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OSCILLATION RESULTS FOR EVEN-ORDER QUASILINEAR
NEUTRAL FUNCTIONAL DIFFERENTIAL EQUATIONS

BLANKA BACULIKOVA, JOZEF DZURINA, TONGXING LI

ABSTRACT. In this article, we use the Riccati transformation technique and
some inequalities, to establish oscillation theorems for all solutions to even-
order quasilinear neutral differential equation

([(0) + p0)a(r(©) " V17) +a()a™ (o)) =0, ¢ > to.

Our main results are illustrated with examples.

1. INTRODUCTION

Neutral differential equations find numerous applications in natural science and
technology; see Hale [I]. Recently, there has been much research activity concerning
the oscillation and non-oscillation of solutions of various types of neutral functional
differential equations; see for example [2| B [, [6] [7, [IT], [12] [14] and the references
cited therein.

In this article, we consider the oscillatory behavior of solutions to the even-order
neutral differential equation

I
([ +pOee) ™)) + 402 (0(1)) =0, t>1. (1)
We will use the following assumptions:

(A1) n > 2is even and v > 1 is the ratio of odd positive integers;

(A2) p € C([to, ), [0,al]), where a is a constant;

(A3) ¢ € C([ty,0),[0,00)), and ¢ is not eventually zero on any half line [t,, c0);

(A4) 7,0 € C([ty, ), R), lim;_, o 7(t) = lim;_, oo () = 00, 0! exists and o~ !

is continuously differentiable.

We consider only those solutions z of for which sup{|z(¢)| : t > T} > 0 for
all T' > tg. We assume that possesses such a solution. As usual, a solution of
is called oscillatory if it has arbitrarily large zeros on [tg, 00); otherwise, it is
called non-oscillatory. Equation is said to be oscillatory if all its solutions are
oscillatory.

For the oscillation of even-order neutral differential equations, Zafer [5], Karpuz
et al. [8], Zhang et al. [10] and Li et al. [I3] considered the oscillation of even-order
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neutral equation

(z(t) + p)z ()™ + gz (o(t) =0, t >t (1.2)

by using the results given in [I5]. Meng and Xu [9] studied the oscillation property
of the even-order quasi-linear neutral equation

[FO10) "D (20) D) + g(8) (o))" (o (t) = 0, ¢ > o,

with 2(t) = x(t) + p(t)x(7(¢)). To the best of our knowledge, there are no results
on the oscillation of when p(¢t) > 1 and v > 1. The purpose of this paper is
to establish some oscillation results for . The organization of this article is as
follows: In Section 2, we give some oscillation criteria for . In Section 3, we
give several examples to illustrate our main results.

Below, when we write a functional inequality without specifying its domain of
validity we assume that it holds for all sufficiently large t.

2. MAIN RESULTS

In this section, we establish some oscillation criteria for (1.1)). Let f~! denote
the inverse function of f, and for the sake of convenience, we let

2(t) == a(t) + p(H)z((1),  Q(t) :=min{g(c ™" (), a(c " (r())},
(¢ ()4 = max{0, p'(t)}.
To prove our main results, we use the following lemmas.

Lemma 2.1 ([2, Lemma 2.2.1]). Let u(t) be a positive and n-times differentiable
function on an interval [T, 00) with its n-th derivative u'™ (t) non-positive on [T, o0)
and not identically zero on any interval [Ty,00), Ty > T. Then there exists an
integer I, 0 <1 <n—1, withn+1 odd, such that, for some large Ty > T1,

(=)D () >0 on [Th,00) (j=11+1,...,n—1)
uD(t) >0 on[Ty,00) (i=1,2,...,01—1) whenl> 1.

Lemma 2.2 ([2, P. 169]). Let u be as in Lemmal[2.1] If lim¢ oo u(t) # 0, then, for
every A\, 0 < X\ < 1, there is T\ > tg such that, for all t > T,

u(t) > "),

(n—1)!

Lemma 2.3 ([I5]). Let u be as in Lemma and u D (Hu™M (1) <0 fort > t,.
Then for every constant 8, 0 < 6 < 1, there exists a constant Mg > 0 such that

u' (0t) > Mpt"2u"= 1 (¢).

Lemma 2.4. Assume that x is an eventually positive solution of (1.1)), and n is
even. Then there exists t1 > tg such that, for t > t1,

() >0, Z(t)>0, 2" V@)>0, M) <o,
and 2™ is not identically zero on any interval [a,00).

