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DETERMINISTIC MODEL FOR THE ROLE OF ANTIVIRALS IN
CONTROLLING THE SPREAD OF THE HIN1 INFLUENZA
PANDEMIC

MUDASSAR IMRAN, MOHAMMAD T. MALIK, SALISU M. GARBA

ABSTRACT. A deterministic model is designed and used to theoretically assess
the impact of antiviral drugs in controlling the spread of the 2009 swine in-
fluenza pandemic. In particular, the model considers the administration of the
antivirals both as a preventive as well as a therapeutic agent. Rigorous analysis
of the model reveals that its disease-free equilibrium is globally-asymptotically
stable under certain conditions involving having the associated reproduction
number less than unity. Furthermore, the model has a unique endemic equi-
librium if the reproduction threshold exceeds unity. The model provides a
reasonable fit to the observed HIN1 pandemic data for the Canadian province
of Manitoba. Numerical simulations of the model suggest that the singular
use of antivirals as preventive agents only makes a limited population-level
impact in reducing the burden of the disease in the population (except if the
effectiveness level of this “prevention-only” strategy is high). On the other
hand, the combined use of the antivirals (both as preventive and therapeu-
tic agents) resulted in a dramatic reduction in disease burden. Based on the
parameter values used in these simulations, even a moderately-effective com-
bined treatment-prevention antiviral strategy will be sufficient to eliminate the
H1N1 pandemic from the province.

1. INTRODUCTION

Since its emergence in the Spring of 2009, the HIN1 Influenza A pandemic (also
known as the Swine Influenza) continues to pose significant challenges to public
health around the world [T}, [15] 17, [41], 42, [43]. For instance, the HIN1 pandemic
has accounted for 33,494 cases [31] (8,669 hospitalized cases including 1,472 ad-
mitted to ICU) and 429 deaths in Canada (over 16,000 people have died globally
[45]). The HIN1 pandemic is believed to have resulted from a genetic reassortment
involving swine influenza virus lineages [30]. Several chronic conditions and behav-
ioral and other factors have been associated with increased risk of disease severity
among H1N1-infected individuals. Infants and pregnant women (especially in the
third trimester) are at increased risk of hospitalization and intensive care unit (ICU)
admission [10], 23], 37, 44]. Furthermore, some studies have shown that people with
pre-existing chronic conditions (such as asthma and other chronic lung diseases,
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chronic kidney and heart diseases, obesity and conditions associated with immune
suppression) are prone to increased risk of death and ICU admission [25] 38]. In
the Canadian province of Manitoba, Aboriginals and people residing in remote and
isolated communities are at increased risk of severe illness due to the pandemic
H1N1 infection [40].

Like in the case of seasonal flu, the HIN1 pandemic is believed to be spreading
mainly through coughs and sneezes of people who are infected with the pandemic
and touching of contaminated objects. HIN1 infection has been reported to cause
a wide range of flu-like symptoms, including fever, cough, sore throat, body aches,
headache, chills and fatigue. Additionally, many have reported nausea, vomiting
and/or diarrhea [9]. The second wave of HIN1 started around early October 2009
in Canada [7] and data [27] suggests that it has diminished by the end of January
2010 (after peaking in November 2009).

The pandemic HIN1 is being controlled using various measures including social
exclusion (e.g., closure of schools, banning large public gatherings, etc.), mass vac-
cination (the limited supply of the HIN1 vaccine, in the early stage of the second
wave, has forced its prioritization to high-risk groups, such as children under the
age of six, pregnant women, people with weakened immune systems, etc.) and the
use of antiviral drugs (notably, oseltamivir (Tamiflu) and zanamivir (Relenza)). It
should be mentioned that a rare occurrence of antiviral resistance (specifically to
the use of Tamilflu) has been reported [g].

Some mathematical modeling studies have been carried out, aimed at gaining
insight into the transmission dynamics and control of the HIN1 pandemic (see, for
instance, [3] 18], 30} [0, 4, 12| 22] [32]). In particular, Sharomi et al. [32] presented a
model for the spread of HIN1 that incorporates an imperfect vaccine and antiviral
drugs administered to infected individuals with disease symptoms (the model in [32]
stratifies the infected population in terms of their risk of developing severe illness).
The purpose of the current study is to complement the aforementioned studies by
designing a new model for assessing the impact of singular use of the antiviral drugs,
administered as a preventive agents only (i.e., given to susceptible individuals) or, as
a therapeutic agent (i.e., given to individuals with symptoms of the pandemic HIN1
infection in the early stage of illness), in curtailing or mitigating the burden of the
HIN1 pandemic in a population. An additional special feature of the model to be
designed is that it stratifies the susceptible population according to risk of infection.
The model is used to theoretically compare the potential impact of the targeted
administration of the available antivirals (as a preventive agent alone, or their
combined use as both preventive and therapeutic agent combined) in combatting
the spread of the HIN1 pandemic in the Canadian province of Manitoba.

The paper is organized as follows. The model is formulated in Section 2 and
rigorously analysed in Section 3. Numerical simulations are reported in Section 4.

2. MODEL FORMULATION

The total human population at time ¢, denoted by N(t), is sub-divided into
ten mutually-exclusive sub-populations of low-risk susceptible individuals (S (t)),
high-risk susceptible individuals (Sg(t)), susceptible individuals who were given
antiviral drugs (P(t)), latent individuals (L(t)), infectious individuals who show no
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FIGURE 1. Schematic diagram of the model (2.1)))

disease symptoms (A(t)), symptomatic individuals at early stage (I1(t)), sympto-
matic individuals at later stage (I2(t)), hospitalized individuals (H;(t)), hospital-
ized individuals at ICU (Hj(t)), treated individuals (7'(t)) and recovered individuals
(R(t)), so that

N(t) = Sp(t)+Su(t)+P(t)+L(t)+A(t)+ 1 () +12(t)+ Hy (t)+ Hao(t) +T(t) + R(1).



