Electronic Journal of Differential Equations, Vol. 2011 (2011), No. 135, pp. 1-27.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

BOUNDARY-VALUE PROBLEMS FOR NONAUTONOMOUS
NONLINEAR SYSTEMS ON THE HALF-LINE

JASON R. MORRIS

ABSTRACT. A method is presented for proving the existence of solutions for
boundary-value problems on the half line. The problems under study are
nonlinear, nonautonomous systems of ODEs with the possibility of some pre-
scribed value at ¢t = 0 and with the condition that solutions decay to zero as
t grows large. The method relies upon a topological degree for proper Fred-
holm maps. Specific conditions are given to ensure that the boundary-value
problem corresponds to a functional equation that involves an operator with
the required smoothness, properness, and Fredholm properties (including a
calculable Fredholm index). When the Fredholm index is zero and the solu-
tions are bounded a priori, then a solution exists. The method is applied to
obtain new existence results for systems of the form 0 + g(¢,w) = f1(t) and
w ~+ h(t,v) = fa(t).

1. INTRODUCTION

Let F = F(t,2): [0,00) x RY — R¥ be a given function and P be the projection
of RY onto X; along a given splitting RY = X; @ X,. This paper concerns the
existence of solutions to problems of the type

u(t) + F(t,u(t)) = f(t) forallt >0,
Pu(0) =&, (1.1)
lim w(t) =0,
t—o0
where f € Cy and £ € X; are given.

By choice of X7 and X5, different kinds of initial conditions are obtained. For
example, the choice X; = RY and X, = {0} results in the usual initial value
problem. If X; = {0} and X3 = RY, there is no initial condition. Using the usual
representation of a second (or higher) order system by a larger first-order system,
this framework also accommodates a second (or higher) order equation or system
with a variety of different initial conditions including those of Dirichlet, Neumann,
or mixed type.
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This kind of problem was recently approached by Rabier and Stuart in the two
papers [I7] and [I6]. As the authors point out in [I7], boundary-value problems
on infinite intervals have been studied by many. In particular, Andres, Gabor, and
Gorniewicz [2] contains many references. The book by Agarwal and O’Regan [I]
contains another good survey of such problems. As a rule of thumb, most results
in the literature deal with very specific problems and/or involve weaker conditions
as t — oo.

To discuss more recent results, some more detail is needed. In [I7] and [16] the
authors prove the existence of a solution in the Sobolev space Wl’p((O, ), RN ),
under appropriate conditions on F. The authors Rabier and Stuart use a degree
argument. Because the problem is posed on an unbounded interval, the underlying
operator is not a compact perturbation of the identity and therefore the Leray-
Schauder degree cannot be used. Instead, a degree for proper C' maps of Fredholm
index zero is employed. This degree was developed for C? maps by Fitzpartick,
Pejsachowicz, and Rabier [7], and later extended to C! maps by Pejsachowicz and
Rabier [I4]. Because of this degree argument, prominent roles are obviously played
by the Fredholm and properness properties, and also by the issue of finding a priori
bounds on solutions.

This work continued in the present author’s dissertation [I0], in which existence
is obtained in the space C§([0,00),RY) of continuously differentiable functions
that tend to zero (along with their derivatives)as ¢ — oco. In practice, this allows
for simpler a priori bounds analysis than is possible in the Sobolev space setting.
Moreover, the author removed a key assumption from [I7] and [I6], namely that
F(t,u) have an autonomous limit F'*°(u) as t — oo.

More recently, Evéquoz [B, [4] considers problems of the form

a(t) + F(t,ut),&,0) = 0 for all £ > 0,
Pu(0) = ¢(£, ),

tlim u(t) =0,

in which global continuation in the real parameter A is explored, in both the con-
tinuous and Sobolev settings. This further expands the range of applicability of the
technique. In particular, a more complicated dependence on £ is allowed, as well
as apparently more flexibility (via A) in the path of solutions departing from the
trivial solution. These results are applied by the same author in [6] to a third order
ODE that arises in the study of free convection boundary layers in porous media.

In this paper, we will first provide all of the necessary background from the
present author’s dissertation [I0]. These arguments are elaborated in some cases
and simplified in others. Since this material has not been published elsewhere,
we include all such background for completeness and ease of reference in this and
future work.

Once this is complete, we prove the existence of solutions to a class of boundary
value problems of the form

U+g(t,UJ) = fla
”Lb+h(t,’u) = fa,
0(0) =, (12)

v(00) = w(o0) =0.
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A version of this problem was treated in [16], in which the nonlinearities g and h
were assumed to have autonomous limits as t — 0o, and in which restrictions were
placed on the magnitudes of the derivatives D, g and D,h. Our results remove
these restrictions.

