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NONLOCAL BOUNDARY-VALUE PROBLEMS FOR N-TH
ORDER ORDINARY DIFFERENTIAL EQUATIONS BY
MATCHING SOLUTIONS

XUEYAN LIU

ABSTRACT. We are concerned with the existence and uniqueness of solutions
to nonlocal boundary-value problems on an interval [a, ] for the differential
equation y(™ = flzyy,9/,. .. ,y("*l)), where n > 3. We use the method of
matching solutions, with some monotonicity conditions on f.

1. INTRODUCTION

In this article, we are concerned with the existence and uniqueness of solutions
of boundary-value problems (BVP’s) for the differential equation

y " (2) = fla,y(@),y (@),....y" V@), n=3, zelad, (1.1)

y(a) — Zaiy<§i) =y, y(b) =yip2, 0<i<n-3,
i=1

Z Biy(n;) —y(c) = yn,

where a < & < &§H < - <& <b<m<m<-- < <csteN o >0 for
1<i<s, B;>0for 1<j<t, 37 a0, =1, 18 =1 and y,ya,....,yn ER.
It is assumed throughout that f : [a,c] x R" — R is continuous and that solu-
tions for the initial value problems (IVP’s) for are unique and exist on [a, c].
Moreover a < & < & < - < & <b<m < me < - < < c are fixed
throughout.
Consider the following boundary conditions:

yla) = > aw(&) =v1, yI0) =vir2, 0<i<n—3, y" () =m, (1.3)
i=1

y(a) = > &) =y, Y 0) =yi2, 0<i<n—=3, y" B =m, (1.4)
=1
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t
Y =y, 0<i<n=3, Yy IO =m, Y Biyln) —y(c) =yn, (1.5)
j=1

t
YW =i, 0<i<n—3, y" IO =m, > Biym)—ylc) =y, (1.6)
j=1

where m € R. We show that — (1.2) has a unique solution by matching solutions
of the BVP’s (L.I)-(1-3) on [a, b] and (L.I)-(I.5) on [b, ], or (L.I)-(T.4) on [a,d] and
(L3)-(T.6) on [b, c].

The method of matching solutions was first used by Bailey et al. [I]. They
considered the solutions of two-point boundary value problems for the second order
differential equation y” = f(x,y,y’) by matching solutions of initial value prob-
lems. After that, in 1973, Barr and Sherman [2] applied the solution matching
techniques to third order equations and generalized to equations of arbitrary order.
A monotonicity condition on f played an important role. In 1981, Rao et al. [10]
generalized the monotonicity of f of third order differential equations and intro-
duced an auxiliary monotone function g. In 1983, Henderson [4] generalized to nth
order BVP’s and considered more general boundary conditions. Since then there
has been a lot of literature dealing with solutions of third order BVP’s or higher
order BVP’s by using matching solutions; see [3] 5] @] [7, [8, @], etc.

In this article, we consider the n-th order BVP’s with nonlocal boundary condi-
tions — and use a weaker condition on the auxiliary function g. In Section
2, we give some preliminary results, and in Section 3, we prove the existence and
uniqueness of solutions of —. In Section 4, we generalize our results to
BVP’s with more general boundary conditions:

y'(a) - Zaiy(T)(Ei) =y, YY) =yip2, 0<i<n -3,
i=1

. (L.7)

> By () = 47 (e) = ym,

i=1

with 7,0 € {0,1,...,n — 3} fixed.
We assume there is a continuous function g : [a,c] x R™ — R and that f and g
satisfy the following conditions:

(A) For u,v € R, f(x,vp,v1,...,05n-2,v) — f(&,u0,U1,. .., Up_2,u) > g(z,v9 —
UQ, VL — UL, -+, Vp2 —Up_2,V—u) when x € (a,b], (—1)""v; > (—1)" "y,
0<i<n-—3,and v,_2 > u,_o; or when z € [b,¢), v; > u;, 0 < i <n— 3,
and v, o > Up_9.

