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OTT-SUDAN-OSTROVSKIY EQUATIONS ON A RIGHT
HALF-LINE

MARTIN P. ARCIGA-ALEJANDRE, ELENA I. KAIKINA

ABSTRACT. We consider initial-boundary value problems for the Ott-Sudan-
Ostrovskiy equation on a right half-line. We show the the existence of solu-
tions, global in time, and study their asymptotic behavior for large time.

1. INTRODUCTION

This article is devoted to the study of the initial-boundary value problem for the
Ott-Sudan-Ostrovskiy equation on the right half-line,

+o0 ;
sign(x — y)u t
ut+uum+aumm+/ gn(@ — y)uy(y, )dy:(), t>0, z>0,
0 Vi =yl

u(z,0) = uo(z), x>0,
w(0,t) =0, t>0,

(1.1)

where a > 0.

The Ott-Sudan-Ostrovskiy equation is a simple universal model equation which
appears as the first approximation in the description of the ion-acoustic waves in
plasma [16] [19]. We study traditionally important questions in the theory of non-
linear partial differential equations, such as global in time existence of solutions to
the initial-boundary value problem ) and the asymptotic behavior of solutions
for large time.

Many publications have dealt with asymptotic representations of solutions to
the Cauchy problem for nonlinear evolution equations in the previous twenty years.
While not attempting to provide a complete review of these publications, we do
list some known results: [2] B, Bl [6] [8, [[0], where, in particular, the optimal time
decay estimates and asymptotic formulas of solutions to different nonlinear local
and nonlocal dissipative equations were obtained. In the case of dispersive equations
some progress in the asymptotic methods was achieved due to the discovery of the
Inverse Scattering Transform method (see books [I}, [I7]). Some other functional
analytic methods were applied for the study of the large time asymptotic behavior
of solutions to dispersive equations in [4], @] [14] [1§].
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The theory of the initial-boundary value problems on a half-line for the nonlinear
non local equations is relatively young and traditional questions of a general theory
are far from their conclusion ([I5] [20]). There are many open natural questions
which we need to study. First of them is how many boundary data should be
posed in the initial-boundary value problems for it’s correct solvability. Another
difficulty of the non local equation on a half-line is due to the influence of the
boundary data. A description of the large time asymptotic behavior of solutions
requires new approach and some reorientation of the points of view comparing
with the Cauchy problem. For example, comparing with the corresponding case
of the Cauchy problem, solutions can obtain rapid oscillations, can converge to
a self-similar profile, can grow or decay faster, and so on. So every type of the
nonlinearity and boundary data should be studied individually. For the general
theory of nonlinear pseudodifferential equations on a half-line we refer to the book
[I1]. This book is the first attempt to develop systematically a general theory of
the initial-boundary value problems for nonlinear evolution equations on a half-
line, where pseudodifferential operator K on a half-line was introduced by virtue
of the inverse Laplace transformation of the product of the symbol K (p) = O(p®)
which is analytic in the right complex half-plane, and the Laplace transform of the
derivative &Eﬁ l4. The main difficulty in the boundary value problem is that
the operator

Foo ;
- ¢
K= apn + / sign(z — y)uy (y, ) dy
0 lz =yl

in equation has a symbol K(p) = ap® + |p|*/?, which is non analytic. Thus
we can not use methods of the book [I1] directly. Also the order of the first term
of the symbol K(p) is critical, since the number of the boundary data depends
also on the sign of « (see [I1]). In paper [I3] the initial-boundary value problem
for the nonlinear nonlocal Ott-Sudan-Ostrovskiy type on the left half-line (o < 0)
was studied. It was proved that because of the negative sign of the term ug .,
two boundary conditions have to be imposed at x = 0. In the present paper we
develop the theory of the Ott-Sudan-Ostrovskiy equation considering the case
of the right half-line and o > 0. We will show below that only one boundary
value is necessary and sufficient to pose in the problem for its solvability and
uniqueness. Our approach here is based on the LP estimates of the Green function.
For constructing the Green operator in the present paper we follow the idea of paper
[12], reducing the linear problem to the corresponding Riemann problem.
The Laplace transform requires the boundary data u(0,t), u;(0,t), uz(0,t) and
50 u5(0,%) and w4, (0,t) should be determined by the given data. To achieve this
we need to solve the system of nonlinear singular integro-differential equations
with Hilbert kernel. We believe that the method developed in this paper could be
applicable to a wide class of dissipative nonlinear non local equations.