We now briefly indicate the overall arrangement of this paper; each section in-
cludes its own detailed introduction and orientation. We approach problem
by writing it as F(u) = (f,£), where

F(u) :== (o + F(-,u), Pu(0)). (1.3)

In Section 2, we provide the functional setting for F and prove that under suitable
hypotheses concerning F, that F is a C* map of Banach spaces.

In Section 3, we turn to the question of properness. To determine whether F
is proper on closed, bounded subsets of the domain, we provide a condition that
involves checking for solutions of certain limits of obtained by letting t — oo
in a suitable topology.

In Section 4, we discuss the desired Fredholm property, along with some connec-
tions with exponential dichotomies and with the properness property.

Having paved the way for the use of topological degree for proper C' maps of
Fredholm index zero, in Section 5 we prove several existence theorems. This shows
how to use the results of Sections 2, 3, and 4 (along with a priori bounds for
solutions) to prove the existence of solutions to (1.1).

In Section 6, we turn to the specific problem (1.2)), showing that under suitable
conditions of g and A that this problem always has a solution.

Throughout this paper, we will use the following notation and definitions. Given
an interval I C R, we will denote by Cy(I) the Banach space of all continuous
R¥-valued functions on I, with the usual supremum norm

[[ulloe = suplu(t))]
tel

(Of course any convenient norm || can be used in RY.) We will denote by C{(I))
the Banach space consisting of those functions in Cy,(I) with bounded derivative.
For this space, we use the norm

[wll1,00 = llulloo + lldlloo

We denote by Co(I) the closed subspace of Ch(I) that consists of that functions
that tend to zero as t — co. We denote by C{(I) the closed subspace of C{(I) that
consists of those functions such that both u(t) and u(t) tend to zero as t — oo.

Almost always, we will use I = [0,00). In those cases, we will simply write
Ch, CL, etec. Otherwise, we will explicitly specify the interval, by writing C{(R),
Chy((—00,0]), etc.

Given a function such as F = F(t,2): [0,00) x RN — RY  we will often have
need of the so-called Nemytskii operator Ng associated to F. The operator Ng
acts on functions u = u(t): [0,00) — RY through composition, as follows.

Np(u) =v, where v(t) = F(t,u(t)).

2. SMOOTHNESS OF THE NEMYTSKII OPERATOR

In this section we provide the function setting and we give the conditions on
F = F(t, z) that ensure that the induced map F from (1.3) is a C* map of Banach
spaces.
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Let F = F(t,2): [0,00) x RN — RY be a function that satisfies the following
conditions:

F is continuous, with tlim F(t,0) =0, (2.1)
D.F exists and is continuous on [0, 00) x RY, (2.2)

and for each compact subset K of RY,
F and D,F are BUC on [0,00) x K, (2.3)

where “BUC” means “bounded and uniformly continuous”.

Lemma 2.1. Let G = G(t,2): [0,00) x RY — RY be bounded and uniformly
continuous on [0,00) x K, for every compact subset K of RN. Then G has the
following properties:

(a) For each u € Cy, and each € > 0, there is § > 0 such that
Gt u(t) = Gt,v(t))| <€

for all v € Cy, such that ||[u — v||leo < 0.
(b) For each u € Cy,

lim G(¢,u(t)) — G(t,0) = 0.

t—o0

Proof. [(a)] Let R =1+ |ul|c. By assumption, the function G is uniformly contin-
uous on [0,00) X Br(0). Thus, there is 6; > 0 such that

|G(t,z) — G(t,y)| <€

as long as x,y € Bg(0) with |z —y| < &;. It follows at once that the choice
d = min(1, §1) is sufficient.

By assumption, the function G is uniformly continuous on [0, 00) x B1(0).
Thus, there is 0 < § < 1 such that

Gt 2) — G(t,0)] < €
as long as |z| < & < 1. Since lim;_. o u(t) = 0, part [(b)| is proved. O

Theorem 2.2. Suppose that F' satisfies (2.1)), (2.2)), and (2.3]). Then the Nemytskii
operator N is a well defined C* map from C} to Co, and DNp(u)v = Ng(u)v
(where G = D, F and where the multiplication of Ng(u) by v is pointwise in t).

Proof. Let u € C} be given. To see that Nr(u) € Cp, consider a sequence t,, — t
in [0,00). It follows that u(t,) — wu(t) since w is continuous, and hence that
F(tn,u(ty)) — F(t,u(t)). This shows that Np(u) is continuous on [0,00). To see
that Np(u)(t) — 0 as t — oo, let € > 0 be given. Since u € Cy and F' is uniformly
continuous on [0, 00) X EHUHOQ (0) by , one finds for all sufficiently large ¢ that
|F(t,u(t)) — F(t,0)| < e. By (2.1, this is enough to show that Np(u) € Cj.

