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EXISTENCE OF SOLUTIONS FOR A SYSTEM OF ELLIPTIC
PARTIAL DIFFERENTIAL EQUATIONS

ROBERT DALMASSO

ABSTRACT. In this article, we establish the existence of radial solutions for a
system of nonlinear elliptic partial differential equations with Dirichlet bound-
ary conditions. Also we discuss the question of uniqueness, and illustrate our
results with examples.

1. INTRODUCTION

In this article, we study the existence for non-trivial solutions (u,v) € (C?(Bg))?
of the boundary-value problem

Au=g(v) in Bpg,

Av = f(u) in Bg, (1.1)
u = @ =0 on dBg,
dv
where Bp denotes the open ball of radius R centered at the origin in R™ (n > 1),
0/0v is the outward normal derivative and f, g satisfy the following hypotheses:
(H1) f, g: R — R are C! functions;
(H2) g is increasing on (0,00), ¢’ > 0 on (—00,0), g(0) = 0 and lim,—, o g(v) =
—00;

(H3) f,f > 0on (0,00).
Now we state our main results.
Theorem 1.1. Let f, g satisfy (H1)-(H3). Assume moreover that

(H4) There exist m, M > 0 such that m < f(u) < M for all u > 0.
Then has at least one radial solution (u,v) € (C*(Bg))?.

Theorem 1.2. Let f, g satisfy (H1)-(H3). Assume moreover that
(H5) f(0) > 0;
(H6) There exist a, b, a’, b', p >0 and g > 1 such that pg < 1,
flu)>au? Yu>0, f(u)<du’ Vu>1,
blol? < lg(v)] < ¥lol? Vo e R.
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2 R. DALMASSO EJDE-2011/57

Then (1.1)) has at least one radial solution (u,v) € (C*[Bg))?.

When n = 1 we have the following result.
Theorem 1.3. Assume that n = 1. Let f, g satisfy (H1)-(H3). Assume moreover
that

(HT) There exist a, a’, b, b’ >0 and p, ¢ > 1 such that pqg > 1,

au? < f(u) <adu? Yu>0,
blv]? < Jg(v)] < b'lw]? VveR,

Then (1.1)) has at least one non-trivial symmetric solution (u,v) € (C*([-R, R])?.

Remark 1.4. Assumptions (H2) and (H4) (resp. (H5)) imply that if a solution
(u,v) € (C%(BR))? of exists, then u # 0 and v # 0.

The particular case of homogeneous nonlinearities f(u) = |ul?, g(v) = |v]9" v
with p, ¢ > 0 has been studied in [I].

When n =1 and g(v) = v the uniqueness of a non-trivial solution was proved in
[2] for f: R — [0,00) C! and satisfying the following condition:

0< f(u) <uf'(u) foru>0.
An existence result was also given.
Since we are interested in radial solutions the problem reduces to the one-
dimensional (singular if n > 2) boundary-value problem
Au=g(v) in[0,R).
Av = f(u) 1in [0,R), (1.2)
w(R) = u'(R) =u'(0) = v'(0) =0,
where A denotes the polar form of the Laplacian

1—-n d n—1 d
A=r o (r dr) .
In Section 2 we give some preliminary results. Theorems and are proved
in Section 3. We also give two other existence theorems. Theorem is proved in
Section 4. We examine the uniqueness question in Section 5. Finally in Section 6

we give some examples.

2. PRELIMINARIES
Throughout this section we assume that f and g satisfy (H1)—(H3). When n > 3
we also assume that f verifies (H5) or that f and g satisfy the following conditions:
(H8) There exist a, b, p, ¢ > 0 such that

fu) > au? Vu>0, |g(—v)]=bv?! Vo>0,
1 1 n—2
+ >
p+1 qg+1 n
Notice that when pg < 1 we have
1 1

—_———>1.
p+1 q¢+17
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We will use a two-dimensional shooting argument as in [1]. Let «, 8 > 0. We
introduce the inital value problem

Au(r) =g(v(r)), r
Av(r) = f(u(r)), =0, (2.1)
w(0) =a, v(0)=-3, «(0)=1(0)=0.

Lemma 2.1. Let o, 3> 0 be fized. If (u,v) € (C?([0,00))? is a solution of (2.1
such that uu' < 0 on (0,00), then v < 0 on (0, 00).

Proof. We have 0 < u < « on [0, 00). Therefore, by (H3),
' (r) = / s" 1 f(u(s))ds >0 forr>0. (2.2)
0

Assume that the conclusion of the lemma is false. Then (2.2)) implies that there
exist a, b > 0 such that
v(r)>a forr>b.

With the help of (H2) we deduce that
(r" ' (r)) > g(a)r™™t forr>b,

hence
n n

() > g(a,)r + 0"/ (b) forr >0,

which implies, using (H2) again, that «/(r) > 0 for r large and we reach a contra-
diction. 0

Now we define the functions F', G and G, by

F(u)z/(ff(s)ds, G(v):/ovg(s)ds u,v €R,

r—s ifn=1,
Gr(r,s) = ¢ sln(L) ifn=2,
(1= (2)"?) ifn>3.

Lemma 2.2. Let o, B > 0 be fized. Assume that for some a > 0, (u,v) €
(C?([0,a])? is a solution of (2.1) on [0,a] such that uu' < 0 on (0,a). Then

lv(r)| < max(8,GH(F(a) + G(-8))), 0<r<a,
where G=1 denotes the inverse of G : [0,00) — [0, 00).

