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COMPACT INVERSES OF MULTIPOINT NORMAL
DIFFERENTIAL OPERATORS FOR FIRST ORDER

ZAMEDDIN I. ISMAILOV, ELIF OTKUN CEVIK, ERDAL UNLUYOL

ABSTRACT. In this work, we describe all normal extensions of a multipoint
minimal operators generated by linear multipoint differential-operator expres-
sions for first order in the Hilbert space of vector functions, in terms of bound-
ary values at the endpoints of infinitely many separated subintervals. Also we
investigate compactness properties of the inverses of such extensions.

1. INTRODUCTION

It is known that the traditional infinite direct sum of Hilbert spaces H,, n > 1
and infinite direct sum of operators A,, in H,, n > 1 are defined as

H=&0 Hy={u=(un):up € Hy, n>1, Y |lun|F, < +oo},
n=1

A=®7L1 Ay,
D(A) ={u=(un) € H :un € D(Ay), n > 1, Au= (Ayu,) € H}.
Note that H is a Hilbert space with norm induced by the inner product

oo

(uav)H = Z(Umvn)Hn, u,v € H;

n=1

see [2, @, [I0]. The general theory of linear closed operators in Hilbert spaces and
its applications to physical problems have been investigated by many researches
(see for example [2, [T1]). Furthermore, many physical problems require studying
the theory of linear operators in direct sums in Hilbert spaces. This is the case
in [3L B [7, 12], T3] 4] and their references, which is the motivation for this work.
We note that a detail analysis of normal subspaces and operators in Hilbert spaces
have been studied in [I] and the references there in.

Besides the introduction, this study contains three sections. In section 2, the
multipoint minimal and maximal operators for the first order differential-operator
expression are determined. In section 3, all normal extensions of multipoint formally
normal operators are described in terms of boundary values in the endpoints of the
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infinitely many separated subintervals. Finally in section 4, compactness properties
of the inverses of such extensions have been established.

2. MINIMAL AND MAXIMAL OPERATORS
Throughout this work (a,) and (b,,) will be sequences of real numbers such that
—00 < ap < by < apy1 <--- < 400,
H,, is a Hilbert space, A, = (an,by), L2 = L*(H,,A,), OLQ = @leéQ(Hn,An),
n > 1, sup,,>1 (b — an) < +o0, Wi =@ Wi (Hy,, Ay), W= a2 \WhH(H,, Ay),

H = &5, H,, cl(T) is the closure of the operator 7. I(-) is a linear multipoint
differential-operator expression for first order in L? in the following form:

and for each n > 1,
ln(un) = u;l + Aptn, (22)
where A, : D(A,) C H, — H, is a linear positive defined selfadjoint operator in
H,. It is clear that formally adjoint expression to (2.2) in the Hilbert space L2 is
in the form
I (vn) = —v), + Apvp,n > 1. (2.3)

We define an operator L/, on the dense manifold of vector functions D/, in L? as
m
Dy i={un € L2 1w = 3 dnefics b € CF¥(An),
k=1

fe € D(AL),k=1,2,....,m;m € N}
with L) guy, := I, (uy),n > 1. Since the operator 4,, > 0, n > 1, then the relation

Re(Lygtn, Un)r2 = 2(Antin, un)r2 >0, u, € Dy

implies that L/, is an accretive in L2, n > 1. Hence the operator L/, has a

closure in L2, n > 1. The closure cl(L/,,) of the operator L/, is called the minimal
operator generated by differential-operator expression (2.2 and is denoted by Lo
in L2, n > 1. The operator Ly defined by

o]
D(Lo) = {u = (tn)  tn € D(Lno), 021, 3 [Lugun 22 < +o0}

n=1
with Lou := (Lpou,), u € D(Lg), Lo : D(Lg) C L? — L? is called a minimal
operator (multipoint) generated by differential-operator expression in Hilbert
space L? and denoted by Lo = @9 Lpo. In a similar way the minimal operator for
two points denoted by L, in L2,n > 1 for the formally adjoint linear differential-
operator expression can be constructed. In this case the operator Lg defined
by

D(L§) = {v:= (va) v € D(Liy), n > 1, Y || Lfgvallzs < +o0}
n=1
with Lv := (Lfyv,), v € D(L{), L : D(L$) € L* — L? is called a minimal
operator (multipoint) generated by (T (v) = (I (v,)) in the Hilbert space L? and
denoted by Li = @22, L},.
Now we state the following relevant result.
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Theorem 2.1. The minimal operators Ly and LS‘ are densely defined closed oper-
ators in L.

