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A PRIORI ESTIMATES FOR SOLUTIONS TO A FOUR POINT
BOUNDARY VALUE PROBLEM FOR SINGULARLY
PERTURBED SEMILINEAR DIFFERENTIAL EQUATIONS

ROBERT VRABEL

ABSTRACT. This article concerns the existence and asymptotic behavior of
solutions to a singularly perturbed second-order four-point boundary-value
problem for nonlinear differential equations. Our analysis relies on the method
of lower and upper solutions. We give accurate approximations of the solutions
up to order O(e).

1. PRELIMINARIES
We consider the four (or three) point boundary value problem
ey +ky=f(t,y), te€lab], k<0,0<e<1, (1.1)
y(e) —yla) =0, yb)—y(d) =0, a<ec<d<hb. (1.2)

We focus our attention on the existence and asymptotic behavior of the solutions
ye(t) for (L.1)), and on an estimate of the difference between y.(t) and a solution
u(t) of the equation ku = f(t,u).

The situation in the present case is complicated by the fact that there are inner
points in the boundary conditions, in contrast to “standard” boundary conditions
such as the Dirichlet, Neumann, Robin, or periodic problem [2} 3 [6] [7], for example.
We note that the equation ev! — mv. =0, m > 0, 0 < € such that 9.(c) — 0c(a) =
u(c) —u(a) > 0 and 0(t) — 0% for t € (a,b] and € — 0T, which could be used to
solve this problem by the method of lower and upper solutions. Instead we compose
barrier functions («, 3) for two-endpoint boundary conditions to construct barrier
functions for , , see e.g. [2].

In recent years multi-point boundary value problems have received a great deal
of attention (see e.g. [I], [4] and the references therein). The reader is referred to
[4] where a four-point boundary value problem with boundary conditions y(c) —
ry(a) = 0,y(b) — voy(d) = 0 where the constants vy, ve are not simultaneously
equal to 1 and € = 1 is studied.

We apply the method of lower and upper solutions to prove the existence of a
solution for problem , and by taking € — 07, the corresponding solutions
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converge uniformly on compact subsets of (a,b) to u, the solution of the reduced
problem. Moreover, we prove that these solutions converge to u up to order O(e).
As usual, we say that o € C?([a,b]) is a lower solution for problem (L.1)), (T.2)
if for every t € (a,b) we have ea (t) + ka.(t) > f(t, a.(t)), and ae(c) — ac(a) =0,
ac(b) — ac(d) < 0. An upper solution 8. € C?([a,b]) satisfies €37 (t) + kB.(t) <
f(taﬁe(t)) and ﬂe(c) - ﬂe(a) =0, 6€(b) - ﬂe(d) > 0 for every t € (Cl, b)
Lemma 1.1 ([B]). If ac, (. are respectively lower and upper solutions for ,
such that a. < B, then there exists solution y. of , with ae < ye <
/BG'
Consider the set H(u) = {(t,y) : a <t < b, |y — u(t)| < d(t)}, where d(t) is the
positive continuous function on [a, b] defined by

lu(c) —u(a)|+6 fora<t<a+3
dit)y=4¢4 fora+d6<t<b-9
lu(d) —u(d)|+6 forb—2<t<b

where 6 is a small positive constant and u € C? is a solution of the reduced problem
ky = f(t,y) defined on [a, b]. We write s(e) = O(r(€)) when 0 < lim,_,o+ \S(eg

r(e

| < o0.

2. MAIN RESULT
Theorem 2.1. Let f € C*(H(u)) satisfy the condition

}a{%% <w <~k for every (t,y) € H(u).

Then there exists €y such that for every e € (0, o], problem (1.1)), (1.2) has a unique
solution y.(t) satisfying the inequality

—0{em) (1) — de(t) — Ce < ye(t) — (u(t) +ve(t)) < 0e(t) + Ce  if u(c) — ula) >0
and

—0(t) — Ce < ye(t) — (u(t) +ve(t)) < véco”) (t) + 0e(t) + Ce  if u(c) —ul(a) <0

on [a,b] where

oet) = w (V0D _ oVECD | o F) o F)

8e(t) = M (V) _ VT | oy Femt) _ o F ),

D= (6\/?(17—(1) _"_e\/?(d—c) +6\/§(c—b) +6\/§(a_d))
_ (eﬁw—b) LV E(emd) 4 o/ E (=) | eﬁ(d—@) ’
m=—k—w, C =L maxeq [u”(t)| and the positive function

‘ Vme (u(e) = u(a))

