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WEIGHTED EIGENVALUE PROBLEMS FOR THE p-LAPLACIAN
WITH WEIGHTS IN WEAK LEBESGUE SPACES

T. V. ANOOP

ABSTRACT. We consider the nonlinear eigenvalue problem
—Apu = AglulP"%u, we D(l)’p(Q)

where A, is the p-Laplacian operator, € is a connected domain in RN with
N > p and the weight function g is locally integrable. We obtain the existence
of a unique positive principal eigenvalue for g such that gt lies in certain
subspace of Weak—LN/P(Q). The radial symmetry of the first eigenfunctions
are obtained for radial g, when Q is a ball centered at the origin or RYN.
The existence of an infinite set of eigenvalues is proved using the Ljusternik-
Schnirelmann theory on C!' manifolds.

1. INTRODUCTION

For given N > 2,1 < p < N, Q a non-empty open connected subset of RY
and g € L] ., we discuss the sufficient conditions on g for the existence of positive
solutions for the nonlinear eigenvalue problem

—Apu = AglulP"%u in Q,

1.1
u|6§2 = 07 ( )

for a suitable value of the parameter A\, where Apu := div(|Vu[P=2Vu) is the p-
Laplace operator.

For p = 2, the 2-Laplacian is the usual Laplace operator. For p # 2 the p-Laplace
operator arises in various contexts, for example, in the study of non-Newtonian
fluids like dilatant fluids (p < 2) and pseudo plastic (p > 2), torsional creep problem
(p > 2), glaciology ( p € (1,4/3]) etc. The exponent appearing in Ag|u|P~2u makes
to be a natural generalization of the linear weighted eigenvalue problem for
the Laplacian.

Here, we look for the weak solutions of in the space Dé’p (©), which is the
completion of C2°(§2) with respect to the norm

Wl = ( [ 1vur)”"
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By an eigenvalue of (1.1)) we mean A € R such that, (1.1) admits a non-zero weak
solution in Dy (Q); i.e., there exists u € Dy?(Q) \ {0} such that

/Q |VulP~2Vu - Vo = /\/Qg lulP~2uv, Yo e DyP(R). (1.2)

In this case, we say that u is an eigenfunction associated of the eigenvalue A. If one
of the eigenfunctions corresponding to A is of constant sign, then we say that A is
a principal eigenvalue. If all the eigenfunctions corresponding to A are unique up
to constant multiples then we say that A is simple.

In the classical linear case; i.e, when p = 2,9 = 1 and () is a bounded domain,
it is well known that admits a unique positive principle eigenvalue and it is
simple. Furthermore, the set of all eigenvalues can be arranged into a sequence

0</\1<)\2S>\3S"'—>+OO

and the corresponding normalized eigenfunctions form an orthonormal basis for
the Sobolev space HE(Q). Using the Courant-Weinstein variational principle [13]
Theorem 6.3.14] the eigenvalues can be expressed as

e = inf / Vul?, k=1,2,... (1.3)
uj—{u1>""uk*1}7”u“2:1 Q

Lindqvist [28] proved existence, uniqueness and simplicity of a principal eigen-
value for p > 1, when g = 1 and the domain 2 bounded. Later, Azorero and Alonso
[7] identified infinitely many eigenvalues of , for p # 2, using the Ljusternik-
Schnirelmann type minmax theorem.

Many authors have given sufficient conditions on g for the existence of a positive
principal eigenvalue for , when Q = RY, for example Brown et. al. [I0] and
Allegretto [2] for p = 2, Huang [9], Allegretto and Huang [3] for the respective
generalization to p # 2. Fleckinger et al. [15], studied the problem for general
p. All these earlier results assume that either g or g7 should be in LN/?(RM). In
[24], Willem and Szulkin enlarged the class of weight functions beyond the Lebesgue
space LN/P (R™). They obtained the existence of positive principal eigenvalue, even
for the weights whose positive part has a faster decay than 1/|z|P at infinity and
at all the points in the domain (see (3.6))).

For p = 2, there are some results available for the weights in Lorentz spaces,
for example, Visciglia in [31] looked at in the context of generalized Hardy-
Sobolev inequality for the positive weights in certain Lorentz spaces. Following this
direction, Mythily and Marcello in [23] showed the existence of a unique positive
principal eigenvalue for , when ¢ is in certain Lorentz spaces. Anoop, Lucia and
Ramaswamy [6] unified the sufficient conditions given in [2] [10] 23] 24] by showing
the existence of a positive principal eigenvalue for , when g7 lies in a suitable
subspace of weak-L % (©). In this paper we obtain an analogous result that unify the
sufficient conditions given in [3], @] 5], 24] for the existence of a positive eigenvalue
for by considering weights in a suitable subspace of the weak- LV/?(Q).

For p = 2, the existence of a positive principal eigenvalue for more general posi-
tive weights is obtained in [26] using certain capacity conditions of Maz’ja [22] and
in [30] using the concentration compactness lemma. However, their eigenfunctions
are only a distributional solutions of and the first eigenvalue lacks certain qual-
itative properties. Indeed, here we obtain a unique positive principal eigenvalue and
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an infinite set of eigenvalues for (1.1]) for the weights in a suitable subspace of the
Lorentz space L(%, 00).

Here we fix the solution space as D(l)’p (Q), which fits very well with the weak
formulation of boundary value problems in the unbounded domains. Furthermore,
when 1 < p < N, the space Dé’p (©) is continuously embedded in the Lebesgue
space LP" (), where p* = NN—_p. However, when p > N, for a general unbounded
domain Q, the space Dy?(Q) is not continuously embedded in L (52) (see [29,
Remark 2.2]). The main novelty of our results rely on the embedding of the space
Dy?(Q) in the Lorentz space L(p*, p), see [5].

We use a direct variational method for the existence of an eigenvalue. For that

we consider the following Rayleigh quotient

v p
R(u) := M (1.4)
fQ g|u|p
with the domain of definition
DH(g) = {u € DIP(Q) : / glul” > 0}. (1.5)
Q
Let
M = {u € Dy*(Q) : / glulP =1}, (1.6)
Q

J(u) = %/ﬂwuvﬂ (1.7)

If R is C!, then we arrive at as the Euler-Lagrange equation corresponding
to the critical points of R on DT (g), with the critical values as the eigenvalues of
. Moreover, there is a one to one correspondence between the critical points of
R over D" (g) and the critical points of J over M. Thus we look for the sufficient
conditions on gT for the existence of a critical points of J on M. As in [6], here we
consider the space

Fnp := closure of C°(Q2) in L(N/p, o)
Now we state one of our main results.

Theorem 1.1. Let Q be an open connected subset of RN with p € (1,N) . Let
g € L, (Q) be such that g* € Fny, \ {0}. Then

loc
A =inf{J(v) :ue M} (1.8)
is the unique positive principal eigenvalue of (1.1)). Furthermore, all the eigenfunc-

tions corresponding to A1 are of the constant sign and Ay is simple.