Proof. Let w = (w,) be any element in L? = @®°° ;L2 and ¢ be an arbitrary
positive number. In this case w,, € L2, n > 1 and Y ., [|wy |22 < +o0. Since the

linear manifold D(Ly,0), n > 1 is densely defined in L2, n > 1, then there exist
wp(€) € D(Lpp) such that

3
l|wn — wn(E)HLﬁ < o n > 1.

Then for the element w(e) = (wy(g)) we have

lw(e)lZ: = ZHwn )lz:
n=1
Z leon -
< 22 lwn —wn(e)lI72 +QZ lwn(e)lZ2

n=1 n=1

<2€2Zf+22||wn ||L2 < +o0;

that is, w(e) € L2 On the other hand since

lw — w(e)||7> = Z lwn — wa(e)l|7s < & Z <22,
n=1
the linear manifold D(Lg) is dense in L2
Now we show that the minimal operator L is closed in L2. Let w(™) C D(Ly)

be any sequence such that for w,z € L?, w™ — w as m — oo and Low(™ — 2z
( )

@)l

12)?

n

as m — oo in L?. In this situation, in the space L2, w — wy, as m — oo and
Lnowém) — zp asm — 0o, n > 1, where w = (w,,) and z = (z,). Since the operator
Ly is closed in L2, then w,, € D(Lyo) and z, = Lyowp,n > 1.

The above relations and (w,,), (2,) € L? imply that w = (w,) € D(Lg) and

= Low. In similar way it could be shown that the minimal operator LS’ is
densely defined and closed operator in € L2.

The operators in L? defined by L := (L)* = @32 ,L, and Lt = (Ly)* =
@9 L are called maximal operators (multipoint) for the differential-operator
expression [(-) and [T (-) respectively.It is clear that Lu = (I, (u,)),u € D(L),

oo
D(L) :={u=(un) € L* tup € D(Ly), n> 1, Y | Lyun |72 < oo},
n=1

Lty = (I} (v,)),v € D(LY),

DY) :={v=(va) € L’ 10y € D(LS), n> 1, Y | Livnll72 < oo}

n=1

and Lo C L, L§ C L. O

From [8] and the definition of direct sum of operators, the validity of following
theorem is clear.
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Theorem 2.2. The domain of the operator L consists of u = (u,) € L? such that:

(1) for each n > 1 wector function w, € L2, u, is absolutely continuous in the

interval Ay; (2) ln(un) € L2, n > 1; (8) l(u) = (I, (un)) € L?}; i.e.,
D(L) = {u = (un) € L* : u,, € D(Ly,), n> 1, l(u) = (In(u,)) € L*}.
The domain of Lo is D(Lg) = {u = (upn) € D(L) : up(apn) = un(by) =0, n > 1}.

Remark 2.3. If A,, € B(H), n > 1 and sup,,»; [|4,]| < ¢ < 400, then for any
u = (u,) € L? we have (Au) = (A,u,) € L?.

Theorem 2.4. If a minimal operator Ly is formally normal in L?, then D(Lg) C
W4 and AD(Lo) C L2

Proof. In this case for every u = (u,,) € D(Lo) C D(L*) we have v/ + Au € L? and
—u' 4+ Au € L?. From this it is obtained that u' € L?, Au € L?. This means that
D(Lo) € W} and AD(Lo) C L2 O

Theorem 2.5. If AY/2W] c W3, then minimal operator L is formally normal in
L2
Proof. In this case from the relations