To state precisely the results of the present paper we give some notation. We
denote (t) = 1+t, {t} =t/(t). Direct Laplace transformation £,_.¢ is

+oo
ué) =Lyseu= /0 e S%u(z) dx
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and the inverse Laplace transformation Egix is defined by

u(zx) = Egixﬂ = (2mi)~! /ioo e u(€)de.

—100

Weighted Lebesgue space L9 (RT) = {p € &'; ||p|| L« < 0o}, where

llollpae = <A+w(1 +m)aq|¢($)‘qu)1/q

fora>0,1< g < oo and

lpllzee = esssup,ep+ [p(2)|

By ®* we denote a left and right limiting values of sectionally analytic function ®
given by integral of Cauchy type

_% —ic0c @ — 2

All the integrals are understood in the sense of the Cauchy principal value. We
introduce A(s) € L>°(R") by formula

1 700 o p[1/2 1 3 700 “+o0 e
A(s):Tm/ ePs=IPE " gp — (Tm) / dé“eg/o e ?

. \/ﬁ(p2+‘§|4)1/8 dp/oo 1 1 " (1.2)
WVip+&/=ip+&) " Jo a+p(P®+[HET

We define the linear operator

Now we state our main result.
Theorem 1.1. Suppose that for small a > 0 the initial data
up € Z = LY(RT) N LY(RT) N L= (RT)

are such that ||ugllz < € is sufficiently small. Then there exists a unique global
solution

u € O([0,00); L' (R*) N LM*(RT)) N C((0, 00); L= (RT))
to the initial-boundary value problem . Moreover
u=AANzt™Ht2 + O(t™277), (1.4)

as t — oo in L%, where v € (0,min(1,a)) and

+oo
A= f(ug) 7/0 flugw))dr.
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2. PRELIMINARIES

We consider the following linear initial-boundary value problem on half-line

+oo ;
- ¢
e + Qligon +/ sien(z —y)uyW.t) ) o 450 w0,
0

2.1
u(z,0) = ug(x), x>0, (2.1)
u(0,t) =0, t>0
Denote
K(g) = ag®+q|"? Ki(q) =ad’+¢"*, Ki(k(©)=-¢  (22)
where Re k(£) > 0 for Re& > 0. We define
“+o0
G(t)e = G(z,y,t)(y)dy, (2.3)
0
where
G(z,y,t)
1 oy [P ico Y= (p,£) B (2.4)
= (— dﬁt/ dpeP* ——2"(p — k1) (p — k2)I
Gr)" [ et [ dperr i B k) o= k)T (p.60)
for z >0,y > 0, ¢t > 0. Here and below
vE =7, (2.5)
It (p,&) and T~ (p,€) are a left and right limiting values of sectionally analytic
function _
L= 1 K(q) +¢
r = — 1 2.
(58 =55 /_m P T 20
and )
1 10 emay 1 1
=60 =5 —ico 4 — 2 (¢ = k2)(q — k1) Y (g, €) @7)

All the integrals are understood in the sense of the principal values.

Proposition 2.1. Let the initial data ug be in L*. Then there exists a unique
solution u(zx,t) of the initial-boundary value problem (2.1)), which has integral rep-
resentation

u(z,t) = G(t)ug. (2.8)

Proof. To derive an integral representation for the solutions of we suppose
that there exists a solution u(x,t) of problem , which is continued by zero
outside of x > 0:

u(z,t) =0 forall z <0.