Proof. We have 0 < v < v on [0,a). As in Lemma we deduce that v > 0 on
(0,a]. We have

/ (V' Au+ v Av)ds = / (g()v" + f(u)u')ds,
0 0
for r € [0, a]. Since

/OT(U'AzH—u’Av)dSZ/Or(u’v’)/ds—i-Z(n—1)/0T1/(‘9)1/(‘9)d8

S

=u'(r)v'(r) +2(n —1) /OT u'(s)v'(s) d

S,

S
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and
/0 (g()v" + f(uu')ds = G(v(r)) + F(u(r)) — G(—=B) — F(a),

we obtain

Flur) + Gol) = F(e) + G(-Bla)) +(0'(r) +2n— ) [ £

Sy

S
for r € [0, a], which implies that

Gu(r)) < Fla)+G(-8) 0<r<a,
and the lemma follows. O
Lemma 2.3. For each a > 0, B > 0 there exists T > 0 such that problem on

[0,T] has a unique solution (u,v) € (C?[0,T])? such that u > 0 (resp. v < 0) in
[0,T] and v’ < 0 (resp. v >0) in (0,T].

Proof. Let a, 8 > 0 be given. Choose T' = T'(«, 3) > 0 such that
. na 12 , nf \1/2
T = min N\ 77 )
((—g(—ﬂ)) (f(a)) )

and consider the set of functions
Z = {(u,v) € (C[0,T])? /2 < u(r) < a and
—pB<ovr)<—=p/2for 0<r<T}.

Clearly Z is a bounded closed convex subset of the Banach space (C[0, T])? endowed
with the norm ||(u, v)|| = max(||u|/co, ||V|lco). Define

L(u, a—|—/ Gn(r,s)g(v(s)) ds, —ﬂ—|—/ Gn(r,s)f(u(s))ds),

for r € [0,T] and (u,v) € (C[0,T])?. It is easily verified that L is a compact operator
mapping Z into itself, and so there exists (u,v) € Z such that (u,v) = L(u,v) by the
Schauder fixed point theorem. Clearly (u,v) € (C?[0,T])? and (u,v) is a solution
of on [0,7]. Since f and g are C' the uniqueness follows. Since u > 0 and
v < 0 in [0,T1], direct integration of the system implies that v’ < 0 and v' > 0
n (0,77.

By Lemma for any «, 8 > 0 problem has a unique local solution: Let
[0,R,,3) denote the maximum interval of existence of that solution (R, 5 = o0
possibly). Define

Pos={s€(0,Rap); ula,B,r)u'(a, 3,7) <0Vr € (0,s]}
where (u(e, 8,.),v(e, §,.)) is the solution of (2.1) in [0, Ra,g). Pa,g # 0 by Lemma
Set
Ta,3 =Sup Py g .
O

Lemma 2.4. We have u'(a, 8,7) < 0 for r € (0,74,3) and v'(o,3,7) > 0 for
r € (0,708

Proof. The first assertion follows from the definition of 7 g. Since u(w,3,7) > 0
for r € [0,74,3), integrating the second equation in (2.1) from 0 to r € (0, rq,g] we
obtain v'(a, 8,7) > 0 for r € (0,74 4]. O

Lemma 2.5. For any o, B > 0 we have o3 < Ra 3.
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Proof. If not, there exist a, B > 0 such that ro 3 = Rs 3. Suppose first that
R, 3 < 0o. Noting u = u(e, 8,.) and v = v(e, 3, .) we have 0 < u < ain [0, Ry 3).
Then we easily deduce that u, v/, v and v’ are bounded on [0, R, 3) and we obtain
a contradiction with the definition of R, 3. Now assume that R, 3 = co. We have
0<u<ain[0,00). By Lemma[2.1Jv < 0 in [0,00). When n = 1 (H2) implies that
u” < 0 in [0,00) and we deduce that «'(r) < u/(1) < 0 for all » > 1, from which we
obtain u(r) < u(l) +«'(1)(r — 1) for all » > 1. Thus we can find r > 1 such that
u(r) < 0 and we have a contradiction. If n = 2, (H2) implies that (ru/(r))" < 0
on (0,00). We deduce that ru/(r) < /(1) < 0 for all » > 1, from which we obtain
u(r) < u(l) +«/(1)Inr for all » > 1. Thus we can find r > 1 such that u(r) < 0
and we obtain a contradiction. Now let n > 3. Suppose first that f satisfies (H5).
From the second equation in , using (H3), we obtain
m7“2 Vr>0,

2n
which implies, with the help of (H5), that v(r) — oo as r — oo and we have a
contradiction. Now suppose that f verifies (H8). Let 2 = —v. We have u, 2 > 0 on
[0,00) and, by (H8),

v(r) > -8+

—Au>bz?, —Az>au” on [0,00).

Since pg < 1 we have
1 1 n—2
+ > .
p+1 qg+1 n

Then we obtain a contradiction with the help of the nonexistence results established
in [3]-[5].