4 M. IMRAN, T. M. MALIK, S. M. GARBA EJDE-2011/155

The high-risk susceptible population includes pregnant women, children, health-
care workers and providers (including all front-line workers), the elderly and other
immuno-compromised individuals. The rest of the susceptible population is consid-
ered to be of low-risk of acquiring HIN1 infection. The model to be considered in
this study is given by the following deterministic system of non-linear differential
equations (a schematic diagram of the model is given in Figure and the associated
variables and parameters are described in Table :
dsS
Tf =1I(1 — p) — NSy — oS — pSkL,
ds
TtH =Ilp - O0gASy — ouSy — pSw,
dP
E =015, +ouySy — 0pA\P — uP,
dL

i ASL +0uSy +0pP) — (a1 + )L,

A
S (1= L~ (01 - 0)4
%:alfL_(Tl + 1+ ), (2.1)

dt
% =l — (2 + i1+ 2 +p+ )l
% =Ty — (o + b3 + i + 010) Hy,
% = thoHy — (¢4 + pu + 020)Hy,
ar _ mily +ly — (o5 + )T,

dt
dR
T D1A+ ¢olo + P Hy + paHo + 95T — uR.

Here, the parameter II represents the recruitment rate into the population (all
recruited individuals are assumed to be susceptible) and p is the fraction of re-
cruited individuals who are at high-risk of acquiring infection. low-risk susceptible
individuals acquire infection at a rate A, given by

B(mL +mA+ I +n3ly +naHy +nsHa +n6T)
N )
where (3 is the effective contact rate, 7; (i = 1,...,6) are the modification parame-
ters accounting for relative infectiousness of individuals in the L, A, I, H1, H> and
T classes in comparison with those in the I; class. high-risk susceptible individ-
uals acquire infection at a rate g\, where g > 1 accounts for the assumption
that high-risk susceptible individuals are more likely to get infected in comparison
to low-risk susceptible individuals. Low (high) risk susceptible individuals receive
antivirals at a rate oy (op), and individuals in all epidemiological classes suffer
natural death at a rate p (it is assumed, in this study, that individuals in the latent
class can transit infection).
Susceptible individuals who received prophylaxis (P) can become infected at a
reduced rate 0p\, where 1 — 0p (with 0 < 0p < 1) is the efficacy of the antiviral
drugs in preventing infection. Individuals in the latent class become infectious at a

A:
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TABLE 1. Description and nominal values of the model parameters

Description Value Ref
I birth rate 1119583/80*365
1/p average human lifespan 80*365
probability for transmitting swine flu 0.9 assumed
oL antiviral coverage rate for low-risk susceptible individuals 1/25 assumed
o antiviral coverage rate for high-risk susceptible individuals 1/25 assumed
aq rate at which latent individuals become infectious 0.35 assumed
f fraction of latent individuals that progress to the 0.2 28]
symptomatic class
T1 treatment rate for individuals in the early stage of infection 0.5 assumed
T2 treatment rate for individuals in the later stage of infection 0.5 assumed
b1 recovery rate for asymptomatic infectious individuals 1/5 28]
b2 recovery rate for symptomatic infectious individuals in the 1/5 28]
later stage
b3 recovery rate for hospitalized individuals 1/5 28]
ba recovery rate for individuals in ICU 1/7 assumed
b5 recovery rate treated individuals 1/7 assumed
m modification parameter (see text) 0.1 28
N2 modification parameter (see text) 1/2 28
n3 modification parameter (see text) 1.2 28
N4 modification parameter (see text) 1 28
5 modification parameter (see text) 0.01 28
N6 modification parameter (see text) 0.2 28
O modification parameter for infection rate of high-risk >1 assumed
susceptible individuals
1 —60p | drug efficacy in preventing infection [0,1] assumed
Py hospitalization rate of individuals in I class 0.5 28
Yo rate of ICU admission of hospitalized individuals 0.8 28
Y1 progression rate from I; to I classes 0.06 28
§ disease-induced death rate of individuals in I class 1/100 28
016 disease-induced death rate for hospitalized individuals 1/100 28
026 disease-induced death rate for individuals in ICU 1/100 28

rate a. A fraction, f, of these individuals display clinical symptoms of the disease
and the remaining fraction, 1 — f, does not show disease symptoms (and are moved
to the class A). Infectious individuals that show no disease symptoms recover at a
rate ¢; and die due to the disease at a rate d. Individuals in the I; class receive
antiviral treatment at a rate 7. These individuals progress to the later infectious
class (I2) at a rate ;. Similarly, individuals in the I class are treated (at a rate
T9), hospitalized (at a rate 1), recover (at a rate ¢o) and suffer disease induced
death (at a rate 0). Hospitalized individuals (not currently in ICU) are admitted
into ICU (at a rate v3). Hospitalized individuals recover (at a rate ¢3) and suffer
disease-induced death (at a reduced rate 619, where 0 < 6; < 1 accounts for the
assumption that hospitalized individuals, in the H; class, are less likely to die than
unhospitalized infectious individuals in the Iy class).

Individuals in ICU recover (at a rate ¢4) and die due to the HIN1 pandemic
(at an increased rate 620, where 05 > 1 accounts for the assumption that those in
ICU are more likely to die than those in the I class). Finally, treated individuals
recover (at a rate ¢5). It is assumed that recovery confers permanent immunity
against re-infection with HINT.