The next claim to verify is that N is differentiable, with DNp = Ng. Let u
and v be chosen members of Ci. By the using the mean value theorem once for
each t > 0,

Np(u+v) — Np(u) — Ng(u)v = Ng(u + 7v)v — Ng(u)v,

where the function 0 < 7 <1 of ¢ depends on the choice of v (and of course on the
choice of w). It thus follows from Lemma @ that

Np(u+v) = Np(u) = Na(u)v = of[[v]le) = o([|v]]1,00)
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in Cy as v tends to zero in C}.
Finally, to check that DN is continuous, let u € C} and € > 0 be given. It
follows from Lemma @ that

[Ne(uw)v — Na(w)vlleo <€

for all unit vectors v € C, provided only that ||[u — w||1,c (or even |lu — wl|) is
sufficiently small. This proves that DNg(u) varies continuously in E(C&, CO) with
respect to u € C§. d

Remark 2.3. An examination of the above proof reveals that Ng is also of class
C' as a map from C into itself, and also as a map from Cj, into itself.

Remark 2.4. With only the obvious changes, the result holds when [0, 00) is
replaced by any closed interval, and (—oo,c0) in particular.

We have the following corollary for the operator F: C§ — Cp x X; defined by
F(u) := (4 + Np(u), Pu(0)) for u € Cj. (2.4)

Corollary 2.5. In the situation of Theorem the map F is of class Ct. In
addition, if we set G := D, F, then

DF(u)v = (v + Ng(u)v, Pv(0)).

Proof. Differentiation is a continuous linear map from C} into Cp, and the evalu-
ation of v at t = 0 followed by the linear projection P is a continuous linear map
from C} into X;. Therefore, Corollary is a direct result of Theorem 2.2 (I

3. PROPERNESS

In this section, we establish a necessary and sufficient condition for F to be
proper on the closed, bounded subsets of C}. The essential idea is the following.
When {u,} is a bounded sequence in C§ such that F(u,,) converges in Co x X7, we
are to show that {u,} has a convergent subsequence in C}. To find a convergent
subsequence of {u,}, we show that the sequence forms a relatively compact set,
by the use of a result from Rabier [I5] that characterizes the relatively compact
subsets of Cy. To use this result, one must show that the sequence {u,(t)} tends
to zero uniformly (with respect to n) as t — oo.

This “equi-decay” is characterized in [I5] by a condition involving sequences of
the form {uw,(- + &,)}, where &, — oco. It is this temporal translation to infinity
that ultimately brings one to the condition (Theorem that no equation of the
form 4 + Ng(u) = 0 have a nonconstant C'! solution, where E is any uniform—on—
compacta limits of temporal translations of F. It is a noteworthy artifact of the
translation to infinity that this condition involves problems on the whole line, even
though the original problem is posed on the half line.

Remark 3.1. In this section we will follow the following convention. Any vector
valued function (in particular, any real valued function) that depends on a variable
t > 0 is extended to negative values of ¢t whenever convenient, by using the even
extension. Of course, this convention is only used where needed and never for a
function whose domain already includes negative values of ¢.

For example, let u € C} and &, — oo in R. Then the sequence {u(t +&,)} is
well defined for all ¢ € R under this convention, and this sequence can hence have
a well-defined pointwise or uniform—on—compacta limit on all of R. Notice that
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this kind of sequence is locally eventually independent of the choice of extension
(since t + &, is eventually positive), and so any limit function is independent of the
choice of extension. This is characteristic of our later use of this “even extension
convention”, which will occur with minimal further comment. The purpose of this
perhaps distracting convention is to avoid the alternate distraction of a prominently
displayed extension operator.

3.1. Topological preliminaries. Let Z be a nonempty subset of RV, and define
the following closed subspace of Cy,(R) = C,(R,RY):

Cz(R) = Cz(R,RY) := {ue C,(R): Jimdist(u(t), Z) = 0}, (3.1)

consisting of those functions v = w(t) converging to Z as [t| tends to infinity.
We define the space Cz C C}, of functions defined on [0,00) by requiring that
lim o dist(u(t), Z) = 0. It is clear that Cop = C{oy and that Cz C Cy if and only
if Z C W (with equality if and only if Z = W).

We say that Z is totally disconnected if the connected components of Z are
singletons. Examples include finite sets, sequences (with or without their limit
point), and Cantor-like sets. If Z C R, then Z is totally disconnected if and only if
Z does not contain an interval.

If H is a subset of C}, or C,(R) and if T is a subset of the corresponding domain
[0,00) or R respectively, then H(I) := {u(t) : u € H,t € I}, the union of the direct
images of I under members of H.

Here is the result that we will use from Rabier [15], followed by a simple corollary
adapted for use on the half line.

Lemma 3.2 (Rabier [I5], Corollary 7]). A subset H of Co(R) is relatively compact
if and only if the following three conditions hold:

(a) The set H(R) is bounded.

