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CONTINUOUS SPECTRUM OF A FOURTH ORDER
NONHOMOGENEOUS ELLIPTIC EQUATION WITH VARIABLE
EXPONENT

ABDESSLEM AYOUJIL, ABDEL RACHID EL. AMROUSS

ABSTRACT. In this article, we consider the nonlinear eigenvalue problem
A(|Au|P®) 2 A0) = Au|9®) 2y in Q,
u=Au=0 on 9N,
where Q is a bounded domain in RY with smooth boundary and p,q : Q —
(1,400) are continuous functions. Considering different situations concerning
the growth rates involved in the above quoted problem, we prove the existence

of a continuous family of eigenvalues. The proofs of the main results are based
on the mountain pass lemma and Ekelands variational principle.

1. INTRODUCTION

Nonlinear eigenvalue problems associated with differential operators with vari-
able exponents have received a lot of attention in recent years; see e.g. [1} 4[5, [8,@].
The reason of such interest starts from the study of the role played by their ap-
plications in mathematical modelling of non-Newtonian fluids, in particular, the
electrorheological fluids, see [10], and of other phenomena related to image process-
ing, elasticity and the flow in porous media.

The aim of this article is to analyze the existence of solutions of the nonhomo-
geneous eigenvalue problem

A(|AuP® 2 Au) = Nul?® "2y in Q,

(L.1)
u=Au=0 on 9,

where Q C RY is a bounded domain with smooth boundary, X is a positive number,
and p, ¢ are continuous functions on €.

In [I], authors have considered the case p(xz) = ¢(x). Using the Ljusternik-
Schnirelmann critical point theory, they established the existence of a sequence of
eigenvalues. Denoting by A the set of all nonnegative eigenvalues, they showed
that sup A = 400 and they pointed out that only under additional assumptions we
have inf A = 0. We remark that for the p-biharmonic operator (corresponding to
p(x) = p) we always have inf A > 0.
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As far as we are aware, nonlinear eigenvalue problems like involving the
iterated p(x)-Laplacian operator have not yet been studied. That is why, at our
best knowledge, the present paper is a first contribution in this direction.

Here, problem is stated in the framework of the generalized Sobolev space
X = W2r@(Q) N WP (Q) for which some elementary properties are stated
below.

By a weak solution for we understand a function v € X such that

/ |AuP® 2 AuAv da — )\/ 1@ "2y de =0, Yo e X.
Q Q

We point out that in the case when u is nontrivial, we say that A € R is an eigenvalue
of and u is called an associated eigenfunction.

Inspired by the works of Mihéilescu and Radulescu [8,[9], we study in three
distinct situations.

This article consists of three sections. Section 2 contains some preliminary prop-
erties concerning the generalized Lebesgue-Sobolev spaces and an embedding result.
The main results and their proofs are given in Section 3.

2. PRELIMINARIES

To guarantee completeness of this paper, we first recall some facts on variable
exponent spaces LP(®)(Q) and WP (Q). For details, see |2, [3]. Set
C(Q) ={h;h € C(Q) and h(x) > 1 for all z € Q}.
For any h € C(Q), we denote

ht =maxh(x), h~ =minh(z).
Q Q

For p € C (), define the space
LP@)(Q) = {u; measurable real-valued function and /|u(:ﬂ)|p(’”)dx < 00}
Equipped with the so-called Luxemburg norm
oy = ni{ > 05 115 s < 3,
LP@)(Q) becomes a separable, reflexive and Banach space. An important role

in manipulating the generalized Lebesgue spaces is played by the mapping p :
LP®)(Q) — R, called the modular of the LP(*)(Q) space, defined by

plw) = [ ulr@da.
Q
We recall the following

Proposition 2.1 ([2]). . For all u,,u € LP®)(Q), we have
Nulp@y =a e p(3) =1, foru#0 and a > 0.
ulpy > 1 (=L<1) e p(u) >1 (=1;<1).
- |ulp@y — 0 (resp. — +00) & p(u) — 0 (resp. — +00).
The following statements are equivalent:
(1) limy, oo [tn — ulp@m) =0,
(ii) limp oo p(un —u) =0,
(iil) un — u in measure in Q and lim, o p(u,) = p(u).

= w N
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As in the constant exponent case, for any positive integer k, set
WEP@(Q) = {u € LP@(Q) : D% € LP@)(Q), |a| < k},.
We define a norm on W#»®) (Q) by

lullipa) = D 1D ulpo),
loe| <k
then W*P(#)(Q) also becomes a separable, reflexive and Banach space. We denote
by Wok’p(x)(Q) the closure of C§°(Q) in WkP®)(Q).