The proof of the above lemma is similar to that of [9, Lemma 2.3], with v being
the ratio of odd integers. We omit it.
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Lemma 2.5. Assume that v > 1, 1, xo € R. If x1 > 0 and z2 > 0, then

17+ > T
Proof. (i) Suppose that 1 = 0 or z2 = 0. Then we have (2.1). (ii) Suppose
that ;1 > 0 and x5 > 0. Define f by f(z) = 27, z € (0,00). Clearly, f"(x) =
y(y —1)x7=2 > 0 for x > 0. Thus, f is a convex function. By the definition of
convex function, for z1, x5 € (0,00), we have

(z1 +22)7. (2.1)

f(xl +£C2) S f(xl) + f(‘r2)
2 2
That is,
17+ > 971 (x1 4+ x2)7.
This completes the proof. ([l

First, we establish the following comparison theorems.

Theorem 2.6. Assume that (c71(t)) > oo > 0 and 7/(t) > 79 > 0. Further,
assume that there exists a constant A\, 0 < A < 1, such that

A7) 9o o))+ ( A1)!W_1)762(’5)1’<t) <0 (22

oo 00T (n

has no eventually positive solution. Then (1.1) is oscillatory.

Proof. Let x be a non-oscillatory solution of (|1.1)). Without loss of generality, we
assume that there exists ¢; > o such that z(¢) > 0, z(7(t)) > 0 and z(o(t)) > 0
for all ¢ > ¢;. Then z(¢t) > 0 for ¢t > t;. From ({1.1f), we obtain

("D ®))) = —a()2"(e(t) <0, t>t.

By Lemma with n even, there exists to > t; such that z(™ (t) <0 for t > to.
Thus, from Lemma there exist t3 > to and an odd integer [ < n — 1 such that,
for some large t4 > t3,

(D)D) >0, j=0L1+1,...,n—1, t >4 (2.3)
and
A1) >0, i=1,2,...,1—1, t>t,. (2.4)

Hence, in view of (2.3)) and (2.4), we obtain 2/(t) > 0 and 2(»~1(¢) > 0. Therefore,
lim; o 2(t) # 0. Then, by Lemma for every A, 0 < A < 1, there exists Ty such
that, for all t > T),

A

2(t) > mt"—lz("_l)(t). (2.5)
It follows from that
Z(nfl) o1 YY)/
S e o0 o (2.6)

The above inequality at times o~!(¢) and o~1(7(t)), yields
(D )Y o (D e )
(e=1 (@) (=17 (1)) (2.7)
+aq(o™ ()27 (t) + a”q(o ™ (7(1)))2" (7(1)) = 0.
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By (2.1) and the definition of z,

Ao ()27 (1) + a0 (() (r(1) 2 Q) (1) + 072 (7(¢)]
> QW) +as(r )] (2.5)

1 ¥
FQ@)Z (t)

Y

It follows from ({2.7)) and (2.8]) that

(G G 0) 1 (G GG ) . S
Gy Y eeay T prdr =0 29
From this inequality, (c71(¢))’ > o9 > 0 and 7/(¢) > 79 > 0, we obtain
() N (G o G W A 210)

)27 (t) < 0.
o 00T + 27*162( )27(t) <

Set y(t) = (2~ (¢))Y > 0. From (2.5) and (2.9)), we see that y is an eventually
positive solution of

U0 )] + e () Qo <o

o)) ooTo 271 (n — ].)'

The proof is complete. O

7'(t) > 70 > 0. Moreover, assume that there exists a constant A\, 0 < X\ < 1, such
that

Theorem 2.7. Let 7= ! exist. Assume that 7(t) < t, (671(t)) > o9 > 0 and

1 A
L+ 2)\(n-1)

g0 go0To

v+ 5 ) Quue ey <0 @21

has no eventually positive solution. Then (1.1) is oscillatory.

Proof. Let x be a non-oscillatory solution of . Without loss of generality, we
assume that there exists t1 > o such that x(t) > 0, z(7(t)) > 0 and z(o(t)) > 0 for
all t > t1. Then z(t) > 0 for ¢ > ¢;. Proceeding as in the proof of Theorem we
obtain that y(t) = (2"~ (¢))” > 0 is non-increasing and satisfies inequality (2.2).
Define

ylo='t) , a

u(t) = +——y(o~(7(#))).

0o g070

Then, from 7(t) < t, and o~ ! begin increasing, we have

L o (1)),

u(t) < (—+
oo 0070

Substituting the above formulas into (2.2), we find u is an eventually positive

solution of

/ 1 A a1)? —1
<0. 2.12
w0+ gy (et ) Quuir o) 0. (212)
The proof is complete. (Il

From Theorem and [3] Theorem 2.1.1], we establish the following corollary.
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Corollary 2.8. Let 771 exist. Assume that 7(t) <t, (671(t)) > 00 >0, 7/(t) >
0 >0, 77 o(t)) <t and

t y—1(1 a”
liminf/ Q(s)(s"1)7ds > M((n - N7, (2.13)

o0 Jrm1(o(t) €

Then (1.1) is oscillatory.