Liu= Lou —2Au,u € D(Lg), Lou= L{u+ 2Au,u € D(L{)

imply that D(Lo) = D(LZ). Since D(L{) C D(Ly) = D(L%), it is obtained that
D(Lo) € D(L*).
On the other hand for any u € D(Ly),

| Loul2s = (u' 4 Au, v’ + Au) e
= |[u/l72 + (W', Aw) g2 + (Au, ') 2] + || Aul|Z

= ['ll72 + | AullZ

and
LY ul|2: = (—u' + Au, —u' + Au) -
= [[W/[122 = (', Au) 2 + (Au, ') 2] + || Aul| 2
= [[W/[1Z> + | AulZ-.
Thus, it is established that operator L is formally normal in L2. (I

Remark 2.6. If A, € B(H),n > 1 and sup,,>; [|[A,] < ¢ < 400, then D(Lg) =
D(L{) and D(L) = D(L™).
If AW5 C L?, then D(Lg) = D(L{) and D(L) = D(L").

3. DESCRIPTION OF NORMAL EXTENSIONS OF THE MINIMAL OPERATOR

In this section the main purpose is to describe all normal extensions of the
minimal operator Ly in L? in terms in the boundary values of the endpoints of
the subintervals. Firstly, we will show that there exists normal extension of the
minimal operator Ly. Consider the following extension of the minimal operator Ly,

Lu:=u+ Au, AWJ c W},
D(L) = {u = (un) € W3 : up(an) = un(bn),n > 1}.



EJDE-2011/89 COMPACT INVERSES 5

Under the condition on the coefficient A, we have
(Lu,v) 2 = (W 0) 2 + (Au, v) 2
= (’LL, U)/L2 + (U, -+ ‘Lh])L2

= Z[(un(bn)7 Un(bn))Hn - (un(an)vvn(an))Hn] + (u, —v' + Av) e
n=1

From this it is obtained that
L*v = —v + Av,
D(L*) = {v = (vn) € W3 : vp(an) = vn(by),n > 1}.
In this case it is clear that D(L) = D(L*). On the other hand, since for each

u € D(L),
IZulFz = [[u' 172 + (o, Au) 2 + (Au, ') 2] + || Al |72,
VE s = 113 — (', Aw) s + (Auy) o] + | Aul 25
and
(', Au)p2 + (Au,u)p2 = (u, Au)’-

= Z[(un(bn)yAnun(bn))Hn = (un(an), Antn(an))m,] = 0.
n=1

Then ||Lu| 2 = ||L*u|| 12 for every u € D(L). Consequently, L is a normal extension
of the minimal operator Ly.

The following result establishes the relationship between normal extensions of
Lo and normal extensions of L,g, n > 1.

Theorem 3.1. The extension L = @fﬁzlﬂ of the minimal operator Lo in L? is a
normal if and only if for any n > 1, L,, is so in L2.

Proof. Let L = @Zo:lf; be a normal extension of the minimal operator Ly =

@92 Lpo. In this case it is clear that for each n > 1 an operator Ly, : D(i;) C
L? — L2 defined by

Er/zun = Lyuy, D(Ln) = PnD(L)’

where P, is an orthogonal projection operator from L? to L2, is a normal extension
of the minimal operator L,o. On the contrary, assume that L, : D(L,) C L2 — L2
is any normal extension of the minimal operator for each n > 1, and L= @;l’ozlf;.
In this case for any u = (u,) € D(L) we have ||Lul|,> = .27, ||E:Lun||2L% < +00.
Since for any n > 1, E;L is a normal extension, it follows that u,, € D(E;), n > 1and
> Hivn*unH%Q =3, ||E;un||2 < 4o0. From this for every u = (u,) € D(L)
it is obtained that (u,) € D(L*); i.e., D(L) € D(L*).

In the similar way it can be shown that D(L*) C D(L). Hence D(L) = D(L*).
On the other hand for any n > 1 since i; is a normal extension, then for each

u = (u,) € D(L),

o0 o0
- . . -
IZullZ = D ILnunllZs = > Lo unllze = IL7ullFs < +oo.

n=1 n=1
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This complete the proof. O

Now using Theorem and [8] we can formulate the following main result of
this section, where it is given a description of all normal extension of the minimal
operator Lo in L? in terms of boundary values of vector functions at the endpoints
of subintervals.