Definition 2.2. Assume that spaces F, F' are Banach spaces, we define the norm
on the space ENF as |lu]| = [Jullg + |ullF -

From the above definition, we can know that for any u € X, ||ul|x = [Jull1 p(z) +
ull2,pe), thus |lullx = [ulp@) + [Vulpe) + 32 022 1D Ulp)-

In Zanga and Fu [I1], the equivalence of the norms was proved, and it was even
proved that the norm |Aul,,) is equivalent to the norm |lufx (see [I1, Theorem
4.4)).

Let us choose on X the norm defined by

Note that, (X, ||.]|) is also a separable and reflexive Banach space. Similar to
Proposition 2.1, we have the following.

Proposition 2.3. For all u € X, denote I(u) = [ |Au(z)[P@dz then,
1. Foru e X and ||u|| = a, we have
Ha<l(=L>1)eIw<l (=1>1);
(i) a>1=a? <I(u)<ab ;
(i) a<1=a? <I(u)<a? .
2. If u,u, € X,n=1,2,..., then the following statements are equivalent:
(1) limp— oo [Jun — u|| = 0;
(ii) limp—oo I(un —u) =0;
(iii) w, — u in measure in Q and lim, .o I(uy,) = I(u).
For z € Q, let us define

Np(z)
pi(z) = { N-2@) if p(z) < N/2,
+o0 if p(x) > N/2

The following result [I Theorem 3.2], which will be used later, is an embedding
result between the spaces X and L) (Q).

Theorem 2.4. Let p,q € C(). Assume that p(z) < § and q(z) < p5(z). Then
there is a continuous and compact embedding X into L) (Q).

The Euler-Lagrange functional associated with (|1.1) is defined as @) : X — R,

1 1
Dy (u :/—Aup(””)dx—)\/—uq(”’)dx.
0= @ B o a@) "

Standard arguments imply that ®, € C!(X,R) and

(@) (u),v) :/Q|Au|p(””)_2AuAudac—)\/Q|u\q(””)_2uvdnc7
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for all u,v € X. Thus the weak solutions of coincide with the critical points
of ®,. If such a weak solution exists and is nontrivial, then the corresponding A is
an eigenvalue of problem .

Next, we write ®) as

I = A—AB,
where A, B: X — X' are defined by

(A(u),v) = / |AuP@ 2 AuA da,
Q

<B(u),v>:/ || =2y da.
Q

Proposition 2.5. (i) B is completely continuous, namely, u, — u in X im-
plies B'(un) — B'(u) in X'.

(i) A satisfies condition (ST), namely, u, — u, in X and lim sup(A(uy,), u, —
uy <0, imply u, — u in X.

Proof. First, recall the following elementary inequalities
(1672 ~ 120 €~ O = o
(1€P=26 = [CP72O)E = Ol + [¢)* P = (- 1Ie = ¢ ifl<p<2,  (22)

for any &, € RV,
(i) Let u, = w in X. For any v € X, by Hoélder’s inequality in X and continuous
embedding of X into L®) (), it follows that

[§ =P ifp=2, (2.1)

[(Bun) — Bu),v)] = | / (It 1201, — a7 200 da
Q

< d3‘||un|q(w)_2un - |u|q(I)_2u||r(m)HU”q(z)v dz > 0,
< da|[un " P — [ul 1Ol 0], da >0,
q(z)
q(z)—1"
On the other hand, using the compact embedding of X into L(*)(Q), we have
U, — u in L9*)(Q). Thus,

|un|q(r)—2un N |u‘q(z)—2u in Lq(w)(Q)_

where r(z) =

Therefore, from the above inequality, the first assertion is proved.
(ii) Let (uy) be a sequence of X such that u, — w in X and

lim sup(A(uy), t, —u) <O0.

n—-+00

Using again ([2.1) and (2.2)), we deduce
(A(upn) — A(u), uy —u) > 0.
Since u, — u in X, we have

lrllgitg<A(un) — A(u), up, —u) = 0. (2.3)

Put
Uy ={xecQ:plx)>2}, Vy={zeQ:1<p(z) <2}
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Thus, from (2.1]) and (2.2]), we have

| A, — AuP@de < ¢ / D(up,u)dz, (2.4)
U, Q

p(z)

