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LARGE TIME BEHAVIOR OF A CAHN-HILLIARD-BOUSSINESQ
SYSTEM ON A BOUNDED DOMAIN

KUN ZHAO

ABSTRACT. We study the asymptotic behavior of classical solutions to an
initial-boundary value problem (IBVP) for a coupled Cahn-Hilliard-Boussinesq
system on bounded domains with large initial data. A sufficient condition is
established under which the solutions decay exponentially to constant states
as time approaches infinity.

1. INTRODUCTION

As one of the fundamental modelling equations, the Cahn-Hilliard equation [6][7]
plays an important role in the mathematical study of multi-phase flows, and has
been studied intensively in the literature both analytically and numerically (see e.g.
[3, 4, 8] 121, T3], 19, 20} 25, 28], 27, 29]). The couplings of the Cahn-Hilliard equation
with other basic modelling equations have been proposed in various situations to
study complicated phenomena in fluid mechanics involving phase transition. For ex-
ample, the coupled Cahn-Hilliard-Navier-Stokes (CHNS) system and its variations,
which describe the motion of an incompressible two-phase flow under shear through
an order parameter formulation, have been used in order to understand the phe-
nomena of phase transition in incompressible fluid flows (c.f. [14} I8 24]). Recently,
a closely related model to the CHNS system has been developed in [10} 1T}, 15} [16]
to understand the spinodal decomposition of binary fluid in a Hele-Shaw cell, tumor
growth, cell sorting, and two phase flows in porous media, which is referred as the
Cahn-Hilliard-Hele-Shaw (CHHS) system. In this paper, we consider the following
system of equations:

o+ U -Vo=Au, xeR" t>0,
U:_0A¢+F/(¢)a

U, +U-VU+VP = uV¢ + e, (1.1)
9f+UVO:/£A9,
V.U =0,
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which is a system of strongly coupled partial differential equations obtained by cou-
pling the Cahn-Hilliard equation to the inviscid heat-conductive Boussinesq equa-
tions. It describes the motion of an incompressible inviscid two-phase flow subject
to convective heat transfer under the influence of gravitational force through or-
der parameter formulation. Here, U = (uq,...,uy), P and 6 denotes the velocity,
pressure and temperature respectively. ¢ is the order parameter and p is a chem-
ical potential derived from a coarse-grained study of the free energy of the fluid
(c.f. [I7]). The constant x > 0 and o > 0 models heat conduction and diffusion
respectively, and e,, is the n-th unit vector in R™. The function F' usually has a
physical-relevant, double-well structure, each of them representing the two phases
of the fluid. A typical example of F takes the form (c.f. [9,17]): F(z) = +(2*—1)%
In this paper, we consider a general scenario by imposing appropriate growth con-
ditions on F. We remark that, system reduces to the CHHS model if the
temperature equation and the hydrodynamic effect are dropped. On the other
hand, becomes the CHNS system if the temperature equation is removed and
the viscosity of fluid is added to the velocity equation.

In the real world, flows often move in bounded domains with constraints from
boundaries, where the initial-boundary value problems appear. The solutions of
the initial-boundary value problems usually exhibit different behaviors and much
richer phenomena comparing with the Cauchy problem. In this paper, we consider
system on a bounded domain in R™. The system is supplemented by the
following initial and boundary conditions:

(¢,M,U,9)(X, O) = (¢0,M0,U0,90)(X), (1 2)

Vé-nlopa =0, Vu-nlpgo=0, U-nfsg =0, 0lsg =70, .
where 0 C R” is a bounded domain with smooth boundary 0f), n is the unit
outward normal to Q and @ is a constant.

The initial-boundary value problem 7 was first studied in [30], where
the global existence and uniqueness of classical solutions are established, for large
initial data with finite energy in 2D. However, the large time asymptotic behavior
of the solutions is not investigated due to the lack of uniform-in-time estimates of
the solutions. We give definite answer to this unsolved issue in current paper for
the 2D case, based on new findings of the structure of the system.

Suggested by the conservation of total mass and the boundary conditions, it is
expected that the global attractors of ¢ and @ should be ¢ = ﬁ fQ ¢o(x)dx and

6, respectively, due to diffusion and boundary effects. In this paper, we provide a
sufficient condition that guarantees the decay of the solution. We will show that
when the diffusion coefficient o passes a threshold value determined by F' and (2,
the functions ¢ and 6 will converge exponentially in time to ¢ and 6, respectively,
regardless of the magnitude of the initial perturbation. To be precise, we shall
assume that a — Fzcg > 0, where F5 > 0 is a constant such that F” > —F3, and ¢g
is the constant in Poincaré inequality on €. This condition is crucial in our analysis
due to the fact that it produces a positive constant multiple of ||¢ — q3||§[2 which
is one of the major dissipative terms controlling the exponential decay of ¢. The
condition will trigger a chain reaction leading the energy estimate performed in [30]
to a whole new scenario. As consequences of the convergence of ¢ and 6, we will
show that the velocity and vorticity are uniformly bounded in time.
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Throughout this paper, || - ||re, || - ||~ and || - [[wes» denote the norms of the
usual Lebesgue measurable function spaces LP (1 < p < o0), L™ and the usual
Sobolev space W*#P | respectively. For p = 2, we denote the norm || - ||z by || - ||
and || - |lwsz by || - || s, respectively. The function spaces under consideration are
C([0,T); H"(Q)) and L2([0,T]; H*(Q2)), equipped with norms supg<;<z || ¥ (-, )| -

and (fOT ||\Il(~,7')||qud7') 1/2, respectively, where r, s are positive integers. Unless
specified, ¢; will denote generic constants which are independent of ¢, u, U, 6 and t,
but may depend on «, k, ) and initial data.

