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SECOND-ORDER BOUNDARY ESTIMATES FOR SOLUTIONS
TO SINGULAR ELLIPTIC EQUATIONS IN BORDERLINE
CASES

CLAUDIA ANEDDA, GIOVANNI PORRU

ABSTRACT. Let Q C RN be a bounded smooth domain. We investigate the
effect of the mean curvature of the boundary 92 on the behaviour of the
solution to the homogeneous Dirichlet boundary value problem for the equation
Au + f(u) = 0. Under appropriate growth conditions on f(t) as t approaches
zero, we find asymptotic expansions up to the second order of the solution in
terms of the distance from z to the boundary 0.

1. INTRODUCTION

In this paper we study the Dirichlet problem
Au+ f(u)=0 in Q,
f(uw) )
u=0 on 01,

where Q is a bounded smooth domain in RN, N > 2, and f(t) is a decreasing and
positive smooth function in (0, 00), which approaches infinity as ¢ — 0. Equation
arises in problems of heat conduction and in fluid mechanics.

Problems of this kind are discussed in many papers; see, for instance, [5l [6], 8]
9, [T, 12] and references therein. For f(¢) = ¢t~7, v > 0, in [] it is shown that
there exists a positive solution continuous up to the boundary 99Q. For f(t) =t~7,
v > 1, in [3] it is shown that there exists a constant B > 0 such that

1 o= ~

ju(r) — (gm—0) | < BT,
20y - 1)

where 0 = 6(z) denotes the distance from z to the boundary 9. For f(t) =¢t7,

v > 3, in [2] it is proved that

2

v+1 ey 1
u(zr) = ———=0 1+ -—Hd+o0(9)],
(@) ( 2(7_1)) { 3—7 ()}
where H = H(z) is related with the mean curvature of 92 at the nearest point to

x.
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In [I], more general nonlinearities are discussed. More precisely, let

1 /
: FOF®)
Ft:/deT, lim F(t) = oo, = +O0(1)t?, 1.2
0= [ sear. Jim PO (= o, (1
where v > 3, # > 0 and O(1) denotes a bounded quantity as ¢ — 0. In addition,
we suppose there is M finite such that for all 6 € (1/2,2) and for ¢ € (0,1) we have

" (01)[¢*
f(®)
An example which satisfies these conditions is f(t) = ¢t77 + ¢ with 0 < v < 7;
here § = min[y — v,y — 1].
Let ¢(d) be defined as

< M. (1.3)

#(5) 1
/0 Wdt =0. (1.4)

For 3 < v < oo, in [I] it is proved that
1
u(@) = ¢(6) [1 tg o HO+ 0(1)6°+] (1.5)

where ¢ is any number such that 0 < o < min[jy—jri’, f—fl] Note that ¢ satisfies the

one dimensional problem

¢" + f(¢) =0, ¢(0)=0.

The estimate shows that the expansion of u(z) in terms of § has the first part
which is independent of the geometry of the domain, and the second part which
depends on the mean curvature of the boundary as well as on 7.

In the present paper we investigate the borderline cases v = 3 and v = co. In
the case of v = 3 we find the expansion

u(z) = ¢(8)[1+ iH(Slogé +0(1)5(~ log 5)0], (1.6)

where 0 < 0 < 1 and O(1) is bounded as 6 — 0.
To discuss the case v = 0o, we make the following assumption

ffe)y ¢

=——(1 1)t? L.
£ >0, Ll = (o) (17)
with ¢ > 0 and 3 > 0. Note that the above condition implies
F(t) P! 1
L= __(1+01)t?), Ft:/deT. 1.8
i = o). Fo= [ s (1)
Furthermore, (1.7) together with (1.8]) imply with v = oo; that is,
f () F(t)
I — 14+ 018, (1.9)
(F®)? :

Instead of (|1.3]), now we suppose that for some m > 2 and some € € (0,1), there
is M > 0 such that
|f"(00)]¢ 1 1/
- < M—(F(t mooVt 0,1/2), Vo 1—¢,1 . 1.10
i < M (PO, Ve 01/2, e (1—e1+.  (110)

e
The function f(t) = es*® satisfies all these conditions.
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Under assumptions (1.7]) and (1.10)), we find the estimate

u(x) = 6(65)[1 — 2H6(6(5))” + 0()3(8(5)) ],

14
where ¢ is defined as in (|1.4)).
Throughout this paper, the boundary 0f) is smooth in the sense that it belongs
to C*.