Let ¢(p) be a function of the complex variable Rep = 0, which obeys the Holder
condition for all finite p and tends to 0 as p — +ioco. We define the operator
1 [ 1
P = —— dp.
¢(z) = —5 = Sop)dp
Note that Pé(z) = F(z) constitutes a function analytic n the left and right semi-
planes. Here and below these functions will be denoted F*(z) and F~(z), respec-
tively. These functions have the limiting values F7(p) and F~(p) at all points
of imaginary axis Rep = 0, on approaching the contour from the left and from
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the right, respectively. These limiting values are expressed by Sokhotzki-Plemelj
formula

F(p) = F~(p) = ¢(p). (2.9)
We have for the Laplace transform

Czﬁp{ /0+00 sign(z — y)uy (y, 1) dy} _ P{|p|1/2(£zﬂ,{u} B u((])),t))}

|z —yl
Since L£,_,4{u} is analytic for all Req > 0 we have
u(g,t) = Lo—glu} = Plulp, )} (2.10)
and
3 .
. 97~ tu(0,t
Looqf{ougz}t = ]P’{ozp?’ (u(p, t) — Z; pﬂ()> }
j=

Therefore, applying the Laplace transform to (2.1)) with respect to space and time
variables we obtain for Rep =0, t > 0

= _ # = >
u(pa 5) - K(p) T g (‘_‘(p’ f) + (I)(p’ f)) (211)

E(p,€) = To(p) + aptiz(0,§) + Aliga (0, ).
with some function Cf(p, €) = O(p~'/?) such that for all Rez > 0
P {®}(2,¢) =0 (2.12)

Here the functions ﬁ(p, €), B(p, €), Uy (0,€) and Uyy (0, ) are the Laplace transforms
for u(p,t), ®(p,t), u.(0,t) and u,,(0,t) with respect to time, respectively. We will
find the function ®(p, £) using the analytic properties of function @ in the right-half
complex planes Rep > 0 and Re& > 0. For Rep = 0, we have

o= Lo (2.13)

u =—-— — . .

2 prl LI

As in [12] we perform the condition (2.13)) in the form of nonhomogeneous Riemann
problem to find

~

(I)(p, E) = 7Y+(p7 f)UJr(paf),

where
1 Kip)—K(p)  _
U(z,6) =P 2(p,€)t. 2.14
&0 =My o + oTw ro- 0 @
We now return to solution w(z,t) of the problem (2.1). From (2.11)) with the
help of the integral representation (2.14]) and Sokhotzki-Plemelj formula (2.9)) we
have for Laplace transform of solution of the problem ([2.1)

= 1

u(p,§) = =7~—=
P8 =7 () +¢
There exist two roots k;(§) of equation K;(z) = —¢ such that Rek;(§) > 0 for all
Re& > 0. Therefore in the expression for the function @ the factor 1/(K;(z) + &)

A~

(Uo(p) + ptix(0,8) + Ue2(0,€)) =Y 7UT). (2.15)

has two poles in the point z = k;(§), j = 1,2, Rez > 0. However the function @
is the limiting value of an analytic function in Rez > 0. Thus in general case the
problem ([2.1)) is insolvable. It is soluble only when the functions U~ (z, &) satisfies
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additional conditions. For analyticity of ﬁ(z; €) in points z = k;(&) it is necessary
that

Res,—k, ()1to(2) + a(21,(0,8) + U2 (0,€)) =Y U™} =0, j=12. (2.16)

Therefore, we obtain for the Laplace transforms of boundary data . (0,t), 1. (0,t)
the following system

By (€),)(0,€) + Bolhy(€), e (0.) = ~{Tsio} (k). j=1,2,  (217)
where

Bulki(9).6) = Ki(©) =Y (5(9), O lim O, (ks (0),€.0), (218)

Balki(€),6) = 1= Y (k5(€),€) limy T (ky(€),€,1), (219)

+o0
@) = [ i) (Y- (0. 0Ta(ks (9. €0) = ). (220)

where

_l 11 K9 -K(g -
B Bt e e S )

To solve this system firstly we consider the sectionally analytic function Y1 (z,&,y)
given by Cauchy type integral. Since, by (2.9)),

