; and A, such that, for each A € A UA», the
problem admits at least three classical solutions whose norms are uniformly
bounded in respect to A € As.

Let X the the Sobolev space H}([a,b]) with the norm

ol = ([ (wya)”

a

We say that u is a weak solution to (L.1)) if w € X and

K( /ab /() 2de) /ab o (@) (2)dz — )\/ab e, u@))o()de = 0

for every v € X.
For other basic notations and definitions, we refer the reader to [4, [6] [8] [14].

2. RESULTS
For the reader’s convenience, dirst we here recall [3, Theorem 2.1].

Theorem 2.1. Let X be a separable and reflexive real Banach space,  : X — R
a nonnegative continuously Gateauz differentiable and sequentially weakly lower
semicontinuous functional whose Gateaur derivative admits a continuous inverse
on X*, J: X — R a continuously Gateaux differentiable functional whose Gateauz
derivative is compact. Assume that there exists xo € X such that ®(xo) = J(zg) =0
and that

lim (®(z) — AJ(z)) = +oo  for all X € [0, 400l

llz]| =00

Further, assume that there are v > 0, 1 € X such that r < ®(z1) and

sup J(z) < J(z1);

r
2€®=1(J—oo,r[)" r+ ®(xy)

here ®~1(] — oo,r[)w denotes the closure of ®~1(] — oo,r[) in the weak topology
(in particular note J(x1) > 0 since g € 7] —oo,r[)w (note J(zg) = 0) so
SUD,, 5T "D " J(x) > 0). Then, for each

D(xq) r

€D 1 (|—oo,r)) " J(x)" sup

AEAlz]

T(or) —sup 7@

z€®—1(]—oo,r)"
the equation
&' (u) + A\J' (u) =0 (2.1)

has at least three solutions in X and, moreover, for each n > 1, there exist an open
interval

nr ]
()
T8y~ SWaed 1= (@)
and a positive real number o such that, for each A € As, the equation (2.2)) has at
least three solutions in X whose norms are less than o.

A C O




EJDE-2011/91 EXISTENCE OF THREE SOLUTIONS 3

Let K : [0,4+00[— R be a continuous function such that there exists a positive
number m with K(t) > m for allt > 0, and let f : [a,b] x R — R be a Carathéodory
function such that sup ¢ <, |f(-, )] € LY(a,b) for all s > 0. Corresponding to K and

f we introduce the functions K : [0, +oo[— R and F : [a,b] x R — R, respectively
as follows

= /t K(s)ds forallt>0 (2.2)
and i
F(x,t) = /Ot f(x,8)ds for all (z,t) € [a,b] x R. (2.3)
Now, we state our main result.

Theorem 2.2. Assume that there exist positive constants r and 0, and a function
w € X such that:

(i) K(llwll*) > 2r,

(i)

b f F(z,w(z))dz
NG = e = T
(iii) % lim supjy 4 o0 F(fz b1 % uniformly with respect to x € [a,b].

Further, assume that there exists a continuous function h : [0, +oo[— R such that
h(tK(t?)) =t for allt > 0. Then, for each X in the interval

Ay <] SE (o)
Jo Flaw(@)de = fisw, ey o F

r

su e

p T(gma) ’ 7‘(;’7n‘1)
problem (1.1)) admits at least three weak solutions in X and, moreover, for each
n > 1, there exist an open interval

nr
Az € [ f F(z,w(x))dz ]

o fa LN P sup, — F(z,t)dx
K(lwl?) LS SV EORVET=D)

and a positive real number o such that, for each X € Ao, problem (L.1)) admits at
least three weak solutions in X whose norms are less than o.

Let us first give a particular consequence of Theorem for a fixed test function
w.