(b) The set H is uniformly equicontinuous.

(c) There is a compact and totally disconnected subset Z of RN with the follow-
ing property. If i € Cy,(R) and there are sequences {u,} C H and {&,} C R
such that |&,] — co and

lm u,(t+&,) =u(t) forallteR,
then 4(R) C Z.

Corollary 3.3. A subset H of Cy is relatively compact if and only if the following
three conditions hold:

(a) The set H([0,00)) is bounded.

(b) The set H is uniformly equicontinuous.

(c) There is a compact and totally disconnected subset Z of RN with the follow-
ing property. If i € Cy,(R) and there are sequences {u,} C H and {&,} C R
such that &, — oo and

lm u,(t+&,) =a(t) forallteR,

n—oo

then 4(R) C Z.

Proof. Use the even extension of the functions in Cy. Now apply Lemma [3.2}
Also see the final paragraph of Section 2 in [I5], where such generalizations are
mentioned. (]
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Remark 3.4. In [I5] Lemmal[3.2]is proved in a more general setting. For one thing,
the functions in C are allowed to take values in a general metric space, and item@
is that H(R) should be relatively compact. This suggests the question of whether
item is necessary when the metric space is RY. The example H = {u, : n € N}
where uy, (t) = min(1, max(n—t,0)) for ¢ > 0 shows that itemis indeed necessary.

Remark 3.5. When using Lemma [3.2] or Corollary [3.3] one often finds that the
set H consists of the terms of a sequence {v,}. If so, one may assume that {u,} is
a subsequence of {v,} when checking condition

If {T,,} is a sequence of continuous functions from a metric spaces M into a
metric space N, we will writeﬂ T = co-lim,_,o T}, if the sequence {T,} converges
uniformly to T on each compact subset of M. In each use of this notation, M and
N will be clear from context.

Lemma 3.6. Suppose that I satisfies (2.1), (2.2)), and (2.3). Let {{,} C R be a
sequence such that &, — oo and put E,(t,z) := F(t + &,,2). Then there exist a

subsequence {E,, } and a function E: R x RY — RY such that
(a) E = co-limg_,o0 En,,
(b) E satisfies (2.1), (2.2), and (2.3)) (with [0,00) replaced by R and F replaced
by E), and
(¢) D,E = co-limy_,oc D.E,, .

Proof. The classical Ascoli-Arzela Theorem applies for each compact subset K of
R x RY. (The boundedness of {E, (o) :n € N,a € K} and and the equicontinuity
of {En| ) follow from ) Apply the Ascoli-Arzela theorem recursively for an
increasing sequence of compact sets that exhausts R x RY. This diagonal pro-
cess yields a function E and a subsequence {F,, } such that E = co-limy_,o0 Ep, .
Repeat this process with {D,FE,, } to obtain a further subsequence (still denoted
{En,}) and a function H such that H = co-limy_,oc D,E,,. As usual, since the
convergence is uniform on compact sets, D, F exists and D,E = H. Thus, F sat-

isfies (2.2). It is now easy to verify that (2.1) (with E(¢,0) = 0) and (2.3) are
inherited by F from F'. O

Definition 3.7. Given a function F' that satisfies (2.1)), (2.2, and (2.3)), we define
the omega limit set E| of F by
w(F)={F: E = co-lim E, for some sequence &, — co}.
Here, E,,(t, z) :== F(t+&,, 2), just as in Lemma It is a corollary of Lemma

that w(F) is nonempty. Before moving on, several examples may be helpful. The
proofs of the following claims are left as exercises (but may also be found in [10]).

Example 3.8. The pointwise limit F'*°(z) = lim;_ F(t,x) exists if and only if
w(F) is the singleton {F>°} (which includes the autonomous situation F(t,z) =
F*(z)). This is the case considered in [I7} [I6].

Example 3.9. Suppose F is periodic or asymptotically periodic, in the sense that
lim |F(¢t,z) — G(t,z)| =0
t—oo

1As suggested by the usual name “compact-open” for the resulting topology.
2This terminology is suggested by its use in the linear setting in [19].
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pointwise in x, for some G that is periodic in ¢. Then
wF)={G(-+71,-):0<7<T},

where T is a period of G.

Example 3.10. Suppose that for all 2 € RY and all R > 0,

lim sup |F(t,z) — F({t+7,z) =0.

t—0o0 0<r<R
In this case we will say that F' is asymptotically autonomous. This is the case
if and only if w(F') consists only of autonomous functions G(t,z) = G(z). If F
is O, a sufficient (but not necessary) condition for asymptotic autonomy is that
lim; o D¢ F(t, ) = 0 pointwise in z.

