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COMPACT DECOUPLING FOR THERMOVISCOELASTICITY IN
IRREGULAR DOMAINS

EL MUSTAPHA AIT BEN HASSI, HAMMADI BOUSLOUS, LAHCEN MANIAR

ABSTRACT. Our goal is to prove the compactness of the difference between the
thermoviscoelasticity semigroup and its decoupled semigroup. To show this, we
prove the norm continuity of this difference, the compactness of the difference
of their resolvents and use [4, Theorem 2.3 |. We generalize a result by Liu
[5]. An illustrative example of a thermoviscoelastic system with Neumann
Laplacian on a Jelly Roll domain is given.

1. INTRODUCTION

Consider the abstract thermoviscoelastic model
0

W(t) + Aywl(t) 7/ g(s)Ayw(t + s)ds + Bu(t) =0, t>0, (1.1)

— 00

w(t) + Aqu(t) — B*w(t) =0, t>0, (1.2)
w(0) =w", w(0)=w', u0)=u’, w(s)=fo(s), s¢c(~0,0), (1.3)

where g is a given function satisfying the following conditions:

g € C*(—o0,0] N L (—00,0), (1.4)
gt) >0, ¢(t)>0 fort<O0, (1.5)
/0 g(s)ds < 1. (1.6)
By the decoupling technique, we ogtain the system
w(t) + Ayw(t) — /0 g(s)Ayw(t + s)ds + BA;'B*w(t) =0, t>0, (1.7)
%LE:) + Asu(t) — B*w(t) =0, t>0, (1.8)

w(0) =w", w(0)=w', w@0)=u’, w(s)=fo(s), s (—00,0). (1.9)

The operators A; and As are positive self adjoint and invertible on two Hilbert
spaces Hy and Hy, and B is an unbounded operator from Hs to H;. Liu [5] proved
that these two systems are well posed and generate two semigroups 7 := (T'(t))¢>0
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and Ty := (Ty(t))t>0. Assuming that BA;" is compact for some 0 < v < 1, he
proved that their difference is compact. In this paper, proceeding as in [I], we
show that ¢ — T'(t) — Ty(t) and t — T'(t) — S(¢) are norm continuous for ¢ > 0
where S := (5(t))¢>0 is the semigroup generated by the first equation in the
decoupled system. Consequently, under no compactness assumption, rqt(7(t)) =
Terit (Ta(t)) = Teris (S(2)) for t > 0 and wo(7) = max{weit(S), s(L)}.

Assuming that Al_l/ 2BA2_ !'is a compact operator (in particular if BA;7 is
compact) and LOOO g(s)s?ds < oo, we prove the compactness of the difference
R(M\, L) — R(\, Lg) for every A € p(L) N p(Lg), where L and L, are the genera-
tors of 7 and 7y, respectively. Thus, [4, Theorem 2.3] leads to the compactness of
T(t) — Ta(t).

To illustrate this generalization, we consider the thermoviscoelastic system

W — pAw — A+ p)Vdivw + pgr * Aw + (A + p)g1 * Vdivw + mVu =0

in 2 x (0, 00),
i+ fu—Au—mdiviw =0 in Q x (0,00),
0
w:O,a—Z:O on I x (0,00),

w(z,0) = w’(x), w(r,0)=w(z), wulx0) =u’x) inQ,
1U($,0)+’LU(ZE,S) :fo(.I,S) in 2 x (—O0,0)),
where p, A are positive constants. The set € is the Jelley Roll, a bounded open set
proposed in [9],
Q={(z,y) eR?*:1/2<r <1}\T,
where T is the curve, in R2, given in polar coordinates by

3

2 4 arctan(¢)

r(g) = 2200
m

For this system, we show that A7*BA; ', on the canonical modified energy Hilbert

space, is a compact operator but the operator BA;” is not compact for every
0<y<l

—00 < ¢ < 0.