(B) There exists 01 > 0, such that for all 0 < 6 < §;, the IVP

2 = g(w,2,2,...,20070), (18)
0)=0, 0<i<n-1, i#n-2 D=4 (1.9)

has a solution z on [a, ] such that z("=2)(z) > 0 on [a, d].
(C) There exists 2 > 0, such that for all 0 < § < o, the IVP

2 = g(z,2,2,...,27D), (1.10)
D) =0, 0<i<n—2, 2" V() =4,(-0) (1.11)
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has a solution z on [b, ¢] ([a, b]) such that ("2 (z) > 0on [b, ¢, (2"~ (x) >

0 on [a,b]).

(D) For each w € R, g(x,vo,v1,...,0n—2,w) > g(x,ug,U1,...,U,—2,w) when
x € (a,b], (=1)"(v; —u;) >0,i=0,1,...,n—3, and v, 2 > uy_2 > 0,
or when z € [b,¢), v; > u;, i =0,1,...,n—3, and vp_2 > tp_o > 0.

2. PRELIMINARIES

In this section, we give two lemmas which show the relationship between the
value of the n — 2nd order and the n — 1st order of two solutions of at b
that satisfy the boundary conditions (2), respectively, on the interval [a, b] and the
interval [b, ¢]. All of the results in Section 3 are based on two lemmas. We basically
prove the lemmas by using contradiction.

Lemma 2.1. Suppose p and q are solutions of (L.1)) on [a,b] and w = p—q satisfies
the following boundary conditions:

=Y aw(&) =0, w(b)=0, 0<i<n-3.

Then, w =2 (b) = 0 if and only if w™ V) (b) = 0. Also, w2 (b) > 0 if and only
if w1 (b) > 0.

Proof. (=) The necessity of the first part. Suppose w™~2)(b) = 0 and w1 (b) #
0. Without loss of generosity, we assume w(™~1)(b) < 0.

Since 0 = w(a) — Y i_; cuw(&) = DI, ai(w(a) — w(&;)) and a; > 0, for some
i1, w(a) > w(&;,), and for some iz, w(a) < w(&;,). Hence, there exists r1 € (a,b)
such that w’(r1) = 0 and (—1)""'w’(z) > 0 on (r1,b).

By repeated applications of Rolle’s Theorem, there exists ro € (r1,b) such that
w2 (ry) = 0 and w2 (z) > 0, for = € (ra,b). Hence, (—1)"Jw)(z) > 0, for
j=0,1,...,n—2 on (rg,b).

Let 6 € R with 0 < 5 < min{dy, —w™~(b)}. Then, by Condition (C), we
have a solution z of - on [a,b], such that z(z)(b) =0,0<¢<n—2,
(=1 (p) = 4, amdz”2 ) >0 on [a,b].

Let h = w — z. Then, we have

h(n) = f(x7p7pl7 A 7p(n_1)) - f(xﬂ q7 q/7 A 7q(n_1)) - g(x7 2:7 ZI7 MR Z(n_l))7
AB)=0,0<i<n-—2, A" VB =w Vb)) -0 <o.
Notice h("=2) (rg) = w2 (ry) — 2(*=2) (1) < 0, K*~2)(b) = 0 and A"~V (b) <
0. So there exists 73 € [rg,b) such that ("2 (r3) = 0 and R~ (z) > 0 for
x € (r3,b). Then, it follows that (—1)"7h\) (x) > 0 on (r3,b), for j = 0,1,...,n—2.
Therefore, by Rolle’s Theorem, there is r4 € (r3,b) such that A=Y (r,) = 0. Since
R(=1(b) < 0, there is r5 € [ry,b) such that A=Y (r5) = 0 and A~V (z) < 0 for
x € (r5,b). Then,
h(n—1) — pn=1)
(™) (rs) = lim (z) (r5)
z—»r; T —Ts
whereas by Conditions (A) and (D), (note that [rs5,b) C (r3,b) C (r2,b)),
h(n)(rf)) = f(r57pap/a s ap(nil)) - f(r5,qa q/a R q(nil)) - g(rf)a Z, Zla SERE) Z(nil))
> g(rs,w,w’,. .., w™ ) —g(rs, z,2,..., 2" Y) >0,

<0

)
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which is a contradiction. Therefore, w1 (b) = 0.