Example 3.11. Suppose F is of the quasilinear form F(¢,z) = A(t)q(x) where A
is a d x d matrix function and g(x) € RY. Let w(A) denote the set of all uniform-
on-compact-intervals limits of sequences {A(- + 7x)} where 7, — co. Then w(F)
consists of all quasilinear functions G(t,z) = B(t)gq(xz) where B € w(A). When
F' is quasilinear, the preceding examples correspond respectively to the cases that
A(t) has a limit as t — oo, or that A is asymptotically periodic, or that A is
asymptotically constant. In this last case, note that

w(A) = NpenA([n, 00)).

3.2. Properness via solutions of omega limit equations. The following defi-
nition is of key importance in Theorem Recall that the definition of the term
“totally disconnected” is provided on page [0}

Definition 3.12. Assume that F' satisfies , , and . Let S denote the
set of all (bounded) functions u € C{(R) such that @+ E(t,u) = 0 on (—oc, 00),
for some E in the omega-limit set w(F'). We will say that F' has an admissible
omega-limit set provided that S consists only of constant functions, and that these
constants form a compact and totally disconnected subset of RY.

When F has an admissible omega-limit set, if “t goes to infinity” in the equation
i+ F(t,u) = f, no resulting equation has a nonconstant solution that is bounded
on R. This will be the key to proving Theorem [3.16

It is useful to record one more definition, if only to highlight the connection
between the admissibility of the omega-limit set and the third item in Corollary[3.3]

Definition 3.13. Given a function F' that satisfies (2.1)), (2.2), and (2.3)), we define
the omega zero set of F' by

Z(F):={z € RN : E(-,2) = 0 for some F € w(F)}.

Remark 3.14. Notice that u(t) = ¢ is a constant solution of & + E(t,u) = 0 (for
some E € w(F)) if and only if ¢ € Z(F). This shows that if F has an admissible

omega-limit set, then the set S that is mentioned in Definition3.12| coincides with
Z(F).

Remark 3.15. Notice that Z(F) includes all z € RY such that lim;_,, F(t,z) = 0.
However, Z(F) may contain other points. As an illustration, consider F(¢,z) =
(sinv/f)z. Then z = 0 is the only point such that lim; .., F(¢,z) = 0, but Z(F) =
RN because 0 € w(F).



EJDE-2011/135 BOUNDARY-VALUE PROBLEMS ON THE HALF-LINE 9

For Theorem recall that F: C} — Cy x X is defined by
F(u) := (¢ + Np(u), Pu(0)),
and that it follows from Theorem [2.2|that F € C*(Cj,Co x X1) and that
DF(u)v = (v + D, F(-,u)v, Pv(0)) for u,v € Cg.

Theorem 3.16. Assume that F satisfies (2.1)), (2.2), (2.3)), and that F has an
admissible omega-limit set. Then F is proper on each subset of C} that is closed

and bounded.

Proof. Let {u,} be a bounded sequence in C} such that {(fn,&.)} = {F(un)} is
convergent in Cp x X1. We are to prove that {u,,} has a C}-convergent subsequence.
To do so, we will first use Corollary to find a Cy-convergent subsequence; take
H = {u, : n € N} (see Remark [3.5).

Item |(a)| of Corollary follows immediately from the boundedness of {u,} in
Cg. Ite also follows from this boundedness. To see this, since {u,,} is bounded
in C}, the sequence {u,} of derivatives is equibounded on [0, 00). Therefore, all of
the functions in H are uniformly Lipshitz on [0, c0), and share a common Lipshitz
constant. This implies that H is uniformly equicontinuous.

For item take Z = Z(F) (see Definition which is compact and totally
disconnected by Definition Let u € C,(R) and a subsequence {uy, } of {u,}
be given. Let {£x} be a sequence of real numbers such that limg_, o, & = co. Put
Vg (t) 1= un,, (t + &k ). Assuming that {vg} converges pointwise to u, we are to show
that w(R) C Z(F).

We make several observations:

(i) Since {fn} C Cy, the translated sequence {f,, (- + &)} converges to zero
as k — oo, uniformly on compact intervals.

(ii) By passing to a subsequence and relabeling, we may assume that the con-
vergence of {vi} to w is uniform on compact intervals: u = co-limg_, oo V.
This follows from the boundedness and equicontinuity of {vy}.