For the sake of completeness, we first state the results obtained in [30].

Theorem 1.1. Let Q C R? be a bounded domain with smooth boundary. Suppose
that F() satisfies the following conditions:

o F(-) is of C% class and F(-) > 0;

e There exist constants Fy,Fy > 0 such that \F(”)(¢)| < Fi|g|P~™ + Fy,

n=1....,6, V6 <p<oo and ¢ € R;

e There exists a constant F3 > 0 such that F" > —F3.
If the initial data ¢o(x) € H5(Y), po(x) € H3(Q) and (0o(x),Uo(x)) € H3(Q)
are compatible with the boundary conditions, then there exists a unique solution

(¢,11,0,U) of ([LI)-(L2) globally in time such that
¢ € C([0,T]; H*()) N L*([0,T]; H'(Q)),
p e C([0,T); H () N L*([0,T]; H°(2)),

U e C(0,T); H3(R)) and 6 € C([0,T); H>(Q)) N L2([0,T); H*(Q)) for 0 < T < oc.

The next theorem is the main result of this paper regarding the large-time as-
ymptotic behavior of the solution obtained in Theorem

Theorem 1.2. Suppose that the assumptions in Theorem [I_1] are in force and as-
sume that the constant a— Fscg > 0, where cq is the constant in Poincaré inequality

on Q. Then the solution to (L.1))—(1.2)) satisfies

6(-8) = Glls + [l t) = F' (@)l s + [16( 1) = bl < e
UG Ollwre <y(p), V1<p<oo; |lw(,t)llre <75, Vt=0,

for some constants v, 3,7(p),¥ > 0 independent of t, where ¢ = ﬁ Jo o(x)dx and
W = Vg — Uy s the 2D vorticity.

Remark 1.3. It should be pointed out that, in the theorems obtained above, no
smallness restriction is put upon the initial data.

Remark 1.4. We observe that, by assuming small initial perturbation around the
equilibrium state and by exploring the structure of the function F, one can show
the exponential decay of the solution. However, the asymptotic result obtained in
Theorem [I.2 has an obvious advantage over the case for small perturbation. Indeed,
Theorem [1.2] provides a convenient criterion for determining whether the solution
collapses to a constant state as time evolves. Based on the result, one only needs
to measure the volume of the domain, instead of measuring the “smallness” of the
initial perturbation which is usually laborious to perform, to determine whether
the solution decays or not when other system parameters are fixed.
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Remark 1.5. It is well-known that the Cahn-Hilliard equation is an effective model
in the study of sharp interfaces in two-phase fluid flows. However, based on our
results, the order parameter ¢ tends to a uniform constant ¢ instead of +1. This
suggests that under the conditions of Theorem [I.I]and Theorem the modelling
equations indeed fail to model the sharp interfacial phenomenon. Therefore,
our results exhibit some bifurcation phenomena on the effectiveness of the modelling
equations.

The proof of Theorem [I.2] involves a series of accurate combinations of energy
estimates. The estimates are delicate mainly due to the coupling between the equa-
tions by convection, gravitational force and boundary effects. Great efforts have
been made to simplify the proof. Current proof involves intensive applications of
Sobolev embeddings and Ladyzhenskaya type inequalities, see Lemma[2.1] Roughly
speaking, because of the lack of the spatial derivatives of the solution at the bound-
ary, our energy framework proceeds as follows: We first apply the standard energy
estimate on the solution and the temporal derivatives of the solution. We then apply
standard results on elliptic equations to recover estimates of the spatial derivatives.
Such a process will be repeated up to third order, and then with the aid of the
assumption on «, the carefully coupled estimates will be composed into a desired
one leading to the exponential decay of the solution.

The rest of the paper is organized as follows. In Section 2, we give some basic
facts that will be used in the proof of Theorem In Section 3, we prove some
uniform-in-time energy estimates of the solution based on which the combinations
of energy estimates will be performed. We then complete the proof of Theorem
in Section 4.

2. PRELIMINARIES

In this section, we shall collect several facts which will be used in the proof of
Theorem First, we recall some inequalities of Sobolev and Ladyzhenskaya type
(c.f. [I, 210).

Lemma 2.1. Let Q C R? be any bounded domain with smooth boundary 0. Then

() /]l < erllflle;
(i) [l < call fllwr for all p>2;
(i) || fllz < eallflls for all 1 < p < oo;

(iv) 174 < ca(IFINIV LN+ 1F1%):
) I11IZs < es(IFIIV Fllza +1L£12).
for some constants ¢; = ¢;(p,Q), 1 =1,...,5.

Next, we recall some classical results on elliptic equations (c.f. [2 22] 23]), which
are useful in the estimation of 6.

Lemma 2.2. Let Q C R2 be any bounded domain with smooth boundary 0. Con-
sider the Dirichlet problem

KAO = f in Q,

=0 ondqQ.
If f € W™P then © € W™F2P and there exists a constant cg = ce(p, k, m, ) such

that
[Olwm+2r < csl fllwm
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for any p € (1,00) and the integer m > —1.
The next lemma is useful for the estimation of the velocity field (see [5]).

Lemma 2.3. Let Q C R? be any bounded domain with smooth boundary 09, and
let F € W2P(Q) be a vector-valued function satisfying F - nlgg = 0, where n is the
unit outward normal to Q). Then there exists a constant c; = c¢7(s,p, Q) such that

[Fllwer < cz(IV X Fllws-10 + |V - Fllws-1 + | Fl|zr)
foranys>1 andp € (1,00).