The model is an extension of the model presented by Sharomi et al. [32]
by:

(i) administering antivirals to susceptible individuals (only individuals with
clinical symptoms of the disease are given antivirals in [32]);

(ii) stratifying the susceptible population based on their risk of acquiring in-
fection.
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The basic qualitative properties of the model (2.1)) will now be analyzed.

2.1. Basic properties of the model.
Theorem 2.1. The variables of the model (2.1)) are non-negative for all time t > 0.
2.1]

In other words, the solutions of the model | with positive initial data will remain
positive for all t > 0.

Proof. Let,
ti=sup{t>0:5,>0,S4>0,P>0,L>0,A>0,
Iy >0,1,>0,H; >0, H, >0, T >0, R>0}.

Thus, ¢; > 0. The first equation of the model (2.1 can be rewritten as
t

e [+t [ Mwau]) =10 = pesp o+ e+ [ Aw)av],

0
so that

Sr(t)exp[(o + p)ta —|—/O 1 Mw)dy] — S(0)

= /Otl [TI(1 — p)exp((a + 1)y + /Oy Adw)}dy-

Therefore,
ty

S1(t) = SL(0)exp| - (o + )ty / "] + exp| — (0 + p)ts — / Ay

X {II(1 — p)exp[(o + p)y + /y Ady] }dy > 0.
0 0

Similarly, it can be shown that Sg(t) > 0, P(t) > 0, L(¢) > 0, A(t) > 0, I1(t) > 0,
I(t) > 0, Hy(t) > 0, Ha(t) > 0, T'(t) > 0, R(t) > 0 for all ¢ > 0. O

Theorem can also be proven by applying a result from Appendix A of [36].
Adding all the equations in the system (2.1)) gives

dN
E :H—MN_6(12+01H1+02H2), (22)
so that,
dN
— < II— uN. 2.
o S-u (2.3)

Since N (t) > 0, it follows, using Gronwall inequality, that
II
N(t) < N(0)e M + —(1 — e H).
I
Hence,
N(t) < T/p i N(0) < 11/ (2.4)
This result is summarized below.

Lemma 2.2. The following biologically-feasible region of model (2.1)) is positively-
mvariant:

D ={(S1, S P,L, A, Iy, Io, Hy, Hy, T, R) € R

I
SL+SH+P+L+A+11+12+H1+H2+T+R§;}.
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Thus, in the region D, the model is well-posed epidemiologically and mathemat-
ically [2T]. Hence, it is sufficient to study the qualitative dynamics of the model
£1) in D.

3. EXISTENCE AND STABILITY OF EQUILIBRIA

3.1. Local stability of disease-free equilibrium (DFE). The model (2.1 has
a DFE, given by

80 = (827S;‘I?P*7L*7A*7Iik7[§7Hik7H57T*7R*)

ST St
= (5. i, E2E7H20,0,0,0,0,0,0,0).
with
II(1 — II
i = (1-p) g = M
oL+ u og+u

Following [13], the linear stability of &, can be established using the next generation
operator method on system (2.1). The matrices F' (for the new infection terms)
and V (of the transition terms) are given, respectively, by

B P B BnsQ BnaQ Bns Bnell
0 0 0 0 0 0 0
0 0 0 0 0 0 0
F=1] 0 0 0 0 0 0 0o |,
0 0 0 0 0 0 0
0 0 0 0 0 0 0
| 0 0 0 0 0 0 0 |
[ K, 0 0 0 0 0 0]
—a(1—-f) Ky 0 0 0 0 0
—arf 0 K3 O 0 0 0
V= 0 0 -m K 0 0o 0],
0 0 0 —Y1 K;s 0 0
0 0 0 0 —1p K¢ 0
0 0 —T1 —T2 0 0 K7_

where, Q@ = (S7+0uSi;+0pP*)/N*, K1 = a1+p, Ko = ¢1+u+6, Kz = 11 +71+4,
Ky=n+id1+¢2+p+0, K5 =2+ ¢3+u+010, K¢ = ds+p+6020, Kz =5+ p
and N* = 1,

It follows then that the control reproduction number, denoted by R, is given by

Re = p(FV_l)

B amp(l—f)  oaf 76
=K m+{ e +K3K4 [K4+773’71+E(7'1K4+7'2’71)+Q]}}7
(3.1)

where, Q = (Y171 (Kena + ¥215))/(K5Ke) and p is the spectral radius (dominant
eigenvalue in magnitude) of the next generation matrix FV~!. Hence, using [L3|
Theorem 2], the following result is established.

Lemma 3.1. The DFE, &, of the model (2.1), is locally asymptotically stable
(LAS) if R. <1, and unstable if R, > 1.
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FIGURE 2. Simulations of the model showing the total num-
ber of infected individuals as a function of time, using various
initial conditions. Parameter values used are as in Table [I] with
p=050g=10p =0, f =05, ¢y =1/7, ¢5 =1/7, c = 1,
B =0.4,n =0.1 (so that, R, = 0.004 < 1)

The epidemiological significance of the control reproduction number, R., which
represents the average number of new cases generated by a primary infectious indi-
vidual in a population where some susceptible individuals receive antiviral prophy-
laxis, is that the HIN1 pandemic can be effectively controlled if the use of antiviral
can bring the threshold quantity (R.) to a value less than unity. Biologically-
speaking, Lemma [3.1] implies that the HIN1 pandemic can be eliminated from the
population (when R, < 1) if the initial sizes of the sub-populations in various com-
partments of the model are in the basin of attraction of the DFE (&;). To ensure
that disease elimination is independent of the initial sizes of the sub-populations of
the model, it is necessary to show that the DFE is globally asymptotically stable
(GAS). This is considered below, for a special case.