2. PRELIMINARY RESULTS

Lemma 2.1. Let A(p,R) C RN, N > 2, be the annulus with radii p and R cen-
tered at the origin. Let f(t) > 0 smooth, decreasing for t > 0, and such that

ﬂl(F(T))l/QdT — 00 as t — 0T, where F(t) = ftl f(r)dr. We also suppose that
the function s — (F(s))™! fsl (F(t))Y2dt is increasing for s close to 0. If u(x) is a
solution to problem in Q= A(p,R) and v(r) = u(x) for r = |z|, then

[ (F (1) 2dt

v(r) > ¢(R—71)—C F(0) 2

(R—r), 7<r<R, (2.1)

and

1 1/2
wﬂ<¢w—m+c¢v—mﬁgﬁg“w—m,p<r<n (2.2

where ¢ is defined as in (1.4), p <7 <7 < R and C is a suitable positive constant.

Proof. It Q = A(p, R), the corresponding solution u(x) to problem (1.1)) is radially
symmetric (by uniqueness) and positive (by the maximum principle). With v(r) =
u(zx) for r = |x| we have

v+ v+ f(v) =0, wv(p)=v(R)=0. (2.3)

The latter equation can be rewritten as
(TN_lv’)/ + N1 fw) = 0.

Since v(p) = v(R), we must have v'(r¢) = 0 for some r¢ € (p, R). Integrating over
(ro,r) we obtain
PNl 4 / tN=f(v)dt = 0.
To

Hence, v(r) is increasing for p < r < rg and decreasing for o < r < R. Multiplying
(2.3) by v and integrating over (ro,r) we find

(v;)2 PN /T (’U;)Q ds = F(v) — F(vo), o= v(ro). (2.4)

Since ftl(F(T))l/QdT — o0 as t — 0, we have F(t) — oo as t — 0. Therefore,
F(v(r)) — oo as r — R, and (2.4]) implies
W' < 2(F(w)Y?, re(r,R), ro<r <R (2.5)
As a consequence, with v1 = v(r1) we have
2 [

/ r @ds <2 / ()R = 2 [ (R (2.6)

T1 ry T1 v
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Since
vy
[ o)z < pw) o,
using (2.6) we find
"2
LB lds iR @) 2t
B O = O R 27)
Now, by (2.4) we have
"2
(UI)Q . (N — 1) f:; %ds + F(Uo) (2 8)
2F(v) F(v) ’ ’

Note that, if vg > 1 then F(vg) < 0. We claim that

(N 1) / ("’;)st + F(vg) > 0

for 7 close to R. Indeed, by ([@2.7) and (2.8) it follows that |[v/| > (F(v))Y/? for
r € (r2, R). Hence,

s ’U/ 2 r v(rg)
[ s 4 [ = [ ey

By using the assumption ftl (F(1))Y/?dr — oo as t — 0, the latter inequality implies

that f:Z (v;)2 ds — oo as 7 — R, and the claim follows.

Equation (2.8) yields

where wy
(N -1) f:;) ds + F(vg)q1/2
I(r)=1- [1— o)
Since

1-[1—€?<e, Vee(0,1),
using ([2.6) we find a constant M such that, for r close to R,
N-1) [T @20+ Fo Y (F(t))Y2dt
o< ry <« (VDL s+ ) (R (0)
F(v) F(v)

Note that, by (2.10) and (2.7) we have I'(r) — 0 as r — R.

The inverse function of ¢ is

(2.10)

s 1
= ——dt.
0= | Gray
Integration of (2.9) over (r, R) yields
R
Y(@w)=R—r— / T'(s)ds,
from which we find

R
v(r)=¢(R—r— / L(s)ds). (2.11)
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By (2.11]), we have
R
o) = (R = 1) = ) [ T (2.12)

with
R
R*T*/ T(s)ds <w < R—r.

Since ¢'(w) = (2F(¢(w)))'/?, and since the function t — F(¢(t)) is decreasing we
have

R 1/2
#(w) < (2Po(R -~ [ Teas)) " = FE),
where (2.11)) has been used in the last step. Hence, by (2.12) we have

R
v(r) > ¢(R—r)— (2F(’U))1/2/ I'(s)ds.

