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OBLIQUE DERIVATIVE PROBLEMS FOR SECOND-ORDER
HYPERBOLIC EQUATIONS WITH DEGENERATE CURVE

GUO-CHUN WEN

ABSTRACT. The present article concerns the oblique derivative problem for
second order hyperbolic equations with degenerate circle arc. Firstly the for-
mulation of the oblique derivative problem for the equations is given, next the
representation and estimates of solutions for the above problem are obtained,
moreover the existence of solutions for the problem is proved by the successive
iteration of solutions of the equations. In this article, we use the complex ana-
lytic method, namely the new partial derivative notations, hyperbolic complex
functions are introduced, such that the second order hyperbolic equations with
degenerate curve are reduced to the first order hyperbolic complex equations
with singular coefficients, then the advantage of complex analytic method can
be applied.

1. FORMULATION OF THE OBLIQUE DERIVATIVE PROBLEM

In [1 21 B [, 5] 8, @), 10], the authors posed and discussed the Cauchy problem,
Dirichlet problem and oblique derivative boundary value problem of second order
hyperbolic equations and mixed equations with parabolic degenerate straight lines
by using the methods of integral equations, functional analysis, energy integrals,
complex analysis and so on, the obtained results possess the important applications.
Here we generalize the above results to the oblique derivative problem of hyperbolic
equations with degenerate circle arc. In this article, the used notations are the same
as in [6, [7], [8, @} [10].

Let D be a simply connected bounded domain D in the hyperbolic complex plane
C with the boundary 0D = LU Lg, where L = L1 U Ly. Herein and later on, denote
J=y—VvVR?>—22 and

Ly ={z+G(H) = R,z € [R., 0]}, Lo={z—G(y) =R z€[0,R]},
Lo = {R* <z< R*7y20}7

in which K(g) = —|9|™, m, R are positive numbers, R, = —R, R* = R, z9 =

21 = jyo = jy1 the intersection of L1, Lo, G(g) = foﬂ VIK(t)|dt, H(y) = |K(Q)|1/2.
In this article we use the hyperbolic unit j with the condition j? = 1 in D, and
z+jy,w(z) =U(2) +jV(2) = [H(Y)us — juy]/2 are called the hyperbolic number
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and hyperbolic complex function in D. Consider the second-order linear equation
of hyperbolic type with degenerate circle arc

Lu = K(§)ugg + Uyy + atg + buy +cu=—d in D, (1.1)

where a, b, ¢, d are real functions of z (z € D), and suppose that the equation (1.1))
satisfies the following conditions:

Condition C. The coefficients a, b, ¢, d in D satisfy

é[da b] = C[dv E] + C[dzvb] < kl? é[nab} < kOa n=a, bv ¢,

ja(z,y)l[§]'""* =e1(§) as§—0,m=>2 z€D,

in which £;1(¢) is a non-negative function satisfying the condition: e1(j) — 0 as
y— 0.
To write the complex form of the above equation, denote Y = G(4), § = y —

VR2 — 2?2, & =z, and

W) =U 45V = LG~ ) = T, — juy] = B,
HGWy = Ly, 4 iy = %[H@)ul LW, =W D,
Vl\x;IhereZ:Z(z)zx—i-jY:ac—i-jG(z))i fo t)dt, H(9) = v/|K(9)|.

—K(§)uae — uyy = H(@H)[H(§)ue — juyle + §[H (§)ue — juyly — [1Hy + HHz|u,
— AH ()W — [jH,/H + H,]Hu,
= aug + buy + cu +d,
H())W
= H[W, + jWy]/2
H[{(U +jV)e +5(U +jV)y]/2

1
= 1(61 —e9)(Hy/H)Huy, + (e1 + €2)[(Hy + a/H)Huy + buy, + cu +dJ,

1
4H{ [Hy/H + Hy +a/H|U —2bV +cu+d}, inD,

U-V), = E{fQ[HQ/H — H, —a/H|U —2bV + cu+d}, in D,

U+V), =

(1.3)
where e = (147)/2,ea=(1—5)/2, z =p+v,Y = p—v, dz/0p =1/2 = 9Y/0u,
0x/0v =1/2 = —0Y/Ov. Hence the complex form of can be written as