It is convenient to define the following quantities

B2 arme(l—f)  aif
Rp = RC = = K )
PERel o = T Am AT T i Ka T + QLY
Rr = RC|UL:¢7H:O
_ Pw am(l—f) aif 6
= N, {m+{ i, +K3K4[K4+77371+K7(71K4+7271)+Q}}}~

(3.2)

The quantities, R p and R, represent the control reproduction numbers associated
with the singular prophylactic (Rp) or therapeutic (Rr) use of antivirals in the
community, respectively.

3.2. Global stability of DFE. The GAS property of the DFE (&) of the model
is considered for the special case where all the susceptible individuals (i.e., there
is no stratification of the susceptible individuals based on risk of infection) are
equally likely to acquire infection (i.e., g = 1) and the susceptible individuals
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who received antivirals are fully protected against infection (i.e., #p = 0). Define
R. = RC|9H—1 Opo’ We claim the following result.

Theorem 3.2. The DFE, &, of the model with O = 1 and 0p = 0, is GAS
mDif R, <1.
Proof. Consider the model with 0 = 1 and 0p = 0. Further, consider the
Lyapunov function
F=giL+ g2A+ g3l + galo + gs H1 + gsH2 + 977,
where
g1 = MK K3 Ky K5 Ke K7 + m200 K3 Ky Ks Ko K7 (1 — f) + a1 fKo Ky Ks Ko K7
+mmar fKoKs Ko K7 + namron f Ko Ke K7 + ns1tamian fKa Ky
+neanT1 fKa K4 K5 Ko + near 72m1 f K2 K5 K,
g2 = K1 K3 K4y K5 K K7,
93 = K1 Ko (K4 K5 Ko K7 + m3m1 K5 Ke K7 + nath171 Ke K7 + 0519271 K7
+ 1671 K4 K5 K6 + 167271 K5 K6),
91 = K1 Ko K3(n3 K5 K6 K7 + a1 Ke K7 + ns 12 K7 + 1672 K5 K),
95 = K1 Ko K3 K4 K7(naKe + n512),
g6 = N5 K1 Ko K3 Ky K5 K7,
g7 = ne K1 Ko K3 K4 K5 K.
The Lyapunov derivative is given by (where a dot represents differentiation with
respect to t)
F= 91L + g2A + 93j1 + g4j2 + 95H1 + 96H2 + g7T
= gi[AMSL + Sy +0pP) — (a1 + p)L] + g2lar (1 — f)L — (¢1 + 1) A]
+ gzl fL— (11 + 71+ p)a] + galn Dy — (7o + 1 + b2 + p+ 6) 1]
+g5[1la — (2 + @3+ p+ 016)Hi] + go[aH1 — (¢4 + p1 + 620) Ho]
+ g7[n 1l + o la — (¢5 + )T,
so that
F = gNSL(t) + Su (t)] — K1 Ky KsKyKs Ko K7 (m L+ no A+ I + nsly
+ naHy + ns Hy)

AN

= @ A[SL(t) + Su(t)] — K1K2K3K4K5K6K77
AN
< g1 AN — K1K2K3K4K5K6K77;

since SL(t) + Sy (t) < N(t) in D.
It can be shown that g; = %1K2K3K4K5K6K7. Hence,

R AN
¢ Ky Ko K3 Ky Ks Kg K7 AN — K1K2K3K4K5K6K7?

AN -
- K1K2K3K4K5K6K77(Rc —1).
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Thus, F < 0if R, < 1with F =0ifandonlyif L=A=L =L =H =H, =T =
0. Further, the largest compact invariant set in {(Sr, Sy, P, L, A, I, Is, Hy, Ho, T,
R) € D : F = 0} is the singleton {&}. It follows from the LaSalle Invariance
Principle ([26, Chapter 2, Theorem 6.4]) that every solution to the equations in
with 0 = 1 and 8p = 0 and with initial conditions in D converge to DFE, &,
as t — oo. That is, [L(t), A(t), I1(t), I=(t), H1(t), H2(t), T(t)] — (0,0,0,0,0,0,0) as
t — oo. Substituting L = A =1, = I, = Hi = Hy, =T = 0 into the first three
equations of the model gives Sr(t) — S;, Su(t) — S5 and P(t) — P* as
t — oo. Thus, [SL(t), Su(t), P(t), L(t), A(t), I (t), I2(t), H1 (), H2(t), T(t), R(t)] —
(S3,S%,P*,0,0,0,0,0,0,0,0) as t — oo for R. < 1, so that the DFE, &, is GAS
inDif R, <1. O

Theorem [3.2]shows that the HIN1 pandemic can be eliminated from the comunity
if the use of antivirals can lead to R. < 1 for the case when 6y = 1 and 6, = 0.
This result is illustrated in Figure [2|

3.3. Existence and stability of an endemic equilibrium point (EEP). In
order to find endemic equilibria of the basic model (2.1)) (that is, equilibria where
the infected components of the model (2.1) are non-zero), the following steps are
taken. Let

El — (52*7 S}lf_[*7 P>l<>l<7 L**’ A**7 ]i{<*7 15*7 H{*7 Héﬂ*, T**’ R**)
represents an arbitrary endemic equilibrium of the model (2.1)). Further, let

BnL™ + mA™ + I + na 3™ + maHY* + nsH3™ + neT™)

N** ’
be the associated force of infection at steady-state. Solving the equations of the
model at steady-state gives

)\** —_

G (1 - p) o IIp
e S
N +op+p N o+ p
P — H{[UL(]. —p) + O'HP]()\** —+ M) —+ O'LO'H}
A+ o+ )N +oL +pp