(«<=) The sufficiency of the first part. Suppose w1 (b) = 0 and w™~2)(b) #£ 0.
Without loss of generality, we assume w(™~2)(b) > 0.

Since 0 = w(a) —Y_7_; ayw(&) = Y1, ai(w(a) —w(&)) and «; > 0, there exists
r1 € (a,b) such that w'(r;) = 0, and (—1)""1w’(x) > 0 on (ry,b).

By repeated applications of Rolle’s Theorem, there exists ro € (r1,b) such that
w2 (ry) = 0 and w2 (z) > 0 for & € (ry,b). Hence, (—1)"Iw9) (z) > 0, for
j=0,1,...,n—2 on (rg,b).

Now let 0 < § < min{d;,w™=?(b)}, and let = be a solution of (L.8)-(L.9)
satisfying Condition (B) and z("~2)(x) > 0 on [a,b]. Let h = w — z. Then,

h’(n) = f(xap7p/7 s 7p(n71)) - f(xa Q7ql7 s 7q(n71)) - g('xa 2, Zlv KRN Z(nil)%
OB =0,0<i<n—1,i#n—-2, h"20)=w"2 ) -2 () > 0.

Note that h("=2)(ry) = w("=2)(ry) — 2("=2)(ry) < 0. Hence, there is r3 € [ra,b)
such that h("=2)(r3) = 0, A(®=2)(z) > 0 on (r3,b). By Rolle’s Theorem, there
is 74 € (r3,b) such that A" V(ry) > 0 and (=1)"7hU)(z) > 0 on (r4,bd), for
j=0,1,...,n—2.

By Conditions (A) and (D),

h(n)(b) = f(b’pap/7 s ?p(n_l)) - f(ba q,qlv e 7q(n_1)) - g(b? Z, Z/7 ceey Z(n_l))
> g(b,w,w', ..., w™ V) —g(b 2,2, ...,2""Y) > 0.

Together with h("~1)(b) = 0, we have that ("~ (x) < 0 on a left neighborhood
of b. Since A"~V (ry) > 0, there is r5 € (r4,b) such that A(*~Y(r5) = 0 and
(=1 (z) < 0 on (rs,b). Hence, h(™(r5) < 0.

However, (note that [r5,b) C (r4,b) C (r2,b)),

h(n)(TB) = f(rs,p, 0’ - ,p("_l)) — f(rs,q, 4, .. .,q("_l)) —g(rs,z,2,.. .72("_1))
> g(rs,w,w', ... ,w("fl)) —glrs, 2,2, ..., z("’l)) >0,

which is a contradiction. Hence, our assumption is false.

(=) The necessity of the second part. Assume w1 (b) < 0 and w(™=2)(b) > 0.
Similar to the proof of the first part, we have r; € (a,b) such that w2 () =0
and w2 (z) > 0, for x € (ry,b) and (—1)"Jw () > 0 on (ry,b), for j =
0,1,...,n—2.

Now let 0 < § < min{d;,w™=?(b)}, and let z be a solution of (L.8)-(L.9)
satisfying Condition (B) and z("~2)(x) > 0 on [a,b]. Let h = w — z. Then,

h(n) = f(xap’p/’ cee ap(nil)) - f(xa q7q/7 cee 7q(n71)) - g(x, 2, Zla sy Z<n71))7
h(i)(b) =0,0<i<n-3, h(n—2)(b) — w(n—Z)(b) _ Z(n—Z)(b) < 0.

Note that A"~V (b) = w™V(b) — 2"~V (p) = w™ D (b) < 0, "2 (b) > 0
and A"~ (r)) = w2 (r)) — 207D (r)) = —2=2)(r) < 0. So there exists
ry € [r1,b) such that h("=2)(ry) = 0, K2 (x) > 0, for & € (ry,b). Tt follows that
(=1)"=7 ) (x) > 0 on (r,b), for j =0,1,...,n — 2.