1 K(g)+¢ 1

YH(q,8) Ka(g)+& Y (g.€) (2.22)
we have
Ti(z,&y) = %/_wo qu(Y+(q,§) — Y*(q,g))e W dq (2.23)

Observe that the function 1/ (Y‘(q, 5)) is analytic for all Req > 0. Therefore, by

the Cauchy Theorem for y > 0, we find
L[> 1 1 1
im — —— e Wdg=——=¢e" . 2.24
z—p, Rez>0 27 J_; .0 ¢ — 2Y = (q,€) ¢ Y—(p,&) ( )

Thus from (2.23]) and (2.24]), we obtain the relation
1

Ty (0 &y) =V (p,&y)+ mgpyv (2.25)
where )
1 e ] 1 B
U(z,&y) = %/_wo (]—7273/*((],5)8 Y dq.

Therefore,

Bi(k;(£),8) =Y (k;(§),§)0,¥(k;,€,0), j=1,2,

BZ(k](g)ag) = _Y_(kj(g)vg)\:[/(kjvgao)v ] = ]-72
and

+oo
{Zstio} (k) = | dyuo(@)[¥ (ks (€). )T (k. €.9) - e ha (O]

+oo
=Y (k(6),6) / dyuo(y) U (k; (). €.9), G =1.2
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Here and below
00 =2y 1

1
y¥(2,6,0) = s b0 [im q-— ZY+(q,€)dq

W(z,€,0) = I 1 /wo e %Y 1 d
z = lim — ———————dg,

0277 e 1= 2 V(0,0
Substituting these formulas in (2.17)) we obtain

1 e (k1,§ O) ( (§)a§7 ) \I/(kQagvo)\Ij(kl(f)a€7y) (226)
2 ), (2. €.0) — 0, ¥(k:.£.0)

and

Uz (0,€)

1 oo 6y\11(k‘1,570)\11(]{;2(£)’§7y) — ay\I’(k27£’ O)W(k1(§)7€’y) (2'27)
E/o Aoly) By ¥ (k,€,0) = 0,%(F1,€,0) |

Now we return to formula (2.15)). In accordance with (2.26] - - the function

(p, &) constitutes the hmltlng Value of an analytic function in Rez > 0 and, as a
consequence, its inverse Laplace transform vanish for all < 0.
Under assumption u(0,t) = 0, via definition the integral representation
for the function U~ (p, &), in Rez > 0, takes form

U™ (p.¢)
+oo
— [ dyuo) YT (. 6.) ~ QT0,.0, Y7 (.€,0) + T (5. €,0)es (0.6)
0
where the function Y(z,&,y) is defined by (2.23). Using (2.25) from (2.15)) we

obtain
~ % Y~ (p,§) .-
u—/o uo(y)Kl(pr‘I’ (p,& y)dy (2.28)

+ iz (0,£)0y ¥ (p, §,0) — ¥~ (p, £, 0)Uza (0, €)
where 4, (0,£) and U, (0,) are defined by ([2.26] f

U(z,6,y) = 1/ v

2mi ico d — 7 Y+(q g)

Applying to (2.28) the inverse Laplace transform with respect to time, and the
inverse Fourier transform with respect to space variables, we obtain

ul(a, 1) = G(t)uo = / " Gy, Huo(y)dy,

where for x > 0, y > 0, ¢t > 0, the G(z,y,t) was defined by
G(z,y,t)

—— dff/ dpeP” ———— (0~ (p, &,
ge pe Klp)Jrg( (&)

= 2mi 2 —ioo —ioo (
L G (p.6,0) — U (k2)) W (K1, &, y) — (90~ (p,€,0) — (k1))‘1’(/€2,£,y))
70)_611 (k ,f,O)

k17£
0y (ka, &

)

(2.29)
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where

CI}(k]) = \Ij(kjvao)ayqj(kjagvo)a .7 = 1727

1 100 e—qy _
W(zjf’y):fm/ q_ize F+(Q7§)dq7

1 /”O 1 | K(q)+¢

M0 =0 =2 Ei(g)+ ™

For subsequent considerations it is required to investigate the behavior of the func-
tion I'(z,&). Set

oy E) +€
A e

Observe that the function ¢(p, ) satisifes the Holder condition for all finite p and
tends to a definite limit ¢(oo, &) as p — Fioco,

#0, Rep=0, Re&>0.