WZT = A1W+A2W+A3U+A4 in ﬁ,

2 U(z — 4
u(z) = 2Re/z0 [IZ((;())) —jV(2)]dz+by in D, (1.4)

where by = u(2p), 20 = jyo, and the coefficients 4; = A;(z) (I = 1,2,3,4) are as
follows

1. a JH; . l.a JHy
A= -[=4+—“4+H, — A — 4+ H,
1 4[H+ 7 T gbl, Ag = 4[H+ 7 T + jb),
A3:Z, A4:g ll’lD
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For convenience, sometimes the hyperbolic complex number 2 = & + jy = = +
Jjly — VR? — 22) and the function F[z(Z)] are simply written as z = = + j§ and
F(Z) respectively. We mention that in this article, three domains; i.e., the original
domain D, the characteristic domain D; and the image domain Dz are used, and
the corresponding characteristic domain D; almost is written as the original domain
D.

The oblique derivative problem for may be formulated as follows.

Problem O. Find a continuous solution u(z) of (I.1)) in D\ Ly, which satisfies the
boundary conditions

1 1 —
LOu = —— Re[A(2)uz] = Re[A(2)u,] =r(z), z€ L =1L ULy,
20l H(y)
1 (1.5)
u(zo) = bo, @ Im[A(z)uz]l:=z, = Im[A(2)u:]|2=z = b1,
in which [ is a given vector at every point z € L, uz = [H(J)uy — juyl/2, us =

)tz
[H (§)ug +juy]/2,bo, by are real constants, A(z) = /\1( )+jAre(x), A(z) = cos(l, )+
jeos(l,y), R(z) = H(g)r(2), z € L, b}, = H(§1)b1, A1 (2) and Ag(x) are real func-
tions, A(z),r(z), by, by satisfy the conditions
CIP‘(Z)vL] < ko, Cl[ ( ) ] < ko, |b0|a|bl| < ka,
1 1 o (1.6)
max ———————, max ————— < ky,
zely [\ (2) — Aa(@)] zeln M (z) + Aa(z)] = 0
in which kg, ko are positive constants.
For the Dirichlet problem (Problem D) with the boundary condition:
w(z) =¢(x) on L =1LULs, (1.7)

where L1, Lo are as stated before, we find the derivative for (|1.7)) according to the
parameter s = x on Lq, Lo, and obtain

ubzuz“‘uyyl:ul_m_qsl(‘r) on L17
Us = Uy + UylYgy = Uy + Fyg) = ¢l(x) on Ly;
U(2) +V(2) = ;H(§)¢'(x) = R(2) on Ly,
U(z) = V(z)=-H(§)¢' () = R(z) on Lo;
Re[(1+j)(U+ V)] =U(z) +V(2) = R(z) on Ly,
m[(1+ ) (U + jV)]lz=z0—0 = [U(2) + V(2)]|2=20—0 = R(20 — 0),
Re[(1-j)(U +jV)] =U(z) = V(2) = R(z) on Lo,
Im[(1 = 7)(U + jV)]lz=z040 = [=U(2) + V(2)]|2=20+0 = —R(20 + 0),
where
U() = ZH@us, V() =L,

)\14—].)\2:1—!]’7 )\1:175)\2:—1 OIIL]_,
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/\1—|—j/\2=1—|—j7 )\1:17é—>\2:—1 OnLg.

From the above formulas, we can write the complex forms of boundary conditions
of U+ jV:

Re[A(2)(U +jV)] = R(z

)
Im[A(2)(U + 5V)][:=20-0 = R(z0 — 0) = b,
Az) = {1—j=A1+jA2, R(z) = {H(y;

on L,

147 =X +jAa,

() = 2Re [ [ =V (a)lds + 0(a0) in D

u(z) = 2Re — — jV(2)]dz zo) in D.
20 H(D)

Hence Problem D is a special case of Problem O.