/ |Au, — AulP@de < ¢y / (D (i, w))P P2 (O, u)2PE " dz,  (2.5)
A% Q

P

where
D(tn, 1) = (|Aup P72 Au,, — [AulPD =2 Au) (Au, — Au),
Ctn,u) = (|Aun| + [Auy)2P@) ;> 0,i=1,2.
On the other hand, by and since [, D(uy, u)dr = (A(un) — A(u), un — u), we

can consider

0< / D(up,u)dr < 1.
Q

If [, D(up,u)dz =0, then since D(up,u) > 0in Q, D(up,u) = 0.
If 0 < [, D(un,u)dx < 1, then thanks to Young’s inequality, we have

/v (D(un,u))”‘"”)/z(/vpD(un,u)dx

p

<)
Vs

< 1+/(C(un,u))p(‘”)dx.
Q

p(x)

C(un,u))?PED " dy

)7;;(9;)/2

(D(un,u)(/v D(umu)dx)—P(x)/Q + (C(un,U))p(x))dm

Hence,
1/2
/ | A, — AuP@dz < (/ D(un,u)dx) (1+/(C(un,u))p(x)dx).
Y, v, Q
The proof of the second assertion is complete. (I

Remark 2.6. Noting that @/ is still of type (S*). Hence, any bounded (PS)
sequence of @ in the reflexive Banach space X has a convergent subsequence,

3. MAIN RESULTS AND PROOFS
In what follows, we assume that the functions p,q € C(Q).

Theorem 3.1. If
" <p, (3.1)
then any A > 0 is an eigenvalue for problem (1.1)). Moreover, for any A > 0

there exists a sequence (uy) of nontrivial weak solutions for problem (1.1)) such that
Uy — 0 in X.

We want to apply the symmetric mountain pass lemma in [6].

Theorem 3.2. (Symmetric mountain pass lemma) Let E be an infinite dimensional
Banach space and I € CY(E, R) satisfy the following two assumptions:

(A1) I(u) is even, bounded from below, I(0) = 0 and I(u) satisfies the Palais-
Smale condition (PS), namely, any sequence u, in E such that I(u,) is
bounded and I'(u,) — 0 in E as n — oo has a convergent subsequence.

(A2) For each k € N, there exists an Ay, € I'y such that sup,¢c 4, I(u) < 0.
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Then, I(u) admits a sequence of critical points uy, such that
I(ug) < 0,ug # 0 and li}gnuk =0,
where Ty, denote the family of closed symmetric subsets A of E such that 0 ¢ A and
v(A) > k with v(A) is the genus of A, i.e.,
y(K) =inf{k € N: 3h: K — R*\{0} such that h is continuous and odd }.
We start with two auxiliary results.

Lemma 3.3. The functional @y is even, bounded from below and satisfies the (PS)
condition; ®(0) = 0.

Proof. Tt is clear that ®, is even and ®,(0) = 0. Since ¢+ < p~ and X is continu-

ously embedded both in et (Q), there exist two positive constants dy, ds > 0 such
that

/ luft” dz < dy Jul), / |7 da < dollul]?, Vue X.
Q Q
According to the fact that
(@)@ < Ju(@)|” + Ju(z)]?, Yz e, (3.2)

for all u € X, we have

1 Ad Ad .
Ba(u) > = / Aap@ — A0 et My
Q

pt q- q-
1 >\d1 + )\dg -
> —ollul]) = —|lu]|* — —|lul? ,
e (ffuel}) = [l — [ull
where « : [0, +0o[— R is defined by
+
tP ift<1
t)y=q _’ - 3.3
alt) {tp o ift> 1 (3:3)

As ¢t < p~, ®, is bounded from below and coercive because, that is, ®(u) — oo
as |lu]| — oo.

It remains to show that the functional ®, j satisfies the (PS) condition to com-
plete the proof. Let (u,) C X be a (PS) sequence of ® in X; that is,

@, (uy,) is bounded and @' (u,,) — 0 in X'. (3.4)

Then, by the coercivity of @y, the sequence (u,,) is bounded in X. By the reflexivity
of X, for a subsequence still denoted (u,,), we have

U, —u in X.

Since ¢t < p~, it follows from theorem that u, — u in LI®)(Q). Using the
properties of Nemytskii operator N, (z) defined by

q(z)—2 if
Nq(m)(’l))(x) = {Ov(w)l o othz(l“l\i;l)i:: "

we deduce that

(B(tp), ty — u) = /Q |t ()7 20, () (un (2) — u) dz — 0. (3.5)

In view of (3.4) and (3.5, we obtain
D) (un) + MB(un), un — u) = (A(up), up —u) — 0 as n — oo.
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According to the fact that A satisfies condition (ST), we have u, — u in X. The
proof is complete. (Il