Note that g~ is only locally integrable and hence the map G defined as
G = | glul’
Q

may not even be continuous and hence M may not even be closed in Dé’p ().
Nevertheless, we show that the weak limit of a minimizing sequence of J on M lies
in M.

In general the eigenfunctions are only in VVlif (©) and hence the classical tools
for proving the qualitative properties of A\; are not applicable, as they require
more regularity for the eigenfunctions. However, Kawohl, Lucia and Prashanth [18§]
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developed a weaker version of strong maximum principle for quasilinear operator
analogous to the result in [I1].

Further, we discuss the sufficient conditions on g for the radial symmetry of the
eigenfunctions corresponding A;, when ) is a ball centered at origin or R". This
generalizes the result of Bhattacharya [§], who proved the radial symmetry of the
first eigenfunctions of (L.1)), when € is a ball centered at origin and g = 1.

Theorem 1.2. Let Q be a ball centered at origin or RN . Let g be nonnegative,
radial and radially decreasing measurable function. If A1 is an eigenvalue of (1.1)),
then any positive eigenfunction corresponding to A1 is radial and radially decreasing.

A sufficient condition on g, for the existence of infinitely many eigenvalues of
is also discussed here. Let us point out that a complete description of the
set of all eigenvalues of p-Laplacian is widely open for p # 2. The question of
discreteness, countability of the set of all eigenvalues of p-Laplacian is not known,
even in the simplest case: g = 1 and ) is a ball. However there are several
methods that exhibit infinite number of eigenvalues goes to infinity. For p # 2,
the existence of infinitely many eigenvalues is obtained in [3, O, 24], using the
Ljusternik-Schnirelmann minimax theorem. In this direction we have the following
result under certain weaker assumptions on g7.

Theorem 1.3. Let Q be an open connected subset of RN with p € (1,N) . Let
g € Li,.(Q) be such that g* € Fnyp, \{0}. Then admits a sequence of positive
etgenvalues going to oo.

The classical Ljusternik-Schnirelmann minimax theorem requires a deformation
homotopy that is available when M is at least a C1'! manifold(i.e, transition maps
are C! and its derivative is locally Lipschitz). The set M that we are considering here
is C! but generally not C1''. Szulkin [27] developed the Ljusternik-Schnirelmann
theorem on C! manifold using the Ekeland variational principle. We use Szulkin’s
result to obtain an increasing sequence of positive eigenvalues of that going
to infinity.

This paper is organized as follows. In Section 2, we recall certain basic properties
of the symmetric rearrangement of a function and the Lorentz spaces. Section 3
deals with several characterizations of the spaces Fy,d > 1. The examples of
functions belonging to Fy/, are also given in Section 3. In Section 4, we present a
proof of the existence and other qualitative properties of the first eigenvalue like,
simplicity, uniqueness. The radial symmetry of the eigenfunctions corresponding
to A1 is discussed in Section 4. In section 5, we discuss the Ljusternik-Schirelmann
theory on C! Banach manifold and give a proof for the existence of infinitely many
eigenvalues of . Further extensions and the applications of weighted eigenvalue
problems for the p-Laplacian are indicated in Section 6.

2. PREREQUISITES

2.1. Symmetrization. First, we recall the definition of the symmetrization of
a function and its properties. Then we state certain rearrangement inequalities
needed for the subsequent sections, for more details on symmetrization we refer to
[20, 19, [14].

Let Q be a domain in RY. Given a measurable function f on €2, we define
distribution function oy and decreasing rearrangement f* of f as below

ap(s):=|{z € Q:|f(x)| > s}, [(t):=inf{s>0:ap(s) <t}. (2.1)



EJDE-2011/64 WEIGHTED EIGENVALUE PROBLEMS 5

In the following proposition we summarize some useful properties of distribution
and rearrangements.
Porposition 2.1. Let Q) be a domain and f be a measurable function on 2. Then

(i) ay, f* are nonnegative, decreasing and right continuous.

(i) f*(ep(s0)) < s0, ap(f*(to)) <to;

(ili) f*(t) < s if and only if ap(s) < t,

(iv) f and f* are equimeasurable; i.e, ay(s) = ap«(s) for all s > 0.
(v) Let c,s,t >0 such that c = st'/P. Then

tYP () < ¢ if and only if s(ag(s))VP <e. (2.2)

Proof. For a proof of (i), (ii) and (iii), see [14} Propositions 3.2.2 and 3.2.3]. Item
(iv) follows from (iii) as follows

ap(s) =[{t: f7(t) > s} = [{t : t < ap(s)} = ay(s).
(v) Taking s = ct7 in (iii) one deduces that
tYPf*(t) < ¢ if and only if ap(s) <t.
Now as t = (¢/s)P, we obtain
ap(s) <t if and only if s(as(s))Y/? <.
(I

Next we define Schwarz symmetrization of measurable sets and functions, see
[20] for more details.

Definition 2.2. Let A C RY be a Borel measurable set of finite measure. We
define A, the symmetric rearrangement of the set A, to be the open ball centered
at origin having the same measure that of A. Thus

A, ={z:|z] <r}, withwyr™ =|A]

where w,, is the measure of unit ball in RY.

Let f be a measurable function on 2 C RY such that a(s) < oo for each s > 0.
Then we define the symmetric decreasing rearrangement f, of f on €, as

f*(x)Z/O X{|f|>s}, (T)ds

Next we list a few inequalities concerning f, that we use for proving the radial
symmetry of the eigenfunctions corresponding to the first eigenvalue. For a proof
see [20, Section 3.3].

Porposition 2.3. Let Q be a ball centered at origin or RN . Let f be a nonnegative
measurable function on 0 such that ar(s) < oo for each s > 0.

(a) If f is radial and radially decreasing then f = f. a.e.
(a) Let F: RT — R be a nonnegative Borel measurable function. Then

[ Pz = [ F@)is,
RN RN
(b) If @ : RT — R is nonnegative and nondecreasing then

(Pofly=Pof. ae
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2.2. Lorentz Spaces. In this section, we recall the definition and the main prop-
erties of the Lorentz spaces. For more details on Lorentz spaces see [I 14} [16].
Given a measurable function f and p,q € [1, 0], we set

11,
1 [y == IE7 ™7 7 () llgs(0,00)

and the Lorentz spaces are defined by L(p,q) := {f : || fll(p,q) < o0}. In particular

for ¢ = oo, we obtain

Hf”(p,oo) = sup tl/pf* (t)
t>0
For p > 1, the weak-LP space is defined as
weak-LP := {f : sg%s(af(s))l/p < o0}

The following lemma identifies the Lorentz space L(p,c0) with the weak-L? space.

Lemma 2.4. Let Q be a domain in RY and f be a measurable function on Q. For
each p > 1, we have
sup t/7 f*(t) = sup s(as(s)) /.