Proposition 2.6. For each o > 0, there exists a unique 8 > 0 such that

u(a, B,1a.8) =t (o, B,70.5) =0.
Proof. We first prove the uniqueness. Let « > 0 be fixed. Suppose that there exist
B >~ > 0 such that u(e, 5,70,8) = v (a0, B,ra,8) = u(®,V,Tay) = (0, Y,Ta,y) =
0. In order to simplify our notations we denote u(«, 3,7), u(a,~,r), v(a, 3,7) and
v(a,y,7) by u(r), w(r), v(r) and z(r). Define b = min(rq g, rq,v). Suppose that
there exists a € (0, ] such that v —z < 0in [0,a) and (v—2z)(a) = 0. Using (H2) we
obtain A(u—w) = g(v) —g(z) < 01in [0,a). Since (u —w)(0) = (u—w)'(0) = 0, we
deduce that © —w < 0 in (0, a]. Using (H3) we obtain A(v — z) = f(u) — f(w) <0
n (0,a]. We have (v — 2)(0) < 0, (v—2)'(0) =0 and (v — z)(a) = 0. Therefore we
reach a contradiction. Thus v — z < 0 in [0,b]. As before we show that © —w < 0
n (0,b]. Since (u — w)’(0) = 0 we deduce that (u —w)’(b) < 0. By Lemma [2.4] we
have
W (Tay) <0 ifrag>ran~,
(u—w)(b)=¢0 if rap ="Tan,
—w' (rap) >0 ifreg <re.
Therefore, b = rq < rag. Now (u — w)(b) = u(ra,,) > 0 and we obtain a
contradiction. The case 0 < # < v can be handled in the same way.
Now we prove the existence. Suppose that there exists a > 0 such that for any
B8 >0 u(a,B,708) >0 oru(a,B,r4s) < 0. Define the sets

B = {ﬁ > O; u(aaﬂaraﬁ) =0 and u,(avﬂara,ﬂ) < 0}7
C={8>0; ula, 3,70,3) >0 and v'(a, B,70,53) =0} .
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The proof of the proposition is completed by using the next two lemmas which
contradict the fact that (0,00) = BUC. O

Lemma 2.7. (i) If B#0, then inf B > 0.
(ii) If C # 0, then sup C < co.

Lemma 2.8. Sets B and C are open.
Proof of Lemma[2.7] We have

uapr)=at [ Gulrslg(elafis)ds, 0<r<Rag.  (23)
0
v(e,Bir) = =B+ [ Gulr,s)f(u(a,B,s))ds, 0<r<Rag.  (24)
0
(i) Let 8 € B. Assume first that v(a,3,.) < 0 on [0,7q,5). Then Lemma [2.4]

Equation and assumption (H2) imply

2no \1/2
—g(—ﬁ))
Now, if there exists sq,5 € [0,74,5) such that v(a, 3, 54,3) = 0, Lemma [2.4] implies

that —3 < v(e,3,.) < 0 on [0,54,3) and v(a, 3,.) > 0 on (Sq,3,7a,3]- Then from
(2.3) and (H2) we obtain

To,B
a = _/ Gn(ra,ﬁvs)g(v(avﬁvs))d‘s
0
B

7"@75 Z ( (25)

<- / " Glrons, )g(v(a, B, 5)) ds
0

Sa,B
< —g(—B) /0 G (rap 5)ds
2,
< *9(*5)%

and (2.5)) still holds.
Suppose that inf B = 0 and let (5;) be a sequence in B decreasing to zero. Then

Ta,3; — 400 by (2.5)) and (H2). Let » > 0 be fixed. We can assume that 75, > r
for all j. If v(«, B, s) < 0 for s € [0, r], using (H2) we have
r9(=5;)

u(o, B;,7) = a + /07" Gn(r,s)g(v(a, Bj,8)) ds > a + oy

If v(a, B, 5a,5,) = 0 with s, 5, <1 we write

T

(e By, r) = a+ /0 T Gnlrs)g(ola B s ds+ [ Gulrs)gv(a B, 8)) ds

S8

za+/%%GAn®mwm@ﬁD“
0

Sa,ﬁj
> oz—|—g(—ﬂj)/ G, (r,s)ds
0

_ A \r2
Zoc—i—ig( £;)T
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Therefore, using Lemma [2.4] we obtain

_3.\2
u(a,ﬁj,s)za—&—% for s € [0,7],

from which we deduce with the help of (H2) that u(w, 8;,s) > a/2 for s € [0,7]
and j large. From (2.4)), using (H3) we obtain

2
ol Bj.r) = =+ 5 f(5)

for j large. Thus if we choose 7 such that

2

r (0%
_ﬁj+%f(§)217

using Lemma we obtain v(mﬁj,s) >1forr <s< Ta,B; and j large. There
exists k > 0 such that

Tas;
/ Gn(ra,p;,s)ds > kriﬂj
T

for j large. Now we write

T(’vﬁj
a:—/ G (ra s, 5)g(v(a, B;,5)) ds

0

r raﬁj
z—ACMM@@ﬂWM%W%—/ G (ras, 8)g(v(a, By, 8)) ds

I T‘O‘xﬂj

< —g(—ﬁj)/ Gn(ra,p;,5) ds—g(l)/ Gn(ra,p;,5)ds
0 r

< —g(=B)rras, — 9kl 5

for j large, where we have used the fact that G, (ra,5,,5) < 7o, for 0 <s <rypg,.
Since the last term above tends to —oo as j — oo we obtain a contradiction.