Finally, we recall some Poincaré type inequalities, which will be used in the
estimation of ¢, whose proof is straightforward.

Lemma 2.4. Let Q C R™ be any bounded domain with smooth boundary 02. Then,
for any function H*(2) 5 f : Q — R, there exists a constant cg = cs(s,Q2) > 0 such
that
Q) [1f = Fllrzs < esl| Al and || f = fllgzerr < cs|VA*fIl, s 2 1, if Vf-nloq =
0,
(2) [fllze < esl[ A and [[f[|g2ser < es[[VA*Fl, s = 1, if flaa =0,
where f = ﬁ Jo fdx.

3. UNIFORM ENERGY ESTIMATES

In this section, we establish some uniform-in-time energy estimates of the solu-
tion under the condition o — F5cg > 0, based on which the exponential decay rate
of the solution will be proved. The results are stated as a sequence of lemmas and
the proofs are carried out by carefully exploring the condition o« — F5¢y > 0 and
delicate applications of Cauchy-Schwarz and Gronwall inequalities.

To study the asymptotic behavior, we first reformulate the original problem to
get the one for the perturbations. For this purpose, let ® = ¢ — ¢ and © = 6 — 4.
After plugging ® and © into we obtain

O, +U-VO = Ap,
n= —QA¢)+F/(¢),

U4+ U-VU+ VP = uV® + Oey, (3.1)
O, + U -VO = kAO,
V.-U=0,

which is equivalent to (1.1)) for sufficiently smooth solutions, where P =P — 0y,
and the initial and boundary conditions become

((I)vl’(‘a U7@)(Xa 0) = (q)f))/J’O?UOa@O)(X) = ((bo - (57 Ho, U0790 - é)(X),

3.2
V@ -nlpg =0, Vyu-nlpg=0, U-njpg =0, Olgg=0. (3.2)

We begin with the uniform estimate of ||®|| .

Lemma 3.1. Under the assumptions of Theorem[1.3, it holds that

t
l2(, 1) +/0 (-, 7)|[Fr2dr < o, VE>0. (3-3)
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Proof. Taking L? inner product of (3.1)); with ®, after integrating by parts we have

1d
5£||<1>||2 :/<I>Aux: —/ w-vq>dx:—a||Aq>||2—/ F"(¢)|V®|*dx, (3.4)
Q Q Q
which gives
1d
§%I\<I’I|2+ozllA‘1>l|2 < F5||Va?, (3.5)

where we have used the condition on F. Since ® = ¢ — ¢ and ¢ is a constant, using
the boundary conditions, Cauchy-Schwarz and Poincaré inequalities we have

1 co 1 Co
IVl = - [ @avdx < 5|0 + Plad) < el + Plael® (@0)

which implies
[VO|* < col|AD|?, (3.7)

where ¢y is the constant in Poincaré inequality on €. Let oy = a — F3¢g > 0.

Substituting (3.7) in (3.5)) we have

1d

——||®|? A®|?> <o0. 3.8

LBl + | A% < (33)
Upon integrating (3.8) in time over [0,¢] and using Lemma we obtain ((3.3)).
This completes the proof. O

Remark 3.2. The estimate already implies the decay of ||®||>. However,
our ultimate goal is to show the decay rate of the higher order derivatives of the
solution. Hence, for the sake of completeness, we leave the proof of the decay rate
in the next section.

Next, we prove uniform estimates of ©, which will be used to settle down the
uniform bound of |U]|g1.

Lemma 3.3. Under the assumptions of Theorem [I.3, there exists a constant By
independent of t such that for any t > 0, it holds that

t
1
I, )1 < |8o]?e ™", /O IVOC, 7)l*e™7dr < —[©]*. (3.9)

Proof. Taking the L? inner product of (3.1))4 with © we have
1d

g%ll@ll2 +x[ VO =0. (3.10)
Since Ogn = 0, Poincaré’s inequality implies
d 2K
£||@||2+5H9H2 <0, (3.11)
which yields immediately
I8¢, 1)* < [[©o*e 2", (3.12)

where §y = k/co. This proves the first part of (3.9)).
Next, we multiply (3.10) by e”? and use (3.12) to obtain
d

a(eﬁot||@||2) + 2ke®t|| V0|12 < BoeP0t||O]2. (3.13)
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For any t > 0, upon integrating (3.13]) in time we obtain
t
MO, 1) = 100l + 2f€/ ePT|VO(, 7)|Pdr < (1—e )00, (3.14)
0

which implies the second part of (3.9 immediately. This completes the proof. [

With the help of Lemma [3.3| we now prove the uniform estimates of ||U||g: and
[lh7es

Lemma 3.4. Under the assumptions of Theorem[1.3, for all t >0,
t
ITC ) + 1217 +/O (IVuC DI + 1R, )lFs)dr < er0. (3.15)

Proof. Step 1. Note that due to Lemma [2.3] and the boundary condition on U, it
suffices to estimate |U||> and ||w||?, in order estimate |U(-,t)||%,:. Taking the L?
inner product of (3.1))s with U we have

1d
Ldyop = / WV - U)dx + | Oes - Udx. (3.16)
2dt Q Q
Taking L? inner product of (3.1)), with u we have
d
—(3||V<I>||2 +/ F(qb)dx) + V)2 = —/ WV - U)dx.  (3.17)
Adding (3.16]) and (3.17]), we obtain
d /1
G GIVE+ 5198+ [ Foax) + 1l = [ 6ex-Uix.  (315)
dt\2 2 o o