¢(00,&) = 0.
It can be easily obtained that for large p and some fixed &,
§
[6(p, &) — ¢(00,8)| < Cr=sg (2.30)
(Ipl)
Therefore,
eF =9 < ¢ (2.31)
for all Re¢ > 0. Moreover we have
1 1 2
e, @
q—z z 22 22(q—2)

and therefore

I'(z,¢) In(

:1/i°° 1 K(g) +¢
2mi J_joo q— 2 Ki(q) +§

Mg = AT 07, (232)

[ B +¢€
Ai(8) = / hl{Kl(q) +£}dq. (2.33)

—100

In view of (2.30)), for large |q|, the integrand in (2.32) is of order |¢|~3; whence
the corresponding integrals with infinite limits are convergent, in accordance with

well-known criterion for convergence improper integrals.
Using the above estimate, for |z| > 1, we obtain

TGO A1(§)§ = e A1(9/2+0(217%) _ 1 4 A1(§)% =0(|2|72).

In view of this fact and the Cauchy Theorem, we obtain

T (p.6,0) = - lim  lim /m Ly S
Do iy S Rees0 ) g q— 2 V(g6 Y

1 10 ,—qy
+ — lim lim / dq
271 y—0z—p, Rez>0 o @ — 2
=-1
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and ¥(k;,£,0) = —1 for j = 1,2. In the same way
1 oy 1 1
0,V 0)=— i —— (= -1+ A1(&)~)d
y ¥ (P:€,0) 2mi Z~p,1113»22>0/—ioo q—z <Y+(Qa £) - 1(§)q) 1
1 [ e A
—limg, lim L(ﬁ

y—0 z—p,Rez>0 271 —ico @ — 7 q

=—A1(&) +p.

- 1)dq

and
83}\1}(]{:]’570) = 7A1(§) + kj?j = 172

Thus after some calculation we attain

[8y\I/(k27§, 0) - ay\:[l(klvao)]_l

X (ay\I/_(]Lf, 0) - \I/(k‘g,f,())ay\l’(k’g,f, 0))\I/(k17€7y)

- (8y\11_(p7£v 0) - \Il(klag)O)ay\I’(kl)fa 0))\11(162’5,]./))
(p - k2)\I}(k17£ay) B (p - kl)\Ij(kQa€7y)

k2(&) — k1(§) .

Substituting the above relation in (2.29)), we obtain (2.4]). The proof is complete.
[l

Now we collect some preliminary estimates of the Green operator G(t) defined
in 23).

Lemma 2.2. The following estimates are true, provided that the right-hand sides
are finite

102Gl e < CTE= 7260 e + TG =D [6() [, (2.34)
1(G(#)d — t2A(2t™2) ()l < CE272) ()¢l 1a, (2.35)

where t = {t}'/3(t)2, small p > 0,1 <7 < s <00, n=0,1, A(s) is given by (1.2)
and f(p) is given by (1.3).

Proof. By Sokhotzki-Plemelj formula we have

[ (p.&y) = I* (0.6,9) — o
p7 7?/ - p7 7y Y+(p,£)
Inserting this expression in (2.4]), we have
G(Z‘,y,t) = Jl(w7y?t)+=]2(xay7t)7 (236)
where )
1 100
Ji(z,y,t) = — / ePr= K@) ey g (2.37)
2777/ —i0o
and
Jg(l',y,t)
Lo, [ Y 0,90 — k() (p — ka(6))
(= d €t/ DT ’ I dp.
g [ dest [ e e (p, €. )dp
(2.38)
Denote o
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for z > 0. From [10] we have

14p

107 Ty ()@lle < CE 7G| + 87729 e
forn=0,1,2, s >r, u € (0,1). Let the contours C; be defined as

C; = {p € (coe " (E=(=1"e) 0) U (0, c0eF—(-D'e)} § = 1,2, 3, (2.39)

where €; > 0 are small enough, can be chosen such that all functions under integra-
tion are analytic and Rek;(§) > 0, j = 1,2 for £ € C3. In particular, for example,
K (p) + £ # 0 outside the origin for all p € C; and £ € Cs.