Proof. From ([2.13]), one can choose a positive constant 0 < A < 1 such that
t 2771(L a” )
lim inf Xy/ Q(s)(s" 1) Vds > ——70 20T ((n — 1)1)7.

e “o(®) €

Applying [3, Theorem 2.1.1] to (2.12), with 771(o(t)) < t, we complete the proof.
O

Theorem 2.9. Assume that (c71(t)) > 09 > 0, 7/(t) > 79 > 0 and 7(t) > t.
Furthermore, assume that there exists a constant X\, 0 < XA < 1, such that

, 1 A ne1\?
u'(t) + T+ ) ((n Tk ) Q()u(o(t)) < 0 (2.14)

has no eventually positive solution. Then (1.1) is oscillatory.

g0To

Proof. Let x be a non-oscillatory solution of . Without loss of generality, we
assume that there exists ¢; > ¢¢ such that z(¢t) > 0, z(7(¢)) > 0 and z(o(t)) > 0 for
all t > t1. Then z(t) > 0 for ¢t > t;. Proceeding as in the proof of Theorem we
obtain that y(t) = (2("~1(¢))? > 0 is nonincreasing and satisfies inequality (2.2).

Define
a

u(t) = —y(o 1 (8) + ——y(o~(r(1))).
(] aoTo

Then, from 7(t) > t, we have

u(t) < (i n a”

0o 0070

Jule" ).

Substituting the above formulas into (2.2), we find u is an eventually positive
solution of

l 1 A n—1 v
u'(t) + Ty — ((n -k ) Q(t)yu(o(t)) < 0. (2.15)

go 070

The proof is complete. (I

From Theorem and [3, Theorem 2.1.1], we establish the following corollary.

Corollary 2.10. Assume that (c71(t)) > o9 > 0, 7/(t) > 79 > 0, 7(t) > t,
o(t) <t and

t 927—1 (L + L)

lim inf (8)(s" 1) ds > T T
t—o0 o’(t) e

Then (1.1) is oscillatory.

Proof. From ([2.16)), one can choose a positive constant 0 < A\ < 1 such that
t 971 (L a” )

lim inf A7 (5)(s" 1) 7ds > 70T ((n —1)!)7.
t—o0 a(t) e

Applying [3] Theorem 2.1.1] to (2.15)), with o(t) < t, we complete proof. O

((n—1)1)". (2.16)
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By employing Riccati transformation, we obtain the following criteria.

Theorem 2.11. Let (67 1(t)) > 00 > 0, o7 1(t) > t, o7 (7(t)) >t and 7'(t) >
70 > 0. Assume that there exists p € C1([tg, 00), (0,00)) such that

. ‘ra 55 T aem (P/(s)4)"!
imsw | [m50(900) - B g e (247

holds for some constant 6, 0 < 6 < 1 and for all constants M > 0. Then (1.1) is
oscillatory.

Proof. Let = be a non-oscillatory solution of (1.1). Without loss of generality, we
assume that there exists t; > to such that z(¢) > 0, z(7(¢)) > 0 and z(o(t)) > 0
for all ¢ > ¢1. Then z(t) > 0 for ¢ > ¢;. Proceeding as in the proof of Theorem [2.6]

there exists to > ¢; such that (2.3)), (2.4) and (2.10) hold for ¢ > t,.

Using the Riccati transformation

=1 (51 v
o0 = ol =TSO o (2.18)

Then w(t) > 0 for ¢ > t5. Differentiating (2.18)), we obtain
("D (e (1) (=D (@ 1))

I R ) (2,19
L(n=1)(;—1 o P% ’
BN RIONEL)

By Lemma [2.3|and Lemma |2.4] we have
2(0t) > Mt" 22D (1) > Mt 22D (671 (1)),

for every 6, 0 < 6 < 1 and for some M > 0. Thus, from (2.18]) and (2.19)), we
obtain

< PO (CCa0) nez @)V
W'(t) < 0 Fw(t) + p(t) 6D —~OMt 2W (2.20)
Next, define function

NGl 0)))
vlt) = 1) T

Then t(t) > 0 for ¢ > t5. Differentiating (2.21)), we see that
)(Z(”_”(U_I(T(t))))” N (t)((Z(”_”(U_I(T(t))))”)’

t >ty (2.21)

2= (=1 (7 V! '
i &)

In view of Lemmas and we have
2(0t) > Mt" 22D (1) > Mtn 22D (67 (7(1))),
for every 0, 0 < 6 < 1 and for some M > 0. Hence, by (2.21]) and (2.22), we obtain

/ (o' (1)) ("D (e (r (1))
g WO |

P ()
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Therefore, from (2.20) and (2.23) it follows that

W' (t) n a” vt
o) 00To
(DN () (6= (1))
< plt)[—— any |

(w(t))(wrl)/v

(2.24)