2. WELL-POSEDNESS

Let Hy and Hs be two Hilbert spaces. The operators A; : D(4;) C Hy — H;
and Ay : D(As) C Hy — Hs are self adjoint and positive (with not necessarily
compact inverses), while B : D(B) C Hy — H; is a closed operator with adjoint
operator B*. Throughout this paper, we assume the following:

D(AY?) = D(B) and D(AV?) — D(B*), (2.1)
Ang*A%/2 extends to a bounded linear operator from H; to Ha. (2.2)
Note that the operator —As generates an analytic strongly continuous semigroup

(e=A2t),50. Under assumption (2.1)), BAz_l/2 is a bounded operator from Hy to H;
and BA;I/Z(BA;1/2)* is a bounded self adjoint non negative operator in Hj.

Setting z(t,s) = w(t) —w(t + s), s € (—00,0), the system (L.1)-(1.3) can be
transformed into the system
0

w(t) + kA w(t) + / g(s)A1z(t,s)ds + Bu(t) =0, t>0, (2.3)

— 00
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Zt — w + Zs = Oa (24)
2(t,0)=0, t>0, (2.5)
u(t) + Asu(t) — B*w(t) =0, t>0, (2.6)
w(0) =w", w(0)=w', u0)=u’ 2(0,5)=fo(s), s€(—00,0), (2.7)
with k=1 — fi)oo g(s)ds. Set the Hilbert space
H = D(A}/%) x Hy x L*(g, (=00,0), D(A}"*)) x H,
endowed with the norm
_ /2 112 2 2 2 1/2
I, 200 = (kIAY 200, + ol + 1212, o ey + Hl)

Here the space L?(g, (—oo, O),D(A}/Q)) consists of D(Ai/z)—valued functions z on
(—00,0) endowed with the norm

0
1/2
41y ooy marry = | 9T 2(5) P,

—0o0

System (2.3))-(2.7) can also be written as a first order system

W =v, (2.8)

0
v =—kAjw — / 9(s)A12(t, s)ds — Bu, (2.9)
Z=v— 2z (2.10)
i = —Aqu+ B*v, (2.11)
((0),v(0),u(0),2(0)) = (w°, w', fo,u’). (2.12)

We associate with the system ([2.8)-(2.11) the operator
0
L(w,v,z,u) = (v, —kAjw — / g(8)A12(t, s)ds — Bu,v — zg, —Aqu + B*v),
0
D(L) = {(w,v,z,u) € H:v € D(AV?),u € D(C), kw +/ g(s)z(s)ds € D(A),

2 € H'(g,(~00,0), D(4,")), (0) = 0},
where H!(g, (—00,0), D(A}’?)) is the set
{z € L*(g,(~00,0), D(A}/%)) : 2, € L*(g, (—00,0), D(4;"*))}.
The decoupled system — can also be transformed into

w =0, (2.13)
0
U= —kAjw — / g(s)A12(t, s)ds — BA; ' B*o, (2.14)
Z=70—Zs, (2.15)
i =—Asu+ B*7, (2.16)
((0),9(0, 2(0),a(0)) = (w’, w", fo,u’), (2.17)
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to which we associate the operator

0
Lq(w,0,%,0) = (0, —kAy© —/ g(s)A12(t, 8)ds — BAy ' B*0,0 — 24, — Agti+ B*0),
with D(Lg) = D(L). Also, the decoupled second order equation (1.7)) can be written
as a first order system

W=7, (2.18)
0
= —kAjw — / g(s)A12(t, s)ds — BA; ' B*o, (2.19)
Z=10— %, (2.20)
(w(0),9(0), 2(0)) = (w°, w', fo), (2.21)

with generating operator defined on H := D(A1/2) x Hy x L?(g, (—00,0), D(A}/Z))
by

0
M(w,7,%) = (0, —kA1w — /_ g(s)A12(t, s)ds — BA;'B*5,70 — Z,),
D(M) = {(w,5,2) € H: 0 € D(A)?), kw + /O g(s)z(s)ds € D(A),