(i) Let 8 € C. We claim that v(a, 8,74,5) > 0. If not, by Lemma and (H2)
we have Au(e, 8,.) < 0on [0,rq,g) for some 8 € C. Since v/(e, 3,0) = 0, we obtain
u(a, B,7q,3) <0, a contradiction. Therefore implies

ﬂ<A%W%mmwﬁwmﬁ£»@ (2.6)

for 8 € C. Suppose that sup C' = oo and let (5;) be a sequence in C increasing to
oo. Since 0 < u(a, Bj,7) < a for r € [0,74,5,] , (2.6) implies that r, 5, — oo as
j — o0o. Then we can assume that r, 5, > 1 and that f(a) < 3; for all j. From

(2.4) we obtain
2n —1 i
—B; <v(e,Bj,r) < — n2n B S—%, for r € [0,1],

and using (2.3) we deduce that u(a, 8;,1) < a+ g(—f8;/2)/2n. However by (H2),
u(e, B5,1) < 0 for j large; thus we reach a contradiction. a

Remark 2.9. The proof above shows that, when 8 € C, there exists sq. 3 € (0,74.,3)
such that v(e, §,.) <0 on [0,54,5) and v(a, §,.) > 0 on (Sa,8,7a,3]. When § € B,
Sq,3 may not exist.
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Proof of Lemma([2.8 Let 3 € B. We have u(a, 3,74,3) = 0 and v/ (v, 8,74,5) < 0.
Therefore, we can find € > 0 such that

uwla, Byrap+e) <0 and u'(a,B,rap5+¢)<0.
But then by continuous dependence on initial data there exists n > 0 such that
u(a, v, 7o +¢) <0 and u(a,v,rap5+¢e) <0, (2.7)

for |y — 3| < 1. The first inequality in implies that there exists z € (0,74,5+¢)
such that u(e,y,2) = 0 and u(a,y,7) > 0 for r € [0,z). We claim that z = rq .
Then (6 —n,8+n) C B. Thus B is open. (H3) implies that Av(w, 3,7) > 0 for
r € [0,2). Then v'(o,7y,7) > 0 for r € (0,z]. Suppose first that v'(c,v,7) > 0
for r € (0,74,3 +€). Then v(w,7,.) is increasing on [0,74,5 + €]. We deduce that
Au(ce, 7, .) is increasing on [0, 74, g+€]. If Au(a, 7y, ra,5+¢€) <0, then v/(a,7,7) <0
for r € (0,73 +€]. If Au(a,v,rqp+¢) > 0, then there exists y € (0,74,8 + €)
such that Au(a,7,.) < 01in [0,y) and Au(a,7,.) > 0in (y,7rq,3 +]. We deduce
that r — r"~1u/(a, ,7) is decreasing (resp. increasing) in [0,y] (resp. [y,7a5+€]).
Then the second inequality in implies that u'(a,vy,7) < 0 for r € (0,74, + £].
Therefore = 74, for |y — 3| < n. Suppose now that there exists r € (z, 74,3 +¢€)
such that v'(c,7,7) < 0. Let t € (2,74, + €) be the first zero of v'(«,,.). Then
v(a,7,.) is increasing on [0,t]. We deduce that Au(c,7,.) is increasing on [0, ¢]. If
Au(a,7,t) <0, then v/(c,7y,7) <0 for r € (0,t] and we conclude that = rq . If
Au(a,v,t) > 0, then there exists y € (0,¢) such that Au(e,~,.) < 0 in [0,y) and
Au(a,v,.) > 0in (y,t]. We deduce that r — r"~1u'(a,~,r) is decreasing (resp.
increasing) in [0, y] (resp. [y,t]). If v'(a,v,t) <0, then v/ (o, v,z) < 0and = 74 .
If W/ (a,v,t) >0, let s € (y,t) be such that u'(a,v,s) =0. If s > z then & = rqo .
If s < x, then u(a,v,7) > 0 for r € [0,z] and we reach a contradiction. Finally if
t = x, then u(a,vy,7) > 0 for r € [0,2) U (z,t]. We deduce that Av(a,~,r) > 0 for
r € [0,2) U (z, ] which implies that v'(a,7,7) > 0 for r € (0,t] and we reach again
a contradiction.

Now let 5 € C. We have u(e, 8,r4,3) > 0 and «/(e, 8,74,3) = 0. By Remark
We have v(a, 3,74,3) > 0, hence Au(a, 3,74,38) = v’ (e, B,70,8) > 0. Therefore
we can find € > 0 such that

wla, B,r) >0, 1 € [0,rqp+e], u(a,B,map+e)>0.
Then by continuous dependence on initial data there exists n > 0 such that
’LL(O[, Vs T) >0 ’ re [07 Ta,B + 5], U/(Oé, Y Ta,B + 6) >0 ) (28)

for |y — B] < n. The second inequality in (2.8) implies that there exists x €
(0,74, + €) such that v/'(o,7y,2) = 0 and v/ (e, vy,7) < 0 for r € (0,z). Therefore,
T =rq, for |y —p] <nand (8 —n,8+mn) C C. Thus C is open. O

3. PROOF OF THEOREMS [I.1] AND

We use the notation introduced in Section 2. The following result clearly implies
Theorems [T and