Theorem 3.2. Let AY2Wy C Wi. IfL= @ff’zlf; is a normal extension of the
minimal operator Ly in L?, then it is generated by differential-operator expression
(2.1) with boundary conditions

tn(bn) = Wittn (an), ttn € D(Ly), (3.1)

where W,, is a unitary operator in H, and VVnA;1 = A;IWn,n > 1. The unitary
operator W = @52 Wy, in H = @521 Hy, is determined uniquely by the extension
Z; that is, L= Ly .

On the contrary, the restriction of the maximal operator L to the linear manifold
u € D(L) satisfying the condition with any unitary operator W = @52, W,
in H with property WA~! = A~'W is a normal extension of the minimal operator
LO in L2.

4. SOME COMPACTNESS PROPERTIES OF THE NORMAL EXTENSIONS

In this work 4, 9., H,,n > 1 will denoted Hilbert spaces. First, we prove the
following result.

Theorem 4.1. For the point spectrum of o = @324, in the direct sum € =
OoL 1, of Hilbert spaces F6,,,n > 1, it is true that

Up(%) = Uff:lap(%n)

Proof. Let A € op(27). In this case there exist non zero element u = (u,,) € D(</)
such that Au = Au,u # 05 i.e., Apu, = Auy,m > 1. Since u # 0, then there
exist some m € N such that u,, # 0 and A,,um = Au,,. This means that A €
op(y,). From this it is obtained that o,(%/) C US2,0,(4%,). On the contrary, if
for any m € N, A € 0,(A,,), then there exist u,, € D(A,,) such that u,, # 0 and

Ay, = Auy,. In this case, if we choose the element w, := {0,0,...,um,0,...},
then u, € D(&),u, # 0 and Au, = Au,. Hence X\ € o,(&/). This implies that
U 0p(#,) C 0p(). Therefore, the claim of the theorem is valid. O

Theorem 4.2 ([I0]). Let o7, € B(,), n > 1, of = &5 19, and H = O,
In order to o/ € B(J) the necessary and sufficient condition is sup,,», || <
+00. In this case ||| = sup, > |||

Let Coo(+) and Cy(+),1 < p < oo denote the class of compact operators and the
Schatten-von Neumann subclasses of compact operators in corresponding spaces
respectively.

Definition 4.3 ([4]). Let T be a linear closed and densely defined operator in any
Hilbert space 7. If p(T) # O and for X € p(T) the resolvent operator Rx(T) €
Coo(F), then operator T : D(T) C S — H is called an operator with discrete
spectrum.

First we note the following result.
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Theorem 4.4. If the operator of = @529, as an operator with discrete spectrum
in I = dX 5, then for every n > 1 the operator o, is so in J,.

Remark 4.5. Unfortunately, the converse of the Theorem [£:4]is not true in general
case. Indeed, consider the sequence of operators </, u, = u,,0 < dim %, = d, <
oo, n > 1. In this case for every n > 1 operator <7, is an operator with discrete
spectrum. But an inverse of the direct sum operator o7 = @22 .27, is not compact
operator in J€ = @22, .7, because dim J# = oo and <7 is an identity operator in

.

Theorem 4.6. If o = &2 | ,,9, is an operator with discrete spectrum in J¢,,
n>1, N2 p(e,) # 0 and for any X € N2, p(e,), limy, oo [|[Ra(%,)|| = 0, then
of is an operator with discrete spectrum in J€.

Proof. For each A € N2, p(e%,) we have Ry (9,) € Cx(54,), n > 1. Now define
the operators #,, : 7 — €, m > 1, as

Hom = {Rx(9)ur, Ra()ua, ..., Ry () um,0,0,... .}, u=(u,) € H.