#O(e T L H10(V )

x(t) <0 fort € (a,b] and vﬁco”)(a) = ué“’”)(c).
Remark 2.2. The function v.(t) satisfies

,U(corr) (t) _ IU|U(C) — U((l)| . |:_ O(l) Ue(t)
bt
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(1) ev! —mv. =0,
(2) ve(e) = ve(a) = =(ule) — u(a)), ve(b) — ve(d) =0,
(3) Ifu(c)—u(a) > 0(<L0) then v (t) > 0 (< 0) and it is decreasing (increasing)
fora<t< % and increasing (decreasing) for b'g—d <t<b,
(4) If e — 0" then v(t) converges uniformly to 0 on every compact subset of
(a7 b]’
(5) ve(t) = (u(e) — u(a))O(e\/?X(t)), where x(t) = a —t for a < t < %3¢ and
x(t)=t—b+a—dfor ¢ <t <b.
The function v.(t) satisfies
) b —mo. =0,

(

(2) c(c) = Be(a) = 0, D(b) — 0e(d) = |u(b) — u(d)],

(3) e(t) > 0 and it is decreasing for a < t < 2£¢ and increasing for ¢ < ¢ < b,
(4) If € — 0T then o.(t) converges unlformly to 0 on every compact subset of
[a7 b)7

(5) Dc(t) = [u(b) — u(d)|O(eVFXD) where {(t) = c—b+a—t for a <t < %<
and x(t) =t —b for ¢£¢ <t <b.

(corr)( )

The correction function v is determined precisely in the next section.

3. THE CORRECTION FUNCTION
Consider the linear problem
ey’ —my = —2wlve(t)], tea,b], e>0 (3.1)

with the boundary conditions (1.2). We apply the method of lower and upper
solutions in order to obtain a solution. We define

a(t) =0
and
5.0 = 22 ﬂ(Mm[m—@|m
(6) = — max{Joc(t)], ¢ € [a, 0]} = —ve(a).
Obviously, |ve(a)| = |u(c) —u(a)| (1+O0(eV < ))) and the constant functions «, 8

are, respectlvely, a lower and an upper solution for 1.2). Thus, in view of

Lemma 1} for every € > 0 there exists unique solutlon vé r) (t) of linear problem

., 1.2]) such that
0.< () < 2 Jute) — u(a)| (14 0(eVF @)

on [a,b]. We compute vecorr)(t) exactly:

(corr) - _ (wﬁ (a) B ¢6(C))
0 = ") —ula)

(¢e(d) — (b))
|u(b) — u(d)]

v ve(t) + De(t) + Pe(t),

elt) = w|u§§)\/%(a)|t (e\/@(b_t) 4 oVEY) _ /-t _ eﬁ(t—d)) .
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Hence

Ve(a) = Ye(c)
_ wlu(c) — U(a)|a (e\/?(bfa) 4 e\/@(afb) _ eﬁ(dfa) _ e\/?(afd))
Dy/me
_ wlu(c) — U(a)|c (e\/?(b—c) n eﬁ(c—b) _ eﬁ(d—c) _ eﬁ(c—d))
D+/me
wlu(c) — u(a)|

= TOU),

Ye(d) — e (b) = “"ug)\/%(a)'d (e\/@b—d) LV E b _ 2)

_ UM(DC)\/;TZ(Q)I) (2 _ eV E-b) _ e\/?(bfd))

- W@l (o)

= ,
vo(t) = 2Dl (o),

Thus, we obtain

wlu(c) — u(a)| ve(t)

v RSl oy

+0 (V700 S o ()|

UECOH) (t) _
(3.2)

Hence, taking into consideration (3.2]) and the fact that vécorr)(a) = ué“’”)(c), the

correction function vécorr) converges uniformly to 0 on [a,b] as e — 0.

4. PROOF OF MAIN THEOREM
First we analyze the case u(c) —u(a) > 0. Consider the lower solutions
e (t) = u(t) + ve(t) — v (t) — v (t) — I,
and the upper solutions
Be(t) = u(t) + ve(t) + ve(t) + T

Here I'. = eA/m, where A is a constant to be defined below, o, < (. on [a,b] and
they satisfy the correspondent prescribed boundary conditions.