Applying Cauchy-Schwarz inequality to the right-hand side of (3.18) and using
(3.12), we obtain
d

1 a
G GIUIE+ 51V + [ Feedx) + [l < e U2 + e 5 eq . (3.19)
Q

After dropping ||V from the left hand side (LHS) of (3.19)), we have

d /1 « _ _
S0+ SIval + [ Fjix) < Ul +e ool @:20)
Q
Since F' > 0, Gronwall’s inequality then gives
1
ST+ %HV@HZ +/ F(¢)dx < e, Vt>0. (3.21)
Q
Applying (3.21) to (3.19) and integrating with respect to ¢ we obtain
t
U1 + 1903 + [ F@x+ [ I9uC.nlPdr < Vezo.  (32)
Q 0

Step 2. By the definition of ®, Lemma and (3.1)2, we observe that
1]|3s < esl|V(AR)|? < s (| Vil + [|1F"(¢)VE[). (3.23)
Using the condition on F', Holder inequality, Lemma (iii) and (3.22) we have
2(p—2
IF"(6)V®|* < era(l6ll75, 2 VOl + VD2
2(p—2 112(p—2
<es (@152 + 16150 Vel + [Ve|?) (3.:24)

< c16)|® |32
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substituting (3.24) in (3.23) we have

@)% < err(IVall? + [[2]13), (3.25)
which, together with (3.3]) and (3.22)), implies
t
/ |®(, 7)||3:dT < c18, Vit >0. (3.26)
0

Step 3. By taking the curl of the velocity equation, we obtain
w+U-Vw=p, 0y — p1y @z + 05, (3.27)

where w = v, — u,, is the 2D vorticity. Taking L? inner product of (3.27) with w
and applying Holder inequality we have

d
il < 2[Vulll[Vellz= +[IVOl. (3.28)

Upon integrating (3.28)) in time using Holder and Sobolev inequalities we have

t
lw(- D) S/O QIVEllIVelL= +IVOl)dr + [lwol

t 1/2 t 1/2
<ol [ 19ulPar) ([ oitoar) (329)

t 1/2 t 1/2
+ (/ 650T/2||V@H2d7) (/ 6_507/2d7'> + |Jwoll-
0 0

Since the right hand side of is uniformly bounded in time by virtue of previous
estimates, we have

||w(~,t)|| < C20, Vit > 0. (330)
Thus, follows from (3.22)), (3.26)) and (3.30). This completes the proof. [

With the aid of Lemma[3.4] we are now able to improve the estimates of ® and p.
Due to the lack of spatial derivatives of the solution on 0f2, we shall alternatively
work on the temporal derivatives and use an iteration program to recover the spatial
derivatives.

Lemma 3.5. Under the assumptions of Theorem[1.3, it holds that
¢
12 ()72 + i I +/ (121> + IVul3p)dr < car, ¥VE>0.  (3.31)
0

Proof. Step 1. By taking L? inner product of (3.1)); with ®; we have

@1 +/ (U -VP)dx = / Oy Apdx. (3.32)
Q Q
Using the boundary conditions we calculate the RHS of (3.32)) as:
/ O, Apdx = —i@\m@n? + 1/ F"(¢)\vq>\2dx) + 1/ F" ()8, VO [2dx.
a dt\ 2 2 Jo 2 Jo
(3.33)

Substituting (3.33) in (3.32) we obtain

d /«a 1
G(51800 + 5 [ Pro)veax) + o)
1

:f/F”’(¢)<Dt|V<I>|2dx—/ (U - VO)dx.
2 Q Q

(3.34)



EJDE-2011/46 CAHN-HILLIARD-BOUSSINESQ SYSTEM 9

Using Cauchy-Schwarz inequality and Lemma [3.4] we estimate the first term on

the RHS of (3.34) as

1 1 1
E / P (0) 8 [V dx| < 1@ +
2 /o 4

1 [PVl
4 /o

1 —
< Z12el? + canll 35,5 V@ Es + cao| VO L0 (3:35)

Lemma [2.1] (iii)~(v) and Lemma [3.4] then give
IVe[|70 + VRl 7s < cas(IVRIPIVRI? + [VO[* + [V VZ@[|Z7: + V)
< oo (V2@ + [V + [ V2@ 31)

1
< 1 ]* + cas (VI + V2] 1a)-

< ca6]| |75
(3.36)
So we update ([3.35) as
1 1
|5 [ Fr@wdvafix| < (1o + cal @l (3.37)
Q
The second term on the RHS of (3.34) is estimated as
1
|- [ @ Vo] < {0l + oV [
Q (3.38)

N

1
N2 + a0 |3,

where we have used Lemma Combining ((3.34])), (3.37) and (3.38]) we have
d

« 1 1
%(inmw + 5/QF”(czv)IV(bIde) + S 1Pel* < caoll @35 (3.39)

Upon integrating (3.39)) in time and using (3.26)) we have

1 I
g||A<I’H2+f/F”(¢)|V<I>|2dx+f/ | ®¢||2dT < c31. (3.40)
2 2 Jo 2 Jo

Since F" > —F3, we have
[ Frvepax = ~RIVEP 2 ~Fi ], (3.41)
Q
where we have used (3.6). Substituting (3.41)) in (3.40) we have
o 1/t
LUaR+ 5 [ iPdr < e,
2 2 J,
which, together with Lemma [2.4] implies
t
@0 + [ I2uldr < e (3.42)
0