Noting that the condition (1.6), we can find a twice continuously differentiable
functions ug(z) in D, for instance, which is a solution of the oblique derivative
problem with the boundary condition in ((1.5) for harmonic equations in D (see
[6, [7]), thus the functions v(z) = u(z) — ug(z) in D is the solution of the following
boundary value problem in the form

K () Vg + Vyy + avy +bvy + cv = —d in D, (1.9)
Re[A(2)vz(z)] = r(z) on L,

v(20) = b, Im[A(z0)vz(20)] = ¥,

where W (z) = U+jV = vz in D, r(z) = 0on L, by = b} = 0. Hence later on we only

discuss the case of the homogeneous boundary condition. From v(z) = u(z) —uo(z)

in D, we have u(z) = v(2) + ug(z) in D, and v, = 2Rg(z) on Ly = D: N {§ = 0},

in which Rg(z) is an undermined real function. The boundary vale problem (11.9),
(1.10]) is called Problem O.

(1.10)

2. PROPERTIES OF SOLUTIONS TO THE OBLIQUE DERIVATIVE PROBLEM
In this section, we consider the special mixed equation
=Wz=0, ie,
U+V),=0, (U-V),=0 inD, (2.1)
where U(z) = ReW(z), V(z) = ImW(z).

Theorem 2.1. Any solution u(z) of Problem O for the hyperbolic equation (2.1))
can be expressed as
* ReW(z)

[T.«)) —jImW(2)ldz+by in D, (2.2)

u(z) = u(z) — 2 /Oy V(j)dj = 2Re/

W(z)=U+jV=f(r—-Y)er+g(x+Y)es
= f(v)er + g(p)ez (2.3)
= L@ Y) F gl +Y) 457~ ¥) — gla + V],
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in whichY = G(3). For convenience denote by the functions A\ (x), A2(z),r(z) of x
the function; AM(2), A2(2),7(2) of z in ([1.10), and f(z—Y) = f(v), g(z+Y) = g(p)
possess the forms
B 2r((x =Y + R.)/2)
T M((z—Y +R)/2) - X((z—Y +R,)/2)
~ Ml =Y + R.)/2) + Xa((x =Y + R.)/2)]g(R")
M((z =Y +R,)/2) — Xa2((z =Y + R,)/2)
(A1(0) + A2(0))g(Rx) = (M(0) + A2(0))(U(z1) = V(21)) = 7r(0) = b1 0r 0,
g(p) =gz +Y) =
C2r((x+Y + RY)/2) = [M((z 4+ Y + R*)/2) = M ((x + Y + R*)/2)| f(R¥)
B M(z+Y +R9)/2)+ Xa((x+Y + R*)/2) ’
R, <xz+Y <R,
(A1(0) = A2(0)) F(R) = (A1 (0) = A2(0))(U(z1) + V(21)) = 7(0) + b1 or 0.
(2.4)

fw)=flz=Y)

Moreover u(z) satisfies the estimate
CHu(z), D] < My, Ciu(z), D] < Mok, (2.5)

where 6 = §(a, ko, k1, D) < 1, My = Mi(a,ko,k1,D), My = Ms(a, ko, D) are
positive constants.

Proof. Let the general solution
W) = us = (e = ¥) o+ gla+¥) 4517 (@~ ¥) — glx + Y]}

of (2.1) be substituted in the boundary condition ([1.10), thus (1.10)) can be rewrit-
ten as

A (2)U(2) = Ao(2)V(2) = 7(2) on L,
)\(Zl)W(Zl) = 7"(21) + jbl;

[A1(z) = A2 (@)]f (22 — Rs) + [Mi(2) + A2(2)]g(Ry) = 2r(x) on Ly,
A1(x) = A2(2)]f(R") + [M () + Aa(2)]g(22 — R*) = 2r(z) on Lo,

the above formulas can be rewritten as

Pu(F57) =2 () 0+ Pu (557 e (55 Jate

zzr(t+2R*), t € [R., R*],
(M (0) + 2(0))g(Rz) = (01 (0) + A2(0) (U (1) — V(1)) = 7(0) — by or 0,