R Mw _ n—2
F oo O M

a’ [(P’(t))+ ((t)) D/
oot " p(t) ptr(t)
Thus, from the above inequality and ([2.10)), we have

W'(t) + wa(t)
oo 0070

G(t) —~OME" 2

(w(t))(wl)/w
Pt/ (t)

1 1 (p'(1)

a’ (P )+ 2 (V)T
0'07'0[ p(f) ’(/J(t)*’}/@Mt pl/'Y(t)

(PO . oM
p(t) pt(t)
Then, using (2.25)) and the inequality

1
Av — BuOHD/7 < AT
T (y+ Dt B

w(t) — OMt" 2 (2.25)

Set

v = w(t),Y(t).

B >0, (2.26)

we have
1 a”
W' (t a?y 1 -+ = P () )t
L + 7,(/)/(0 < —jp(t)Q(t) 4 90 o+o1 (( (E);—) )
oo 00To 27 (v + 1)+ (OMEn—2)7p (1)
Integrating the above inequality from ¢ to ¢, we obtain
t 1 a” ’ 1
1 + T t Y
/ { 1P(S)Q(8) _ o0 UoTul ((p (8))2+) ds < w( 2) + a
12 1277 (v+ )7t (OMsm=2)7p7(s) a0 a0To
which contradicts (2.17). The proof is complete. ([l
Remark 2.12. From (2.25), define a Philos-type function H(t, s), and obtain some
oscillation criteria for ((1.1)), the details are left to the reader.
Theorem 2.13. Letn = 2, (o7 1(t)) > 09 > 0, o7 1(t) > ¢, o7 (7(t)) >t and
7'(t) > 79 > 0. Assume that there exists p € C([to,00), (0,00)) such that

‘ol o o (P
1- . |: _ o0 o070 +
e | (o000 - 2 T
Then (1.1) is oscillatory.

Proof. Define

}ds = 00. (2.27)

w(t) = p(t)w, W(t) = p(t)W_

The remainder of the proof is similar to that of Theorem [2.11 O
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3. APPLICATIONS

Han et al. [II, [12] considered the oscillation of solutions to the second-order
neutral equation

(z(t) + p)z(1(1)" +q(t)z(o(t)) =0, t>to,
where
0<p(t)<py<oo, T(t)>717>0, Too=o00T. (3.1)

Li et al. [I3] investigated the oscillation of when holds. It is easy to
see that our results weaken the restrictions in [T}, 12} T3], since we do not assume
700 = oo, instead we assume 7 !(o(t)) < t, and bounds on ¢’, (¢71)" and 77!
Below, we give three examples that illustrate our results.

Example 3.1. Consider the even-order equation

(Ie® +ast=3)""T") + o (=0 =0, 121, (32)

where v > 1 is the quotient of odd positive integers, a > 0 and § > 0 are constants.
Let 7(t) =t —3, p(t) = a, q(t) = B/(t""1)Y and o(t) =t — 6. Then 77 1(t) =t + 3,
T Ho@) =t—3,07t) =t +6, 0 (7(t)) =t +3and Q(t) = B/((t +6)""1)7.
Since

t—oo

t
1iminf/ Q(s)(s" 1) 7ds > D) hmlnf/ ds = )
(o(1)) 27 e

by applying Corollary Equation (3.2) is oscillatory when

36 _ 271+ a)((n— 1))
> .
27(”*1) - e

Example 3.2. Consider the even-order equation

(n=1)17\’ B t
([(z(t) + az(t + 3)) ] ) + Wﬁ(i) =0, t>1, (3.3)
where v > 1 is the quotient of odd positive integers, a > 0 and § > 0 are constants.
Let 7(t) =t + 3, p(t) = a, q(t) = B/(t"1)Y and o(t) = t/2. Then o~ 1(t) = 2¢,
o~ (r(t)) =2(t +3) and Q(¢) = B/((2t + 6)"~1)7. Since
t
lim inf Q(s)(s" 1) 'ds = o0,

t—oo o(t)

by applying Corollary Equation (3.3) is oscillatory.
Example 3.3. Consider the even-order equation
n— / t
([(x(t) + ax (2t) )( ”P) + ?af*(g +1)=0, t>1, (3.4)

where v > 1 is the quotient of odd positive integers, a > 0 and 3 > 0 are constants.
Let 7(t) = 2t, p(t) = a, q(t) = B/t and o(t) = (¢t/3) + 1. Then o~ 1(¢) = 3(t — 1),
o~ (7(t)) = 3(2t — 1) and Q(t) = B/(6t —3). Set p(t) = 1. Then, by Theorem [2.11]
every solution of is oscillatory.

Note that the known results in the literature are not applicable to Equations

7 and .
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