The convergence of the operators £, to the operator J# in operator norm will be
investigated. For u = (u,) € 5, we have
o0

Y IR )unllZ,

n=m-+1

[ — w5

oo

Y IR ) Plllunl%,

n=m-+1

(Cswp IBA@I) D e,
n=1

n>m+1

IN

IN

2
= (sup |IBA()) [l
> 1

n>m-+

thus we get || Zu — Hu|l < sup,s,,iq [[BA(@0)], m > 1. This implies that
sequence of operators (J#,,) converges in operator norm to the operator .#". Then

by the important theorem of the theory of compact operators it implies that JZ" €
Coo (A7) [2], because for any m > 1, H#;, € Coo (7). O

Using the Theorem [3.2] and Theorem [.6] can be proved the following result.

Theorem 4.7. If A,' € Co(Hy), n > 1, sup,>; (bn — an) < 0o and the sequence
of first minimal eigenvalues A1 (Ay) of the operators A, n > 1 satisfy the condition

AM(A,) — 00 asn— oo,

then the normal extension L of the minimal operator Ly is an operator with discrete
spectrum in L?.

From the definition of the characteristic numbers p(.) of any compact operator
in any Hilbert space [2] and Theorem [4.1it is easy to prove that the validity of the
following result.

Theorem 4.8. (
for every n >
k>1};

i) If f = @32y, H = PS50, and o € Coo(I), then
1, @, € Coo(5,) and {pm () :m > 1} = U2 {pr(,) -
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(i) If o = @219y, H = &3, and f € Cp(IH), 1 < p < 400, then for
every n > 1, o, € Cp(44,).

Theorem 4.9. Let I = &2, o = &2, and o, € Cp(46,), n > 1,
1 <p < oo. In this case & € C,(I) if and only if the series Y .~ | > eyt ()
18 convergent.

Proof. Let us &7 € C,(#’). Then the series Y -, uf (&) is convergent. In this
case by the Theorem[4.8| (i) and important theorem on the convergence of rearrange-
ment series it is obtained that the series Y 07 | > i} (4%,) is convergent.

On the contrary, if the series > 7 | > uf (o,) is convergent, then the series
ooy 1b,(47) being a rearrangement of the above series, is also convergent. So

o € Cy(H). O

Now we will present an application the last theorem. For all n > 1, Let $,, be
a Hilbert space, A,, = (an,by), —00 < @, < by, < apy1 < -+ <00, 4, : D(A,) C
Hp — 90, Ap = AX > E, U, : 9, — 9, is unitary operator, AU, = U, A"
LU"un - U{n + Anun; Anwzl (y)ru An) C W21 (f)ny An)a

Hn - Lz(y)n; An)a D(LUn) = {un S Wzl(y)na An) : un(bn) = Unun(an)}a

Ly, : Hy, — H,, U = @,U,, Ly = &< ,Ly,, H = @< ,H, and h =
sup,,~1 (bn — an) < 0.

Since for all n > 1, U, is a unitary operator in $),,, then Ly, is normal operator
in H, [6]. Also for Ly : D(Ly) C H — H, the relation Ly Ly« = Ly+-Ly is true;
i.e., Ly is a normal operator in H. It is known that if A;! € Cp($,,) for p > 1, then
L' € Cyp(Hy),p > 1forall n > 1[6]. On the other hand, if A, € Coo($5),n > 1,
then eigenvalues A\;(Ly, ), ¢ > 1 of operator Ly, is in the form

Na(Lu,) = Am(An) + ——(arg A (Uyel =4 =) 4 2kr),

n n

where m > 1, k € Z, n > 1, ¢ = q(m, k) € N. Therefore, we have the following
result.

Theorem 4.10. If A = &2 A, 9 = ®7219, and A~ € Cpa(9),2 < p < o0,
then Ly;' € Cy(H).
Proof. The operator Ly is a normal in H. Consequently, for the characteristic

numbers of normal operator L' an equality pq(Lg") = [\ (Lg")|, ¢ > 1 holds [2].
Now we search for convergence of the series 220:1 M{Z’(Lal), 2 < p<oo.

oo oo

o> mbLy))

n=1 qg=1
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where d(m,n) = argh,, (U;el=4nrn=am))) 'p > 1 m > 1. Then from the inequality

t2‘|ﬂ2 < 1 forallt,s € R\ {0} and last equation we have the inequality

oo oo oo
45272

2 -p/2
Z (A (An) + m)

<2~ p?T_p/th/2<Z Z | |p/2z‘ |p/2)

n=1m=1
Since A™! € C,/2(9), then the series Y, Zm:l |/\m( »)|7P/? is convergent.