() (e (5 (e

t+ R*
2

= 2r( ), t€[R«, R,
(A1(0) = A2(0)) f(R") = (A1(0) = A2(0))(U(21) + V(21)) = r(0) + by or 0,
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thus the solution W (z) can be expressed as (2.3). Here we mention that for the
oblique derivative boundary condition, by e have (A1(0)+X2(0))g(R.) =0,
(10 = Ao(0)) F(R?) = 0. TF (Ay(2) + Ao (2))g(R.) on Ly and (A (z) — Aa(2)) f(R")
on Ly are known. From the condition ([1.6) and the relation , we see that the
estimate of the solution u(z) for , is obviously true. O

3. UNIQUENESS OF SOLUTIONS TO THE OBLIQUE DERIVATIVE PROBLEM
The representation of solutions of Problem O for equation (|1.1)) is as follows.

Theorem 3.1. Under Condition C, any solution u(z) of Problem O for equation
(1.1) in D can be expressed as

* ReW
u(z) =2Re . [ H()) —jIm W]dZ + bo,
W(z) =w(z) + ®(z) + ¥(z) n D,
w(z) = f(W)er + g(p)ea, ®(2) = F(v)er + §(w)ea, (3.1)
H v
U(z) =/ gl(z)eldu+/ g2(2)eady,
R. .
g(2) = A+ Bm+Cu+D, 1=1,2
Here
1 H?J 1 Hy . C
A = 4H[H+H+f_} By = 4H[H+H +ﬁ+b] C_4H’
1 H, 1 H, _d
Ao = gl e B gl e T 0 D‘4H<’32)

where f(v), g(1) are as stated in [2.4), and f(v),§(u) are similar to f(v),g(n), and
®(z) satisfy the boundary condition

Re[A(2)(®(2) + ¥(2))] =0, z€ L,
Im[A(20)(®(20) + ¥(20))] = 0.

Proof. Since Problem O is equivalent to the Problem A for (|1.4]), from Theorem
and (1.3), it is not difficult to see that the function ¥(z) satisfies the complex
equation

U]z = H{[A1{+ Bin+ Cu+ Dle; + [A2§ + Ban+ Cu+ Dleg} in D, (34)
and ®(z) = W(z) — w(z) — ¥(z) satisfies and the boundary conditions
Re[A(2)®(2)] = —Re[m‘l’(Z)] on L,
Im[A(20)®(20)] = — Im[A(20) ¥ (20)].

By the representation of solutions of Problem A for (1.4) as stated in the final four
formulas of (3.1]), we can obtain the representation of solutions of Problem O for
(1.1) as stated in the first formula of (3.1)). O

(3.3)

(3.5)

Next, we prove the uniqueness of solutions of Problem O for equation (|1.1)).

Theorem 3.2. Suppose that (1.1)) satisfies the Condition C. Then Problem O for
(1.1) in D has a unique solution.
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Proof. Let uy(2),u2(z) be two solutions of Problem O for (1.1). Then u(z) =
u1(z) — uz(z) is a solution of the homogeneous equation

K()uze + Uyy + atg +buy +cu=0 in D, (3.6)

satisfying the boundary conditions

u(z) =0; ie, Re[@g(z)] =0 onlL, (3.7)
u(z9) =0, Im[A(20)uz(20)] =0,

where the function W (z) = [H (§)us —juy]/2 is a solution of the homogeneous prob-
lem of Problem A; namely W (z) satisfies the homogeneous equation and boundary
conditions

Ws =AW + AW + Asu in D,

* ReW

u(z :2Re/ —— — jIm W]dz, 3.8

(=) g ) (38)
Re[A(2)W(2)] =0 on L, Im[A(z0)W(z)] =0.