(iii) By again passing to a subsequence, there is some F € w(F) such that
E = co-limy_. Fy, where Ey(t,z) = F(t + &, z). See Lemma and
Definition

It now follows readily from (ii) and (iii) that the sequence {Ng, (vx)} converges to
{Ng(u)} uniformly on compact intervals; we note that Ng, (vi)(t) = Ex(t,vi(t)) =
F(t+ &k, un, (t+ &)) and Ng(u)(t) = E(t,u(t)). As a result, the sequence {0y}
converges uniformly on compact sets to —E(t, u). Indeed,

0k (t) = tp, (t+ &)
= S (4 &) = F(t + &y tin, (T + k)
= fnk (t + fk) - Ek(tvvk(t))v

which converges to —E (¢, u(t)) as k — oo, uniformly on compact sets. But uniform
convergence of {0} on an interval implies that the limit function w is differentiable
and that {0y} converges to 4. Therefore,

a(t) + E(t,u(t)) = 0.
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Since u is bounded, it follows (from the admissibility of the omega-limit set of F')
that u is a constant function, say u(t) = z. Therefore, E(t,z) = E(t,u(t)) =
—4(t) = 0, so that u(R) = {z} C Z(F) by Definition [3.13]

Having completed the verification of all three items in Corollary we con-
clude that {u,} has a subsequence (again denoted {u,}) that converges in Cj to
a limit u*. To complete the proof, recall that N is continuous from Cj to itself
(Remark [2.3)). Therefore, the sequence {i,} = {—Npg(u,)} converges to —Np(u>)
in Cy. In particular, u* is differentiable and {u,} converges to 4> in Cj. Since
(the subsequence) {uy,} is therefore convergent in C{, the proof is complete. O

4. THE FREDHOLM PROPERTY

4.1. Linear systems. Let A = A(t): [0,00) — R%*? be a bounded and continuous
matrix function. In this section, we develop the Fredholm properties of the linear
operator D 4: C¢ — Cy defined by

Dau(t) :=u(t) + A(t)u(t),
as well as the augmented linear operator A: C} — Cy x X7 defined by
Au = (D au, Pu(0)).

Before we begin, we have a few remarks concerning autonomous systems (meaning
that A(t) = A is constant). In this case, the Fredholm property and index is
determined by the spectrum of A together with the dimensions of the associated
invariant subspaces of RY. If A has any eigenvalue on the imaginary axis, then the
range of Dy is not closed in Cy, whence neither D4 nor A is Fredholm. Otherwise
both operators are Fredholm. Moreover, the index of D4 is the algebraic count of
eigenvalues of A having positive real part. The index of A is diminished from the
index of D4 by exactly the dimension of Xj.

These facts are proved in the Sobolev space setting in [16], Section 2]. That
paper then reduces the nonautonomous case to the autonomous case by using a
limit A% = lim; .o, A(t). We do not assume the existence of such a limit, and
because of this our arguments will be significantly different. In the case A exists,
our results reduce to those of [I6, Theorem 4.1], albeit with respect to spaces of
smooth functions rather than Sobolev spaces.

When there is no limit for A(t) as ¢ — oo, the situation is a bit more subtle.
Merely to know the spectrum of A(¢) is no longer sufficient. In fact, the operator A
turns out to be Fredholm exactly when the matrix A = A(¢t) admits an exponential
dichotomy on [0, 00). This was proved by Palmer [I3] [12]. Palmer did not consider
spaces of functions that tend to zero as ¢ — oo, so we will provide proofs herein.

With respect to the linear system Dyu =4+ Au =0, let U = U(t) denote the
fundamental matrix solution of the system U 4+ AU = 0 with U(0) = I. We recall
that A admits an exponential dichotomy on [0, 00) if there exist a projection IT and
positive constants K and « such that

\U®IU(s) 7| < Ke (=) (4.1)
for all t > s> 0 and
\U)(I —T)U(s)"}| < Ke= (st (4.2)

for all s > ¢ > 0.
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It is well known that the range of II is uniquely determined in the sense that if
A also admits an exponential dichotomy with projection II’, then rgell’ = rgell.
Conversely, if IT" is any projection with rge IT" = rge II, then A admits an exponential
dichotomy with projection II’. (This converse is untrue if one replaces [0, 00) by
the whole real line.) Also, rgell coincides with the subspace of RY consisting of
those initial data & € RY such that the solution u(t) = U(t)€ of Du = 0, u(0) = £
remains bounded as ¢ — oo. By a solution with initial data in rgell will
tend to 0 exponentially as ¢ — oo. In contrast, shows that a solution with
initial data outside of rge IT will tend to infinity exponentially as t — oo. For these
properties (and others) see Coppel [3] or Massera and Schéffer [9].

Our first result in this section is that the Fredholm property of the operator D 4
is equivalent to the property that A admit an exponential dichotomy on [0, 00), and
that the Fredholm index is the same as the rank of any projection associated with
the exponential dichotomy. In order to prove this result, it will help to know that
when D 4 has closed range, it follows D4 is onto Cy and that a certain kind of a
priori bound exists on solutions to D4u = f. That is the content of the following
lemma:

Lemma 4.1. Assume that the operator Da: C3 — Cy has closed range. Let V;
be the subspace of RN consisting of the initial values u(0) of bounded solutions u
to the homogeneous equation Dau =0, and let Vo be any direct complement of V7.
Then

(a) The operator D4 is onto Cy.
(b) There is a positive constant r such that for all f € Cy, one has the estimate

[tlloo < 7[[.f[loos (4.3)
where u is the unique u € C§ such that Dau = f and u(0) € Va.