ZeHl(g,(—oo,O),D(Al/z z —O}

Remark 2.1. L, L; and M are respectively the parts in H and ‘H of the matrix
operators

0 1 0 0
;o _| k@A), 0 -G -B
-t 0 I -4 0 ’
0 B* 0 —(A2)_4
0 I 0 0
| =kA)_, —BATYABAVH -G, 0
(Ld)—l_ ! 2 d )
0 I —d 0
0 B* 0 _(A2)71
0 I 0
M= |—k(A)_, —BA;"Y*BA;Y?) -G, |,
0 I —4

ds
where G_12 = (A;)"/} f_ooo g(s)AY?2(s)ds.

Using Lumer Phillips theorem, the following result can be proved analogously as
in [5, Theorem 2.1].

Theorem 2.2. The operators L, Ly and M generate contraction strongly contin-
wous semigroups (T'(t))i>o0, (Ta(t))i>0 and (S(t))i>o0 on H,H and H respectively.
3. NORM CONTINUITY OF THE DIFFERENCE BETWEEN THE SEMIGROUPS

To show the norm continuity of the difference between the two semigroups, we
recall the following technical lemma.
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Lemma 3.1 ([1]). The mapt — Age=42t is norm continuous from (0, 00) to L(H>)
for every 0 < a < 1.
Then we have the following result.
Theorem 3.2. The map t — T'(t)—Ty(t) is norm continuous from (0, c0) to L(H).
Proof. Let t > 0 and 2% = (w°,v°, fo,u®) € D(L) such that ||2°] < 1.
T(t) (w0, fo,u®) — Ty(t)(w®,v°, fo,u")

wEt;—tD((t)) t BA;'B ?) Bu(s)

v(t) — ot 5 B*v(s) — Bu(s

= () - =) :/0 T(t—s) 0 ds.
u(t) — a(t) 0

Let 0 < h < 1. Setting F(s) := Bi(s) — BA;*B*o(s), we check that |F(s 4+ h) —
F(s)|| — 0 as h — 0 uniformly in z°. To this end, we have

F(s) = Be 42540 + B/ e 4265=9) B*5(0)do — BA; ' B*5(s)
0

= Be 254" 4 BA;! /S Are= 420679 B*5(0)do — BA; ' B*i(s).
Using an integration by parts, i
F(s) = Be 2540 4+ [BA; 'e™425=9) B*(0)]5 — BAS* /S e~ A2 B*y (5)do
— BA;'B*o(s) i

= Be 25y — BAyle 425 B*0 — BAgl/ e~ 2= B (5)do
0

= Be #2540 — BA;Y?e 425472 B*0 + kBA;! / e~ 42079 B* Ao (0)do
0

s 0
+ BA;! / e~ A2smo) pr [ / g(T)AZ(s,7)dr + BA;' B*%(0)|do
0 —00

= BA; 2 AYPem Ay — BASY e A2 AT 2 BH0

0
+BA2_1/2/ e~ A2(5=0) AZV2 B* BAS B* (o) dor
0

s 0
— BA;I/ e—Az(s—a)B*/ g(1)Az(s,7)drdo
0 —00
= BA; Y2 AY e~ A25y0 — BASY e A5 AT 2 BH0
+ kBA;Y? / AYPe=A205-9) A1 B AY2 AV p(0)do
0

+BA2_1/2/ e~ 420-9) o712 B* BASI B*5 (o) dor
0

s 0
— BA;'? / AL Ax(s=0) g1 pr AL/ / g(7)AY?2(s, 7)drdo.
0

—00
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1/2 _
A28 g s AQ/ e~42% are norm

12 41/2 4o

Since BAQ_U2 is a bounded operator and s — e~
continuous from (0,00) to L(Hs), then the mappings s — BA; and
s+ BA;/?e=425 A712 B* are norm continuous from (0, 00) to £(H).