On the basis of Theorem the function W(z) can be expressed in the form

W(z) = (2) + ¥(z2),

20

v

w
\I’(Z)Z/ [A1§+Bm+0u]eldu+/ [A2§+BQ77+CU]€QCZV

*

9 g
= / 2H (9)[A1€ + Bin + Culerdy — / 2H (§)[A2€ + Ban + Culeady
Y vy

1
(3.9)
in D, where 2] = 2} + j§i, 2] = =i + j§{ are two intersection points of Ly, Ly and
two families of characteristics lines

s o = VK@= 0. 520G = VK@ =-HG)  G1w0)

passing through z = x + § € D respectively. Suppose w(z) # 0 in the neigh-
borhood of the point z;. We may choose a sufficiently small positive number
Ry, such that SMoM Ry < 1, where My = max{C[Al,Qo], C[B],QO],C[A27QO]7
C[B2,Q0),C[C,Qo]}, M = 1 + 4k3(1 + 2k2) is a positive constant, and My =
C[W (2), Qo] + Clu(z), Qo] > 0. Herein

W (2)|| = C[W(2), Qo] = CRe W (2)/H(§) + jIm W (2), Qo)
Qo = {R. < p < R.+ Ry} N{R* — Ry < v < R*}. From (2.4)-(33), and

Condition C, we have
[ W(2)|| < 8MaMoRy, || ®(2)| < 32Maki (1 4 2k3) My Ry,

thus an absurd inequality My < 8 Mo M MyRy < M is derived. It shows W(z) = 0,
(z,9) € Qo. Moreover, we extend along the positive direction of y = z + Y and
the negative direction of v = x — Y successively, and finally obtain W(z) = 0
in D. This proves the uniqueness of solutions of Problem A for (3.8)), and then
u(z) = u1(z) — uz(z) = 0 in D, this shows that Problem O for as a unique
solution. (]
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4. SOLVABILITY OF THE OBLIQUE DERIVATIVE PROBLEM

In this section, we prove the existence of solutions of Problem O for (|1.1)) by the
method of the successive approximations.

Theorem 4.1. If (1.1 satisfies Condition C, then Problem O for (L.1) has a
solution.

Proof. To find a solution u(z) of Problem O in D, we first find a solution [W(z), u(z)]
of Problem A for in the closed domain Ds = DN {j < —§}, where § is a small
positive constant. In the following, a solution of Problem A for the equation
in Dg can be found by using successive approximations. First of all, substituting
the solution [Wy(2),uo(z)] = [foe1 + noea, uo(2)] of Problem A for into the
position of W = £e; + nes on the right-hand side of , the functions

Wl(Z) = WQ(Z) + <I>1(z) + \111(2’),

m

Ui (z) = / [A1&o + Bino + Cug + Dlerdp
R

’ 4.1
+ / [A280 + Bano + Cug + Dleady, (4.1)

¢

ul(z) ZQRG/ [I};(Iz/) ]ImWﬂdZ-i—bo in Ds,

are determined, where p = z + Y,v = 2 — Y, ®1(z) is a solution of (2.1) in Ds
satisfying the boundary conditions
Re[A(2)®1(2)] = — Re[A(2)P1(2)] on L,
Im[/\(z0)<1)1 (Zo)} = — Im[)\(Z())‘Ill(Zo)]

Thus from , we have
[Wi(z) = Wo(2)|| = C[Wi(z) — Wo(2), Ds] 4+ Clui(z) — uo(2), Ds]
< 2M3M (4My + 1)R/,

where M3 = MaXze Py (|A1|, |B1|7 ‘A2|, |B2‘7 ‘CD, M() = C’[wo(z), D(;] +C[UO(Z), D(s],
R’ = max(R*,|R.|), M = 1+4k%(1+2k2) is a positive constant similar to the one in
the proof of Theorem [3.2] Moreover, we substitute Wy (z) = Wy(z) + ®1(z) + ¥1(2)
and the corresponding functions &;(z) = Re Wi (2) +Im Wi (z), n1(2) = Re Wi (z) —
Im W1 (z), u1(z) into the positions of W (z), £(z),n(z), u(z) in (3.1)), and similarly to
([@3)—(@.3), we can find the corresponding functions W5(z), ®2(2), u2(z) in D and
the function

(4.2)

(4.3)

WQ(Z) = Wo(Z) + @2(2) + \I’Q(Z) in D,

* ReW.
uz(z) = 2Re/ [He(g)z — 7 Im Wy)dz + by.