By Rolle’s Theorem and h("~1)(b) < 0, thereis 3 € (12, b) such that A=Y (r3) =
0 and A"~V (z) < 0 on (r3,b). Therefore, h(™ (r3) < 0, whereas by Conditions (A)
and (D), (note that [r3,b) C (r2,b) C (r1,b)),

h(n)(r?)) = f(r3apap/a s ap(n_l)) - f(r?nqa q/7 ey q(n_l)) - g(’l"?,, 2 Z/a ey Z(n_l))
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> g(rg,w,w’, .., w™ D) = g(rg, 2,2, ..., 2" D) >0,
which is a contradiction.

(<) The sufficiency of the second part. We assume that w1 (b) > 0 and
w("*z)(b) < 0. Then, we get the same situation as the proof of necessity with op-
posite signs of w1 (b) and w("~?)(b), which also implies a contradiction. Hence,
the sufficiency is true. O

Lemma 2.2. Suppose p and q are solutions of on [b, ] and w = p—q satisfies
the following boundary conditions:
t
wD(b)=0,0<i<n-3, Zﬂjw(nj) —w(c) =0.
j=1
Then, w =2 (b) = 0 if and only if w1V (b) = 0. Also, w2 (b) > 0 if and only
if w1 (b) < 0.

Proof. (=) The necessity of the first part. Assume w(~2)(b) = 0 and for contra-
diction, without loss of generality, we assume w™~1) () > 0.

By Z;=1 Bjw(n;) —w(c) = 0, there exists r1 € (b,¢) such that w'(ry) = 0.
By repeated applications of Rolle’s Theorem, there exists ro € (b,71) such that
w2 (ry) = 0 and w2 (x) > 0 on (b, 7). It follows that w)(z) > 0 on (b, r2),
for j=0,1,...,n— 2.

Let 0 < 0 < min{dy, w™ D (b)}. Then, by Condition (C), we have a solution z

[L.10)-(L11) on b [b, c] such that 2 (b) = 0,0 <i <n—2, 2""V(b) = ¢, and
z(” 2 )>0on [b,c. Then, 20)(z) >0, for j =0,1,...,n — 2, on [b,c|.

Let h w — z. Then,

W = fa,pp,. 0" ) = f@g,d ") = gla 2, 2L 2T,
(b)) =0, 0<i<n—2 h" (b)) =w™ (k) — 20D () > 0.

Note that h("=2) (ry) = w2 (ry) — 2("=2)(ry) < 0. Hence, there is r3 € (b, 2]
such that h("=2(r3) = 0, h("=2(z) > 0 on (b,73), and hence, h)(z) > 0, for
j=0,1,...,n—2o0n (b,r3). By h(»2)(b) = 0, Rolle’s Theorem, and h("~1) () > 0,
there exists r4 € (b,r3) such that h»~V(ry) = 0 and A=Y (x) > 0 on (b,74).
Hence, h(™ (r4) < 0, but by Conditions (A) and (D) and (b,74] C (b,73) C (b,73),
we have

W (ra) = frap, oy 0™ D) = fraa,ds o a™)) = g(ra, 2,20, 200 Y)
> g(ra,w,w', .., w™Y = g(ry, 2,2, ... 207Y) >0,
which is a contradiction.

(<) The sufficiency of the first part. Suppose w1 (b) = 0 and w™=2)(b) > 0.
Similar to the above, we have 1 € (b, ¢) such that w2 (r;) = 0 and w¥) (z) > 0
on (b,ry) for j=0,1,...,n— 2.

Let 0 < § < min{é;,w™ 2 (b)}. Then, by Condition (B), we have a solution z
of (L.8)-(1.9 p on [b, (| suchthat 200)=0,0<i<n—1,i#n—220"2() =4,
and z("—2 >0 on [b,c]. Then, 20)(2) >0, for j =0,1,...,n—2, on [b,c].