>0 §>0
Proof. Let
c1 = supt/PfE(t), o = sups(as(s))Y/?. (2.3)
t>0 >0

Without loss of generality we may assume that ¢; is finite. Now for s > 0, take
1

t = (2)P. Thus t'/?f*(t) < ¢;. Now by taking ¢ = ¢; in (2:2), with ¢; = st#, one

can deduce that s(af(s))'/? < ¢, for all s > 0. Hence ¢y < ¢;. The other way

inequality follows in a similar way. O

The functional [ - ||, is not a norm on L(p,q). To obtain a norm, we set
() = %fg f*(r)dr and define

1 1Gpqy = 8772 77 (Dllg: 0,000, for 1 < p, g < o0

For p > 1, the functional || - ) defines a norm in L(p, q) equivalent to ||.[/(,q)

Itp.q
(see [14, Lemma 3.4.6]). Endowed with this norm L(p,q) is a Banach space, for

P,q =1
In the following proposition we summarize some of the properties of L(p,q)
spaces, see [14], [16] for the proofs.

Porposition 2.5. (1) Ifp >0and g2 > 1 > 1, then L(p,q1) — L(p, ¢2)
(i) Ifpe >p1 =21 and q1, g2 > 1, then L(p2, g2) — Lioc(p1,q1)-
(iii) Holder inequality: Given (f,g) € L(p1,q1) X L(p2,q2) and (p,q) € (1,00)
x [1,00] such that 1/p =1/p1 + 1/p2, 1/q < 1/q1 +1/qa, then

1fallp.ay < Cllflpra) 1191 (p2.a2)s (2.4)

where C' depends only on p.
(iv) Let (p,q) € (1,00) x (1,00). Then the dual space of L(p,q) is isomorphic
to L(p',q') where 1/p+1/p' =1 and 1/q+1/¢ = 1.
(v) Lety>0. Then
17 gy = 170 (25)

As mentioned before the main interest of considering the Lorentz spaces is that
the usual Sobolev embedding, the embedding of DyP(Q) in to L (Q), can be
improved as below (see for example, appendix in [5]):
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Porposition 2.6 (Lorentz-Sobolev embedding). We have Dy* () < L(p*,p);
i.e., there exists C' > 0 such that
1,
[ull . py < ClIVullp, V¥ ueDy*(Q).

3. THE FUNCTION SPACE Fy

For (d,q) € [1,00)%[1,00), C° () is dense in the Banach space L(d, ¢). However,
the closure of C2°(Q) in L(d, o) is a closed proper sub space of L(d, o) that will
henceforth be denoted by

Fai=CE@) 1" € L(d,0).

Next we list some of the properties of the space Fy, see [6, Proposition 3.1] for
a proof.

Porposition 3.1. (i) For each d > 1, L(d,q) C Fq when 1 < ¢ < cc.
(ii) For each a € Q, the Hardy potential x — |x — a|% does not belong to Fy.

Recall that L(d,d) = L%(Q), hence from (i) it follows that L/P(Q) is contained
in F/,. Thus Theoremreadily extends the results in [3 [I5], since g € LN/P(Q)
is a part of their assumptions. Similarly the result in [9] follows as the positive
part of weights he considered is bounded and compactly supported. Note that (ii)
shows that F, is a proper subspace of the Lorentz space L(d, c0).

Now we state a few useful characterizations of the space Fy.

Porposition 3.2. The following statements are equivalent

(i) f € Fuq,
(ii) f*(t) = o(t=Y?) at 0 and oo; i.e.,

lim tY9f*(t) = 0= lim Y f*(¢t). (3.1)
t—04 t—o0

(iil) ay(s) = o(s™?) at 0 and oo, i.e.,
Jim s ()4 = 0 = i s(ap(s) /% (3.2)
Proof. (i)=-(ii): See the first part of [6 Theorem 3.3].
(ii)=(iii): Let (ii) hold. Thus for given € > 0, there exist ¢;,t2 > 0 such that
ety <e, Vte (0,t) U (t,00). (3.3)
Let 51 = £ (t1)"/% and sy = £ (t3)~*/%. Note that
If s € (0, 52) U (s1,00), then t = (Z)d € (0,1) U (L2, 00).
Now using and with ¢ = &, we obtain
s(ap(s)V4 <, Vs e (0,52) U (s1,00).

This shows that ay(s) = o(s~%) at 0 and oo.
(iii)= (i): Assume (iii). Then for a given € > 0, there exist s1, s2 such that

s(ap(s))/? < e, Vs e (0,51]U[sg,00). (3.4)
We use [6l, Proposition 3.2] to show that f is in Fy4. Let
Ac={z:s1 < f(x) <s2},  fo:= fxa..
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Note that [A.| < af(s1) < oo and f. € L>(Q2). Let g = fxac. Thus it is enough
to prove

If = fell@,o0) = 119l d,00) <&
Observe that, for s € (s1,52), ag(s) = a(s2) and hence
s(ag ()Y < sa(ap(s2))V/4 <&, Vs € (s1,52). (3.5)
Since |g| < |f], we have ay4(s) < ay(s), for all s > 0. Now by combining (3.4]) and
(3.5) we obtain
slag(s))V/4 < e, Vs>0.
Hence by lemma we obtain [|g|(4,00) < €. O

Next we give another sufficient condition similar to a condition of Rozenblum,
see [20] (2.19)], for a function to be in Fy.

Lemma 3.3. Let h € L(d,00) and h > 0. If f is such that [, h*9|f|? < oo for
some q > d. Then f € L(d,q) and hence in Fy.

Proof. The result is obvious when ¢ = d. For ¢ > d, let g = h%_lf. Then the
above integrability condition yields g € L%(Q2). Using property (2.5) we obtain

e L(q‘i—qd,oo). Now by Holder inequality (2.4) we obtain f € L(d,q) and
hence in F4 as L(d,q) C Fg. O

Remark 3.4. Let g € LY(RY) with ¢ > d and let
fa) = lal s~ H g,

Then using the above lemma one can easily verify that f € L(d,q). In general for

any h € L(d,o0) with h > 0, f = ghlfg € L(d,q). Thus we can obtain Lorentz
spaces by interpolating Lebesgue and weak-Lebesgue spaces suitably.

Another class of functions contained in Fy/,, is provided by the work of Szulkin
and Willem [24]. More specifically they consider the weights g defined by the
conditions:

g€ Llloc(Q)’ g+ =91+ 92 ?_é 07 g1 € LN/p(Q)a
lim o |z|Pg2(x) =0, lim |z —alPga(z) =0 VaecQ.

|x| =00, x€ z—a,z€Q

(3.6)
The following lemma can be proved using similar arguments as in [6 Lemma
4.1].

Lemma 3.5. Let g: Q) — R be a measurable function such that

(i) lim  |z[Pg(z) =0, (i) lim |z —al|Pg(x)=0, VaeQ. (3.7

|z|—00,z€Q r—a, TES)
Then there exist finite number of points ay, ..., a, € Q with the following property:
For every € > 0 there exists R := R(e) > 0 such that
l9(2)] < ﬁ a.e. x € Q\ B(0,R) (3.8)
|g(x)|<ﬁ ae xeQnBla,RY), i=1,...,m, (3.9)
g€ L=\ A), (3.10)

where A, :=J;~, B(a;, R~*) N Q.
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Theorem 3.6. Let g: {2 — R be as in the previous lemma. Then g € Fnp.
Proof. We use Proposition iii) to show that g € Fy/p,. For e > 0, let R be given
as in the previous lemma. Let s; := e R™P. We first show that
s(ag(s))P/N <, Vs < s
Using (3.8)), for each s € (0, 1), we have
B(0,R) € B(0,(5)'/7) [g(a)| <s, VoeQ\BO,(2)'). (3.11)

Therefore, for each s € (0, s1), the distribution function ay(s) can be estimated as
follows: . .
ay(s) = [fz € 20 BO,()7): |(@)] > s} < on (Y7,
where wy is the volume of unit ball in RY. Thus
s(ag(s))P/N < Cie, Vs < s (3.12)

where the constant C is independent of €.