Under the assumption we have A5 1B*Ai/ ? is a bounded operator ; so there
exists a constant a(s) such that, ||Az_lB*Ai/2A%/2u’)(o)|| < afs)]|z?|, for every
o € [0,s]. Thus, s — [/ Aé/Qe*Az(S’U)Ang*Ai/ZA}/ZzD(J)dJ is continuous in
(0, 00) uniformly in ||z% < 1.

Since A;l 2B*BA§IB* is a bounded operator, using the same argument

s / e~ A2(=0) A7Y2 B* BAS B*b(0)do
0

is continuous in (0, 00) uniformly in ||z°|| < 1. In the other hand

I /OOO g(T)AY?2(s, T)drdo| < (/

— 00

0

sar) ([ aoaz rar)ye

So Ang*A}/2 fi)oo g(T)Ai/ZE(s, 7)d is a bounded operator uniformly in [|2°| < 1.
As a consequence, s > [ A;/Ze_Az(s_")A;lB*Ai/Z(fEOOg(T)A}/QZ(s,T)dT)dU is
norm continuous in (0, co) uniformly in ||2°|| < 1. Finally, ||[F(s +h) — F(s)|| — 0
as h — 0 uniformly in 2°. We have

w(t) — w(t)
v(t) — o(t)
() — 2(1)
u(t) — alt)
, 0
:/ Tt — ) BA;'B v%s)fBu(s) ds
’ 0
+h 0 0
_ [ N RACN D ' o | FO 4
7/0 Tt +h—s) [ /OT(t IRAL
0 0
+h 0 0
T F(t+h—s) [ NEGDIN
7/0 T(s) 0 ds /0 T(s) 0 d
0 0
t 0 t+h 0
—/OT(s) F(Hh_sg_F(t_s) ds+/t T(t+h—s) F((f) ds
0 0
t 0 h 0
_/OT(S) F(t—&—h—sg—F(t—s) ds+/0 (s) F(t(;l—s) s
0 0
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Hence,
wit+h)—at+h)\  [w(t) — o)
v(t+h)—o(t+h) | | vt)—o(t)
Y 2+ 1) = 206+ 1) ) — =) | |
w(t + h) — a(t + h) u(t) — a(t)
0
SO A )d+/ +5> ds|
0
< s |7t ||/ IF(t+h—s) tfs||ds+/ TS| (¢ + 9)]|ds.

In addition, there exists a constant N such that sup,co ;417 [[F'(s)|| < N uniformly
in 2%, and thus

w(t+ h) —w(t+ h) w(t) — w(t)

H v(t+h)—o(t+h) | | vt)—0(t) ”
z(t+h)— Z(t+h) z(t) — Z(¢)
u(t+h) —u(t+ h) u(t) —a(t)

< sup HT(T)H/ |F(t+h—s)— F(t—s)||ds+ c(t)Nh.
T€[0,t4+1] 0

As ||F(s+h) — F(s)|| — 0 as h — 0 uniformly in z(, we conclude that
¢
/ |F(t+h—3s)—F(—s)|ds—0,h—0
0

uniformly for zy € D(L) verifying ||zo|| < 1. This achieves the proof. O

Theorem 3.3. The mapst — Ty(t)—S(t) andt — T(t)—S(t) are norm continuous
from (0,00) to L(H).

Proof. Let xg = (u®,v°, fo,w°) € H such that ||zo] <1 and ¢ > 0.
Ta(t)wo — (S(B)((u”,2°, fo),0)
t
= (0,0,0,e A2t +/ e~ 4273 B, S (5) (u®, 00, fo)ds)
0

where o : D(A}/Q) x Hy x L*(g, (—oo,O),D(A}/Q)) — Hy, (u,v,z) — v. Set
A(t) = Ta(t)zo — (S(t)(u®,2°, fo),0). For h > 0, one has

A+ 1) = A) = (0,0,e 420400 — o~ty0

t+h
/ e~ A2(00h=9) Be o 5 (5) (w0, 0°, fo)ds

[}

/ e~ Az(t=s) *mS(s)(uO,vo,fO)ds>.