Leth_wfz Then,

h(n) = f(xapap/a v ap(nil)) - f(xa Q7q/, ey q(nil)) - g(l’, 272/7 e ,Z(nil))
ROB)=0,0<i<n—1,i#n—1, A" D) =w"2(b)-:2""2(b) > 0.



6 X. LIU EJDE-2011/17

Note that h("=2(r;) = w2 (r)) — 22 () = —2("=2(r) < 0. So there
is 7y € (b,71] such that h(®=2)(ry) = 0 and "2 (z) > 0, for = € (b,r3), and
hU)(x) > 0on (b,ry), for j = 0,1,...,n—2. By Rolle’s Theorem, there is r3 € (b, )
such that A"~V (r3) < 0.

Note that

h’(n)(b) = f(bapap/a cee ap(nil)) - f(ba q’q/7 e 7q(n71)) - g(ba Z, Zla ceey Z(nil))
> g(b,w,w’, ... ,w(”_l)) —g(b, 2,2, ... ,z(”_l)) > 0.
Hence, there is r4 € (b,r3) such that A"~V (ry) = 0 and A"V (x) > 0 on (b, r4),
which implies 2™ () < 0. But by (b,r4] C (b,72) C (b,r1) and Conditions (A)
and (D), we have that
h(n)(r4) = f(r4’p5p/7 R ap(n_l)) - f(r47qa q/a R q(ﬂ—l)) - 9(7“4, Z, Z/a ceey Z(n_l))
> g(r4,w7w', cee vw(nil)) - g(m,z, Z/, ) Z(nil)) >0,

which is a contradiction.

(=) The necessity of the second part. Suppose w™~2)(b) > 0 and w1 (b) > 0.
Similar to the proof of the necessity of the first part, we also can get a contradiction.
Hence, we omit the proof. Therefore, if w(*~2)(b) > 0, then w1 (b) < 0.

(«<=) The sufficiency of the second part. Suppose w1 (b) < 0. If w(™=2)(b) <
0, then similar to the proof of necessity, we can get w(™~Y(b) > 0, which is a
contradiction. Hence, the sufficiency is also true. [

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS TO ([1.1))-(1.2)

Before discussing existence and uniqueness for (1.1])-(1.2)), we consider the unique-
ness of solutions to each of the BVP’s for (1.1)) satisfying any of (1.3), (1.4), (1.5),
or (L.6).

Lemma 3.1. Let y1,¥2,...,yn € R be given and assume Conditions (A)—(D) are
satisfied. Then, given m € R, each of the BVP’s for (L.1|) satisfying any of condi-

tions ([1.3), (L.4), (LA), or (L.6) has at most one solution.

Proof. The case of (1.1)-(1.3): Suppose there are two distinct solutions p(z) and
q(x) for some m € R. Let w = p — ¢q. Then, w satisfies

w(n) = f(x’p7p/7‘ A 7p(n_1)) - f(xﬂ q7q/7’ A 7q(n_1))7
=Y ow(&) =0, wP(b)=0, 0<i<n-2

By Lemma , we can get that w1 (b) = 0. Then, by the uniqueness of solutions
of IVP’s for (|1.1)), we can conclude that p = ¢ on [a,b]. Hence, — has at
most one solution on [a, b].

The other cases: By using similar ideas and Lemma and Lemma we
resolve the other cases. O

Lemma 3.2. Let y1,y2,...,yn € R be given. Assume Conditions (A)-(D) are
satisfied. Then, the BVP . . ) has at most one solution.

Proof. We argue by contradiction. Suppose for some values y1,y2,...,yn € R,
there exist distinct solutions p and ¢ of . Also, let w = p—gq. Then, from
Lemmaand Lemma 2 We get w(™ 7$ () wn= 1 )(b) # 0.
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Without loss of generality, we suppose w(™~2)(b) > 0. Then, by Lemma
w1 (b) > 0. But by Lemma w™ 1 (b) < 0. This is a contradiction. Hence,
p=gqon [a,c. O

Next7 we show that solutions of (L.1)) satisfying each of (L.3), (T.4), (L.5), or
6|) respectively are monotone functions of m at b. For notation purposes, given

any m € R, let a(x, m), u(z,m), B(z, m) (x m) denote the solutions, when they

exist, of the boundary value problems of (|1.1]) satisfying (1.3] ., . or .,

respectively.