Step 2. We derive some consequences of (3.42). From (3.1)s and Lemma
(i) we see that

(- t)I? < ess(|AD)2 + | F'(6)]1%)
< eaa(|A®]2 + [|g]72 7 + 1) (3.43)
2(p—1 “12(p—1
< ess(a@)? + @527V + ol 72 + 1).
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Therefore, using we have
(- t)]1* < ess, V0. (3.44)
Since V- n|pq = 0, by Lemma and Lemma we have
IVl < carllAul? < ess (1247 + [|U - V)
< cao([|24]” + U3 [V @[[F72) (3.45)
< cao (@] + [|19][F2),
which, together with and , implies that

t
[ 19l < e (3.46)
0

Therefore, (3.31)) follows from (3.42)), (3.44) and (3.46|). This completes the proof.
O

The next lemma gives the uniform estimate of ||Uy(+,t)||> whose proof requires

more careful examination of the energy estimate for the temperature.

Lemma 3.6. Under the assumptions of Theorem[I1.3, there exists a constant 31 > 0
independent of t such that

t
MO, )7 +/ TR0, 7)|[Fadr < caz, VEZ 0. (3.47)
0
Proof. Step 1. Taking L? inner product of (3.1)4 with ©; we have
Kk d 1
L4 g0l 1 o2 < U V6| + ey (3.48)
Using Lemma [3.4) we have
U - VOl < cxsll U VO < eas VOl (3.49)
So we update ([3.48) as
Kk d 3
4 ivel? + e < cul Vol (3:50)

The estimate of the RHS of (3.50) is tricky. First, applying Lemma (iv) to
VO to obtain

c1s| VO Zs < cas (VO D*O] + [ VO|?) < cas(8)IVOI* +ID*6]1%,  (3.51)

where § is a number to be determined. Since ©|sq = 0, by the elliptic estimate
(c.f. Lemma[2.2), we have

1817 < car(l0¢]* + U - VOI). (3.52)
For the second term on the RHS of (3.52)), we use (3.49) and (3.51) to get
IU-Vel? < as(IVelD*e] +[ve]?). (3.53)

Then, using Cauchy-Schwarz inequality we update (3.52) as

18172 < cas (€41 + VOl D*O] + [ VOI?)

1 (3.54)
< eso (/|04 + IVO?) + §||@||§{2»

which implies

18132 < csi(O: + V). (3.55)
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By choosing § = 1/(4c¢s1) in (3.51), and coupling the result with (3.55)) we have

1
caa|[VOILs < es2[ VOII + 111041 (3.56)
Combining ([3.50) and ( we obtain
O+ =e? < ol 3.57
an I+ 51047 < exzllvO] (357)
Step 2. We multiply (3.10) by 2cs2/x and add the result to (3.57) to obtain
d /cs 1
= (21012 + ZIVOI) + csall VOl + 5104 < 0. (3.58)
It is clear that, by Poincaré inequality, there exists a constant csg > 0 such that
c
C53< 0] + IVOl?) < e[ VO (3.59)
Substituting (3.59) in we have

d
dt

which implies (by dropping £|/6,||? from the LHS) that

c c 1
(Z211e)2 + f||v<a|\2)+c53(52||@|\2 SIVOI?) + Slled? <0,  (3.60)

C52 2 K 2 C52 2 K 2\ —csst
- - < (= - 53t :
(Z20C. 0112 + SIVerDI?) < (2260 + S V60| (3.61)
Therefore, for t > 0,
. “lrc K s
10C, )% < (min{esa/n,v/2})  (Z2[10ll” + 5 VOO[? e (3.62)

Using (3.58) and (3.61]), by repeating the same procedure as in Lemma we
have

esst/2 (€52 a2k L2
et 2 (220, 1)|2 + SVl 1))

t
1
+ [ e (el VOC I + l0n )P dr (3.63)
C52 2 K 2
< 22 —
<2(22 002 + S IVeul?),
which yields
¢ 1 c K
c537/2 . 2, - . 2 < 9552 2, ™ 2
e (enalvOC R+ G100 7R )i < 2( oo+ FIVeuR). (364

In view of (3.55]) we see that
¢

/ e T2|O(-, 7)||32dT < csa. (3.65)
0

Therefore, follows from and . This completes the proof. O
With the help of Lemma we have the following result.

Lemma 3.7. Under the assumptions of Theorem[1.3, for all t > 0,
aC O + 112G O + UG O + U~ + 10 )1 < es5. (3.66)
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Proof. Step 1. Taking L? inner product of (3.27) with |w|?w and using Holder
inequality we have

d
plwlle < 20Vullrs[VOlrs + [VOLe < eso(IVallr|@]] 2 + (101 2). - (3.67)

Integrating (3.67) in time and using the previous lemmas, we have

t 1/2 t 1/2
ot Ol < ol [ 19ullar)”( [ 18]Eedr)
0 0

t 1/2 t 1/2 3.68
+056(/ e 2qr) (/ 2|0} adr) T + ol (3.68)
0 0

< ¢s7,
which, together with Lemma [2:3] and Sobolev embedding, implies
IUC Dllwrs + U D)o < 58, VE20. (3.69)
For the estimate of ||U;||?, taking L? inner product of (3.1))3 with U; we have
IUl* < eso (102 VU + |l 120 7 + 1€0]1) < coo(IIVall* + 1), (3.70)

where we have used (3.42)), (3.44)) and (3.69)).
Step 2. We now deal with p and ®;. Taking L? inner product of (3.1] 1 with gy

we have

1d
5 7l VHIP + al Ve |* = —/Q [F" ()} + (U - V)] dx. (3.71)
From (3.42) and Sobolev embedding we know that
[ @]z < co1, (3.72)

which according to the condition on F' implies
[F®=™ ()| pe < Fic(p,n) (|5 + |1910) + Fo < g2, n=1,....,6. (3.73)
Using (3.73)) we estimate the RHS of (3.71) as follows:

|~ [ [F@)0% + (v - T0)ax|
Q
1
< IF" (@) p=l1®e])” + 20|20 [IV2[* + oo
1
< caal|Pe” + cos [ VOI® + o= (207 APy |* + 2] F” () [T |01 ]*)
o
< caal| @[ + cos | A" + AP, %,
where we have used (3.69) and Lemma [2.4. We update (3.71)) as