Next we consider the set A. = J;"; B(a;, R~) NQ and let s3 := ||g|| 1o (o a.)-
For s > s9, using (3.9) the distribution function can be estimated as follows:

ag(s) = {z € Q1 |g(@)| > s} = {z € Ac : [g(2)] > s}

<> H{z € B(ai, R NQ:g(x)] > s}

<
=

3

< {z € B(a;, R7") : elw — a;| 77 > s}

1=1

E\N/p
S) ’

|
.MS

wN(

i=1

Therefore,
s(ag(s) ¥ < Coe Vs > s, (3.13)

where Cs is independent of €. Now proof follows using condition (iii) of proposition

[3-2) together with (3.12) and (3.13). O

As an immediate consequence we have the following remark.

Remark 3.7. The positive part of any function satisfying (3.6]) belongs to the space
Fn/p- In particular Theorem |1.1|summarizes the result by Willem and Szulkin [24].

3.1. Examples. Now we consider examples of weights that admit a positive prin-
cipal eigenvalue for to understand how the conditions and the properties
that define the space Fy/, are related to one another. First, we consider the fol-
lowing functions:

1
T) = , 3.14
9) (log(2 + [«[2))”™ (1 + [z[2)p/2 40
2(z) ! (3.15)

p— N.
[l (1 + [2[2)P/2 (log(2 + 2))"

One can verify that g1, g2 satisfy (3.6 and hence belong to Fy/, and none of them
lies in LY/P(RN).
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Next we give an example of a weight which is in Fy/, but does not satisfy the
condition ([3.6]).
Example 3.8. In the cube Q = {(z1,...,2n5) € RN : |z;| < R} with 0 < R < 1
consider the function defined by
gg( |l’1 10g \ml | /N 3 T #O (316)
Using the condition (3.3)), one can verify that g5 € L(%,q), for ¢ > %. But gs

does not satisfy (3.6). Indeed along the curve x5 = (1)2~, the limit of |z[Pgs(z)
is infinity as = tends to 0 and this limit is zero as = tends to 0 along the x; axis.
Thus g3 does not satisfy the condition ([3.6]).

4. EXISTENCE OF AN EIGENVALUE AND ITS PROPERTIES

In this section we prove the existence and the uniqueness of the positive principal
eigenvalue for (L.I) for g for which g* € Fy/, \ {0}. Moreover we prove a few
qualitative properties of that positive principal eigenvalue.

4.1. The existence of a minimizer. We prove the existence using a direct vari-
ational principle. First, we recall the following sets and functional:

DH(g) = {u e DL (Q) - /Q gluf? >0}, M = {ueD(Q): /Q glul? = 1},

J(u):% /Q IV, G(@:% /Q alul?.

From the definition of the space Dé’p (), it is obvious that J is coercive and weakly
lower semi-continuous. Due to the weak assumption on ¢g—, the map G may not be
even continuous. However the map

1
GHw)i= [ gtlap
pJa
is continuous and compact on Dy ().

Lemma 4.1. Let g* € Fyy, \ {0}. Then G is compact.

Proof. Let {u,} converge weakly to v in X. We show that G (u,) — G (u), up
to a subsequence. For ¢ € C°(2), we have

(G () — G / & (lunl? — Jul?) + / (6" = 0) (ual” — ). (4.1)

We estimate the second integral using the Lorentz-Sobolev embedding and the
Hoélder inequality as below

/Q g+ = &) [(ual? = [ul")] < Cllg™ = Sllwspoey (lunllPye oy + Tl ) (4:2)

where C is a constant which depends only on N,p. Clearly {u,} is a bounded
sequence in L(p*,p). Let

m = Sup{”u"H?p*,p) + “uH]é)p*,p)}'

Now using the definition of the space Fy/,, for a given € > 0, we choose g. € CZ°(£2)
so that

lg* = gl "
ell(N/p,o0 ) ormC’
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Thus by taking ¢ = g. in (4.2)) we obtain
pe
L 16" = gl (unl = )| < B
Q

Since X — L{ () compactly, the first integral in (4.I) can be made arbitrary
small for large n. Thus we choose ng € N so that

/ ge(|unl? —|ul?) < E, Yn > ng.
Q 2
Hence |G (u,) — G (u)| < €, for n > ny. 0

Now we are in a position to prove the existence of a minimizer for J on M.

Theorem 4.2. Let Q be a domain in RN with N > p. Let g € L _(Q) and
gt € Fnyp \{0}. Then J admits a minimizer on M.

Proof. Since g € Li,(Q) and g™ # 0, there exists ¢ € C2°(€2) such that [, g|e[? >0
(see for example, [18, Proposition 4.2]) and hence M # (). Let {u,} be a minimizing
sequence of J on M; i.e.,

nl;n;o J(up) = A = ulél]@ J(u).
By the coercivity of J, {uy} is bounded in Dé’p (©) and hence using the reflexivity
of D(l)’p (Q) we obtain a subsequence of {u,} that converges weakly. We denote the
weak limit by u and the subsequence by {u,} itself. Now using the compactness of
GT, we obtain
i [ o = [ gl

Q Q

n—oo

/g*|un|p:/g+\unv°71
Q Q

Since the embedding Dy (Q) «— L. (Q) is compact, up to a subsequence u, — u

a.e. in 2. Hence by applying Fatou’s lemma,

/ gl < / gl - 1,
Q Q

which shows that [, glu? > 1. Setting u := u/(, glu[?)*/P, the weak lower semi
continuity of J yields

Now as u,, € M we write,

A < J(u) = SCICOM J(u) < liminf J(u,) = A
fQ g|u|p n
Thus the equality must hold at each step and hence fQ g|u|P = 1, which shows that
u € M and J(u) = \p. 0

Note that R is not sufficiently regular to conclude that w is an eigenfunction of
(1.2) corresponding to A1, using critical point theory.

Porposition 4.3. Let u be a minimizer of R on DV (g). Then u is an eigenfunction

of ([L1)
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Proof. For each ¢ € C°(2), using dominated convergence theorem one can verify
that R admits directional derivative along ¢. Now since v is a minimizer of J on
DT (g) we obtain

d
2 R(u+ )]0 = 0.