Proof. Since the subspace Cy of Cy consisting of compactly supported functions is
dense in Cy, it is enough to prove that the range of D4 contains Cy. Let f € Cy,
and suppose that f is supported in [0,T]. Let

- [[verss

u(t) = U(t) (5 + /Ot U(s)~1f(s) ds).

Then w is supported in [0,7] and Dau = f. This completes the proof of the first
assertion.

To prove the second assertion, let f € Cjy be given. Since we now know that D 4
is surjective, let v € C} be such that Dav = f. Let II denote the projection onto
Vi along Va. There is a unique w € C} such that Daw = 0 and w(0) = Iv(0).
It follows that if u = v — w, then Dau = f and u(0) € V5. To see that u is
unique in C}, the difference of two such functions will be a bounded solution to the
homogeneous equation D gu = 0 whose initial value lies in V5. By definition of V5,
this initial value must be zero.

We will denote by S: Cy — C}, the linear map that carries f into u. We will
use the closed graph theorem to prove that S is bounded, and the proof will then
be complete. Take a sequence {(f,,u,)} in the graph of S and suppose that this
sequence converges in Cyp x Cp to some (f,u). Fix ¢ > 0. Using the uniform

and let



12 J. R. MORRIS EJDE-2011/135

convergence of {(fn,un)} to (f,u) and the uniform continuity of A on [0,t], we
have
u(t) —u(0) = lim up(t) — u,(0)

n—oo

= lim —A(s)un(s) — fn(s)ds

n—oo 0

- /0 —A(s)u(s) — f(s)ds.

Upon differentiating with respect to ¢, we find that Dau = f. Since it also happens
that «(0) = lim, o0 4, (0) € Vo, it follows that Sf = u as desired. O

Of course, the second assertion in Lemma continues to hold if D, is already
known to be surjective. Here is the first main result in this section.

Theorem 4.2. Assume that A = A(t): [0,00) — R4 js bounded and continuous.
Then the operator D s: C} — Cy defined by Dau(t) = u(t)+ A(t)u(t) is a Fredholm
operator if and only if A admits an exponential dichotomy on [0,00). In this case,
D 4 s surjective and dimker D4 = dimrgeIl so that

ind Dy = dimrgell,

where II is any projection associated with the exponential dichotomy. Additionally,

for all f € Cy,
{uw(0):u € Cy and i+ Au = f} = rgell — /0 (I —INU(s)" f(s) ds. (4.4)

Proof. First assume that D4 is Fredholm. In particular, the range of D 4 is closed
in Cy. According to Coppel [3, (Proposition 3 on page 22)], to prove that A admits
an exponential dichotomy it is sufficient to show that the equation u(t)+ A(t) = f(t)
has a bounded solution (not necessarily in C}) whenever f € Cy,. So let f € C, be
given, and let {f,} be a sequence of continuous functions on [0, c0) such that for
each n € N,

(a) fn agrees with f on [0,n],

(b) f» is supported in [0,n 4 1], and

(e) [fu(®)] < [f(#)] on [0, 00).
Since these functions are compactly supported, they are all in Cy. Let V7 and V4
be as in Lemma and let u, be the unique solution to D su, = f, such that
un(0) € Va. According to Lemma the sequence {u,} is bounded because the
sequence { f,,} is bounded. There is hence a subsequence {uy, } such that the initial
values &, = up, (0) converge to some £ € Va. Define

u(t) = U(t) (g + /Ot U(s)~Lf(s) ds)

so that Dau = f. For the desired application of the mentioned result from Cop-
pel [3], it remains to show that u is bounded on [0,00). Fix ¢t > 0. For all n > t,
we have f,(t) = f(t). Therefore for all nj > ¢,

tny, () = u(t) = U@) (& — &)
In particular, u(t) = limg_ o0 un, (t). Because the sequence {u,} is (uniformly)
bounded, this shows that u is bounded on [0, c0).
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Conversely, assume that A admits an exponential dichotomy on [0, c0). For each
f € Cy and ¢ € RY, introduce the notation

u=ure(t) :=U(t) (f + /Ot U(s)"'f(s) ds)

for the solution to the initial value problem Dau = f, u(0) = &, regardless of
whether this solution is in C§. Recall that the map S that carries £ into ug¢ is
an isomorphism of RY onto the vector space of all solutions to the homogeneous
equation D u = 0. The kernel of D4: C} — Cj is thus isomorphic to the set of all
¢ € RY such that S¢ = ug¢ € CL. We claim that in fact

ker D4 = S(rgell).