Corollary 2.3. Assume that there exist positive constants c, d, a, 3 and 6 with
B —a < b—a such that Assumption (i) in Theorem holds, and
. o a mc?
() Ra2(2)) > iz

a ’

(ii) F(x,t) >0 for each (x,t) € ([a,a + @] U[b— B,b]) x [0,d],

b 2 h_ﬁF(ar: d)dz
(iii) ) SUDse(—c,q (2, t)dx < bmz 2 LR (@2(SD))
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Further, assume that there exists a continuous function h : [0, +oo[— R such that
h(tK(t?)) =t for all t > 0. Then, for each

e ) =
! f:+f F(x,d)dz — fb SUDse[—c,c] F(z,t)dz’ fj SUPse (e, (2, t)da 7

problem (1.1)) admits at least three weak solutions in X and, moreover, for each
n > 1, there exist an open interval

2nmc?
Ay © [0 ( b—a )
. (4m02 f;+aF(x d(z—a) dx—i—fb PF(x )dm—&—fbb_ﬁF(x,%(b—x))dx
" \b—a (dQ(W))
b
—/ sup F(x,t)dx)]
a t€[—c, ]

and a positive real number o such that, for each A € Ag, problem (1.1) admits at
least three weak solutions in X whose norms are less than o.

Proof. We claim that the all the assumptions of Theorem are fulfilled with
dipg—a) ifa<z<a+ta,
ifata<z<b-p, (2.4)
(b—z) fb—F<x<b

SO

w(x) =

d

B

and r = 2mc?/(b — a) where constants ¢, d, a and 3 are given in the statement of

the theorem.
It is clear from (2.4]) that w € X and, in particular, one has

a+p
2.5
] (25)
Moreover with this choice of w and taking into account (2.5)), from (i) we get (i) of
Theorem [2.2] Since 0 < w(x) < d for each z € [a,b], condition (ii) ensures that
b

at+a
/ F(z,w(zx))dx + F(x,w(x))dz > 0,
a b—p3

lwl|* = d*(——=

so from (iii) we have

/b 2mc? fb_:ﬁ F(z,d)dx

sup F(z,t)dzx < — -
telc.l b—a e + 3K (@ (%)

me? fa F(z,w(x))dzx
T b—a3me 4 SK(||w]?)

fj F(z,w(z))d

r+3K(Jw)?)

so (ii) of Theorem holds (note ¢? = T(gi;la)) Next notice that
3K (lw]?)

b
fa F(x,w(:z:))dx— Sup \/m o) F(z,t)dx
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LK (d? a+pB
SK(d*(25)

S b—3
Joio Flx,d)dz — fa SUPse (e, F(2,t)dx

and
2mc?
T b—a

F(x,t)dx B fab SUPe (e, F(2, t)dx'

b
f sup r(b—a) [r(b—a
e te[_ (2m ! <2m )]

In addition note that

SR ()
fb P F(z,d)dx — fb SUDe (e, (2, t)dx
K (P ()
2me? | 1 frog2( a8
(=== +2ﬁ Gap ) _ 1) ff SUPse(—c,q F(x,t)da
b—a
2mc?
b—a

> .
fa Supte[—c,c] F(:L', t)d:l?
Finally note that
hr

o Li Ewwlende gt sup_
K ([w]?) [~/ 7%=/ “Zm“’

2hmc?

_ (et
. (4mc2fa+a z,L(z —a) dx—i—fb PFx dd:c—i—fbb_BF(%%(b—x))dw
Mo K(d(%55))
b
—/ sup F(x,t)dac),
a t€[—c,]

and taking into account that Aj C A; we have the desired conclusion directly from
Theorem 2.2 O

It is of interest to list some special cases of Corollary

Corollary 2.4. Assume that there exist positive constants c, d, p1, p2, o, 8 and 0
with B — a < b— a such that Assumption (ii) of Corollary holds, and

(i) p1 dz(a+,8) p2d4(a+,8) > 4p: ?

af b—a ’
()
b—p
b 2p1 2 fa+a F(z,d)dx
sup F(z,t)dzr < b—aq 2p1¢® | p1 g2 atB 4 P2ga(atBy2
a te[—c,c] aﬁ""?d(aﬂ) d(aﬁ)

2
(iii) (b;p‘:) lim sup 4o @ < & uniformly with respect to x € [a, b].
Then, for each

p1 dz(aJrB) + B2 d4(a+ﬁ) 2bp1c2

f;;f F(x,d)dx — fa SUPse(—c,q I (x,t)da;7 f: SUPse[_c,q F(2,t)da

A€ A =]
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the problem
b
—(p1 —I—pg/ [u' (z)|Pdx)u” = Nf(z,u),
u(a) =u(b) =0

admits at least three weak solutions in X and, moreover, for each n > 1, there exist
an open interval

2 2
A2 g [0,( ;71716 )

—a

(2.6)

) <4p102 faa+aF(x 4z —a) d:c+f+ﬁF (x,d) dm+fb s F %(b—x))dx
) b—a pldQ(D&+ﬁ) p2d4(a+ﬁ>

af

b

—/ sup F(ac,t)da:)]
a t€[—c,]

and a positive real number o such that, for each A € Ag, problem admits at

least three weak solutions in X whose norms are less than o.