Proposition 3.1. Let f and g satisfy (H1)-(H3), and (H4) or (H5), (H6). Then
for any a > 0 there exists a unique (3(a),7(a)) € (0,00) X (0,00) such that
u(a, Bla), r(a)) = u’(a,ﬂ(a),r(a)) = 0, u(a, B(a),7) > 0 for v € [0,r(a)) and
W (o, B(a),r) < 0O for r € (0,7(a)). Moreover, 3, r € C1(0,00), () > 0 for
a >0, limy_or(a) =0 and lim,_. r(a) = .
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Proof. Let a > 0 be fixed. The existence and uniqueness of (3(«a),r(a)) satisfying
the first part of the proposition are given by Proposition In order to simplify
our notations we denote u(a, f(a),r) and v(a, B(a),r) by ue(r) and v, (r). We
begin with the following lemma. O

Lemma 3.2. For any o > 0 there exists s(a) € (0,7(a)) such that vy (r) < 0 for
r € [0,s(a)) and vy (r) > 0 for r € (s(a),r(a)]

The proof of the above lemma follows the same arguments as in the proof of

Lemma (ii).
Now for «, 3 > 0 define

Pl 5.7) = S r) Wl o) = oo (o B,7),

0 0
= %(a,m, X, B,7) = a—;(a,ﬁ,ﬂ

for r € [0, Ro,3). Then ¢, ¢, p and yx satisfy the linearized equations

Ap(a, B,r) = g'(v(a, B,7))¢(e, B,7), 0<7 < Rag,
A'I/J(O[,/B,'I") = f’(u(a,ﬂ,r))gp(a,ﬂ,r) ’ 0 S r < Ra,ﬁ?
80(0‘7570> = 17 w(a7570) = Sol(aaﬂ70) = W(Oéyﬂ, 0) = 07

pla, B,7)

and
Ap(aaﬁar) = g,(U(O{,ﬁ,T))X(Oé,B,T) ) 0 S r< Ra,ﬁa
AX(O{,ﬂ,T):f/(u(0(76,7'))p(0(,6,7'), OST<RO¢,57
X(a7ﬂ70) = 715 p(avﬁa 0) = p,(0l7ﬂ,0) = X/(O[aﬂa O) =0.
Lemma 3.3. We have ¢, ¥, @', ' >0 on (0,74,5] and x, p, X', p' <0 on (0,74 g].

Proof. By (H2) and (H3) we have A¢(a,3,0) = f'(o) > 0 and Ap(a, 3,0) =
—¢'(—B) < 0. Then ¢’ > 0 and p’ < 0 on (0,7] for some n > 0 and we can define

ro = sup{r € (0,r45]; ¥'p' < 0on (0,7]}.
We have ¢ > 0 and p < 0 on (0, r¢]. Since

1 (o, Br) = /0 g (v B, ), B, s) ds,

s = | " (o, B, ) ol B, ) ds

0

using (H2) and (H3) we deduce that ¢’ > 0 and x’ < 0 on (0, 7). Therefore, ¢ > 0
and x < 0 on (0,7]. Since

1 (a0, B,7) = / 1 (ula, B ))plr, B, 5) ds,

0
ol (o, By ) = / g/ (v(a, B, 5))x(a, B, 5) ds

using (H2) and (H3) we deduce that ¢’ > 0 and p’ < 0 on (0,rg]. Therefore,
To = Ta,g and the lemma follows. g
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Now let D = {(a,3,7); @, 0 > Oand r € [0,R,3)}. D is open in (0,00) x
(0,00) x [0,00). Consider the map H : D — R? defined by

H(a,B,7) = (u(e, B,7), (e, B,7))
Then H € C'(D,R?) and
H(a,B(a),7(a)) =0 fora>0. (3.1)
Using Lemmas and (H2) we obtain
1DignH (e, B(a), r(a))| = pla, Bla), r(e))ug(r(e)) <0.

Therefore, by the implicit function theorem o — (8(c), r(a)) is a C* map for a > 0.
Differentiating (3.1]) with respect to o we obtain

o(a, B(a),r(a)) + pla, Bla),r(a))F' (a) =0 for a>0. (3.2)

From and Lemma [3.3| we deduce that 5'(a) > 0 for @ > 0. Now we have two
cases to consider.

Case 1: f satisfies (H1), (H3) and (H4). Assume that 8(a) — oo as a — oo.
Using (H4) we have

Then Lemma [3.2] implies that r(a) — oo as @ — oo. Now suppose that 3(a) —
¢ < 00 as a — oo. Using Lemma [3.2] and (H2) we can write

r(a)
0= uofr@) =a+ [ Gulrle). )a(va(s)) ds
s(o) r(a)
=« Gn(r(a),s)g(ve(s)) ds Gn(r(a),s)g(va(s))ds
+/0 (r(a), 9)9(va(s) +/S(a) (r(a), 9)9(va(s))
r(a)?
2n '

and again we deduce that r(a) — oo as a — 0.
Assume that f(a) — 0 as a — 0. Using (H4) we have

> a+g(—B(a))

r(a)?
2n

Then Lemma[2.2]implies that 7(a) — 0 as & — 0. Now suppose that 3(a) — ¢ >0
as a — 0. We claim that r(a) — 0 as @ — 0. If not there exist ro > 0 and a
sequence (ag)gen such that ap — 0 as k — oo and r(ax) > 7 for all k£ € N. Let
r1 € (0,79) be such that

r(a)
va(r(@)) = (@) +/O Gn(r(), 5)f(ua(s)) ds > =f(a) +m (3-3)
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Clearly (vg)ren converges uniformly on [0,71]. Then, for s € (0,7], using (3.4]) and
(H2) we have

lm ug, (s) = hm ozk—i—/ Grn(s,2)g(vq, (z)) dx)