5 IV + all VB < cou| @0l + cos| 0D + S A2, (3.74)
Differentiating 1 with respect to t we have
Cy + U, - VO 4+ U -V, = Apy. (3.75)
Taking L? inner product of with ®; we have
1d

Q Q
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Using (3.73)) and (3.70) we estimate the RHS of (3.76) as follows:

‘/QF”(gza)@tA@tder/Q@(Ut-V<I>t)dx‘

o 1 1 o

<7Aq)2 *F” 200(1)2 7@2001]2 - q)2

< SIARIE + LIF @ 0P + polBl IO + SIve
(% (0%

< AR + ool @] + cor | DI (VoI + 1) + 5 Ve

<

(0% «
AP + cos|[ @l + cos (1 Vull* + [AL]*) + 5[V

So we update ([3.76) as
1d
2 dt

Combining (3.74) and (3.78) we obtain

d
= (vl 12:)12) +a (I V@I HIARE) < coo (19224 Tal+]AD). (3.79)
After integrating (3.79)) in time and using (3.3)) and (3.31]) we have

t
||VM(-,t)||2+||<I’t(-,t)|\2+/ (IV®)* + [[A®||*)dr < 7o, VE>0.  (3.80)
0

3a «
1D 1 + ZHA‘I%H2 < cosl|Pell” + cos (| Vull® + | A®]1%) + §W<I>t|\2~ (3.78)

Substituting (3.80) in (3.70) we have ||U;(-,t)||> < c71. This completes the proof.

d
As consequences of previous lemmas, we have the following result.
Lemma 3.8. Under the assumptions of Theorem[1.3, it holds
1RC ) Fgs + Il OlF < er2, VE>0. (3.81)
Proof. First, by we have
G Ol < cao (e O + (190, B)l[F2) + - )] (3.82)

Then the uniform estimate of ||u(-,t)[|32> follows from Lemma [3.5{and Lemma
Second, by Lemma[2.4) and (3.I), we have

12( )Fs < ers (GOl + 1F (9)(5 1) [52)- (3.83)

Using the second condition (Hs) on F, (3.31) and (3.73), it is straightforward
to show that ||F'(4)(-,t)||%2 < c74, which together with the uniform bound of
l14(-,t) |32 imply that ||®(-,¢)||3;4 < c75. This completes the proof. O

4. LARGE TIME ASYMPTOTIC BEHAVIOR

In this section we prove Theorem based on a sequence of accurate combina-
tions of energy estimates. For the convenience of the reader, we first collect some
uniform-in-time estimates. From (3.31)), (3.66) and (3.81)) we have, for any ¢ > 0:

(12170 + llllre + 191 + IEC™ (@) |20 + U IFyrs + 1U N7 + 107 () S(C76)~
4.1
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4.1. Decay of (®,u). Step 1. First, by (3.1)2 we have
= F' (@)} = | — aA® + F'(¢) = F'(@)|* + [ Vuull 7y
< 207 A®|1* + 2| F'(¢) — F'(9)|* + |Vl B2

Using (4.1)) and Lemma [2.3] we estimate the last two terms on the RHS of (4.2) as
follows:

(4.2)

21F'(¢) = F'(O)1* + [V ullFy

< 2| F"(QlIZ < 1R[I* + 7|V Apll?

< crs|| )7 + cro (I[VOe]* + V(U - V) |?) (4.3)
< ers|| @l + cso (VO + VUV + IUI5]1V2@])

< st ([IV0* + [[@1Fs)-

Combining (4.2)) and (4.3) we have

= F'()l[3s < caa(|VOL + [[®]1F)- (4.4)
Combining (3.25) and (4.4) we then have
= (@) < css (19030 + [0 + [Vl?). (4.5)
Second, by Lemma and (3.1)2 we have
127 < cs|VA?®|? < esa | VAU + es5 | VAF (¢) 1. (4.6)

By direct calculations and Sobolev embeddings we can show that
IVE' (@) l7 < csollF" (9) 12 (IV Il + 2] VR [IV[1F2)
+esl|F" () [ [ V2 32 VO,

Using (4.1]) we obtain from (4.7) that ||VE'(¢)||3,2 < css||V®||3;2, which, together
with (4.6]), implies that

(4.7)

[@[I7s < cso (VO + [|@]|F).- (4.8)
Combining (4.5)), (4.8) and (3.25)) we have
= F' ()3 + 1913 < coo(19u3s + 1932 + [Vul?).  (49)

Therefore, it suffices to show the decay of RHS of (4.9)) in order to prove the decay
of ® and u.