Proof. For fixed p1,ps > 0, set K(t) = p; + pot for all ¢ > 0. Bearing in mind
that m = py, from (i)—(iii), we see that (i)—(iii) of Corollary [2.4] hold respectively.
Also we note that there exists a continuous function h : [0,4+00[— R such that
h(tK(t*)) =t for all t > 0 because the function K is nondecreasing in [0, +oo[ with
K(0) >0 and t — tK(¢?) (t > 0) is increasing and onto [0, +-0o[. Hence, Corollary
yields the conclusion. O

Corollary 2.5. Assume that there exist positive constants ¢, d, o, B and 6 with
8 —a < b—a such that Assumption (ii) in C’omllary holds, and
() B(2) >
(i)

sup F(z,t)dx < - -
te[—c,c] b—a b272 + 7(%&6)

a

/b 22 [V 0 F(x,d)dz

2
(iii) @ lim supjy 4 o0 @ < 1 uniformly with respect to x € [a,b].

Then, for each

dj(a-i-ﬁ) 222
Ae A : af b—a
1 b—_ > b
Joro Fla,d)dz — f SUDye(—c.q F(x, t)dx [ sup,e(_. q F(z,t)dx
the problem
—u" = \f(z,u),
F(z,u) o

u(a) =u(b) =0

admits at least three weak solutions in X and, moreover, for each n > 1, there exist
an open interval

2
As € [0, (21

ar+o IB
;( 42 [P, Yz —a))de + [ F(a,d)dz + [, 5 Pz, 4(b—))de
b—a dz(%ﬁ)
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/ab sup F(x,t)d:z:)]

te[—c,c]

and a positive real number o such that, for each A\ € As, the problem (2.7) admits
at least three weak solutions in X whose norms are less than o.

We conclude this section by giving an example to illustrate our results applying

by Corollary
Example 2.6. Consider the problem

1
(s g [, @R = A (12— w),
w(0) =u(l) =0
where A > 0. Set p1 = 15, p2 = 57 and f(z,t) = e "t (12 — t) for all (z,t) €
[0,1] x R. A direct calculation yields F(x,t) = e~ 12 for all (z,t) € [0,1] x R.
Assumptions (i) and (ii) of Corollary are satisfied by choosing, for example
d=2,c=1,[a,b = [0,1] and o = § = 1/4. Also, since limsupy, E@t) —

(2.8)

—4o0  t2
Assumption (iii) of Corollary [2.4]is fulfilled. Now we can apply Corollary [2.4] Then,

for each
33 1

]2148_2 — 8¢’ @[
problem (2.8) admits at least three weak solutions in H} ([0, 1]) and, moreover, for
each n > 1, there exist an open interval

A2 g [07

AeA] =

n
T ]
2 (812 Joe8t12dt 4 211e—2 4 812 f%l e=80-t)(1 — t)lZdt) — 64e

and a positive real number o such that, for each A € Ay, problem (2.8)) admits at
least three weak solutions in H}([0,1]) whose norms are less than o.