Using (2.10), we find T
R [0 (F(1)/2dr
v(r —7r)— v))Y/2 Do 2

(1) > 6(R =) = 2F() 20 [

Since (F(t))~! ftl (F(7))Y2dr is increasing and since v(s) is decreasing, for s close
to R the function

(2.13)

Lj)((;)(F(T))l/2dT

F(v(s))
is decreasing. Using the monotonicity of this function, inequality (2.1)) follows from
(12.13)).
To prove (2.2), we observe that (2.4]) also holds for p < r < ry. Let us write
2.4) as

equation (

) _ pw) - Fug) + (N - 1) / (”;)st, (2.14)

with p < r < rg. By (2.14), (v'(r))? — oo as r — p. Moreover, since v'(r) > 0 for
r € (p,r0), by (2.3) we have v”(r) < 0. Hence, by [10, Lemma 2.1], we have

"2
A S

lim =2t _— = 0.
o (0(r))?

Using this result and (2.14) we find 0 < v’ < 2(F(v))'/2 for r € (p,73), 73 < ro. As
a consequence we have, with v(rs) = vs,

Tsﬂs g " v 1/21/8_2 e 1/2
/r ds < p/r (F(v))/2'd _p/v (F())2dt, (2.15)

S

Since [ (F(t))'/2dt < (F(v))'/?vs, ([2:15) implies

ro (U/)Qd
By (2.14)), we find
2 N-1) [ s F
(W) _ g WD ds” Pl (2.17)

2F (v) F(v)
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Using (2.16) and (2.17) and arguing as in the previous case one finds that

(N—l)/TOst—F(UO)>0

S

for r close to p. Equation ([2.17)) yields

v’ -

@y~ T, (2.18)
where
_ ro (v)? s F(u
Py = 1+ YD) F(Z)d (DI CE
Since

1+¢Y2—1<e Ve>0,
using (2.15)) one finds, for r close to p,

N [ s - Flwg) Y)Y
<TI'(r) < r__S <M= . 2.1
P=t= Fi0 =M (219
Integration of (2.18)) over (p,r) yields
Yw)=r—p —|—/ [(s)ds,
P
from which we find
o) = 6l = p) + &) [ T, (220)
P
with
r—p<w <rfp+/ ['(s)ds.
P
Since ¢'(s) is decreasing we have
¢'(w1) < ¢'(r —p).
The latter estimate, (2.20) and (2.19]) imply
T [Y(F(r)Y2dr
v(r) < o(r—p)+¢'(r — p)/ M&ds. (2.21)
p F(v)

Since v(s) is increasing for s close to p, the function

f:((;)(F(T))l/QdT
F(v(s))

is increasing. Hence, inequality (2.2)) follows from (2.21). The lemma is proved. O

Corollary 2.2. Assume the same notation and assumptions as in Lemma 2.1.
Given € > 0 there are re and 7. such that

dR—7r)>v(r)>1—-edp(R—71), 1e<TrT<R, (2.22)
p(r—p) <vir)y<A+e)p(r—p), p<r<re. (2.23)
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Proof. By (2.9) we have

(2F (v))'/2
Integrating over (r, R) we find ¢(v) < R—r, from which the left hand side of
follows. By ([2.1) we have

<1

[HE@)V2dt R—r

1-C R—r).
o) > (1= O =y #R 7
Since F(t) is decreasing we find
Sy (1)) 2
(F()r/2 —
Moreover, putting R —r = 1(s) we have
0<tim " P gy L

r—RO(R—r) s—=0 s s—0 (2F(s))1/2
The right hand side of (2.22) follows from these estimates.
By (2.18) we have

,U/

(2F (v))/2
Integrating over (p, ), we find ¢)(v) > r — p, from which the left hand side of ([2.23)
follows. By we have

> 1.

LI FE@)2dt - p

o(r) < |1+ 09/ = p) g o o — o)
We find fl(F( /2
. [ (F@)Rdt 1 _
O B X a0 R

Moreover, putting r — p = ¥(s), we have

(r—p)d'(r—p) _ ¥(s)(2F(s))"/? <1

o(r—p) s
The right hand side of (2.23)) follows from these estimates. The proof is complete.
O

3. THE CASE vy =3

Let f(t) be a smooth, decreasing and positive function in (0, 00). Assume (|1.2)
with v = 3; that is,

[ . _ f'OFE®) 3 3
)= [ sin tim P =, TEd < Srome. @
where 8 > 0 and O(1) denotes a bounded quantity as ¢ — 0. This condition implies,
for ¢ small,
f@) (3 g\ f(t) 5 f@)
O (5 +omr )F(t) Vank