Step 2. We recall (3.17)),

i & 2 X 2= . X
(51901 + [ P@)ix) 19l = - [ w(ve-vyix. (410)

Due to the structure of the function F(-), there may be a constant term in the
integral fQ F(¢)dx in general, which is impossible to decay. In order to resolve this

issue, we observe, since fQ(cZ) — ¢)dx = 0, it holds that

- /(T = 1 " _1\2 <
| F@) = F@ax= [ P@w-aix+; [ Frow-o7a

1 _
= 5/ F"(€)®%dx, for some & between ¢ and ¢.
Q
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Then we update as

G5V« 5 [ Fr©@tax) + IVl = = [ p(ve-Vax
Using and Lemma we estimate the RHS of as

‘—/ (V- U)dx’ ‘/@U~Vudx’
Q

IN

1 1
SIVul? + S IUNZ @
2 2

IN

1
SIVAl? + corl| @Il

IN

1
SIVaI? + cozll A2
Substituting (4.12)) in (4.11)), we have
d
= (alvel? + /Q F/(€)®%dx) + [ Vp|* < cag | AP
tep 3. Recalling (3. and using (4.1) and Lemma |2.4{ we have
S 3. Recalling (|3.34) and using (4.1f) and L 2.4 h
(5180 + 5 [ F@)varix) + od?
= f/F”’(¢)¢>t|Vd>|2dx—/<I>t(U~V<I>)dx
2 Q Q
1
< 51l + cos (V@10 + [VI3)
1
< §||‘I>t||2 + cos[|A®?,
which yields
d
= (allae)? + / F(6)|V0[2dx) +[|@2 < cosl| AP
Step 4. From (3.77) and (4.1)) we have

2dt

Combining ([3.74)) and ( - we have
d
UVl 119 %) + a([[VO* + AR [*) < cos (@] + [|AD]).

Step 5. Taking L? inner product of ([3.75)) with p; we have

2 dt
For the last term on the RHS of (4.17)), we have

1d / F"(¢)®%dx + = / F"(¢)®3dx.

. 1" _

«
D02 + afl A < —||A<I>t||2 + S IV + cor (@] + A]%).

||V<I>t||2+||wt||2 /(Utfl)+U<I)t)~Vutdx—/F”(qﬁ)(bt@ttdx.
Q Q

15

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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So we update (4.17)) as

d
(Ve + [ Fr(o)atix) + 2|Vl

= 2/(Ut<b +U®D) - wtdx+/ F"'(¢)®3dx.
Q Q

Using (4.1 and Lemma [3.6] we estimate the first two terms on the RHS of (4.18))
as

(4.18)

2 [ (U +U90) - Vx| < IVl + [P + 10 P

< [V pel? + col|® 272 + cro| 2 (4.19)
<Vl + cr00| AP[? + 01 | A%,
Similarly, for the term involving ®3, we have
| [ Pr@stax| < 1P @)l 0
(4.20)

< 76| @13 /| el 1
< 02| AR [P @4 < crosl| A
Substituting (4.19) and (4.20) in (4.18]), we have

d
(01907 + [ F@)0kx) + [V < cuos(IATI7 + [ABE). (@21

Step 6. In this step, we make combinations of energy estimates, which will be used
to prove the exponential decay of ® and u. First, we collect energy inequalities from
Steps 2-5:

(T3 | 4 (allVOI? + fo F/(€)9%dx ) + | Vull® < cos]l A
(1D | 4 (2l AP + o (@) VOlPdx) + @0l < cooll AP
E16) [ £ (VI + [12:0%) + a([VO + [AP: ) < cos([:]* + [AD]?)
(4.21) %(aHV(I)tHQ + Jo F”(¢)<I>§dx) I Viel? < croa(|AS* + |A®]?)
First, multiply by 2‘1% and then add to obtain
4
dt

[Jo()] + Ko(t) < cro5(I|®e]* + [[A2[), (4.22)

where
2c104

To(®) = Z22 (VAP + [2l) + al VP + [ P(0) B,
Q

«
Ko(t) = c10a AV + [|AD1%) + [V ||

Second, multiply (4.14) by 2¢105 then add (4.22)) to obtain
d

a [J1(1)] + K1 (t) < cao6]| A2, (4.23)

where
(O = Jo(t) + 20005 (al A+ [ F(0)[TOPa).
Q

K1 (t) = c105]|®||* + Ko(t).
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Third, by coupling |D and (4.13)), we have
L [a(0)] + Kolt) < crorll A, (4.24)

where

Jo(t) = Ji(t) + (auvq>||2 +/QF”(§)<I>2dx>, Ko(t) = Ki(t) + |Vl

Recalling (3.7)), we have

d
£||<I>||2 + 204 ||A®|? < 0. (4.25)
Then, multiply (4.25) by <% then add (4.24) to obtain
T [Js( )] + Ks(t) <0, (4.26)

where .
J3(t) = Jo(t) + %H‘I’HQ’ K3(t) = Ka(t) + cro7]| A

Step 7. In this step we apply the condition oy = a — F3¢p > 0 to uncover the
secret hidden in (4.26[), which will give the desired decay estimates of ® and pu.
First, by (4.1) and Poincaré inequality we have

2C104

(IVull® + | ®:]%) + on[[ VO
< Jo( )

2c104
a

<

(VA + 12:]1%) + @l VO + ez e,
which implies
Jo(t) = | Vul® + @17

where the symbol = denotes the equivalence of quantities. Also, by Poincaré in-
equality, we have

cr0a(col|Pel” + [V > + |AD 1) + ([ Ve
< Ko(t)
< cr0a(19e]1* + 2 V0|1 + [|AD 1) + ||V e ||