2

:/G (s,x)g(— c+f() )dx<0

and we reach a contradiction. Therefore our claim is proved and the proof of
Proposition is complete in Case 1.
Case 2: f satisfies (H1), (H3), (H5) and (H6). From the proof of Lemma

we obtain

G(va(r(@))) = Fla) + G(~B(a)) +2(n — 1) /

S. (3.5)
0 s

Let a > 1. Using Lemma 3.2} (2.4), (H3) and (H6) we have

(@)

0 < vo(r(a)) < d'a o (3.6)
and
s(a) 2 2
se)= [ Gulst@ (o) ds < drE <aw PR a)
0 2n 2n
Then, with the help of (H2), (H3), (H6), and (3.7), we can write
G / )ds
< ;maxﬂg( B(@))], g(va(r(a))))
,r'n.
S Qapar ta"alr(a)*,
and
n—1,/ . r o,
r" o (r) =1 [ 8" fua(s))ds| < —f(a) < —a'a”,
0 n n
for r € [0,7(c)]. Therefore,
(@) g, (8)vg,(s) b'a/1t! 1 2(g+1
|/ S ds | - 2q+1nq+2a vl )T(O‘) . (3.8)
Now using . . an (H6) we obtain
a1y aPat D) ()2 D)
(g + D2
> Glua(r(a))) (3.9)
> a Qb+l b ﬂ(a)q—H _ baatt ap(q+1)7“(04)2(q+1) )

“p+1 qg+1 2anatl

Since pg < 1, we deduce that r(a) — 0o as @ — 0.
Now assume that o < 1. (H3) and (H5) imply that there exist m, M > 0 such
that
m < flua(r)) <M VYrel0r(a).

Then we show that lim,_,or(a) = 0 as in Case 1. O
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We conclude this section with the following theorems.

Theorem 3.4. Let f, g satisfy (H1)-(H3). Assume moreover that
(H9) There exist a, b, p >0 and ¢ > 1 such that

fu) >au? YVu>0, |g(—v)]>W? YVv>0,

and
1 n 1 >n—2
p+1 qg+1

Then there exists R > 0 such that (1.1) has at least one non-trivial radial solution
(u,v) € (C*(Br))?.

Since Proposition 2.6 holds, with the help of the first part of Proposition [3.1} we
conclude the statement of the above theorem.

if n>3.

Remark 3.5. Notice that , when f(0) > 0, p may be less than 1. If f(0) = 0,
necessarily p > 1 since f is C'.
Theorem 3.6. Let f, g satisfy (H1)-(H3). Moreover assume that

(H10) There exist a, a’, b, b > 0 and p, ¢ > 1 such that pg > 1,
flu) >auw? Yu>0, f(u)<du’ VYuel0,1],
ol < Jg(v)| < Vol Vo R,
1 + 1 - n—
p+1 ¢+1
Then there exists Ry > 0 such that for all R > Ry problem has at least one
non-trivial radial solution (u,v) € (C*(Bgr))?.

ifn>3.

@

Proof. Since Proposition holds we have the first part of Proposition [3.1] W
also have 3, r € C1(0,00) and B’ (a) > 0 for a > 0. Now let a € (0,1]. (3.5)-(3.9)
hold and, since pg > 1, we conclude that lim,_,o7(a) = co. Then we take

=i >0.
Ry olgfo r(a) >0

4. PROOF OF THEOREM [L.3|

We use again the notation introduced in Section 2. The following result implies
Theorem [L3]

Proposition 4.1. Assume that n = 1. Let f and g satisfy (H1)-(H3), (HT7).
Then for any o > 0 there exists a unique (8(a),r(a)) € (0,00) x (0,00) such that
uler Bla), r(0)) = (o, Bla),r(a)) = 0, u(e, B(a),r) > 0 for r € [0,r(a)) and
(o, B(a),r) < O for r € (0,7(a)). Moreover, 3, r € C1(0,00), () > 0 for
a >0, limy—or(a) = 00 and limy e () = 0.

Proof. Let a > 0 be fixed. The existence and uniqueness of (5(«a),r(a)) satisfying
the first part of the proposition are given by Proposition Clearly Lemmas
and also hold. Then we have 3, r € C'(0,00), 3 (a) > 0 for a > 0. We show
that lim,— 7(a) = oo as in the proof of Theorem As in the preceding section
we denote u(a, B(a),r) and v(a, B(a), r) by ua(r) and vy (r). O

Now we give some lemmas where s(«) is defined in Lemma
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Lemma 4.2. There exists a constant C' > 0 such that
h(5(0))? < Cua(s(a)) @7+ + BT+
vh(s(a))? < CaP(a?* 4 fla)T) 7T,
for all o > 0.
Proof. Since n =1 we have
Fluta(r) + G(oa(r)) = F(a) + G(—B(a)) + uy(r) (r) (4.1)

for r € [0,7(a)]. Then (4.1)) and (H7) imply that there exist two constants Ci,
C5 > 0 such that

Cr(aP*! + B(@)TTHTT < va(r(a)) < Ca(aP™ + (@) T . (4.2)
Using (H1), (H2), Lemma 2.4 and Lemma [3.2] we have

M:_ " va(8))ul,(s)ds = " "(va(8))vL,(8)ua(s) ds
= [ sttt ds = [t oo

QMWM/UQ%MW%@%=%M®M%W®»