It is clear that the function Wa(z) — Wi (2) satisfies the equality

Wa(z) = Wi(z) = ®a(2) — @1(2) + Wa(2) — Vi(2) = Pa(2) — P1(2)
+/# A1(1—&o) + Bi(m —no) + C(ur — uo)lerdp
R.

+ [A2(& — &) + Ba(m — no) + Cur — ug)]eadr,
R*
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uz(z) —ui(z) = 2Re/ [11;)(231 jImWi]dz in Ds,

20

and then
4My + 1)R')?
21 ’

where M3 is a constant as stated in (4.3)). Thus we can find a sequence of functions
{Wh,(z)} satisfying

B M M
I - Wil < AnM (v + 1) [ Rar < 2
0

Wi(z) = Wo(z) + @ (2) + U, (2),

n
U, (2) = / [A1&n + Biny + Cuylerdp + / ) [A2&, + Bany + Cuyeady, (4.4)

? ReW,
=2 —jImW,
Un(2) Re/zg[ D) JIm W, ]dz + bo,

and W,,(z) — W,_1(z) satisfies
Wi(z) = Wio1(2) = @5(2) — Pno1(2) + ¥n(2) — ¥po1(2),
D, (2) — Pp_1(2)

m
= /R [Al(gn—l - gn—?) + Bl(nn—l - 7771—2) + C[un—l - un—2)]eld,u

+/ [A2(&n—1 — &n—2) + Ba(n—1 — Nn—2)]eadv,

*

 Re(W,, — W, .
Un(2) — Un_1(2) = 2Re/ [e(—Al) — jIm(W,, — W,,_1)]dz in Dy,
zZ0 H(y)
(4.5)
and then

R’ R/In— 1
W — Wi || < [2MsM(4Mo + 1)] /

0 (n— 1
2M. 4My + 1) R'™

S[ 3 M ( oJr )R] in D;.

From the above inequality, we see that the sequences of the functions {W,,(z)},
{un(2)}; ie.,
Wa(z) = Wo(2) + [Wi(2) = Wo(2)] + -+ + [Wa(2) = Waa(2)],
Un(2) = ug(z) + [u1(z) —up(2)] + -+ + [un(z) —un—1(2)], n=12,...
converges uniformly to a function [W,(z),u*(2)] and [W,(2), u.(z)] satisfies
Wi(z) = Wo(2) + @.(2) + V.(2),

”w
U,.(2) = / [A1& + Bin. + Cu, + Dlerdp

*

Y (4.6)
+ / [A2£* + BZTI* + OU* —+ D]Bgdl/,

5

Re W,
«(2) = 2 —_— I in Ds.
ux(z) = up(z) + Re/zo[ ") —jImW,]dz+ by in Ds

It is easy to see that [Wi(2), u.(z)] satisfies in Ds and the boundary condition
-, hence u.(z) is just a solution of Problem O for in the domain Ds.
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Finally letting 6 — 0, we can choose a limit function u(z), which is a solution of
Problem O for (L.1)) in D. O

5. OBLIQUE DERIVATIVE PROBLEM IN GENERAL DOMAINS

Now we consider some general domains with non-characteristic boundary and
prove the unique solvability of Problem O for (L.1)). Denote by D a simply connected
bounded domain D in the hyperbolic complex plane C with the boundary 0D =
Lo U L, where Lo, L = L1 U Ly are as stated in Section 1.