Now we show that ea (t) + kae(t) > f(t, ac(t)) and €87 (t) + kB (t) < f(t, Be(¢)).
Denoting h(t,y) = f(t,y) — ky, by the Taylor we have

h(t, ac(t)) = hit, ac(t)) — h(t, u(t))

_ Oh(t,0.(t)) corr 5
= T(Us(t) - ’Ui )(t) - Ue(t) - Fe)7
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(t)) € H(u) for € sufficiently small. Hence,

where a.(t) < 0.(t) < Bc(t) and (t,0.
) < m + 2w in H(u) we have

from the inequalities m < 8(37()

ea (t) — h(t, ae(t))
> eu” (t) + ev’ () — v’ (t) — ed! (1)
— (m + 2w)ve(t) + mol™ (t) + mo(t) + mT..
Since v (t) = |ve(t)|, we have —evleer)” (t) — 2wvc(t) + mo (Corr)( t) = 0 and using
((3-1), we obtain
el (t) — h(t,ae(t)) > eu”(t) + mLe > —e|u” ()| + €A.

For .(t)) we have the inequality

h(t, Be(t)) — B¢ ()

_ Oh(t, §€<t)) N 7
- T(ve(t) +0c(t) +Te) — B (1)

=m(ve(t) + 0c(t) + Te) — e(u” (t) + 07 (t) + 07 (t))
> eA —elu (1)),

where a(t) < 0.(t) < Be(t) and (t,0.(t)) € H(u) for e sufficiently small.
Let us now analyse the case u(c) — u(a) < 0: The lower solutions

ac(t) = u(t) + ve(t) — () — T

and the upper solutions

Be(t) = u(t) +ve(t) + vl (1) + 0e(t) + T

satisfy
oh
el —h(t,a.) = eu” + ev! — €t — —(ve — b — Te)
dy
oh
=eu” + ev! — ev! + a—y(—v6 + 0.+ )
> eu + evl! — ed! + m(—ve + 0 + Te)
=eu” + €A > eA — e|u”|
and

h
h(t,Be) —eBl = (’UE + vl 4 p + FE) —eu —ev! ev(w”) — ed!

oh
dy
> (m + 2w)ve + m(v(corr) + 9, + Fe) e — Evél _ EUECD”‘)” B 6,02/

= —2w|ve| + Mmoo — evlom” 4 eA — e’
=eA —eu’ > eA —eu|.

Now, if we choose a constant A such that A > |[u”(t)], t € [a,b] then ea/(t) >
h(t,a.(t)) and B (t) < h(t,B:(t)) in [a,b].

The existence of a solution for , satisfying the above inequality follows
from Lemma The uniqueness follows from the fact that the function h(t,y) is
increasing in the variable y on the set H.
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Remark 4.1. Theorem [2.1] implies y.(t) = u(t) + O(€) on every compact subset
of (a,b) and lim,_ g+ yc(a) = u(c), lim._, o+ ye(b) = u(d). The boundary layer effect
occurs at the point a (b) whenever u(a) # u(c) (u(b) # u(d)).

5. APPROXIMATION OF THE SOLUTIONS FOR ({1.1)), (1.2

In this section we consider only the case u(c) — u(a) < 0 as the other case could
be treated analogously. We define the approximate solution g.(t) of (1.1]), (1.2) by

U(corr)
ge(t) = % (e (t) + Be(t)) = u(t) + ve(t) + T(t)

Taking into consideration the conclusions of Theorem in both cases we obtain
the following estimate for the solution y. of problem (1.1, (1.2

(5.1)

N i () B ,
[9e(t) = Ge(t)] < 0c(t) + ———— + — max{[u"(t)],¢ € [a, b]}.
Example 5.1. Consider the nonlinear differential equation
e +ky=vy>+9g(t), k<0, gecC(a,b]) (5.2)

subject to the boundary conditions (1.2]). The assumptions of Theorem are
satisfied if and only if there exists w > 0 such that

i(k? —(w—k)*) <g(t) < i(l& — (w+k)®) on a,b], (5.3)
19(6) — gla)| < g (w — k — (@) (¢(a) + ¢(0)). (5.4)
906) = 9(d)| < 5 (w— k= C(B) (<(4) + ¢(@)), (5
19(6) — gla)| < g (w+ &+ (@) (¢(a) + ¢(e)), (56)
90) = 9(@)] < 5w+ -+ ) (C0) +¢(d), (5.7

where ((t) = \/k? — 4g(¢).

As an illustrative example we consider the problem , with k = =2,
gt)=t,a=0,b=1/2, ¢c=d =1/4. Tt is not difficult to verify that the solution
u(t) = —=14+/1 — t of the reduced problem satisfies conditions f for every
w e (ﬁ +2—1/2,2). Thus, on the basis of Theorem there exists eg = €o(w)
such that for every e € (0, €] the problem ey” — 2y = y* + ¢, has a unique
solution which is O(e) close to approximate solution (5.1)); i.e.,

) vécorr)(t)
Gelt) = =1+ V=t +0,(0) + .
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