0
Then

[A(E+h) =A@

t+h
— ||6_A2(t+h)w0 _ e—AgtwO +/ €_A2(t+h_s)B*7TQS(S)(’U,O,’Uo,fo)ds
0
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t
= [ eI B S (5) (0,0, s
0

t
— ||e—A2(t+h)w0 _ e—A2tw0 +/ [e—A2(t+h—s) _ B_AQ(t_s)]B*ﬂ'QS(S)(uO,UO,fo)dS
0

t+h
b [ e By )0 48 )
t

< [le= A=) — o= A2t )
+ | /t[eAQ(HhS) — e 2By S () (u®, 00, fo)ds||
0t+h
[ eI B S ()0 o))
Hence, since A, 12 B* is a bounded operator, we have
A+ h) — A

t

< [ A e ) YR A B S )0, o, o) ds
0

t+h
i / 145264209 4712 B S (5) (u”, 0, fo)) s + e 42 — =42t
t

t

= / 145 % A2+ — Ay 2= 4= 4, 2 By §(s) (w0, o, o) s
0

t+h
_|_‘/t HAé/Qe_Az(Hh_s)Az_l/QB*WQS(s)(uo,vo,fo))Hds + ||e—A2(t+h) . e—AQtH.

Since the semigroup (e‘AQt)tZO is analytic, it is immediately norm continuous. Thus
||e=A2(t+h) _ e=A2t|| _, 0 as h — 0. In the other hand A;/2B* = (BA;"/*)* is a
bounded operator, thus there exists a constant J(¢) such that

1452 B* 1S (s) (u, 00, fo)ll < 8(1) | Ay 2B ||| (u®,0°, fo)||  for every s € [0,]
|45 2 B a8 (s) (u, 0%, fo)l| < 8(6)[| Ay /2 B*|[|lzol|  for every s € [0, 1]
145 2B 18 (s) (10,00, fo)|| < 6(t)||A5 /2 B*||  for every s € [0, 1.

Moreover

t
||/ [Aé/Qe_AZ(H'h_S) . Aé/Ze_Az(t_s)]A;1/2B*7T25(8)(u07’Uo, f())dS”
0

t
< 5(1)) Ay 2B / | AL/ 2= Ax(th=s) _ 41/2 = Ax(t=5)| g

It follows from Lemma [3.1] and Lebegue theorem that

”Aé/zefAQ(ths) _ Aé/QefAz(tfs)H =0

as h — 0 and t > s, and

i
||/ [A;/26—A2(t+h—s) _ Aé/Qe—Az(t—s)}A;1/2B*ﬂ_2$(s)(u07v07fo)dSH =0
0
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as h — 0 uniformly in zy. For the third term, we have

t+h
|| / Ay e M A2 Br S () (w0, o, fo)ds) |
t

h
_ ||/ AY2e= 425 12 B 66 (0, 00, fo)ds|-
0
Using the similar argument as in the second term, there exists §(¢) such that

h h
H/ AyPe 42451 2 B S (s) (u”, 0, fo)ds|| < 5(’5)/ 145/ 42* | ds | |
0 0

h
<fleal3te) [ 2
< 263(t)Vh

(here we used ||A;/2€_A2t|| = O(t~"/?) ast > 0; see for example [6, Theorem 1.4.3]).
Consequently, || ftHh AYPe=A2(tth=3) AT12 Brr) (5) (u, 00, fo)ds)| — 0 as h — 0
uniformly in zo. Finally, ||[A(t + k) — A(¢)|| — 0 as h — 0 uniformly in (. Since,
by Theorem [3.2] ¢ — T(t) — T4(t) is norm continuous on (0, 00), t — T'(t) — S(t) is
norm continuous. g

Theorem [3.3] leads to the following result.
Corollary 3.4. r4it(T(t)) = reit(Ta(t)) = rai(S(t)) for t > 0 and wo(7T) =
max{weyit (Sw), $(L)}.