K O\ o )\ 4o +p)’
oo APTlon(1 = lon(l —p) +op + A 44
KK (M Hop 4 p) (W +op + )

I N oy flop(l —p) + o + X +

! K1 Ks(\* +og +p)(N* +op + )’
I = N oy fyifop (1 —p) + o + X +

K\ K3Ky(AN* o + p)(AN* + o +p)’
e = AT (L= p) £ op + X 41

K1 K3 Ky Ks(A* + o + p) (A +or +p)’
Hy* = A Hay fyiiefon(l —p) + oL + A7 + 4

K1 K3 K4 K5 Kg(A* + o + p)(A* +op + p)’
~ Ao f(Kym +mme)oa(1 = p) + o + A + p
K K3K4 K\ +op + p) (A + o+ p)

A

)

T**

)
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o XMoo (1 —p) + op + A 4+ u]X

_ , 3.3
DR R KKK K Kr v Fon T ror v 0P

where
X = K5 Ko[K7K3Ky1 (1 — f) 4+ Ko¢s f(Kam1 + 7172)]
— fhom1 K7 (V2¢atpn + Kepsth1 + K2 Ks).

It can be shown that the non-zero equilibria of the model satisfy the following
quadratic (in terms of A**):

ag(A*)? + boA™* +¢o = 0, (3.4)
where,
ap = p Ko KgKs Ky KK + on (1 — f) K7 Ks Ky Ks Kgp + on Kehay fra Ko gs
+ i fhrKeKap + a1 Ks K¢ Ko Kai f + o fhs Ke Kapuy172
+ay fhr Ky Ks Ko Kop + a1 Kn K3 Ky Ks K1 (1 — f) + hathivion frr Kaop
+ a1 K5 K6 Ka¢s fr1me + ar Krpim fradahe + yian fhr Ks Ke Ko
+ a1 Ko fhaKepa Ks + an fhs Ke Kop Ky,

bo = Ke Kr K5 Ka K3 K1 Kop — pfSm Ko K3 Ky K5 K K7
— pupnear (1 — f)K3 Ky Ks Ko K7 — pfBay fKo Ky Ks Ko K7
— pBnzyion fK2Ks Ke K7 — pfnaiyion fKa Ke K7 — pfBnsiepiyion fK2 Ky
— ubBnear fKaKs KeToy1 + Ko K3 Ky K5 K7 Kgoip — pfnbay f Ko Ks Kem1 Ky
+ Ko K1 K3 Ky K5 K7 Kooy + Ko K7 K5 Ky K3 Kop®
+ KoK K3 Ky Ks Ky Kgopp — Ko K1 K3 Ky K5 K7 Kgop
—a(1 = fluKsKyKs Ke Keonp — pKo K3 Ky K5 K7 Kopnp
+ Ko Ks Ky Ks K Kooy, + a1 (1 — fluKs Ky Ks K7 Kgoip
+ o (1 — fluKsKyKs K7 Keop, + o fulKo Ky Ks K7 Keoip
+ Pothryron fuKaKron + on (1 — ) Ks Ky Ks K7 Ko + v101 fuKo K5 K7 Keop,
— o fuKeKs KrKeonp + on fuKo Ky Ks Kr Koo, — o fuKo Ky Ks K7 Keopp
+ on [Pt Ky Ky K5 K7 K + 01 ¢ Ko Koy fon — a1 s Ko Ks fravi0npKg
— Yot mran fuKeKronp + ot yvion fu* KoKy + yion fri* Ko Ks K7 K
+mon fuKo K5 K7 Keoip + Y1yion fuKo K7 Keon — Yr1vioa fuKe K7 Keopp
+ 1o fut Ko K7 Ke + ¢1man fuKa Kr Keop + ar¢a Koy fKs K7 Ke
+ a1p2Kom for K5 K7 K + a1¢92 Koy foipKs K7 Kg + a195 Ko K5 f o100 Ko
+ o194 Ko Krpothim fr + a1 9a Ko Krpoth1 i foup + atpr1yion fuKe Krop
+ a1 fuks Ks Kemoyion — o1 f Ko Ks Kerovionp + o fiu? Ko Ks KeTovt
+ a1 fuKaKsKemay10ip + an fuKo K5 KeTiopn Ky — o fuKo K5 KeT10np Ky
+on f Ko Ks Kot Ky + o fuKo Ks KerioipKy + a5 Ko Ks fr10ipK 4 Kg
+ o195 Ko K5 f o1 il + 0195 Ko K5 froy10ipKe
+a1pr(1 = fluK3KyKs K7 Kg — a1¢1(1 — f)oppK3 Ky K5 K7 K
— a1 Ko forpKs K7 Ke + a1¢1(1 — fon Ks Ky K5 K7 K
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+ 193 Kot for K Ko — a1 93 Ko171 fonpK7 Ke
+ 13 Ko ful7Ke + a1 s Ko Ks frion Ky K
— 195 Ko K5 frionpKaKe + o195 Ko K5 f 11 n K4 Ko
+ a1p3Ko171 foipKr Ko + a191(1 — floipK3 KsKs K7 Ke
— a194 Ko K7hoth1m1 fonp,
Cco = K1K2K3K4K5K6K7(,u + Ul)(,u + O'h)(l — R(»)

The positive endemic equilibria of the model (2.1)) are then obtained by solving
for \** from the quadratic (3.4) and substituting the results (positive values of
A*) into (3.3). The coefficient ag, of (3.4), is always positive, and ¢q is positive
(negative) if R, is less than (greater than) unity, respectively. Thus, the following
result is established.

Theorem 3.3. The model has:
(i) a unique endemic equilibrium if co <0< R, > 1;
(ii) @ unique endemic equilibrium if by < 0, and co = 0 or b3 — 4agcy = 0;
(iii) two endemic equilibrium if co > 0, by < 0 and b3 — 4agco > 0;
(iv) no endemic equilibrium otherwise.