Integration over (¢,tg), to small, yields

f0 5 F®) F0) . f(t)
8 )~ 1 F ) P By O




8 C. ANEDDA, G. PORRU EJDE-2011/51

It follows that

- F(t)
Let us rewrite as
/27
—1/2 (F(t))? _ 8
(F(1)) (7f(t) ) O1)t?. (3.3)
Integrating by parts over (0,¢) and using we find
Fle) _ 1 8
70 " 2 +O(1)t". (3.4)
Using the latter estimate and again we find
tf' ()
=-3+0(1)t". 3.5
0 1) (35)
Let us write as
ro_ 3 +Oo(1)tP1
ft)
Integration over (t,1) yields
S 3
log ———= =logt” + O(1).
&5 ~loe (1)
Therefore, we can find two positive constants Cy, Cy such that
Cit™3 < f(t) < Cot™3, Vvt e (0,1). (3.6)
Since F(t) = ftl f(r)dr, using we find two positive constants C'3, Cy such that
Cst™ < F(t) < Cyt™2, vVt € (0,1/2). (3.7)
Lemma 3.1. If holds and if ¢(8) is defined as in then we have
¢'(9) s
——= =2+ 0(1)(¢(9))", 3.8
ey (1)(6(6)) (38)
$(8) _ 5
o = 2+ 0(6()", (39)
¢(6) 5
— 2 — 44 0(1)(¢(5))”, 3.10
s (D)(6(6)) (3.10)
$(5) = O(1)6/2. (3.11)

For a proof of the above lemma, see [I, Lemma 2.3].

Lemma 3.2. Let Q C RN, N > 2, be a bounded smooth domain, and let f(t) >0
be smooth, decreasing and satisfy (3.1)) with 6> 0. If u(x) is a solution to problem

then
P(8)[1 = CS(—logé)] < u(z) < ¢(8)[1 + Co(—1logd)], (3.12)

where ¢ is defined as in (1.4), § denotes the distance from x to 9%, and C is a
suitable constant.
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Proof. If P € 90X we can consider a suitable annulus of radii p and R contained
in 2 and such that its external boundary is tangent to 0Q in P. If v(x) is the
solution of problem (1.1)) in this annulus, by using the comparison principle for
elliptic equations ([7], Theorem 10.1) we have u(x) > v(z) for = belonging to the
annulus. Choose the origin in the center of the annulus and put v(z) = v(r) for
r=|x|.

We note that our assumptions imply those of Lemma 2.1. Indeed, the condition
ftl (F(1))2dr — 00 as t — 0, follows from (3.7). Furthermore, using (3.7) again
and (3.6, for s close to 0 we have

d p - e[ fs) [L (7)) 2dr
GO / (P@)2dt] = ()™ | =

Therefore, we can use Lemma 2.1 and Corollary 2.2. By (2.1)), we have

[ (F () 2dt
GO

—1]>0.

v(r) > ¢(R—1)—C F<r<R. (3.13)

By using (3.7) we find that
1

Jim [ (Rt = oo = T o(r) (F(0)

Using de ’'Hépital rule and (3.4)) we find
y J, (F (1))t
=R u(F(v)) /2 log(R— 1)~
—(F 1/2,7
o (F ()"

r— _ p))1/2
R U’((F(’U))l/2 _ 2(;{1}(%)1/2) log(R — r)~! 4 «Ew)

. 1
= lnr}l% 7w
<—1 + 2F(U)) log(R—r)~t — TR

1
= 1' .
) O(1)vPlog(R —r)~t — TR

By (2.22) we have v(r) < ¢(R —r). Using this inequality and (3.11]) with § = R—r

we obtain

1/2 log(R — )L

1in}1%v5 log(R—7r)"!' =0.
Moreover, using ([2.9)), de 'Hopital rule and (3.4) we find

) v . v(2F(v)"Y/?
ggrll%—v’(Rfr)_gl—{l}% R—r

= 1im (') ((2F(0) ™2 + v(2F (1)~ (v))

o vf(v)y _
- 35%(1 + 2F(v)) =2
Hence,
1 1
i o (PO a1 (3.14)

ok o(F(0)) 2 log(R 1)1 2
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From and we find

v(r) > ¢(R — 1) — Cov(r)(R —r)log(R — 7).
By (2.22), v(r) < ¢(R — ), hence

v(r) > ¢(R—7r)(1— Co(R—r)log(R—1r)""). (
For x near to P we have § = R — r; therefore, and the inequality u(z) >

yield the left hand side of .