Firstly we estimate J1(t)¢ . Let  —y > 0. Let  —y < 0. We can rewrite
in the form

1 1 1
— Etge_—_ —p(y—=) 2.4
Ty, y,1) = 2m/ e 527”./626 R (2.40)

By the choice of contour Co we have |e P@=%)| < Ce~CIPllz=yl Therefore, using
obvious estimates:

le= P Lo < Clp

(2.41)

+o0
_ _ 4l ldsp 1411
II/ e” Pl g(y)dy|| o < Clp| ™77 7 1l + Clp| 7% @] s
0

for all s,r > 1, for p € Cy, we obtain

1 Lo
8;‘7 t(j) Ls SC (ZS Lr/ eic"f‘tdg I 1+n+—— dp
105 T1 ()@l Lo I8 : %5 )+€|||
- L “1+i4n-1 g (2.42)
+C ‘15 L"'su/ e C|5|td§ TN &P I+5+n sdp ( .
e ), . K@)+ "
~ (1 _ 1+p —n n
< CEG 60 o + TG D60 o

forn=0,1,r > s, p € (0,1). In the case of z —y > 0 we use the fact that for
p € C3, Re K(p) > 0 and

Re K (p) = O({p}'/*(p)?).

Therefore, changing in formula (2.37) contour of integration by C3 from the book
[10] we obtain estimate (2.42)).

Now we estimate J2(t)¢. For any analytic in the left half-complex plane function
¢ (p) we have
Y
TN 1 o p)ap
—100 K(p) + f
+o00o
i iz p
= (6 4 —e "4 )/ ¢+( ) 3 f 3
0 (Vip —p* + &)(V—ip —p* +§)

where Re¢ = 0. Here

K(p) = ap® + (—ip)'/2, Imp > 0;
Pr= ap® + (ip)/2,  Imp < 0.
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Using the above relation, for Jo(z,y,t) we obtain

Blegnt) =~ Ve [ et [T ezt o)

(2.43)
/P
“Wip-P O p +£)
where
ZH(p,&y) =Y (=p, ) (p + k1(6) (p + k2 () IF (=p, €, y).
To estimate Ja(x,y,t) in the case t < 1 we rewrite I in the form
I(p,€,y)
1 e 1 Ki(q)+¢ 1 g

= i Je, 4P a =B (©)a— k@) V(0,8) K@) +€ V(0.

1 e~y 1
" omi /02 @D k@) —F©) 7 (@.0™

Therefore, using analytic properties of integrand function in the second term by
the Cauchy Theorem, we obtain

L - 1 2 W e—ki(€)y 1
(p.&y) = (2@ — k1 (€)) ;(* ) (p—k;(8) Y~ (k;,€)
1 =y 1 Ki(q) — K(q)

T omi o, 0P - F ) -k Y (.6 K@) 1e

After this observation from the integral representation (2.37) by Holder inequality

we have arrived at the following estimate for » > 1, s > 1, I7! =1 — =1, small
n>0,n=0,1,¢t>1,
—+oo
oz [ ooyl
0
Cwuy |p €5
<C T/ —lgltg / dp|p|™ i3 |7

X (/ dq
Cs Iq—pl gz~

< Oflgll et

1
+ 1 1
<\5I>§“*?)

Here we used (2:31)) and the estimate k;(¢) = O((¢)}/3). Therefore according to
(2.42)) and (2.44), for t < 1, we obtain the estimate .