(1) We consider the domain D" with the boundary Lo U L', L’ = L} U L}, where
the parameter equations of the curves L, L} are as follows:

Ly ={=-n(s)0<s<so}, Ly={z—G@H=R.0<c<R}. (51)

Herein Y = G(§) = [/ /K(t)dt, s is the parameter of arc length of L}, v1(s)
on {0 < s < sp} is continuously differentiable, 41 (0) = 0,71(s) > 0 on {0 < s <
S0}, and the slope of curve L)} at a point z* is not equal to dy/dx = —1/H (%)
of the characteristic curve so : dy/de = —1/H(y) at the point, where z* is an
intersection point of L] and the characteristic curve of sy, and z{, = x{, — jy1(s0) is
the intersection point of L} and Lj.

The boundary conditions of the oblique derivative problem (Problem O’) for
in D" are as follows:

10u 1 _
—— = —— Re[A\(2)usz =r(2), ZEL/:L/UL/7
20v  H(p) [A(=)uz] (2) 1 5 .
1 - .
u(z)) = bo, mlm[/\(z)ugﬂz:zé — by,

where A\(z) = A (z) + jr2(x), R(z) = H(g)r(z) on L', by = H(9{)b1 = H(Im z{)b,
and \(2), r(z), b satisfy the conditions

Cl[)\(z),L’] < kOv Cl[T(Z),L/] < k27 |b0‘7 ‘bl‘ < k27

max ————— < kg, max ————— < ky,

el A (@) — Xo(2)] =70 zer, [M(e) 4+ Ao(a)] T
in which kg, ko are positive constants.

Set Y = G(j) = [ v/K(t)dt. By the conditions in (5.1)), the inverse function
x=o0)=(u+v)/2of v=a—G(y) can be found, and then u = 20(v) — v,
R, < v < R*. We make a transformation

i = Ruly—20(v) +V]/R0(v) —v] + R., 7=,

5.4
20(v)—v<u<0, R.<v<R" (5-4)

where pu, v are real variables, its inverse transformation is
p=1[_20w)—vl(i—R.)/Ri+20(v)—v, v=0, (5.5)

R.<p<R, R.<V<R.

It is not difficult to see that the transformation in (5.5)) maps the domain D’ onto
D, &= (u+0)/2,Y =(i—7)/2, and z = (n+v)/2, Y = (u—v)/2. Denote by

Z =3+jY = f(Z), Z =x+jY = f~1(Z) the transformation (5.4) and the inverse
transformation (5.5)) respectively. In this case, the system (1.3]) can be rewritten as

§=AE+Bin+Ci(§+n)+Du+E, zeD,

5.6
M = A2§ + Ban + Co(§+n) + Du+ E, z€ D" (56)
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Suppose that in D’ satisfies Condition C, through the transformation ,
we obtain {; = [20(v) — V|€,/R«, 15 = 1y, in D', where E =U+V,n=U -V,
and then
i = [20(v) = V][Ai€ + Bin+ Ci(§ +1n) + Du+ E]/R,,
Ny = A2+ Ban+ Co(§+n)+ Du+E in D,

and through the transformation (5.5, the boundary condition ([5.2) is reduced to
ReMf~HD)WW (fH(Z)] = HGM)r(f1(2)), Z=&+jY € L=L11UL,
ImA(f=H(Zp))W (f 1 (Zg)] = br, ulz0) = bo,

(5.7)

(5.8)
in which Z = f~ ( Z), Z = f(Z}), Zb = xh+§G[—~1(s0)]. Therefore, the boundary
value problem (15.6] , . Problem A’) is transformed into the boundary value
problem (5.7)), (5.8); i.e., the corresponding Problem A in D On the basis of
Theorem we see that the boundary value problem (5.7 . ) has a unique

solution w(Z), and

ReW Dt
u(z :2Re/ —— —JjImW]dz+ by in (_) 5.9
( ) o [ H(y) ] 0 D ( )
is just a soluti0n~of Problem O’ for (1.1)) in D’ with the boundary conditions (5.2)),
where W = W(Z(2)].

Theorem 5.1. If (1.1) in D’ satisfies Condition C in the domain D’ with the
boundary Lo U Ly U LL, where Ly, L} are as stated in (5.1), then Problem O’ for
(1.1) with the boundary conditions (5.2) has a unique solution u(z).