Then with the help of (4.2) and (H7) we obtain
ul,(5(0))? < Cua(s(@)) (@1 + fa)r )7,

for another positive constant C. Now, using (H1), (H3) and Lemma we write
vl (s(a))? s(e)
S [T fuas)ts) ds

0

= 1@~ [ F i ouato) i
< fle)B(a),
from which we obtain, using (HT7),
vh(s(a))? < CaP (¥ + fla)™)wT
for some positive constant C. ]
Lemma 4.3. There exist two constants ¢ € (0,1) and M > 0 such that
ua(s(a)) > emax(a, () #7) Va > M. (4.3)

Moreover,

~—

2 B(e)

a oPf

2 Blo

= S(Q)Q = acP oP

Vo> M. (4.4)

Proof. We argue by contradiction. Suppose first that there exists a sequence
(ak)ken increasing to oo such that

Ua,, (s(ag)) < %ak Vk>2. (4.5)
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Using Lemma [4.2] and (4.5) we have
ul, (s(a slag))| < C—=
|, (s (k) )y, s (k)| \/E

1
< O—=(a?™ 4 B(ay)®t).
< O (o™ + Blan)™)
From the above inequality, (H7), Lemma [3.2] and (4.1)), we obtain

uak( (O‘k))erl > d( b + B(O‘k)qul)

for some positive constant d when k is large and we obtain a contradiction with

@3).

Now suppose that there exists a sequence (o )ren increasing to oo such that

+ ( p+1+/8( )q+1)1/2

1 g+l
U, (8(ak)) < %B(ak)ﬁ Vk>2. (4.6)
Using Lemma |4.2| and (4.6) we have

i, (5(a)) ety (k)| < C%

(a? Bla) ¥ + ot 4 Blayg) )

Blan) T ol (a4 Bay) )2

2f

< O™ + Blan)),

for another constant C’ > 0, where we have used Young’s inequality. Then we
obtain a contradiction as before.
Now we prove . Using (H7), we have

o) = / " (s(0) = 1 (ual) dr < Larsa?,
and, with the help of ,
Bla) = /()S(a) (s(@) = 1) f(ua(r) dr > —-aPs(a)®.
The proof of the lemma is complete. O

Lemma 4.4. We have s(a) — 0 as @ — o0.

Proof. Since #'(c) > 0 for a > 0 we have lim, o B(a) = d < o0. If d < o0 (4.4)
implies that s(a) — 0 as o — oco. If d = 00, using (H7) and (4.3]), we can write

s(a)
Bla) = / (5(0) — ) f uua(r)) dr

from which we obtain

and the result follows since pg > 1. (]
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Now we show that r(«) — 0 as @ — oco. If not, there exist ry > 0 and a sequence
(ag)ken increasing to oo such that

37‘0

By Lemma [£.4] we can assume that
s(og) < %" VkeN. (4.8)

Lemma 4.5. There exists a constant C > 0 such that
uh, (10)” < Ctg (ro) (@} ™ + Blayg) ™) 77
Ui (r0)* < Caf (o™ + Blon) T+ 7
for all k € N.
Proof. Using (H1), (H2), Lemma[2.4] and we have

o (ro)2 (o)
# _ / 9(Va, ()1t (5) ds

To

(ak)
= 9(va, (70))ua, (o) + / 9' (v, (8))v,, (8)ua, (s) ds

To

(ak)
< 9(Va, (10)) e, (T0) + Uay (ro) / 9 (Vay (8))vy, (s) ds

To
= Uay, (To)g(vak (T(ak))) .
Then with the help of (4.2) with o = a, and (H7) we obtain

uly, (10)? < Cug, (ro) (a2 + Blag) )7

for some positive constant C. Now we write

-/ " F oy ()0, (5) ds
0

= F(tt, (7)Y (1) + F (e )B(e) — / P e (), (5)10 (5) s

from which, using Lemma [2.4] Lemma [3.2] (H3), and (£.8), we obtain

Vg, (10)?
2
<f(uak(ro))vak(To)+f(04k)5(04k)—/( )f'(uak(s))uék(s)vak(s)ds

To

< f(ua, (r0))vay (ro) + f(aw)B(ak) — va, (ro) /( )f'(uak(S))ufyk(S) ds
= flar)B(ow) + va, (r0) f (uay (s(ax)))
< flar)Blar) + va, (r(ow)) f(on) -
Then, with the help of with a = o, and (HT7), we obtain
Ui (r0)? < Caf (@™ + Blan) )7,

for some positive constant C. ]
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Lemma 4.6. There exists a constant C > 0 such that

0 < v, (ro) < C(a?™ + Blay) 7@ 0 Yk eN.