Lemma 3.4. For each n € N*, there exists an H,, € I',, such that

sup @y (u) < 0.
ueH,

Proof. Let vy, va,...,v, € C§°(Q2) such that supp(v;) Nsupp(v,;) = 0 if ¢ # j and
meas(supp(v;)) > 0 for ¢,5 € {1,2,...,n}. Take F,, = span{vi,va,...,v,}, it is
clear that dim F}, = n and

/ [v(z)|"®dz >0 for all v € F, \ {0}.
Q

Denote S ={v € X : |v|| =1} and H,(t) = ¢t(SN F,) for 0 <t < 1. Obviously,
v(Hy(t)) = n, for all ¢ €]0, 1].
Now, we show that, for any n € N*, there exist t,, €]0,1] such that

sup  Dy(u) < 0.
wEH,, (tn)

Indeed, for 0 < ¢t < 1, we have
sup @y(u) < sup @y\(tv)

uw€EH (t) veESNF,

= sup {/ tp($)|Av(x)p(””)dx)\/ @|v(:c)|q($) dx}

vesnr, Jo p(x) o q(x)
- e

< sup —/ Av(x p(z)dx——/ v(2)]7®) da

ueSan{P* Q| @) qt Q| @) }
-, 1 A 1

= su tP ———f/vmqmdm .

vESr'I])F,L{ (p_ gt trm—at Q| (@)l )}

Since m := minyesnp, [ [v(2)|?®) dz > 0, we may choose t,, €]0, 1] which is small

enough such that

1 A 1
— ——m < 0.

gt
This completes the proof. (I

Proof of Theorem[3.1. By lemmas and theorem &) admits a sequence
of nontrivial weak solutions (u,), such that for any n, we have

up #0, P\ (up) =0, ®x(u,) <0, limu, =0. (3.6)
(I

Theorem 3.5. If

¢ <p  and qt <pi(z) forallz €, (3.7)
then there exists \* > 0 such that any A € (0,\*) is an eigenvalue for problem
([L.1).

For applying Ekeland’s variational principle. We start with two auxiliary results.

Lemma 3.6. There exists \* > 0 such that for any A € (0, \*) there exist p,a >0
such that ®x(u) > a > 0 for any u € X with ||u]| = p.
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Proof. Since q(x) < p3(x) for all z € €, it follows that X is continuously embedded
in L9(®)(Q). So, there exists a positive constant ¢; such that

[ulg(zy < crllull, for all u € X. (3.8)

Let us fix p €]0, 1] such that p < i Then relation (3.8) implies |u|y,) < 1, for all
u € X with |lu|]| = p. Thus,

/ |u|?®) da: < |u|g(_x), for all u € X with [Ju| = p. (3.9)
Q
Combining (3.8) and (3.9, we obtain
/Q 1@ dz < ¢ |lul|?, for all uw € X with |jul| = p. (3.10)
Hence, from (3.10)) we deduce that for any u € X with |Ju||x = p, we have
1 A
B>~ [ |Aup@ae = 2 [ s
1 A
= —|lu ul?” - ?01 ul
1 A o
e
= A L
p’ (p+p ple )
Putting
P
A = g 11
2T 8 (311
for any u € X with |lu| = p, there exist a = pP /(2p*) such that
<I>,\(u) >a>0.
This completes the proof. (I

Lemma 3.7. There exists v € X such that ¥ > 0, ¥ # 0 and @ (ty) < 0, for
t > 0 small enough.

Proof. Since ¢~ < p~, there exist £g > 0 such that
q +eg<p .
Since ¢ € C(Q), there exist an open set Qg C €2 such that
lg(z) — ¢~ | < eo, forall xe .

Thus, we deduce

q() <q 4+e9g<p, forallzel. (3.12)
Take v € C§°(Q) such that Qg C supp, ¥(z) =1 for z € Qg and 0 < ¢ < 1 in .
Without loss of generality, we may assume |[¢|| = 1, that is
/ | AP dg = 1. (3.13)
Q

By using (3.12)), (3.13) and the fact
/ 1|7 do: = meas(Qo)
Qo
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for all ¢ €]0, 1], we obtain

tp(@) a(x)
O\ (1) :/ ‘A¢|P(w) dr — )\/ 7‘w‘q(w)dw
o p(2) o a(z)

- A
S e e
P Ja ar Ja

-

< oA £1@) || 2@ g
pT 4t Ja,
tP M\td teo

< — = meas(€).
p q

1
Then, for any ¢t < §#~—« —<0, with 0 < § < min{1, A\p~ meas(£2y)/q "}, we conclude
that

(1) < 0.
The proof is complete. O
Proof of theorem[3.5 By lemma [3.6] we have
inf @ 0. 3.14
pinf x> (3.14)

On the other hand, from lemma there exist ¢ € X such that ®,(t¢) < 0 for
t > 0 small enough. Using (3.10), it follows that

B = -l — 2 [ul” for u € By(0)

Thus,
—oo < ¢y = _inf &) <0,
B, (o)
Let
0<e< inf ®,— inf ®,.
9B, (0) B,(0)
Then, by applying Ekelands variational principle to the functional
®, : B,(0) — R,

there exist u. € B,(0) such that

Dy (u.) < inf Py +e,
B,(0)

Dy (ue) < Pa(u) +el|lu —uc|| for u # u..