It is clear from Theorem (Case (i)) that the model has a unique endemic
equilibrium whenever R. > 1. Case (iii) of Theorem suggests the possibility
of backward bifurcation in the model (where a stable DFE co-exists with a
stable EEP when R. < 1). This phenomenon is not considered in detail in the
current study (the reader may refer to 2l [5 6] 14l 16, 19, 24| [29] B2} 33| 34, 35} [39],
and some of the references therein for discussions on backward bifurcation).

Global Stability of EEP: Special Case (0 = 1 and 0p = 0). Consider, again, the
model subject to the special case where all the susceptible individuals (from
both risk groups) are equally likely to acquire infection (so that, 0y = 1) and the
use of antiviral prophylaxis gives perfect protection against infection (i.e., §p = 0).
Further, let

sign(Sy, — S7¥)

sign(Sy — Sj;) = sign(P — P*)
=sign(L — L**) = sign(A — A**) = sign(l; — I7™)

(Iy — I3*) = sign(H, — H{™) = sign(Hy — H3™)

=sign(T — T**) =sign(R — R™)}.
It is convenient to define the region:
Do ={(Sz,Su,P,L,A, I, 15, H,H3,T,R) € D:
L=A=L=1,=H,=H,=T=R=0}.

We claim the following result.
Theorem 3.4. The associated unique endemic eqqilibm‘um of the model , with
O =1 and 0p =0, is GAS in D\ Dy whenever R. > 1 and equation holds.

Proof. Consider the model with g = 1 and 0p = 0. Further, let Re > 1
(so that the model has a unique EEP, as guaranteed by Theorem . Fur-
thermore, let the relations in equation hold. Consider the Lyapunov function
(Lyapunov functions of this type have been used in the literature, such as in [46])

F =150 = ST+ |Su = SE[+ [P = P+ |L = L™+ |A = A™| + [L - I”

(3.5)



EJDE-2011/155 HIN1 INFLUENZA PANDEMIC 13
+ L — L7+ [Hy — H{"| + |Hy — Hy"[ 4+ [T = T™| + |R — R™|.

It follows that the right derivative, DTF, of F, along the solutions of with
0 =1 and 6p = 0, is given by:
Dt F
— sign(S, — S3){(1— p)II — ASy — 018, — Sy — [(1 - p)IT— A™S3"
— o ST — MSL**]} + sign(Sy — S;{*){pH — ASy —oySy — uSy
— [Pl = X**S3 — ou St — nSu**1}
+sign(P — P*)[orSL + ouaSy — uP — (o1.S7" + ou Sy — pP*))
4 sign(L — L™){[A(SL + Si) — (an + L] — \*(S§" + S77)
— (o1 + p) L]}
+sign(4 — A™){a1 (1 = f)L — (¢1 + p)A = [aa (L = f)L™ — (1 + p)A™]}
+sign(ly — ") {ar fL— (mi+m + )l — [ea fL™ — (11 + 71+ p) 7]}
+sign(ly — L'l — (T2 + Y1 + ¢2 + p + 0) 1
— MmO = (2 + 1+ da + p+0)157]}
+sign(Hy — H{"){1 Lz — (Y2 + ds + p+ 616) Hy
— [ 13" — (Y2 + ¢3 + p + 010) H{™]}
+sign(Hz — H3" ) {2 H1 — (¢4 + p + 626) H>
— [ H{" — (¢pa + p+ 020) H3™]}
+sign(T — T )| ly + 12ly = (¢5 + )T — [ D" + 7203" — (¢5 + ) T]}
+sign(R — R™)[¢1 A + ¢pala + ¢p3Hi + paHy + ¢sT — pR
— (1 A" + G2l5" + G3H{™ + daHy™ + 5T — pR*™)]
=sign(Sp — SP{(1 = p)IL = A" (Sp, — S1*) — on.(Sp — S7*) — (St — S17)}
+ sign(Sg — Sy ){pll = X" (Sg — Si’) —ou(Su — Sy) — W(Su — Si)}
+sign(P — P**){o(SL — S7") + ou(Sy — S7) — w(P — P™™)}
+sign(L — L™)H{X[(SL = ST°) + (Su — S)] — (o0 + p)(L — L™)}
+sign(A — A™){on (1 = f)(L = L™) = (¢r + p)(A = A™)}
+sign(ly — ["Hoa f(L = L) = (m+7n +p)(L — I17)}
+sign(ly — L'l — [{7) = (2 + 1 + d2 + p+ 0) (12 — 137)}
+sign(Hy — Hi"){¢1(l2 = I37) = (Y2 + ¢3 + p+ 610)(Hy — H{™)}
+sign(Hy — Hy"){tp2(Hy — H{") = (s + pp + 620) (Hz — Hy")}
+sign(T = T ) (L — I{7) + 722 = I57) = (¢5 + p) (T = T™)}
+sign(R — R ){¢1(A — A™) + ¢2(lo — I3") + ¢3(H1 — Hi™)
+ ¢a(Hy — H3") + ¢5(T' = T7°) — p(R— R™)},
= —plSp = Si"| = plSu — S| = plP — P | = p|L — L™| = p|ly — IT™
—(u+0)| e — I3 — (u+ 616)|Hy — H™| — (u+ 620)|Ha — H3™|
— ulR — R™|
< —plSp = STl = plSu = S| = plP = P**| = p|L = L™ — plly = I7™
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F1cUrRE 3. Simulations of showing the total number of in-
fected individuals as a function of time, using various initial con-
ditions. Parameter values used are as in Table [If with p = 0.5,

=12 0p =09, a1 =03, f =05, ¢y = ¢5 = 1/7, ¢ = 1,
B =0.4,n =0.1 (so that R, =1.15 > 1)

— plly = I3%| = plHy — H{"| — p|Hy — H3™| — p|R — R™|
= —uF.