Now we prove the asymptotic formula . For large t > 1 and |¢| > 1,
the integrand ef* decays as e~“*. However, in the neighborhood of ¢ = 0, the
integrand e¢* changes relatively slowly. By this reason we split the integrals
into integrals over sections |p| < 1, |§] < 1 and over the rest of the ranges of
integration. In the neighborhood of p = 0 we have

K@p)+&=p+E+00™?), Ki(p)+&=p+E+0(p7?).
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Also for small € by construction k;(£) = a2/5¢i(=1"27/5 L O(¢). To separate the
principal part of the expansion of
1>~ K
F+(2,§):7_/ L Klg) +
21 J i 4 — 2 Ki(q) +€

near points p = 0, £ = 0 we introduce the new function I+ (2,€) by the relation

- 1 i —ilg* | /ld]
F:t = — -  InY—
IR 1

1
- = (T d (2.45)
2mi /igz PRl
1 22+ [¢t
=—-ln—"—
8 2241

It can be proved by a direct calculation that for small |z| < 1, |£| < 1,

T¥(2,6) = TH(2,6) = 0(¢).
Also via (2.45)), the functions

2 4
+ _ TEe) _ (% +1€1%\1/s
wh(z,€) = 00 = (I,
are analytic in z € C except for z € [—i, —i[£|?] U [i|¢|?,4] and therefore
wh(z,§) = w(2,€)

for all z ¢ [—i, —i|£]?] U [i|€]?,4]. Via the last comments we obtain for small p > 0,
ey

1 1 o g 1 K(q)
I(p,&y) = 5= / dg(1+ O(y"p")),
P o) = i b ORal©) )i 1= @ T K1 T OV
where p € (0, 1).
On the basis last relations for points of the contours close the points p = 0 and
¢ = 0 integrand of M (z,y,t) has the following representation

/ _
(=) iV2eSt e Vil ki I (p,&,y).

omi Vip=p* + V=P —p* +¢)
where i
_ B 1 100 1 1 K(q)
It (p, &, y) = %/400 7—p (g + e/ K1(q)dq~

On integrating this function by extending the limits to —ico and +ioo we obtain
the contributions to M (z,y,t) from the neighborhoods of ¢ =0 and p =0

e [ gges [ eem PO IEDT
) [, Virovmior B0

x / Tt ! d (2.47)
q. .
o THP@ T
To estimate the contribution of R(z,y,t) to G(z,y,t) over the rest of the range
of integration we use standard method of “partition of unity” and Watson Lemma.
Due to smoothing properties of integrand functions by integrating by part we obtain

R(z,y.t) = y*O(t™>7%) (2.48)
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For the function Ji(x,y,t) defined by (2.37)), we have

1 100 _
Ji(z,y,t) = *t_g/, ermt B g o220, (2.49)
—100

T o

Thus from (2.46)), (2.48]) and (2.49)), via (2.36]) we obtain
1G¢ — 72 A(at™2) f(§) [l < Ot (@) 1.

By the same argument, it is easy to prove (2.34)) for ¢ > 1. The proof is complete.
|

Theorem 2.3. Let the initial data ug belong to L*(R*) N LY%(R*), with small
a > 0. Then for some T > 0 there exists a unique solution

we O([0,T]; L (R*) n LY (RT)) N C((0, T]; Hy (RT))
to the initial-boundary value problem

3. PROOF OF THEOREM [L.1]

By Proposition 2.1] we rewrite the initial-boundary value problem (I.1)) as the
integral equation

ult) = G(t)uo / Gt — PN (u(r))dr (3.1)
where G is the Green operator of the lir(l)ear problem . We choose the space
Z={¢e L'(R")NnL"*(R")}
with @ > 0 is small and the space
X ={¢ € C([0,00); 2) N C((0, 00); Hy, (RT)) + 6]l x < o0},
where

n+1

lollx = sup ({572 oDl + 160 s + (1T (0o (1))
2 n=0

shows the optimal time decay properties of the solution. We apply the contraction
mapping principle in a ball X, = {¢ € X : ||¢||x < p} in the space X of radius
1
= — 0.
p=slluollz >

For v € X, we define the mapping M (v) by

M(v) = G(t)ug — /0 e "Gt — )N (v(7))dr. (3.2)

We first prove that ||M(v)||x < p, where p > 0 is sufficiently small. By Lemma
[2:2] we obtain