Therefore,

/Q VulP~2Vu - Ve = \ /Q glulPug, Ve ().
Now we use the density of C2°(Q) in Dy (Q) to conclude that

[ 1wur2vu-vo = [ g, voeDr@)

]

4.2. Qualitative properties of \;. First we prove that the eigenfunctions cor-
responding to A; are of constant sign. Since the eigenfunctions are not regular
enough, the classical strong maximum principle is not applicable here. In [6], for
p = 2, we use a strong maximum principle due to Brezis and Ponce [II] to show
that first eigenfunctions are of constant sign. A similar strong maximum principle
is obtained in [I8], for quasilinear operators. From [I8, Proposition 3.2] we have
the following lemma.

Lemma 4.4 (Strong Maximum principle for A,). Let u € Dy?(Q), V € L\ ()

loc

be such that u,V >0 a.e in Q. If V|u|P~! € LL () and u satisfies the following

loc

differential inequality( in the sense of the distributions)
—Ap(u) + V()P >0 inQ,
then either u =0 oru >0 a.e.
Now using the above lemma we prove the following result.
Lemma 4.5. The eigenfunctions of corresponding to A1 are of constant sign.

Proof. Tt is clear that the eigenfunctions corresponding to A; are the minimizers of
R, on D (g). Let u be a minimizer of R, on D;f (g). Since u # 0 either u™ or u™ is
non zero. Without loss of generality we may assume that u™ # 0. Now by taking
u't as a test function in (1.2), we see that u* also minimizes R, on D;f (g). Thus
by Proposition u™ also solves (1.1 in the weak sense,

—Ayut — /\19(U+)p71 =0, inQ.

In particular, we have the following differential inequality in the sense of distribu-
tions:
—Aput + Alg_(u+)p71 = Alg+(u+)p71 >0, in Q.
It is clear that g~ and u™ satisfy all the assumptions of Lemma provided
g~ (ut)? € LL (9). Since glu|P € L'(Q), we have (¢7)"/(uT)P~! € LI(Q), where
q is the conjugate exponent of p. Further, (¢~)'/? € LY (Q), since g € L ().
Let us write
g~ (@) = (g7) (g ety

Now we use Hélder inequality to conclude that g~ (ut)””" € Li (Q). Now in view
of Lemma we obtain u™ > 0 a.e. and hence u = u™. Moreover, the zero set of
u is of measure zero. (]
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Indeed, the above lemma shows that ), is a principal eigenvalue of (1.1)). Next
we prove the uniqueness of the positive principal eigenvalue, using the Picone’s
identity for the p-Laplacian. In [4], Picone’s identity is proved for C! functions.
However it is not hard to obtain a similar identity for less regular functions.

Lemma 4.6 (Picone’s identity). Let u > 0,v > 0 a.e. and let |Vv|,|Vu| exist as
measurable functions. Then the following identity holds a.e.

P
[Val? + (p = 1) Vo - =2V

uP
— P _ . p—2
= |Vu| V(vpil) [VolP~*Vu.
Further, the left hand side of the above identity is nonnegative.
Now we prove the uniqueness of the positive principal eigenvalue.

Lemma 4.7. Let g € L(N/p,o0) and let X > 0 be a positive principal eigenvalue

of (L.1). Then

A=\ :inf{/ [Vul|P :uw e M}.
Q
Proof. Let v € Dé’p (Q) be a positive eigenfunction of (1.1]) corresponding to A. Let
u € M and let {¢,} in C2°(Q) be such that [[u — ¢n|[p1sq) — 0 and Jo glulP = 1.
Note that 221" ¢ Dé’p(Q). Thus by the Picone’s identity (see Lemma , we have

v+e
o</|v¢n|1’ /\Vv|p Vo -V ((Uf”;gp o). (4.3)

Since v is an eigenfunction of correspondmg to A, we have

on _onl”
/|V’U|p 2vy .- v( )\/ pp1 (4.4)
(v+e)p~ 1 (v+e)p—1
Now from (4.3)) and (| . we

°</ [VéulP — A / i = ol (4.5)

(v+e)p~t’

By letting € — 0, the dominated convergence theorem yields

OS/Q|V¢7L|p*>\/Qg|¢n‘p'

Now we let n — oo to obtain the inequality
0< / |Vu\p—)\/ guP.
Q Q

A§/|Vu|p, Yue M. (4.6)
o

Therefore,

This completes the proof. (Il

Remark 4.8. Using Lemma we see that \; is a positive principal eigenvalue
and Lemma shows that \; is the unique positive principal eigenvalue of .
In particular, the eigenfunctions corresponding to other eigenvalues of must
change sign.



14 T. V. ANOOP EJDE-2011/64

When Q is connected, for the simplicity of A;, we refer to [I8, Theorem 1.3].
There, the authors obtained the simplicity of the first eigenvalue of (1.1f), if it
exists, even for g in L{ ().

4.3. Radial symmetry of the eigenfunctions. Now we give sufficient conditions
for the radial symmetry of the eigenfunctions corresponding to the eigenvalue \;
of . Here we assume that the domain €2 is a ball centered at origin or RY.
Bhattacharya [8] proved the radial symmetry of the first eigenfunctions of ,
when g = 1 and 2 is ball.

Here we prove that all the positive eigenfunctions corresponding to A; are radial
and radially decreasing, provided g is nonnegative, radial and radially decreasing.
Thus our result is a two fold generalization of results of Bhattacharya, as we allow
more general weight functions and the domain can be RY. Our result uses cer-
tain rearrangement inequalities. We emphasize that here we are not assuming any
conditions on g that ensures A; is an eigenvalue.

Theorem 4.9. Let Q be a ball centered at origin or RN . Let g be nonnegative,
radial and radially decreasing measurable function. If A\ is an eigenvalue of (1.1)),
then any positive eigenfunction corresponding to A1 is radial and radially decreasing.

Proof. Let u be a positive eigenfunction of (|1.1]) corresponding to A;. Let u, and g,
be the symmetric decreasing rearrangement of u and g respectively. Since g is non-

negative, radial and radially decreasing, we use property (a) of Proposition to
conclude that g = g, a.e. Further, as u is positive by property (c) of Proposition

we obtain (uP), = (u.)P a.e. Now by the Hardy-Littlewood inequality,

/Q gur < /Q gu(u?). = /Q glu).

Also due to Polya-Szego, we have the following inequality:

/|Vu*|p§/|Vu|p.
Q Q

ngu* /|Vu*| ,fQ /| ulP. (4.7)

Since u is a minimizer of R, on D;‘ (9), equahty holds in and hence u, also
minimizes R, on D;‘(g). Now as Ay is simple, we obtain u, = au a.e. for some
a > 0. This shows that w is radial, radially decreasing. (]

Thus

Using the above lemma we see that for g(r)) = ‘x%, r € RY (1.1) does not
admit a positive principal eigenvalue. A proof for the case p = 2 is given in [17].

Porposition 4.10. Let g(z) = 1/|z[P, x € RY. Then (1.1)) does not admit a
positive principal eigenvalue.