Since @ (ue) < infmib\ + e <infpp, o) Px, we deduce u. € B,(0).

Now, define I : B,(0) — R by
In(u) = @x(u) + ¢|lu — uel|.

It is clear that u. is an minimum of I. Therefore, for ¢ > 0 and v € B1(0), we

have
Iy (ue + tv) — In(ue)

t 20
for ¢ > 0 small enough and v € B;(0); that is,
P tv) — @
)\(UE + U) )\(UE) +€HU|| 2 0

t
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for ¢ positive and small enough, and v € B1(0). As ¢t — 0, we obtain
(@) (ue),v) +¢lv]| >0 for all v € By(0).

Hence, ||®)(uc)||x» < e. We deduce that there exists a sequence (uy), C B,(0)
such that
Dy (uy) — ¢, and D)\ (u,) — 0. (3.15)

It is clear that (uy,) is bounded in X. By a standard arguments and the fact A is
type of (ST), for a subsequence we obtain u, — u in X as n — +oo. Thus, by

(3.15) we have
®y\(u) =c, <0 and ®\(u)=0 asn— oo. (3.16)

The proof is complete. O
Theorem 3.8. If

pt <q <q" <pi(x) foralxze, (3.17)
then for any A > 0, problem possesses a nontrivial weak solution.

We want to construct a mountain geometry, and first need two lemmas.
Lemma 3.9. There exist 1,b > 0 such that ®x(u) > b, for u € X with ||u]| = n.
Proof. Since ¢t < p3, in view the Theorem there exist dy,ds > 0 such that

[ulgq+ < diflull and |ul+ < doull.
Thus, from we obtain

1 - A -
Baw) 2 [ 18u@)Pde — 2 [(d )+ (daful) ]
T Ja q
1 Y AP R
> ~calul) - e ful” ~ 22l

ar” f_p,t  Add -t + .
— Ll = 2yl < 1,

as’ t_p=  AdY - - .
1 e M it > 1.

Since pT < ¢~ < ¢, the functional g : [0,1] — R defined by
+ —
1 d? Add
9(s) = — — st P - T2
p q q
is positive on neighborhood of the origin. So, the result of lemma follows. [

- _pt
gl —P

Lemma 3.10. There exists e € X with |le]| > n such that ®x(e) < 0, where n is
given in lemma[3.9

Proof. Choose ¢ € C§°(€2), ¢ > 0 and ¢ # 0. For ¢ > 1, we have

+ —_
tP At
oa(te) < = [ Bpla)Pde - T [ fo(@) e
P Ja q Q
Then, since p* < ¢~ , we deduce that
tlim D)\ (tp) = —00.

Therefore, for ¢ > 1 large enough, there is e = ty such that ||e]| > n and ®y(e) < 0.
This completes the proof. ([
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Lemma 3.11. The functional ® satisfies the condition (PS).

Proof. Let (u,) C X be a sequence such that d := sup,, ®»(u,) < oo and 4 (u,) —
0 in X’. By contradiction suppose that

|un]] = +o0 asn — oo and |ju,|| >1 for any n.
Thus,
d+ 1+ ||unl

> By (un) — q%@;(un),um

1 1 1
e T L e L
< q Ja Q9 q(x

» () )
1 1 /

>(——-— Ay, |P® dx

B (zﬁ q*) sz' |
1 1 -

> (— — —)||u,ll? -

2 (5 = )l

This contradicts the fact that p~ > 1. So, the sequence (u,) is bounded in X and
similar arguments as those used in the proof of lemma [3.4] completes the proof. [

Proof of theorem[3.8 From Lemmas and we deduce
max(®,(0),Py(e)) = P5(0) < | inf ®(u) =:p.

lull=n
By lemma [3.11} and the mountain pass theorem, we deduce the existence of critical
points u of @ associated of the critical value given by

c:=inf sup P (y(t)) > 4, (3.18)
7€l tel0,1]
where I' = {y € C([0,1], X) : v(0) = 0 and (1) = e}. This completes the proof.
(]
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