Consider a new annulus of radii p and R containing {2 and such that its internal
boundary is tangent to 92 in P. If w(x) is the solution of problem in this
annulus, by using the comparison principle for elliptic equations we have u(z) <
w(z) for z belonging to Q. Choose the origin in the center of the annulus and put
w(z) = w(r) for r = |z|. By of Lemma 2.1 (with w in place of v) we have

3.15)
v(z)

L(F()Y2dt
w(r) < ¢(T—p)+03(r—p)¢’(r—p)%, p<r<T. (3.16)
The same proof used to get yields
. Ju(F(£)*dt L
lim w =—.
r=p w(F(w))/2log(r —p)~t 2
Hence, for r near p,
(1) 2dt
fw(F((B) < Cy(F(w) ™Y 2wlog(r — p)~t. (3.17)
Since ¢’ = (2F(¢))'/?, and imply
W) < ol =)+ Calr = ) () wlostr = )
By and (with w instead of v) we have
IONE

Hence,

w(r) < ¢(r — p)(1+ Cr(r — p)log(r —p) ™).
For x near to P, this estimate and the inequality u(x) < w(zx) yield the right hand
side of . The lemma is proved. (]

To state the next theorem, we define

N-Lo g
H(z)= > — H (3.18)
i=1 v

where 6 = 0(x) denotes the distance from z to 9Q, and k; = k;(T) denote the
principal curvatures of 02 at T, the nearest point to . We note that in several
papers, instead of H (), the function 2+ H(z) is considered.

Theorem 3.3. Let Q C RN, N > 2, be a bounded smooth domain, and let f(t) > 0
be smooth, decreasing and satisfy (3.1), as well as (1.3). If u(z) is a solution to

problem , then
1 1
#(6) [1 + ;Hlogd — Co(~log 5)0} < u(z) < ¢(3) [1 + ;Hlogd + Co(~log 5)0} :
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where ¢ is defined as in (1.4)), H = H(x) is defined as in (3.18), 0 <o <1 and C

is a suitable constant.

Proof. We look for a super-solutions of the kind
H
w(z) = $(6) [1 + A§logd + ad(—log 5)“} , A=,
where « is a positive constant to be determined. We have
W, = &8s, [1 + A§logd + ad(—log 5)“] o [Amié log §
+ Alog(e8)dy, + ady, (—log8)” — acdy,(— log 5)071} :

We know that (see for example [7 page 355])

N N
D 000p, =1, > Ope, =—H. (3.19)
i=1 i=1

Using we find
Aw = ¢ [1 + Adlog 5 + ad(~ log 5)0} —§H [1 + Adlog § + ad(—log 5)0}
+ 24/ [VA V6 8logd + A+ Alog§ + a(—1log )’ — ac(—log 5)071}
+6 [AA §logd + 2V A - V§log(ed) + A6~ — AH log(ed) — aH(—log §)°
— ao(—1logd)" 16! + acH(~log6)° ! + ac(o — 1)(~log 5)0-25—1} .
By using the equation ¢” = —f(¢), as well as and , we find
Aw = f(¢){—1 — ASlog§ — ad(—log8)” — (2+ O(1)¢")6H [1 + Adlog
+ ad(—log 5)“} +2(2+ 0(1)¢5)5[VA -V 5logd + A+ Alogé
+a(~10gd)” — ao(~logd)” '] + (4+ 0(1)6")5*[AA slog b + A5
+2VA - Vélog(ed) — AH log(ed) — aH(—logd)® — ao(—logs)? 16t
+acH(~logd)" ™! + aa(o — 1)(~logd)” 257" }.
After some simplification,
Aw = f(¢>){—1 +3451log d + 3ad(—log8)” — 2H3 + O(1)82log § + O(1)¢ 6 log §
845 — 8aad(—log8)" "L + a0(1)$78(—log 6)° + aO(1)d(—log 5)0*2}.
Hence, since —2H + 8A = 0, for some positive constants C7, Cy and C3 we have
Aw < f(¢){—1 +3401ogd + C16%(— log 8) + Cad5(—log 6)
+ ad(—log6)° [3 — 80 (—1log )~ + C3(—log 5)—2} } (3:20)

Note that (3.11)) has been used to compare ¢?§(—1logd)® with &(—log ) 2.
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On the other hand, using Taylor’s expansion we have

flw)=f (¢){1 + ¢§/(($)) [Adlog 6 + ad(—log 6)”]
— (3.21)

f"(¢) 12
27(0) [Adlog 6 + ad(—log6)7] },

with ¢ between ¢ and ¢(1 + Adlogd + ad(—log 6)"). We consider points x € )
such that

+ ¢?