Thus the series
oo 00 00 4k2 2 —p/2
S (e 5 )
n=1k=1m=1 n n

is also convergent. Then from the relation

S P 7 < 303 ()2

n=1m=1 n=1m=1

and the convergence of the series $°°° . 57°°_ |\, (A,)|7?/2 we get that the series
n=1 m=1

Sy Yoy [Am(An)| 77 is convergent too. Consequently the series Y2, pb(Lg"),

2 < p < oo is convergent and thus Lal € Cp(H),2 < p < 00. O

Theorems [£.8] and can be can generalized as follows.

Corollary 4.11. Forn > 1, let @7, € Cy, (J£,,), 1 < pp < 00 and p = sup,, > pn <
00. Then o = ®2 o, € Cp(H) if and only if the series Y o | > po i pih ()
converges.

Proof. In this case for each n > 1, <7, € C,(¢,). So, by using Theorem i), the
validity of the proposition is clear. (|

The following result it is obtained from the above claim.

Corollary 4.12. If for any n > 1, A;! € Cp,./2(9n), 2 < p = sup,>1 Pn < 00,

andzn 1> re 1up/2( 1) < 40,

then L' € Cy(H).

Proof. Indeed, by Corollary[4.11|the operator A~! € C),/5(H) and A~ = @52 | A

H =21 9,. Consequently, from Theorem it follows that Lal eCy(H). O
Corollary 4.11| can be generalized the following sense.

Theorem 4.13. Let & = &2, o = O, € L(IH), for each n >

1,1 < pp < 400, &, € Cp (54,) and p = supp>1pn < +o0o. If the series

220:1 D pey W () is convergent, then o € Cp(H).

Proof. If for every n > 1, ||, || < 1, then the validity of the above theorem is clear
from Corollary and the inequality

ZZHZ(W ZZM” ) < +o0.

n=1k=1 n=1k=1
Now consider the general case. In this case the operator & can be written in form
A

o =CB, C=ao;((1+||)E), B= @fﬂ(m)y
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here sup,,~q [[(1 + ||, [) Enll = 1+ sup,>; || < +o0. Then from Theorem
it is obtained that C € L(7).

On the other hand, since ||B,|| = ll‘r“f@‘ 7<Ln>1, and
) SIS me (o) < oo,
3w =33 A ZZ k

then from Theorem B € Cy(#) with p = sup,,>1 pn. So, on the important
result of the operator theory &/ = CB € Cp() [2]. O

The following results give some information in case when sup,,~; p, = +00.

Theorem 4.14. Let 5 = @256, o = P24, € L(IH), for each n > 1,
oty € Cp, (), 1 < pp < +00, p, = inf{a € [1,4+00) : o, € Cyo(;,)} and
Sup,,>1 pn = +00. Then for every p,1 <p < +o0, o ¢ Cp(H).

Proof. Assume that for some p,1 < p < +o00, & € Cp,(4). Then by the Theorem
(i), for every n > 1, @, € C,(4,), 1 < p < +o0. Since sup,,~; pn = +00, then
there exist py, 1 < pp, < 400 such that p < p,, and <7, € C, m(j_fm). On the other
hand since C, C C),, and C), # C,, , pp, = inf{a € [1,4+00) : &7, € Co(54,)}, then
Gy & Cp(In). This contradlctlon shows that the claim of the theorem is true. O

Corollary 4.15. Let 5 = @2,.9,, o = @229, € L(J), for everyn > 1
oy € Cp (5,), 1 < p, < 400, pp, = infla € [1,400) : o, € Co(H,)} and
SUPp>1Ppn = +00. If for some m € N, o, € Coo(H,), then for every p,1 < p <
+oo, o ¢ Cp(I).
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