3. ProOF oF THEOREM [2.2]
We begin by setting

K(JJull®), (3.1)

b
J(u):/ F(z,u(z))dx (3.2)

for each u € X, where K and F are given in (2.2) and (2.3), respectively. It is well
known that J is a Gateaux differentiable functional whose Gateaux derivative at
the point v € X is the functional J'(u) € X*, given by

J'(u)v:/ f(x,u(x))v(z)de

for every v € X, and that J' : X — X* is a continuous and compact operator.
Moreover, ® is a continuously Gateaux differentiable and sequentially weakly lower
semi continuous functional whose Géateaux derivative at the point u € X is the
functional ®'(u) € X*, given by

b b
O (u)v = K(/ \u'(m)\Qd;v)/ o (z)v'(z)dx
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for every v € X. We claim that ® admits a continuous inverse on X (we identity
X with X*). To prove this fact, arguing as in [I3] we need to find a continuous
operator T : X — X such that T(®'(u)) =wu for all u € X. Let T : X — X be the

operator defined by

r(lvlD,,

T(w) = 4 T v ifv#0

0 if v =0,
where h is defined in the statement of Theorem Since, h is continuous and
h(0) = 0, we have that the operator T is continuous in X. For every u € X, taking
into account that inf;>o K(t) > m > 0, we have since h(t K(t?)) =t for all t > 0
that

T(®'(u) = T(K(Jul*)u)

(
_ h(K(IIUII el . K (|Jul|?)u

= =7 u 2 u
= Ky )

so our claim is true. Moreover, since m < K(s) for all s € [0, +oo[, from (3.1) we
have m
D(u) > §||u||2 for all u € X. (3.3)

Furthermore from (iii), there exist two constants 7,7 € R with 0 < v < 1/6 such
that

b— 2
( 217?) F(z,t) <yt +7 forall z € (a,b) and all t € R.
Fix v € X. Then
2
F(z,u(z)) < ﬁ(ﬂu(z)\g +7) forall z € (a,b). (3.4)
—a
Fix A €]0,4o00[. Then there exists § > 0 with A €0, 6]. Now since

_ /2
O (35)

<
2y et =

from , and , we have

b
B(u) = M) = 5K () =\ [ Flouw)da
L AT )
m 29m (b—a)?
> Sl - 5 G)Q(v Nl + 70 - )
= Pl - 2,

and so
lim (®(u) — AJ(u)) = +o0.

llull =00

Also from (3.1)) and (i) we have ®(w) > r. Using (3.3) and (3.5)), we obtain
(] —oo,r)) = {ue X;®(u) <r}

C {ue X Jull < /2r/m}
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C{ue X;u(z)] < /r(b—a)/(2m), for all z € [a,b]},

so, we have

b
ST /(W) < / e g TP O
Therefore, from (ii), we have
SUP, =1 —sorp” 7 (%) S/ SUP, [ [ri=a) | [rG—a, F(z,t)dx

r

_ F(z,w(x))dx
<r+;K<|w||2>/a (@)

r
SR —
r+ O(w) (w)
Now, we can apply Theorem Note for each x € [a, b],
T r
SUD, 3T (]=o0,r])” J(u) — s pfe[ e ey F(z,t)dz
and
P (w)
J(U}) — Supuemw J(U)
sK(lw]?)

<
=%
fa F(LC,’IU(.’E))dZ' — Sup \/W7\/W
Note also that (ii) immediately implies

3K (|w]?)

b b
[, F(x,w(zx))ds — [ SUP, _ /roa  /rGa) F(z,t)dx
2m ’ 2m
§ LR ([lw]?)
(w - 1)f SUP, _i_ [ro—a) \/ﬁ
2m ’ 2m
T
Sup —1/ T(;’ma) »\/ T(gma)
Also
nr
J(w)
"S(w) — SUPued—1(—oco0,r) " J(u)
= JP F(z,w(z))d - =/
T, w(xr T
S (D 17 sup F(z,t)dx

te[ r(b a) T(b a)]

Note from (ii) that

d b
QTW—/ sup F(z,t)dz
R(JulP) e
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2r r b
> (7 ~ iR gem) | F s

2r 2r b
= - = F(z,w(x))dx =0
2 (&l K<||w||2>)/a (@)
ce [YF(z,w(x))dz >0 (note F(z,0) =0 so

b
su F(x,t)de >0
/a Prely/ e,/ (@, t)de 2

and now apply (ii). Now with zo = 0, 21 = w from Theorem [2.1| (note J(0) = 0
from ) it follows that, for each A € A, the problem admits at least
three weak solutions and there exist an open interval Ay C [0, p] and a real positive
number ¢ such that, for each A € Ay, the problem admits at least three weak
solutions that whose norms in X are less than o.

(1
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