1
—3< Adlogd + ad(—logd)? < 1. (3.22)

This means that 1/2 < 1+ Adlogd + ad(—logd)? < 2; therefore, the term ¢ which

appears in (3.21) satisfies ¢ = 0¢, with 1/2 < § < 2. Using the estimates (3.5) and
(L3), by (B:21) we find

f(w) = F(&){1+ (=3 +0(1)9") A log § + O(1)(510g 9)? .
+ ad(~10gd)7[~3 +0(1)6 + O(1)ad(~ log8)° | }. '

By (3.23)), we can take suitable positive constants Cy, C5, Cs and C7 such that

flw) < f(¢){1 — 3A810g 8 + C1¢°5(— log §) + Cs(8log §)?
(3.24)
+ ad(—logd)” [—3 + Cs¢” + Crad(—log 6)‘7} }

By (3.20) and (3.24]) we have
Aw+ f(w) <0 (3.25)
whenever

016%(— log §) + C26P3(— log ) + ad(—log 8)° [—80(— log 8)~! + C5(— log 5)—2]

+ C10P8(—log ) + C5(5log 6) + ad(— log 6)° [CGM + Crad(—log 5)0] <0.
Rearranging we find
C18(—10g 0)%77 + (Co + C4) P (—1og 6)277 + C56(—log §)>~°

< a[80— Cy(~logd) ™" = Co0”(~ logd) — Crad(~logd) 7. (3.26)

Since, by (3.11)), ¢° < C’ég, and since o > 0, ([3.26]) holds for « fixed and § small
enough.
Using Lemma 3.2 we find

w(z) — u(z) > ¢(6)(— log 5)_1 [—Ab(log 6)* + ad(—1log §)' 7 — C5(log 6)°].
If a and § are such that (3.22) and (3.26) hold, define ¢ = ad(—logd)™° and

decrease § (increasing o) so that ad(—log )T = ¢ until
—Ad(logd)* + g — Cé(log6)* > 0

for 6(x) = §1. Then, applying the comparison principle to and we find
w(z) >u(z), ze€Q:6(z)<d.

By a similar argument one finds a sub-solution of the kind

w(z) = ¢(6)(1 + Adlogé — ad(—log 6)"),
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where A and o are the same as before and « is a suitable positive constant. The
theorem follows. ([l

4. THE CASE v = ©

Let f(t) be a smooth, decreasing and positive function in (0, 00). In this section

we assume conditions (|1.7)) and (1.10). By (|1.7) one finds positive constants ¢1, ca,
¢ and ¢5 such that

crel/?” < f) < e/ 1> 0. (4.1)
Similarly, by (1.8) (which follows from (1.7))), one finds
1

cse < F(t) < eyt e (0, 3)- (4.2)

By [@.2)), for m > £,2°%1 /41, we find

(F(t)™

sup —— 5 < oo. 4.3
b T )

Lemma 4.1. If (1.7)) holds, we have

¢'(9)
=5+ 0(1)8(¢(0))", (4.4)
Flaey 0 T OWAC)

where ¢(8) is defined as in (1.4)).
Proof. Recall that implies (1.9). Using and the relation
—1-2[-1+0W)t’] =1+ 0(1)¢",
we have
—1-2Ft)f' () (f(t))"2 =1+ 0(1)t".
Multiplying by (2F(t))~'/? we find
—(2F ()2 = F@) P F(0)(f(1) 72 = (2F(1))"* + O()tP (2F (1)) ~1/2,

and

(FO)2(F1)™) = @F ()77 + 01t (2F () 7/, (4.5)
By we have
(@M 1 FO 1 e

T FE@)TR I Fm)2 L
The latter estimate yields

lim (F(1))/2(f(£)) ™" = 0.

t—0
Hence, integrating on (0,s) we obtain
FE) ) = [ (@F)
Since t? is increasing we have
0< / tP2F ()Y 2dt < s° /S(QF(t))—l/th,
and equation impﬁes ’

(2F(s)? [ —1/2 o 3 —1/2
o _/0(2F(t)) dt +0(1) /0(2F(t)) dt.

iy o) / B2F @)~ 2dt.  (4.6)
0
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Putting s = ¢(8) and recalling that ¢/(8) = (2F(4(5)))Y/?, {&.4) follows and the
lemma is proved. (Il

Lemma 4.2. Let Q C RN, N > 2, be a bounded smooth domain, let f(t) > 0 be
smooth, decreasing and satisfying (1.7).1f u(x)isasolutiontoproblem then
F(¢) \1/2
1—Cs¢° 1+ 06 =5 p 4.7
6[1 - C66%) < u(x) < 0|1 + <F(2¢)) o], (4.7)
where ¢ = ¢(0) is defined as in (L4)), C is a suitable constant and § = 6(x) denotes
the distance from x to OS2.