Proof. From Lemmal[.7} we know that, if A > X\; then X is not a principal eigenvalue
of . Thus it is enough to show that A; is not an eigenvalue of ., when
g(x) = ‘zlp By [18 Theorem 1.3], if )\1 is an eigenvalue of (| . then A; is simple.
Further, if u is an eigenfunction of (1.1) corresponding A;, then using the scale
invariance of , for each a € R, one can verify that

Vo (2) = u(ax)
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is also an eigenfunction of (|1.1)) corresponding to A;. Now using the simplicity of
A1, we obtain

w(@) = |z P u(l).

A contradiction as |x\1_% ¢ Dy (RN). O

Remark 4.11. In particular, the above Lemma shows that the best constant in

the Hardy’s inequality
1
[ovarso [
RN RN [Z[P

is not attained for any u € DyP(RN).

5. AN INFINITE SET OF EIGENVALUES

In this section we discuss the existence of infinitely many eigenvalues of ,
using the Ljusternik-Schnirelmann theory on C* manifold due to Szulkin [27]. Before
stating his result we briefly describe the notion of P.S. condition and genus.

Let M be a C! manifold and f € C!(M;R). Denote the differential of f at u by
df (u). Then df(u) is an element of (T,M)*, the cotangent space of M at u (see
[12, section 27.4] for definition and properties).

We say that a map f € C!(M;R) satisfies Palais-Smale ( P.S. for short) condition
on M, if a sequence {u,} C M is such that f(u,) — X\ and df (u,) — 0 then {u,}
possesses a convergent subsequence.

Let A be a closed symmetric (i.e, —A = A) subset of M, the krasnoselski genus
v(A) is defined to be the smallest integer k for which there exists a non-vanishing
odd continuous mapping from A to R¥. If there exists no such map for any k, then
we define 7(A) = co and we set (@) = 0. For more details and properties of genus
we refer to [25].

From [27, Corollary 4.1] one can deduce the following theorem.

Theorem 5.1. Let M be a closed symmetric C* submanifold of a real Banach space
X and0 ¢ M. Let f € CL(M;R) be an even function which satisfies P.S. condition
on M and bounded below. Define

c; = inf su T
’ AEszegf( )

where I'; = {A C M : A is compact and symmetric about origin, v(A) > j}. If for
a given j, ¢j = cjy1--+ = Cj+p = ¢, then v(K.) > p+ 1, where K, = {x € M :
f(z) = c,df(z) = 0}.

Note that the set M = {u € Dé’p(Q) : fgg\u|p = 1} may not even possess

a manifold structure from the topology of D(l)’p (), due to the weak assumptions
on g~. However, we show that M admits a C! Banach manifold structure from a
; ; 1,p
subspace contained in Dy*(€2).
For g~ € Li (), we define

Jull = [ 19aP+ [ g lul”
Q Q

X == {u € Dy*(Q) : ||ullx < co}.
Then one can easily verify the following;:

e X is a Banach space with the norm || - [|x and X is reflexive.
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e Since g~ is locally integrable, C2°(2) is contained in X.
e Let g € L () and g* € Fyy,,. Then D;f (g) is contained in X. This can

loc
be seen as

P FTlylP < + p
Later < [ 71l < Clla Iy o lluliy gy < o (5.

where C is the constant involving the constants that are appearing in the
Lorentz-Sobolev embedding and the Holder inequality. Note that the first
inequality follows as [, glu[? > 0, for u € D*(g).

e X is continuously embedded into Dé’p (©2). Thus X embedded continuously
into the Lorentz space L(p*,p) and embedded compactly into LI (Q).

loc
We denote the dual space of X by X’ and the duality action by (-, -).
Using the definition of the norm one can easily see that, the map G, defined by

1
G_u::f/ “ul?,
p (1) , QgH

is continuous on X. Further, using the dominated convergence theorem one can
verify that G is continuously differentiable on X and its derivative is given by

<G;;/(U),v>=/ﬂg7|u\p72uv.

Similarly using the Sobolev embedding and the Holder inequality one can easily
verify that G is C' in DyP(€2) and in particular on X. The derivative of Gris
given by

(GF (w),v) = / gl 2uv.
Q

Note that for u € M, (G},(u),u) = p and hence the map G7,(u) # 0. Recall that,
c € R is called a regular value of Gy, if G7,(u) # 0 for all u such that G,(u) = c.
Thus we have the following lemma.

Lemma 5.2. Let Q be a domain in RN with N > p. Let g € LL _(Q) be such that
9" € Fnyp \{0}. Then the map Gy is in C'(X;R) and G, : X — X' is given by

Gyw.0) = [ gluPuv.
Q
Further, 1 is a regular value of Gp.

Remark 5.3. In view of [12, Example 27.2], the above lemma shows that M is a
C! Banach submanifold of X. Note that M is symmetric about the origin as the
map G, is even.

Next we show that J, satisfies all the conditions to apply Theorem [5.1

Lemma 5.4. J, is a C' functional on M and the derivative of J, is given by
() (u),v) = / VP2V - Vo
Q
The proof is straight forward and is omitted.

Remark 5.5. Using [I3] Proposition 6.4.35], one can deduce that
14T, (w)|| = min [|J; (u) = AG} (w)]]- (5.2)
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Thus dJp(u,) — 0 if and only if there exists a sequence {\,,} of real numbers such
that J),(un) — An G} (un) — 0.

In the next lemma we prove the compactness of the map G;‘ , that we use for
showing that the map J, satisfies P.S. condition on M.

Lemma 5.6. The map G;‘l : X — X' is compact.

Proof. Let u,, = v in X and v € X. Let ¢ be the conjugate exponent of p. Now
using the Lorentz-Sobolev embedding and the Hoélder inequality available for the
Lorentz spaces, one can verify the following:

b b € (2 2,
(7)Y =2 = %) € L(L e, L)
(g7)"?lvl € L(p.p)
1
1) 7ol < Cllg™ IR ooy 10l )
where C' is a constant that depends only on p, N. Now by using the usual Holder
inequality we obtain

(G (un) = G (u), v)]

< / 0 ([l ~2uy, — Juf? 2 Jo
Q
_ _ o\ (e—D/p 1/p
< ([ 1wl = fap=2p/ =0 ) gop)

(r-1)/p
1 _ _ _
<1 1L 0l ([ 7100?20 = =200/ -0)
Thus
1 — — —
Gy 1) = Gyl < L™ 10y (] Va2, = =209/
Now it is sufficient to show that
([ o120, = a2/ 0=
Let e > 0 and g. € C°(f2) be arbitrary.
9 ual? 2 = a2/
Q

= /Qg€|(|un|p—2un — JufP )P/ P 4 /Q(g+ — g)|(Jun [P 20y, — |ufP20) [P/ =D
(5.3)

))(pfl)/p

— 0, asn — oo.