4. COMPACTNESS OF THE DIFFERENCE BETWEEN THE TWO SEMIGROUPS

We have also this main result.
Theorem 4.1. Assume A;l/zBAQ_1 is compact in L(Ha, Hy) and f_ooo g(s)s?ds <
o0o. Then R(A, L) — R(\, Lg) is compact on H for every X € p(L) N p(Lg).
Proof. We have

R(\, Lg) — RO\, L) = LR\, L)[L™" — L;'|L4R(X, La). (4.1)

Let (p,1,n,€) € H = D(A)/?) x Hy x L*(g,(—00,0), D(A/?)) x Hy. We look for

(w,v,z,u) € D(L) such that L(w,v,z,u) = (p,9,n,&). Note that the equation
L(w, v, z,u) = (p,1,n, &) is safistied is equivalent to the system

V=
0
—kAjw — / 9(s)A12(t,s)ds — Bu=19v —zs =17
—Asu+ B*v=¢
which is equivalent to the system

v=¢

0

—kAjw — / g(s)A12(t, s)ds — Bu =1
Zs =@ —1

—Asu+ B*v=¢
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which is equivalent to the system

0
—kAjw — / g(s)A1z(t,s)ds — Bu =1

oo s
Z=sp— /S n(r)dr
u = A;lB*; — Ayle.
By assumption, f?oo g(s)s?ds < oo, and since ¢ € D(Ai/Q), we have sp €
L%(g, (—0,0), D(A}/?)). Using Hélder theorem,
Vs € (—00,0), (/O|A11/277(T)|d7')2 < —8/0 | Av1/20(r) 2dr.

We can assume that 1 has compact support in (0, 00), and then

0 0
—/ g(s)s/ ||A11/27](T)||2d7'd5 < 0.

Thus z € L?(g, (—oo,O),’D(A}/z)). Note that L(w,v,z,u) = (p,1,n,§) is equiva-
lent to the system

0 0
w = —k~L AT / o(5)sds) A% + / o)AV / n(r)drds)

— 00 S

0

— (kA1) ' BA; ' B + (kA1) T BA ¢ — (KAL) T
v=
Z=sp— / n(r)dr
0
u=Ay'B'o— Ay'¢

which is equivalent to the system

0 0 0
w= (k)" / 9(8)sds)g — (kA)~1/2 / o(s) AL / n(r)drds
(kAT BAY Br o+ (KAL) T BAYYE — (kAy) Y

v=(
z=s<p—/ n(r)dr

0
u=A;'B*p— Ay'¢.

Replacing Bu by BA; ! B*% and repeating the above procedure for L, we can prove
that the equation Lg4(w,v,z,4) = (¢, %, n,£) is equivalent to the system

V=

0
—kAjw — / g(s)A12(t, 8)ds — BA;'B*o = 4
Zs=¢@—n
—Axu+ B*o=¢
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which is equivalent to the system

o= (-k) a2 [( / 0 g(s)sds) A1/%p

— 00

which is equivalent to the system

0 0
——— / g(s)sds)p + (kAy) V2 /

— 00 —0o0

o()AY? [ n(ryrds
0
— (kA1) 'BA; B — (kAy) M
’(7 =
Z=sp— / n(r)dr
0

= A;'B*p— Ay'¢.

Therefore, by an easy computation one obtains
0 0 (kA)'BA;Y 0

1 _;-1_100 0 0

L L = 0 0 0 0

0 0 0 0
which is a compact operator by assumption. The claim follows from the equality
@) O

Now by the Theorem Theorem [3.2|and [4, Theorem 3.2], we obtain the main
result of this section.

Theorem 4.2. Assume that Afl/zBAgl is compact in L(Ha, Hy), (1.4)-(1.6) and
(2.2) hold. Then T(t) — Ty(t) is compact on H for all t > 0.

As a consequence of this theorem, we have the following result.
Corollary 4.3. ress(T(t)) = Tess(Ta(t)) fort > 0 and wo(7T) = max{wess(7a), s(L)}.