(2) Next let the domain D” be a simply connected domain with the boundary
LoU LY U LY, where Ly is as stated before and

LY ={g=m(s),0<s<so}, L§={j=n2(s),0<z<s(}, (5.10)

in which s is the parameter of arc length of LY or Lj, v1(0) = 0, 12(0) = 0,
7(8) > 0,0 < s < 59, 72(8) > 0,0 <2 < sf, and 71(s) on 0 < z < s and y2(s) on
0 < s < s; are continuously differentiable, zj = x{ —jv1(s0) = x§ —jy2(s;). Denote
by two points 2}, z5 the intersection points of LY, LY and the characteristic curves

9t dy/dx = —1/H(9), s1 : dy/dz = 1/H(j) respectively, we require that the
slopes of curves LY, LY at z},z} are not equal to those at the characteristic curves
S92, 81 at the corresponding points, hence 1 (s),¥2(s) can be expressed by 1 [s(u)]
(Re < p < R, %[s(v)] (R« < v < R*). We consider the oblique derivative
problem (Problem O”) for in D" with the boundary conditions

1 1! 1
Re[A(z)uz] = R(z),ie L" =LY UL, (5.11)
u(zy) = bo, Im[A(2)usz]|.—p = b,
where A(z) = A1(x) + jAa(z), r(2) satisfy the corresponding conditions
CUN2),L"] < ko, Clr(2),L"] <k, |bo,|b1] < ko,
max ; max ; < ko (5.12)
zelf [M(x) — Xa(z)]” zery |Ai(z) + Ae(z)| —

in which ko, ke are positive constants. By the conditions in (5.10), the inverse
function z = (u+v)/2 =7(p), x = (p+v)/2=0w) of p =2+ G(y),v =2 —G(y)
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can be found, namely
w=20w)—v, v=27(p)—p, R.<pu<R*, R.<v<R" (5.13)
We make the transformation
fi=p, U=R-—27r(u)+npl/27(p) — pl + R,

5.14
R, <u<R* 0<v<27r(u)—p. ( )
It is clear that its inverse transformation is
_ [0 — R*|[27 (1) — 4]
= = 2 —
lu’ /’l’7 v R* + T(/J’) /"67 (5.15)
R, <p<R, R.,<P<R.

by Z =3+ jY = g(2), Z = v+ jY = g~ 1(Z) the transformation (5.14) and its
inverse transformation in (5.15]) respectively. Through the transformation (5.15)),
we obtain (u+v); = (u+v),, (u—v)y = [27(n) — p}(uw —v),/R* in D”. Thus the
system ([5.6)) in D" is reduced to
i =A16+Bin+Ci(+n)+Du+E inD,
N = [27(p) — p][A2€ + Ban+ Co(€ + 1) + Du+ E]/R* in D'

Moreover, through the transformation (5.15)), the boundary condition (5.11)) on
LY, LY is reduced to

Re[A(g=H(2))W (g~ (2)] = Hil§(YV)Irlg " (2)], z==+jye L} ULy,
Im[A(g=1(Z5))W (g~ (Zo)] = Vi, u(zg) = bo,
in which Z = g~ (%), Z = g(Zl!), Z! = 1,4+ jG[—72(s})]. Therefore the boundary-

value problem , in D" is transformed into the boundary-value problem
, (5.17), where we require that the boundaries L, L} satisfy the similar con-
ditions . According to the method in the proof of Theorem [5.1} we can see
that the boundary-value problem , has a unique solution u(Z ), and then
the corresponding u = wu(z) is a solution of the oblique derivative problem (Problem

0”) of (LI).

Theorem 5.2. If (1.1) satisfies Condition C in the domain D" bounded by the
boundary Lo U LY U LY, where LY, LY are as stated in (5.10), then Problem O” for
(1.1) in D" with the boundary condition (5.11)) on L” has a unique solution u(z).

Hence & = (i + 7)/2, Y = (i—79)/2, 2 = (p+v)/2, Y = (un—v)/2. Denote
)

(5.16)

(5.17)
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