)(pfl)/p

First we estimate the second integral. Observe that |(|uy[P~%u, — |u|p_2u)|p/(p_1)
is bounded in L(%, 1). Let

= sup | (Jnl? 2 = i 20) 7 e

/Q (g* = g1 (P20 — [P ~2) P2 < O (6% = 92) | 70
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where the constant C includes all the constants that appear in the Holder inequality
and the Lorentz-Sobolev embedding. Now since g7 € F N/p, from the definition of
Fyp, we can choose g. € C2°(Q) such that

g
m||(9+ - gE)”(N/p,oo) < %

Thus we can make the second integral in (5.3|) smaller than § for a suitable choice
of ge. Since X is embedded compactly into LV (), the first integral converges to
zero up to a subsequence {u,, } of {u,}. Hence we obtain kg € N so that,

/ Gty [P 20 — [u|P20) [P/ P <o) VE > k.
Q

Now the uniqueness of limit of subsequence helps us to conclude, as in Lemma
that ( fo, g |(Junl?2u, — |u\p*2u)\p/(p*1))(p71)/p — 0 as n — oo. Hence the
proof. O

Definition 5.7. For A € R*, we define 4y : X — X' as
Ay =J) +AG;

In the next proposition we show that the map J, indeed satisfies P.S. condition
on the M.

Porposition 5.8. J, satisfies P.S. condition on M.

Proof. Let {uy} be a sequence in M, such that J,(u,) — A and dJ,(uy,) — 0. Thus
there exists a sequence {\,} such that

Jp(un) = \G(un) — 0 as n — oo, (5.4)

Since Jp(un) is bounded, using the estimate (5.1)), we see that {G}, (u,)} is bounded.
Thus the sequence {u, } is bounded in X and hence by the reflexivity we may assume
passing to a subsequence that u, — u. Since G;f is weakly continuous, we obtain
G (un) — G (u). Now by Fatou’s lemma,

/g_|u\p < liminf/ g unlP —1= / gt |ulP — 1. (5.5)
Q Q Q

Thus [, glu[’ > 1 and hence u # 0. Further, A\, — X as n — o0, since
p(Jp(un) — Ap) = (J;(un) — )\nG;(un),un> — 0.

Now we write (5.4) as
Ay, (up) — )\nG;’(un) — 0.

Since A\, — A, we obtains Ay, (un) — Ax(u,) — 0. Now the compactness of G;;'
yields the strong convergence of Ay(u,) and hence (Ay(up),u, —u) — 0. Since
Up, — u, using [24, Lemma 4.3] one obtain u,, — wu. O

We borrow an idea from [I8, Proposition 4.2], for the proof of the following
lemma.

Lemma 5.9. For each n € N, the set T, # 0.
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Proof. The idea is to construct odd continuous maps from S"~! — M, for each
n € N. Let Qt = {z: g*(z) > 0}. Since |QT| > 0, using the Lebesgue-Besicovitch
differentiation theorem, one can choose n points x1, o, ...z, in QT such that

1
lim ———— 9(y)dy = g(zi) > 0.
r—0 |B7~(.TZ)| Br(m7)

Thus there exists R > 0, such that Br(z;) N Br(z;) = () and

/ g(y)dy >0, for 0 <r < R.
B, (x;)

Now one can choose r such that 0 < r < R and

/ oWy < [ gy (56)
Br(zi)\Br(z:) B..(zi)

Let u; € C°(Br(x;)) such that 0 < u;(z) <1 and u; = 1 on B,(z;). Now using
(5.6) we have the following

[ el =[ g f sz [ g [ 9] >0
Br(z;) B, (z;) Br(zi)\Br(x;) B, (z;) Bgr(xzi)\By(z:)

Thus we obtain v; = ui/(ng|ui|p)1/p € M. Note that the support of v;s are dis-
joint. Now for o = (o, g, ... ) € R™ with > |ay|P = 1, we have > ayv; € C°(Q)
and [, g| > ;[P = 1. Tt is easy to see that the map ¢(o) = Y oju; is an odd
continuous map from S"~! into M. Thus ¢(S™ 1) is compact and symmetric about
origin. Now from the definition of genus it follows that v(¢(S™"71)) > v(S"71) =
n. O

Now we are in a position to adapt the Ljusternik-Schnirelmann theorem avail-
able for C! manifold in our situation and prove the existence of infinitely many

eigenvalues for (|1.1)).

Proof of Theorem[I.3 Since J and M satisfy all the requirements of Theorem [5.1}
for each j € N, we have y(K,,) > 1. Thus K., # () and hence there exist u; € M
such that d.J(uj) = 0 and J(u;) = ¢;. Therefore c; is an eigenvalue of and u;
is an eigenfunction corresponding to c;.

A proof for the unboundedness of the sequence {c,} is given in [J](see Theorem
2). For the sake of completeness we adapt their idea in our situation. Recall that
the space X is separable (see [1l (3.5)]) and hence X admits a biorthogonal system

{em, €5, }, (see [21], Proposition 1.£.3]) such that
{em,m:eN} =X, e €X' (e, en)=0bnm,
(er,,x) =0, Vm =z =0.

Let E, = span{ej,ea,... ey} and let

Er =span{eni1,enio,...}.
Since E;- | is of codimension n — 1, for any A € T',, we have AN E;-_; # () (see [25]
Proposition 7.8]). Let

un = inf sup J(u), n=12,...
" AET, Anpl

n—1

Now we show that p, — oo. If possible let {u,} be bounded, then there exists
un € E- | N M such that p, < J(u,) < c¢ for some constant ¢ > 0. Since u, € M,
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the estimate shows that w,, is indeed bounded in X. Thus u, — u for some
u € X. Now by the choice of biorthogonal system, for each m, (e¥,,u,) — 0 as
n — oo. Thus u, — 0, in X and hence u = 0, a contradiction to [, glu|? > 1 (see
the conclusion followed estimate ) Therefore, p,, — oo and hence ¢,, — 0o as
Hn < Cn. O

Remark 5.10. If g~ € Fyy, \ {0}, then there exists a sequence p,, of negative
eigenvalues of (1.1)) tending to —oco. Further, p; is simple and it is the unique
negative principal eigenvalue of (1.1).

6. REMARKS

In this section we remark about possible extensions and applications of weighted
eigenvalue problems for the p-Laplacian.

One can study the existence of ground states for the A, operator with a more
general subcritical nonlinearities in the right hand side. More precisely, for given
locally integrable functions V, g on a domain Q ¢ RY with V > 0 but g allowed to
change sign, we look for the positive solutions in D(l)’p (2) for the problem

Apu+ V§uP~2u = \glu|?%u, u € DyP(Q), (6.1)
where g € [p,p*) and 1 < p < N.

Remark 6.1. Indeed, one can show that if gt € F5 \ {0} with %4— £ =1,
then (6.1)) has a positive solution. If one verify that G(u) = [, g7|u|? is compact,
then by arguing as in Proposition it is immediate that [, {|Vu[? + V|u[’} has
a positive minimizer on M, = {u € DyP(Q) : Joglul? = 1}. Also using the
M corresponding to (6.1

(Jo glula) @
we obtain a minimizer of R on {u € Dy (Q) : Jo glul? > 0} and hence a positive
solution of (6.1). For the positivity of this minimizer one can use [I8, Proposition
5.3].

homogeneity of the Rayleigh quotient R =

Remark 6.2. Let g be as in the above remark. Then the following generalized
Hardy-Sobolev inequality holds

q a/p 1 p p 1,p q
([ glul?)™ <5 [ (VU + VI, YueDy"@), | glul’ >0 (62)
Q 1JQ Q

where A; is the minimum of [,{|Vu|? 4+ V]u[P} on M,. Further the best constant
is attained. This extends the results of Visciglia [31] for p # 2.