Therefore, Ko(t) = [[4][3= + | Ve[
Similarly, we have

L 1(8) = IVall® + 127 + 19012 [ K1) = (127 + [Vil® |
[ 2(t) = [IVull® + [ 2ellFp + 19012 [ Ko() = [1Pll7 + [Vl + [Vl |
[ Js(®) Z Val? + 12eliF + 1207 [ K@) = [Pl + [Viel® + VoI + [9]F: |

Then it is clear that there exists a constant c¢igg > 0 independent of ¢ such that
c108J3(t) < Ks(t), which, together with (4.26)), implies
d
dt (Jg( )) + Clong(t) <0
which gives
J5(t) < J3(0)ecw0st ¢ > 0.
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We then have
IV RGOl + 190 + 12, )72 < croge™ %, V20,
which, together with , implies
1R )3 + (1 = F'(@)) (- )l 7rs < exnoe™ %, V>0, (4.27)
4.2. Decay of ©. In this section, we show the exponential decay of ||O||gs. Again,

this will be done by combining uniform estimates of the solution.
Step 1. Since O]sg = 0, by Lemma [2.2] and (4.1)) we have

1817 < et (1817 + IU - VO 31)
< e ([0l + U2 1VOI? + VU (74IVO| 74 + U7 [IVZO?)
< c113(|10¢l3 + 1©1132)-

(4.28)
Step 2. By taking temporal derivative of (3.1), we obtain
G)tt + Ut -VO + U - V@t == KZA@t. (429)
Taking L? inner product of (4.29) with ©; and using (4.1)) we have
1d
5d7||®t”2 + Ii”V@t”Q = / @(Ut . V@t)dx
t Q
< 2IvOu? + o[ Ol}
-2 2K
K
< §||V@t||2 +cna O] e,
which gives
d
10 + £[VOL* < e115[1OllF2. (4.30)
Substituting (3.55) in (4.30), we have
d
%H@tHQ +8[VO* < cris (VO + [0¢7). (4.31)
Now, we recall (3.58),
d C52 2 K 2 9 1 2
(=2 =z - <0. .
S (Z2)0112 + SIVOIR) + 52| VOI2 + S0 < 0 (4.32)
By absorbing the RHS of (4.31]) into the LHS of (4.32]) we have
d
%(J4(t)) + K4(t) <0, (4.33)
where
Ja(t) 2 |©]> + [VO* + |0¢* = (8132 + 10:]?,
4(t) = O[] + [[VO" + [©¢]]7 = [|O]|72 + [©¢]] (4.34)

Ey(t) = [[VOIP + 047 + [[VO:* = [|©]Z: + Ol

Step 3. By taking L? inner product of ([4.29)) with ©; and using Cauchy-Schwarz
inequality, we have
Kk d

1
5 7 IVOll* + S10ull® < IGIPIVOIZ= + [Tz [VO:|*. (4.35)
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For the RHS of (4.35), using (4.1)), Lemma [2.1] and Lemma [2.2] with m = 0,p = 3,

we have
IUPIVOlL~ + U7 IVO* < crrz([1©]Fy2s + [VOL?)
< 8118(||@t||%3 +||U - VO35 + HV@tHQ)
< cug(I18:lFn + U< VOl 7 + [VE:|?)
< o0 (1017 + VO]?),
(4.36)
where we have used (3.55) for |[VO|3,.. So we update ([4.35) as
d
"‘%HV@tHQ + 1104 < 121 (H@tllip + ||V@||2>. (4.37)

Then it is clear that, by absorbing the RHS of (4.37) into the LHS of (4.33), it
holds that

%(Jg)(t)) + K5(t) <0, (4.38)
where
Js(t) 2 (18] F2 + 10l Fry  Ks(t) = 101172 + 106117 + [[©6l*- (4.39)
Therefore,
1OC, )Zr= + 10:( )| F < crame™2, V> 0. (4.40)
which, together with , implies that
10, 8)|I5rs < croae™ 2", ViE>0. (4.41)

4.3. Uniform estimates of U and w. In this section, we show uniform estimates
for U and w as indicated in Theorem [1.2} For this purpose, we observe, for any
p > 2, it holds that

d
Splwllze < 2Vulrz VO L2 +[IVO] e

L L 4.42
< 2Vl |21 [ VD] 1 |2)% + VOl (442
< cigrmax{L, [} (V| a2 [ V@[l 2 + VO 2).
Using the decay estimates for @, u and ©, we update (4.42)) as
d
EHWHLP < crgge” 2, Vi >0, (4.43)

where the constants cjog and c199 are independent of p > 2. Upon integrating
(4.43) in time, we have

lwB)llze < 130 + [lwoll Lo max{1, |2}, V¢ > 0. (4.44)
Letting p — oo in (4.44) we have
||w(~,t)||[,oo < C131, Vi > 0. (445)

Moreover, by Lemma 2.3}
1T, Ollwre < er(p)(lo( Olle + UG, 1)2r)
< er(@) (|0, 1)l = + [T (- 8) [ e ) ma{ 1, |21}
By (4.1) and (4.45)), we have

||U(,t)||W1,p §0132(p), VtzO, V1 <p < oo.
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This estimate, together with (4.27)), (4.41)) and (4.45)), completes the proof of The-
orem

We complete this section with the following remark.

Remark 4.1. Using the arguments in this paper one can show that Theorem
still holds if the Dirichlet boundary condition for € is replaced by the Neumann
boundary condition V@ - nlgg = 0. In this case, the asymptotic state of 6 is
6= ﬁ Jo 0o(x)dx, which is a constant.
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