Proof. We proceed as in the proof of Lemma 3.2 using the same notation. We
prove first that our assumptions imply those of Lemma 2.1. Indeed, estimate (|4.2))
implies
1
lim [ (F(r))Y%dr = .
t—0 t
To prove the monotonicity of the function s — (F(s))~! fsl (F(t))Y/2dt for s close
to 0, we claim that
S (F(r)"/2dr
(F(s))*2(f(s))~

C;i[(F(s))1/:(F(t))1/2dt] = (F(S))ﬁ/g{

Indeed, using (1.9), for s close to 0 we have

Fe) " = [ (F0o)

171}>0.

The above estimate and (4.2)) yield
lim (F(s))*/2(f(5) 7" = +oo.
Using de 'Hépital rule and (1.9]) we find
JUE@) A 1
lim —2 373 — = lim - S = 2
=0 (F(s))*2(f(s)) s=0 5 4+ F(s)(f(s))72f"(s)
It follows that

L leren [ woyea) >

as claimed.
Now we can use Lemma 2.1 and its Corollary. By (2.1)),

[H(F () /2t

v(r)>¢(R—r)—C (F{0)) 172

By (4.2) we have

(R—7r), 7<r<R. (4.8)

lim PHYUE)Y? = o0
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Using de 'Hopital rule and (1.8]) we find

1
lim J: (F(r))" 2dr = lim ! = 2 (4.9)
P EOE O (G e+ Tad -

2F(t)
Equations and imply
v(r) > (R —1) = Ci(v(r))* (R 7).
By (2:22), v(r) < ¢(R — r). Hence,
v(r) > ¢(R—1)[1 - Ci(¢(R—1))°(R—1)]. (4.10)

Arguing as in the proof of Lemma 3.2, one proves that (4.10) implies the left hand
side of

(.7)
By (2.2)) of Lemma 2.1 (with w in place of v) we have

1
F(t)Y2at
wir) < 6(r— p) + C(r— e EDT L ch
F(w)
By we can find a constant Cy such that
1
F 1/2
TGO RS W
F(w) (' (w))"/
By using this estimate and the equation ¢’ = (2F(¢))'/2, from we find
F@)\'? 511
w(r) < ¢+ Cs(r —p) (m) wPT, (4.12)

By (2.23) (with w in place of v and with € = 1), for r close to p we have w(r) <
2¢(r — p). Hence, from (4.12) we find

w(r) < qﬁ[l + Cy(r — p) (M)l/zdﬁ}.

F(2¢)
Proceeding as in the proof of Lemma 3.2, we obtain the right hand side of (4.7]).
The proof is complete. O

Theorem 4.3. Let @ C RN, N > 2, be a bounded smooth domain, let f(t) be
smooth, decreasing and satisfying (1.7)) and (L.10). If u(x) is a solution to problem
(1) then

1 1
¢[1 — Ho6" Cdo)ﬂ <u(z) < ¢[1 LU 05¢25},
where ¢ = $(0) is defined as in (1.4), H = H(z) is defined as in (3.18), and C is

a suitable positive constant.
Proof. We look for a super-solution of the form

w(z) = ¢(8) — Ad¢ T + adp? T, A= %H7
where « is a positive constant to be determined. We have

Wy, = @6y, — Ay, 08T = A[¢P T+ (B+1)8¢°¢'] 62, + [>T+ (28+1)5¢*7 ¢'] 6.,
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Recalling we find

Aw=¢" — ¢H — AAS$*TH —2VA- V(7 + (B+1)66"¢)

— A28+ 1)¢°¢ + (B+1)806"(¢')* + (B +1)6¢"¢"]