Remark 4.4. The result of Theorem has been shown in [5] directly, assuming
the compactness of the operator BA;” for some 0 < v < 1. It is clear that this

last assumption implies that Al_l/ QBAE 1is compact from Hs to Hj.

5. APPLICATION

We consider the following model for a linear viscoelastic body €2 of Boltzmann
type with thermal damping
W — pAw — A+ p)Vdivw + pgr * Aw + (A + p)gr * Vdivw + mVu =0
in Q x (0, 00),
4+ fu—Au—mdivio =0 in Q x (0,00), (5.2)

(5.1)
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w:O7g—Z:0 on I' x (0, 00), (5.3)
w(z,0) = w’(x), w(r,0)=w(z), ulx0)=u’z) inQ, (5.4)
w(z,0) + w(zx, s) = fo(x,s) inQx (—00,0)), (5.5)

where A, p > 0 the Lame’s constants and m > 0 is the thermal strain parameter, 3 is
a positive constant and g is a given function which satisfies the following conditions
(C1) gy € CH0,00) N LY(0,00).
(C2) ¢1(t) >0 and gj(t) <0 for t > 0,
(C3) [y7 g1(s)ds < 1.

The set Q is the bounded open Jelly Roll set defined in [9],
1
Q:{(:v,y)Est§<7’<1}\I‘7

where T is the curve in R? given in polar coordinates by

3% + arctan(¢)

r(¢) = o , —00 < ¢ < 00.
Note that
t
/ 91(t — 8)Aw(z, s)ds
=
= / g1(—s)Aw(x,t + s)ds

0

0
= / g1(—8)A(w(z, t + s) —w(x,t))ds + / g1(—s)Aw(x,t)ds

— 00 — 00

0 0
= —/ gl(—s)Az(a:,t,s)ds—i-/ g1(—s)dsAw(zx,t).

oo — 00
A similar expression can be establish for g; * Vdivw. In order to fit the system

— into the setting abstract system —, we take
Hy = Ly(Q,R?), Hy = Ly(Q,R),
2(,t,5) = w(x,t) —w(z, t+5), g(s) = g1(—s),
and define the operators Ay, As, B by
Ayw = —pApw — (A + p)Vdivw, D(A;) =D(Ap) = Hj(Q,R?),
Asgu = (BI — Ax)u, D(A3) =D(An) = H'(R),
Bu=mVu, D(B)=H(Q,R).

Here, as the domain € is irregular the Dirichlet Laplacian Ap and the Neumann
Laplacian Ay are defined via quadratic forms. More precisely, Ap is the unique
positive self adjoint operator associated to the closed quadratic form on Hg (£2)

(Af.g) = /Q V/Vgdz,

and Ay is the unique non negative self adjoint operator associated to the closed
quadratic form on H*(Q)

(Af,g>:/QVngdac.
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It

is clear that the adjoint B* of B is
B*w = —mdivw, D(B*)={wec H (QR?) :w- -7 =0in 00},

where 7 is the outward unit normal vector on the boundary 9€2. Note that

D(AY?) =D(B) and D(A)?) < D(B*).
We have the following facts.
(i) A5' is not compact on Hy, see [9], but A; has a compact resolvent on Hj.
Consequently, Al_l/ % and Al_l/ 2BA2_ L are compact .
(i) For every v € (0,1], BA,"” is not compact from Hy into H;. In fact, it is
enough to show that BA:,_1 is not compact from Hy to H;. For this, we
have

AS'B*BA;Y = mP A (—AN)AT = mP AT Ay — BT ASY = mP(AS — BAS?).

Using the spectral mapping theorem, we have o(A;'B*BAy') = m?(o(Az)~" —
Bo(Az)72). Asin [9], (8,00) C o(As), so A;'B*BA;! is not compact on Ho.
Consequently BA5 ! is not compact from Hs to Hj.

il
[2
3
4
5
6
[7
8

[9
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