Thus, DY F < 0. Hence, F is a Lyapunov function on D \ Dy. It follows, by the
LaSalle’s Invariance Principle [20], that every solution to the equations of the model
, with g = 1 and p = 0, with initial conditions in D \ Dy approaches the
associated unique endemic equilibrium of the model , with fp = 0 and g =1,
as t — oo if R, > 1 and equation holds. O

The sensitivity analysis of variables of the model using the sensitivity func-
tions, 0X/0q, (where X represents a variable, and ¢ represents a parameter), with
respect to selective parameters (given the size of the parameter space) was car-
ried out. The sensitivity analysis reveals that the sensitivity function of low risk
susceptible individuals, S, decreases (taking negative values) with 8,0, a1, and
f initially, attaining a minimum value in around 10 days. It then increases, and
finally becomes insensitive to the respective parameter. On the other hand, Sp
increases with 71 first, with a peak within first 10 days. It then decreases, and
finally becomes insensitive to 77. Similarly, the number of infectious symptomatic
individuals at early stage of infection (I;) is insensitive to m,7;, 8, and o. However
I, increases initially with o, and f, attaining a peak in less than 10 days, then
decreases before becoming insensitive asymptotically. On the other hand, it first
decreases (taking negative values), then increases with 71 and 7, and then becomes
insensitive to the corresponding parameter. It should be noted that the sensitivity
functions of state variables take the maximum magnitudes during transient time
interval. However, they become insensitive asymptotically. It should be mentioned
that this univariate approach does not account for a possible influence of correlation
between parameter estimates.
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FIGURE 4. Simulations of model showing the time series for
the number of infected cases per day and its fit with the actual
confirmed new daily cases in Manitoba. (A): First Wave. The
first wave was assumed to begin in April and end in early August.
Here, we used 0p = 0.6, a; = 5 and § = .609 in the beginning
and it is assumed that the combined use of antivirals (prophylaxis
and therapeutic) takes effect around the middle of June, (with
0p = 0.7, a1 = 0.4, 8 = 0.2). Other parameter values are as
in Table [I} (B): Second Wave. The second wave began in early
October and ended at the end of December. Here, §p = 0.6,
a1 =3, §=0.6061 in the beginning of the wave

_ Figure |3 depicts the numerical simulation results obtained for the case when
R. > 1, from which it is clear that all initial solutions converged to the unique
endemic equilibrium (in line with Theorem |3.4]).

4. NUMERICAL SIMULATIONS

The model is further simulated using the parameter values in Table
(unless otherwise stated) to quantitatively assess the role of antivirals in curtailing
the spread of the HIN1 pandemic. First of all, the model’s output is compared with
the pandemic HIN1 data obtained from the province of Manitoba. The results
obtained, depicted in Figure show that the model fits the observed data (for
both the first and second waves of the pandemic) reasonably well. It should be
mentioned that the model simulations for the first wave (Figure [A) were based
on the assumptions that 30% of Manitobans are in the high-risk (of infection)
category, and that the antivirals are available at the beginning of the pandemic.
For the second wave plot (Figure ), it is additionally assumed that 20% of the
Manitoban population have pre-existing immunity against the HINT infection (due
to their assumed HIN1 infection during the first wave). We also point out that
insufficient HIN1 data at this point hinders the definition of realistic ranges for the
parameters, and a thorough sensitivity analysis is not feasible.

The model is further simulated to assess the targeted use of the antivirals as a
preventive agent only (i.e., the drugs are only given to susceptible individuals, and
not to infected individuals with disease symptoms), under the assumptions that all
susceptible individuals are equally likely to acquire the HINT1 infection (fy = 1) and
that all those who received prophylaxis are completely protected against infection
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FIGURE 5. Simulations of model in the absence of antiviral
treatment (17 = 7o = 0) showing the cumulative number of new
cases of infection for different effectiveness levels of the prevention-
only strategy. (A) Low effectiveness level: o, = oy = 0.005,
B=0.9,0p=004=1,f=05 a; =09 (so that Rp = 0.0741);
(B) Moderate effectiveness level: o7, = oy = 0.02, 3 =0.9,0p =0,
0g =1, f = 0.5, a; = 0.9 (so that Rp = 0.0186), (C) High
effectiveness level: o, = og = 0.08, 3 = 0.9, 6p =0, 0y = 1,
f=0.5, a1 =0.9 (so tha, Rp = 0.0047). Other parameter values
are as in Table [Tl

(0p = 0). Tt should be recalled that, in such a case, Theorem guarantees that
the disease will be eliminated if R, < 1.