4.13
+ AH[¢PT + (B+1)6¢°¢'] + a[2(28 + 1)¢*° ¢ + (28 + 1)285 (4.13)
= ¢ @) + (28 + 1)6¢%7¢" — (6P + (26 + 1)66°7¢") H].
Equation yields
¢ = [L+0(1)8°]6f (). (4.14)
Since ¢" = —f(¢), by and we find
B+1
Aw = f(¢) [—1 — H5+0(1)5¢” + 0(1)?(;) + 01871 f (o)
(4.15)
+a0(1)56%° + a0(1) ‘fi; + a0(1)53¢2ﬁ—1f(¢)} .
We claim that, for § small,
il < 6P, (4.16)
flo) —
Rewrite as
A
5f (o)
The latter inequality follows by the statement
e (@) (f) T (@) ()
MA@ b ) e @p@)
. 2F (t)\1/2 1 t 2F() f'(t)
=) gae ~erme gop |-
In the last step we have used , , and .
Now we claim that, for ¢ small,
3¢ f (@) < 69", (4.17)
Rewrite as
2I@) _,
5 =T
The latter inequality follows by the statement
lim —5 = lim 7¢(t)
0=0 H2(f(4)) 712 =0 t1/2(f(t)) 71/
oy 2O
=0 (tf(t) 12— t2(f() "2 1 (t)

where (1.8) and (1.9) have been used.

Let us consider now the terms containing «. By (4.16), for § small we have
¢2B+1

f(9)

< 698, (4.18)
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Finally, by (4.17) we find
5362971 (9) < 567, (4.19)

Therefore, by (4.15) and estimates (4.16)-(4.19)), we find suitable positive constants
My, Ms, such that

Aw < f(¢)[~1 — HS + M16¢° + aMaig®]. (4.20)
On the other hand, by Taylor’s formula we have

Flt+wt) = f(D) [1 + tﬁi?“ + %t J;ift)w?}, (4.21)

where 6 is between 1 and 1+ w. If —¢ < w < € we can use (|1.10)); using also ,
from we find
Flt 1) = 7)1 = 51+ 0w+ 0() g5 (F(1)m?]
Here m is so large that and hold. Let
w=—A6¢" + ad*?,

and take v and g so that, for {z € Q:d(x) < Jp}

—e< —A5PP + b’ < e. (4.22)
With ¢ = ¢(d) we have t 4+ tw = w, and

@)1= £(1+0(1)6°) (~ 45 + ade’) + 0(1) (~ 45 + a6¢ﬂ)2(F(¢))”m}
[1 FUAS — al6d’ + 0(1)86° + a0(1)66%° + O(1)6%(F())/™

+amwww<@wﬂ.
Note that, using , , and recalling that m > 2 we find
02 (F(g))!/m 0 . (1)

PRI T e TS T R EEa)

. (2F (1)~
t=0 BEA-L(F(t))~1/m + L0 (F () == 1 f (1)
m .. F(t) 1
< — lim —
2t=0 f(t) tB(F(t)zm

Hence, we can find positive constants Mz, My, Ms such that

flw) < f(@)[1+LAS — ald’ + MsdgP + aMudp? + o Msd2 % (F(¢))"/™].
Recalling that H = (A, by (4.20) and the latter inequality we have

Aw+ f(w) <0 (4.23)

provided
M16¢P + aMydp®® — aldd® + Msdd’ + aMu6* + o® M562¢%° (F(¢))Y™ < 0.
Rearranging we find

My + Mz < afl — (M + My)¢® — aMs5¢° (F(¢))/™]. (4.24)
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Since -
lim 6(F(6))"/™ = lim b (¢) (F(£) /™ < lim t(F(£) 7% = 0,

it follows that (4.24]) holds for ¢ small and o large.
Using the right hand side of (4.7)) we have

o 65+1 —1/m|__ 1/m B 1/m _ ( (d)))%"r%
w— > O E() M [ABE () 4 adg (R (o)~ 08 i
Take «; large and §; small so that (| and ([£.24) hold for {z € Q: §(z) < 61},

and define

g = 1610 (F(¢))"/™.
Let us show that we can decrease § increasing o according to adg®(F(¢))/™ = ¢
until

- VSN ) ki
AS(F ()™ +q 05( TG -0 (4.25)
for {.13 €N 5('73) = 52} Indeed, we have
0< lim §(F ()™ = lim (1) (F(£))/™ < lim (F (1))~ = 0,

t—0
Furthermore, using (4.3)) we find
141 iyl 1/m
o< i o FOVEHE L BOF@) L aF@)
0 (FRO)T e (P b (F(20)
If (4.25)) holds, then w — u > 0 for §(z) = 3. Since w —u = 0 on 0%, by ([£.23)
(I8 5 )

and we have w —u > 0 on {z € Q: d(x) < d2}. We have proved that, for C
large,

1

1
u(e) < 6|1 2HI + caqs?ﬁ].
In a very similar manner, using the left hand side of , one finds that

1
v=¢— ZH&M“ — adp?th

satisfies v — u < 0 in a neighborhood of 92 provided « is large enough. The proof
is complete. ([
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