Proof. The left hand side inequality follows from (4.8). Now, using (4.7), (4.8),
Lemma [2.4] Lemma [3.2] (H2) and (HT7), we have

(o)
oy (70) = / (5 = 70)9(Vae (5)) ds

To

r(ag) —ro)? 4.9
> O 210 o () )

2 Cva,, (ro)?,
for some positive constant C'. With the help of (H7), with r = rg, & = ag,
lemma and we deduce that
Var (r0) < C(al ™ + Blag)™) T Yk €N,

for another positive constant C. (]
Lemma 4.7. There exist a constant ¢ € (0,1) and an integer ko such that

U (10) = emax(a, Bla) 1) Y > o
Proof. Lemma and (H7) imply that

Jim_ G(va, (o)) (o} ™ + Blar) ™) 7! =0,

since pg > 1. Now the arguments are the same as in the proof of Lemma [4.3| with
7o in place of s(c), using Lemma [4.5] instead of Lemma [4.2] O

Proof of Proposition completed. Using Lemma [4.7] and (H7) we have

v r0) + B = [ " (0 — 5) (e (5)) ds

ac?
> 77"8 max(af, ﬁ(ak)p%)
for all ¥ € N. Then Lemma [£.6] implies that 7o = 0 since pg > 1 and we reach a
contradiction. O

5. THE UNIQUENESS QUESTION

Define
A={a € (0,00); r'(a) # 0} .
Assume that A # (). Since A is open there exists J C N such that A = Upegl,,
where I, = (an,by).

In the setting of Theorem [I.1]or Theorem 1.2} Proposition [3.1]implies that A # ()
and that inf{a,; n € J} = 0 and sup{b,; n € J} = o0.

Case 1: |J| = 1. Then A = (0, 00) and for all R > 0, problem has a unique
solution (u,v) € (C%([0, R])%.

Case 2: |J| > 2. Suppose first that there exist j, k € J such that a; = 0 and
by = oo. Let v = min{r(a); a € [b;,ax]} and 6 = max{r(a); a € [b;,ax|}. Then
for all R € (0,v) U (4, 00) problem has a unique solution (u,v) € (C?([0, R])?.
Suppose that there exists j € J such that a; = 0 and that b # oo for all k € J. Let
v = inf{r(e); & > b;}. Proposition [3.1| implies that v > 0. Then for all R € (0,7)
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problem has a unique solution (u,v) € (C?([0, R])2. Now, if there exists k € J
such that by = oo and that a; # 0 for all j € J, we define § = sup{r(a); o < az}.
Proposition implies that 6 < oo. Then for all R € (J,00) problem has
a unique solution (u,v) € (C?([0, R])?>. Otherwise we cannot give any uniqueness
result.

In the setting of Theorem Proposition implies that A # @ and that
inf{a,; n € J} =0 and sup{b,; n € J} = 0.

Case 1: |J| =1. Then A = (0,00) and for all R > 0 problem has a unique
solution (u,v) € (C%([0, R])%.

Case 2: |J| > 2. Suppose first that there exist j, k € J such that a; = 0 and
by = 0o. Let v = min{r(«); o € [b;,ar]} and § = max{r(a); a € [bj,ax]}. Then
for all R € (0,v) U (d, 00) problem has a unique solution (u,v) € (C?([0, R])?.
Suppose that there exists j € J such that a; = 0 and that b, # oo for all k € J. Let
§ = sup{r(a); a > b;}. Proposition [£.I]implies that § < co. Then for all R € (4, c0)
problem has a unique solution (u,v) € (C?([0, R])?. Now, if there exists k € J
such that by = oo and that a; # 0 for all j € J, we define v = inf{r(a); a < ax}.
Proposition [.1] implies that v > 0. Then for all R € (0,7v) problem has a
unique solution (u,v) € (C%([0, R])%2. Otherwise we cannot give any uniqueness
result.

In the setting of Theorem the proof shows that A # () and that inf{a,; n €
J}=0

Case 1: |J| = 1. Then A = (0,¢) where ¢ < oo. If ¢ = o0, then for all R > 0
problem has a unique solution (u,v) € (C?([0, R])%. If ¢ < oo, then for all
R > r(c) problem has a unique solution (u,v) € (C2([0, R])2.

Case 2: |J| > 2. Suppose that there exists j € J such that a; = 0. Let
§ = sup{r(a); « > b;}. If § < oo, then for all R € (d,00) problem has a
unique solution (u,v) € (C?([0,R])?. If § = oo we cannot give any uniqueness
result. If a; # 0 for all j € J we cannot give any uniqueness result.

6. EXAMPLES

In this section we give some examples that illustrate our results.

Example 6.1. Theorem applies when f and g are defined in the following six
cases:

(

1) Let ¢ > /2, m € N\{0} and f(u) = ¢+ arctanu™, u € R.
(2
(3
(4

)

) Letf(u):2—ﬁ,u€R.

) Let ¢ > 1 and g(v) = |[v|?7tv, v € R.
) Let r, ¢ > 1 and

mw={” e

]9~y v <0.

(5) Let p, ¢ > 1 and

In(l14+v?) 0>0,
g9(v)
1—explv]? v<0.

(6) Let

2

arctan v2 v>0,
g(v) =
v®arctanv v <0.
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Example 6.2. Let p > 0 and ¢ > 1. For m € N\{0} define
fu) = (1 +u?™)P/m) -y e R,

Let h € C*(R) be such that A’ < 0 on (—00,0), h’ > 0 on (0,00) and b < h < V' for
some constants b, ¥’ > 0. Define

g(v) = h(v)|v|* v, veR.

Then Theorem applies. If p, g satisfy the condition in (H9), then we can use
Theorem [3.4

Example 6.3. Let k£ € C'(R) be such that &’ > 0 on (0,00) and a < k < a’ for
some constants a, a’ > 0. Define

fu) = k(u)|uPu, YueR,

where p > 1. If g is as in Example and if p, ¢ satisfy the condition in (H9)
(resp. (H10), then Theorem (resp. Theorem applies. We can also use
Theorem [[.3
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