We consider three different levels of effectiveness for this prevention-only targeted
strategy, namely:

(i) Low effectiveness level of the prevention-only strategy (o = og = 0.005,
T =1=0,0g=1,0p=0;s0 that Rp = Re|r,—ry—0 = 0.0741);
(ii) Moderate effectiveness level of the prevention-only strategy (o = oy =
0.02, 1 =7 =0, 0y =1, 0p = 0; so that Rp = Re|r,—r,—0 = 0.0186);
(iii) High effectiveness level of the prevention-only strategy (o = oy = 0.08,
Tl — T = O, HH = 1, ep = 0; so that RP = 7%0‘7—1:7—2:0 = 00047)

In other words, the moderate effectiveness level of the prevention-only strategy is
assumed to be four times more effective than the low effectiveness prevention-only
strategy. Similarly, the high effectiveness prevention-only strategy is assumed to be
four times more effective than the moderate effectiveness prevention-only strategy.
These effectiveness levels are chosen arbitrarily. The total cumulative number of
new cases of infection is computed over a span of one year. The results obtained,
depicted in Figure |5 show a decrease in the cumulative number of new cases of
infection with increasing effectiveness level of the prevention-only strategy. While
the low effectiveness strategy resulted in close to a million cumulative cases over
one year (Figure [5JA), the moderate effectiveness level resulted in a decrease to
about 425,000 cases (Figure ) Furthermore, the high effectiveness level strategy,
which is assumed to be sixteen times more effective than the low effectiveness strat-
egy, resulted in only about 120 new cases over the same time period (Figure )
Thus, these simulations suggest that the singular use of antivirals as prophylaxis
would have limited population-level impact (in reducing disease burden) except if
its effectiveness level is very high.

Additional simulations are carried out to assess the effect of the combined use of
the antivirals (both as prophylaxis and therapeutic agents), under the assumptions
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FIGURE 6. Simulations of model showing the cumulative
number of new cases of infection for different effectiveness levels
of the prevention-treatment combined strategy. (A) Low effective-
ness level: o = oy = 0.001, 11 = » = 0.005, 3 = 0.14, p = 0,
0 =1, f = 0.5, ag = 0.9 (so that R, = 0.0522); (B) Moderate
effectiveness level: o, = oy = 0.002, 11 = 72 = 0.01, 8 = 0.14,
0p=0,0g =1, f =0.5, aq = 0.9 (so that R. = 0.0248), (C) High
effectiveness level: o, = og = 0.003, 71 = 79 = 0.015, 8 = 0.14,
Op =0, 0y =1, f =0.5, a; = 0.9 (so that R, = 0.0157). Other
parameter values used are as given in Table

that all susceptible individuals are equally likely to acquire the HIN1 infection and
that all those who received prophylaxis are completely protected against infection.
Here, too, three effectiveness levels (of the universal strategy) are considered as
below:

(i) Low effectiveness level of the universal strategy (o, = oy = 0.001, 7y =
Ty = 0.005, g = 1, Op = 0; so that R. = 0.0522);
(ii) Moderate effectiveness level of the universal strategy (o = oy = 0.002,
T =715 =0.01, 05 =1, p = 0; so that R, = 0.0248);
(iii) High effectiveness level of the universal strategy (o = og = 0.003, 71 =
Ty = 0.015, 0y = 1, p = 0; so that R. = 0.0157).

The moderate effectiveness level of the universal strategy is assumed to be twice
more effective than the low effectiveness level. Similarly, the high effectiveness
level is assumed to be three times more effective than the low effectiveness level (it
should be noted that, in all these cases of the universal strategy, the associated re-
production number R, < 1 (so that, by Thcorcm the disease will be eliminated
from the community). The simulations show that while the low effectiveness level
results in about 2800 cases (Figures @A), the moderate and high effectiveness levels
of the universal strategy resulted in about 75 and 15 cases, respectively (Figures
, C). Thus, even the moderate effectiveness level of the universal strategy will be
extremely effective in curtailing the spread of the disease. Figure [7] shows the time
to disease elimination using the three effectiveness levels of the universal strategy.
As depicted in Figure[7JA, the disease can be eliminated in about 150 days using the
high effectiveness level of the universal strategy. The time to eliminate the disease
increases with decreasing effectiveness level of the universal strategy (Figures ,
C).

In summary, this study suggests that the use of antivirals as both prophylaxis
and therapeutic agents is more effective than their targeted use as prophylaxis only.
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FIGURE 7. Simulations of model showing the time needed
to eliminate the disease for different effectiveness levels of the
prevention-treatment combined strategy. (A) High effectiveness
level: o = og = 0.003, m; = 7 = 0.015, § = 0.14, 6p = 0,
0 =1, f = 0.2 (so that R. = 0.0087). (B) Moderate effective-
ness level: o = oy = 0.002, 7y = 5 = 0.01, 8 = 0.14, p = 0,
0 =1, f = 0.2 (so that R. = 0.0136), (C) Low effectiveness level:
op = o = 0.001, 7, = 75 = 0.005, 8 = 0.14, p = 0, 05 = 1,
f = 0.2 (so that R, = 0.0281); Other parameter values used are
as given in Table

In other words, the prospect of disease elimination from the community is greatly
enhanced if the universal strategy is used.

Conclusions. A deterministic model is designed and rigorously analyzed to assess
the impact of antiviral drugs in curtailing the spread of disease of the 2009 swine
influenza pandemic. The analysis of the model, which consists of eleven mutually-
exclusive epidemiological compartments, shows the following:

(i) The disease-free equilibrium of the model is shown to be globally-asymp-
totically stable under the following conditions:
(a) the associated reproduction number R, < 1;
(b) all susceptible individuals are equally likely to acquire infection (so

that, 9H S 1);
(c) susceptible individuals who received antivirals are fully protected (so
that, 913 = 0)

(ii) The model has a unique endemic equilibrium when the associated repro-
duction threshold (R.) exceeds unity. The unique endemic equilibrium is
shown to be globally-asymptotically stable for the special case where all
susceptible individuals are equally likely to acquire infection and the use of
antiviral prophylaxis gives perfect protection against infection.

Numerical simulations of the model, suggest the following:

(a) The singular use of antivirals, as a preventive agent, has limited population-
level impact in reducing disease burden, except if its effectiveness level is
very high;

(b) The combined use of the antivirals, as preventive and therapeutic agents,
offers great reduction in disease burden, and will result in disease elimina-
tion.
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