IG(1)oll e < C{E} ™5 () "I 1,
IG()¢llzra < C{E}5(8)* 6]l x + [Pl ra,
102G ()¢l < CLE}~ D3 (1) =2 g o

for all ¢ > 0. Therefore,
|Guollx < Clluollz- (3.3)
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Also since v € X, we obtain
IV (()llzre < Cllollzreflvellze < C{r}~ @324 v] %,
IV ()2 < Cllollpallvallze < C{r}~(n) 7o)k
for all 7 > 0, and
IN@E)e < Cllollpe Jvallze < Clr) =" o]k
for all 7 > 1. Now by Lemma [2.2) we obtain

H/ G(t — N (0(r)dr | 1«
< / {t— 75— 72N () | dr + / IN ()| pr.edr

< Clllx [/0 {t = r}3(t—r)* {7} ()" dr+/0 {(r} 55 (1) 3 dr
< () ()3 vl%

for all ¢ > 0. In the same manner by Lemma [2.2 we have

||/ Gt — 1IN (o(r))dr| < / IV ()| dr

< Clol% / {7} 23S dr
< Cllvll%
for all t > 0. Also in view of Lemma we find
Ha"/ Gt — 1IN (v(r))dr]|
: / {t =7}~ — 1) 2OV IN (u(r) | prdrdr
0

t
< CHUH%((/ {t — 7}~ ADB (G — )TNy =2/8 (1) "3 dr)
0
< Ot} DB () =2y ||5
for t > 0. Thus we obtain
t
II/O eTG(t — TN (v(r))dr|x < Cllv]|%,
hence in view of (3.2) and (3.3)),
t
[M()llx < [[Guollx + ||/0 Gt — )N (v(7))dr| x
< Clluollz + Cllvli%
< g +Cp* < p.

since p > 0 is sufficiently small. Hence the mapping M transforms a ball X, into
itself. In the same manner we estimate the difference

1
[M(w) = M(v)|x < Sllw—vx,
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which shows that M is a contraction mapping. Therefore, there exists a unique
solution v € C ([0, 00); LY (RT)NLL4(RT)) N C((0,00); HL) to the initial-boundary

value problem (|1.1). Now we can prove the asymptotic formula

v(x,t) = AiAN(zt= )t 2 4+ Ot 277),
where

+oo
A= flao) = [ eI )r
0
Denote Go(t) =t=2 A(xt~2). From Lemma we have
£27G(1)¢ — Go(t) f(9)llL= < Cll¢llz

for all t > 1. Also in view the definition of the norm X we have

[fWN ()] < IV (o))l < C{r} 220~ lollk-

By a direct calculation, for some small y; > 0, v > 0, we have
t/2
H/O |Go(t = 7) = Go(t)| (N (v(7)))d ||
t/2
< <t>_1CHv||§</O (Go(t = 7) + Go(t) | Lo{7} 7 (1) "dr

<C{t)? / W{T}*% (r)y~2dr < C(t)~ 72
and in the same way, i
@%%@t:ﬂNwMthwSCvﬁ
Also we have

t/2
| /0 (G(t =N (v(7)) — Go(t — 7) f(N(v(7))))dr || L

1 Gt =7IN((r))dr| L

/2
t/2 .t
sc/ ufrrwNww»mar+caf/ IN(o(r)l|dr
0 t/2
< Cr |k
for all ¢ > 1. By (3.1]), we obtain

()772I(u(t) — AGo (1))l x
< [(G(#)uo — Go(t) f (uo) =

+ ()| /Oé(g(t —TIN(v(7)) = Go(t = 7)f (N (v(7))))dr | oo

(3.4)

(3.6)

(3.8)

+ O Gt — N (u(n))dr|ze + (6 Go(t) /t: FN (v(7)))dr]| L=

t/2

t/2
+ <7f>”+2||/0 (Go(t — 1) — Go(t)) f(N(v(7)))dr| L.

(3.9)
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All the summands in the right-hand side of above inequality are estimated by

C|

lug|lz + C|lv]|% via estimates (3.6)—(3.8). Thus by (3.9) the asymptotic formula

(3.4) is valid, which completes the proof.
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