Lemma 3.3. Suppose that (A)—(D) are satisfied and that for each m € R, there

exist solutions of (L)) satisfying each of the conditions (L.3), (L4), (L5)), (L6), re-

spectively. Then, o™= (b,m) and 37~V (b, m) are, respectively, strictly increasing

and strictly decreasing functions of m with ranges all of R.

Proof. The proof of {a("~1) (b, m)|m € R} = R is the same as that in [4 Theorem

2.4]. We omit it here. O
Similarly, we obtain monotonicity conditions on u(®~2)(b,m) and v(*=2) (b, m).

Lemma 3.4. Under the assumption of Lemma the functions u(”*Q)(b7 m) and
v("=2) (b, m) are, respectively, strictly increasing and strictly decreasing functions of
m, with ranges all R.

Finally, we arrive at our existence result for (L.1)-(1.2]), which is obtained by
solution matching.

Theorem 3.5. Assume the hypotheses of Lemma |3.5 m Then, . . has a

unique solution.

Proof. We prove the existence from either Lemma[3.3|or Lemma[3.4] Making use of
Lemma there exists a unique mg € R such that u(»=2) (b, mg) = v*=2) (b, my).
Then,
u(x,mg), a<x<b,
y(z) = (o)
v(z,mg), b<zx<e
is a solution of (1.1)-(1.2) and by Lemma [3.2} y(z) is the unique solution. O

4. EXISTENCE AND UNIQUENESS OF SOLUTIONS TO 1'1'

We can obtain analogous results to those of Section 3 for . with 7,0 €
{0,1,...,n — 3} fixed. We obtain solutions to . by matchlng solutions
satisfylng the following types of boundary condltlons

y(T Z Olzy( i) = Y1, y(l) (b) = Yi+2, 0 S v S n— 37 y(n72) (b) =m,
(4.1)

v (a Z aiy (&) =y, YD 0) =yir2, 0<i<n—3, y" V() =m,
(4.2)

yO(b) = yirs, 0<i<n—3, y" 2 Zﬁgy(“) ) =47 (¢) = yn,
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t
yOb) = yir2, 0<i<n=3, y" V) =m, > By () =y (c) =y,
j=1
(4.4)

where m e R, a < § <& < <& <b<m <<~ <y <eg st €N,
a; > 0for 1 <i<s B >0for1<j<t > 0;=13"_,8 =1and
Y, Y2,---5Yn eR.

We omit the proofs of the following results since they are essentially the same
as those presented in Section 2 with only small modifications.

Lemma 4.1. Let y1,y2,...,yn € R be given and assume conditions (A)—(D) are
satisfied. Then, given m € R, each of the BVP’s for (L.1)) satisfying any of condi-
tions (4.1), (4.2)), (4.3), or (4.4) has at most one solution.

Lemma 4.2. Let y1,¥y2,...,Yn € R be given and assume conditions (A)-(D) are
satisfied. Then (1.1)-(L.7) has at most one solution.

Now, given any m € R, let §(z, m), [(z,m), ¥(x,m), o(x, m) denote the solutions,
when they exist, of the boundary value problems of (1.1)) satisfying (4.1]), (4.2),
[3), @), respectively.

Lemma 4.3. Suppose that (A)—(D) are satisfied and that for each m € R, there

exist solutions of satisfying each of the conditions , , , .
Then, 9("_1)(1), m) and ﬁ(”_l)(b, m) are respectively strictly increasing and strictly
decreasing functions of m with ranges all of R. Also, 1(*=2)(b,m) and o™= (b, m)
are respectively strictly increasing and strictly decreasing functions of m with ranges
all of R.

Theorem 4.4. Assume the hypotheses of Lemma [{.3 Then (LI)-(1.7) has a

unique solution.
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