Remark 6.3. The existence of a simple eigenvalue for (|1.1)) can be applied to study
the bifurcation phenomena of the solutions for the semilinear problem of the type

— Apu = Ma(x)u + b(z)r(u)), u€DyP(Q) (6.3)

for a real parameter A when a,b are in certain sub class of weak Lebesgue space
with a suitable growth condition on r. Such a result is available for p = 2 see in
[6]. We deal with this question in a subsequent work.

Acknowledgments. The author wants to thank Prof. Mythily Ramaswamy and
Prof. S. Kesavan for their useful discussions and for providing several critical com-
ments that greatly improved this manuscript.



EJDE-2011/64 WEIGHTED EIGENVALUE PROBLEMS 21

(1]
2]
(3]
(4]
(]
(6]
(7]
(8]
(9]
[10]
(11]
(12]
(13]
[14]

(15]

[16]
(17]

(18]
(19]
20]
21]
22]
23]
24]
[25]
[26]

27]

REFERENCES

R. A. Adams; J. F. Fournier; Sobolev Spaces, Pure and applied Mathematics Series, Elsevier,
2003.

W. Allegretto; Principal eigenvalues for indefinite-weight elliptic problems on RN, Proc.
Amer. Math. Soc. 116 (1992), 701-706.

W. Allegretto; Yin Xi Huang; Eigenvalues of the indefinite-weight p-Laplacian in weighted
spaces, Funkcial. Ekvac. 38 (1995), no. 2, 233-242.

W Allegretto; Yin Xi Huang; A Picone’s identity for the p-Laplacian and applications, Non-
linear Anal. 32 (1998), no. 7, 819-830

A. Alvino, P.L. Lions; G. Trombetti; On optimization problems with prescribed rearrange-
ments, Nonlinear Anal. 13 (1989), 185-220.

T. V. Anoop, Marcello Lucia, Mythily Ramaswamy; Eigenvalue problems with weights in
Lorentz spaces, Calculus of Variation and Partial Differential Equations, 36 (2009), 355-376.
J. P. G. Azorero; I. P. Alonso; Existence and nonuniqueness for the p-Laplacian: Nonlinear
eigenvalues, Communications in Partial Differential Equations 12, 1987, 1389-1430.

Tilak Bhattacharya; Radial symmetry of the first eigen functions for the p-Laplacian in the
ball, Proc. of Amer. Math. Soc. 104, No. 1, 1986, 169-174.

Yin Xi Huang; Eigenvalues of the p-Laplacian in RN with indefinite weight, Comment. Math.
Univ. Carolin. 36 (1995), no. 3, 519-527.

K. J. Brown; C. Cosner; J. Fleckinger; Principal eigenvalues for problems with indefinite
weight function on RN, Proc. Amer. Math. Soc. 109 (1990), 147-155.

H. Brezis; A. Ponce; Remarks on the strong mazimum principle, Differential Integral Equa-
tions 16 (2003), 1-12.

Klaus Deimling; Nonlinear Functional Analysis, Springer Verlag , Berlin-Hei-delberg-New
York, 1985.

Pavel Drabek, Jaroslav Milota; Methods of monlinear analysis: applications to differential
equations, Birkhduser advanced texts, Springer, 2007.

D. E. Edmunds; W. D. Evans; Hardy operators, function spaces and embeddings, Springer
monographs in mathematics, Springer, 2004.

Jacqueline Fleckinger-Pelle, Jean-Pierre Gossez, de Francois de Thelin; Principal eigenvalue
in an unbounded domain and a weighted Poincaré inequality, Contributions to nonlinear
analysis, Progr. Nonlinear Differential Equations Appl., Birkhauser, Basel, Vol.66, 2006.
283—-296.

R. Hunt; On L(p, q) spaces, Enseignement Math. (2) 12 (1966), 249-276.

E. Jannelli, S. Solimini; Critical behaviour of some elliptic equations with singular potentials,
unpublished work.

B. Kawohl; M. Lucia; S. Prashanth; Simplicity of the principal eigenvalue for indefinite
quasilinear problems, Adv. Differential Equations 12 (2007), 407-434.

S. Kesavan; Symmetrization and applications, Volume 3 of Series in analysis, World Scientific,
2006.

E.H. Lieb; M. Loss; Analysis, Volume 14 of Graduate studies in mathematics, AMS Bookstore,
2001.

J. Lindenstrauss; L Tazafriri; Classical Banach Spaces I Sequence spaces Springer-Verlang
1977

V. G. Maz’ja; Sobolev Spaces, Springer-Verlag, 1985

M. Lucia; M. Ramaswamy; Global bifurcation for semilinear elliptic problems, Recent Ad-
vances in Nonlinear Analysis, Edited by M. Chipot, C.S Lin, D.H Tsai, World Scientific,
(2008), 197-216.

A. Szulkin; M. Willem; Eigenvalue problems with indefinite weight, Studia Math. 135 (1999),
191-201.

P. H. Rabinowitz; Minimax Methods in critical point theory with applications to differential
equation, CBMS Regional Conf. Ser. in Math. 65, Amer. Math. Soc., providence, R.I, 1986.
Grigori Rozenblum; Michel Solomyak; On principal eigenvalue for indefinite problems in
Euclidean space, Math. Nachr 192 (1998), 205-223.

Andrzej Szulkin; Ljusternik-Schnirelmann theory on C1 manifolds, Ann. Inst. H. Poincaré
Anal. Non Linéaire 5 (1988), no. 2, 119-139.



22 T. V. ANOOP EJDE-2011/64

[28] Peter Lindqvist; On the equation div(|Vu|P~2Vu) + |u[P~2u = 0, Proc. AMS, volume 109,
Number 1, 1990.

[29] K. Tintarev; K. H. Fieseler; Concentration Compactness functional analytic ground and
applications, Imperial College Press, 2007

[30] A. Tertikas; Critical phenomena in linear elliptic problems, J. Funct. Anal. 154 (1998), 42-66.

[31] N. Visciglia; A note about the generalized Hardy-Sobolev inequality with potential in LP+%(R™),
Calc. Var. Partial Differential Equations 24 (2005), 167-184.

[32] M. Willem , Minimax Theorems, PNLDE 24, Birkhauser, 1996.

T. V. ANoopr
THE INSTITUTE OF MATHEMATICAL SCIENCES, CHENNAI 600113, INDIA
E-mail address: tvanoop@imsc.res.in



	1. Introduction
	2. Prerequisites
	2.1. Symmetrization
	2.2. Lorentz Spaces

	3. The function space Fd
	3.1. Examples

	4. Existence of an eigenvalue and its properties
	4.1. The existence of a minimizer
	4.2. Qualitative properties of 1
	4.3. Radial symmetry of the eigenfunctions

	5. An infinite set of eigenvalues
	6. Remarks
	Acknowledgments

	References