Indeed, the defining properties and of exponential dichotomy imply that
up,¢ has exponential decay as ¢ — oo when & € rgell, and exponential growth
otherwise. Therefore, ug ¢ € C§ if and only if £ € rgell.

We next consider the range of D4 in Cy. For each choice of f and &, we decom-
pose uys ¢ along the projection II as follows:

upe = UM+ 1= e+ [ U7 (5)ds)
= U(t)H§+/O UIIU (s) " f(s) ds

+U®) ((1 ~ e+ /Ot(l —I)U(s)"Lf(s) ds)

=:g1(t) + 92(t) + g3(¢).

First, g1 = uo,ne € C§. Second, let € > 0 and let T > 0 be such that |f(¢)] < e
when ¢ > T. Because of (4.1), when t > T

9 ()] < / Kemot=|f(s)|ds

t

T
< K| flloo / e t=9) dg + Ke/ e—a(t=s) g4
0 T

= Ka ([ flloo (€778 — 70 4 ¢(1 — e2T1))

For sufficiently large ¢, this expression is no more than 2Ka~'e. Since € > 0 was
arbitrary, this shows that go € Cy. As for g3, note first that

7 = / (I~ U(s)" f(s) ds

is a well-defined element of rge(I — II); this is due to and the boundedness of
f. Indeed,

(I—U(s)~ | < Klems
so that the integrand decays exponentially as s — co. Notice now that

outt) = U (T =g+~ | " (1) (s) ds)

— U — (€ + ) — / T U1~ U(s) " f(s) ds
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Because of ([4.2)), we have

| / - (s s < | " Kemo 6| f(s)] ds

< Ko~ tsup|f(s)],
s>t
which converges to zero as t — oo. Therefore, g3 will be in Cy if and only if
limy oo U(¢)(I —II)(€ + 1) = 0. For this, it is necessary and sufficient that one
has £ +n € rgell. Since { = us¢(0), this is the content of assertion (£.4). In
any case, it is possible to choose £ (say £ = —n) so that g3 is in Cp. In that case,
Upe = g1 + g2 + g3 is in Cy as well. Because A is bounded and & = —Au + f,
it follows that u € C§. This shows that D4 is surjective, which completes the
proof. O

Notice that in the first part of the proof, we used the fact that Fredholm maps
have closed range (by definition), but we used no other property of Fredholm maps.
Therefore, as soon as D 4 is known to have closed range, it follows that D 4 is Fred-
holm (and that A admits an exponential dichotomy on [0,00)). This observation
amounts to the following corollary, which will be used later.

Corollary 4.3. Assume that A = A(t): [0,00) — R is bounded and continuous
and that the operator D4 : C — Cy defined by D au(t) = u(t) + A(t)u(t) has closed
range. Then D 4 is Fredholm.

We next consider the Fredholm properties of the differential operator with eval-
uation at zero.

Theorem 4.4. Assume that A = A(t): [0,00) — R*4 s bounded and continuous.
Let P be any linear projection in RN . Then the operator A: Cf — Cy x X defined
by Au = (D au, Pu(0)) is a Fredholm operator if and only if A admits an exponential
dichotomy on [0,00). In this case,

ker A = {U(-){ : £ € rgeII Nker P},
rge A = {(f,n) € Co x X1 :n+/oo(I—H)U(s)*1f(s)ds € rgell + ker P},
0

and ind A = dimrge Il — dim X7, where Il is any projection associated to the expo-
nential dichotomy admitted by A.

Proof. We can append the zero map to D4 without changing the Fredholm property
and index, as long as the target space is only trivially enlarged; this results in the
map
(DA,0): C3 — Cy x {0}.

If we now enlarge the target space to Cp x X1, the codimension of the range increases
by dim X;. The map A is then a finite rank perturbation of the result; recall that
neither the Fredholm property nor the index are affected by perturbations of finite
rank (nor even compact perturbations). The end result in changing D4 into A is
that the Fredholm index decreases by dim X7, the only exception to this being that
neither operator is Fredholm.

Next, u € ker A if and only if u € C§ with Dyqu = 0 and Pu(0) = 0. By
Theorem this is the case if and only if u(t) = U(t)§ (so that D4 = 0) and
¢ € rgell (so that u € C}), and u(0) € ker P.
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Finally, by Theorem 4.2| (f,n) is in the range of A if and only if n = P¢ and
€ ergell — fooo(l —INU(s)~1f(s)ds. Since n = P¢ means that n differs from ¢ by
a vector in ker P, this proves the claimed characterization of rge A. O

Corollary 4.5. In the situation of Theorem [[.]} the operator A is Fredholm of
index zero from C¢ into Cy x X1 if and only if II and P have the same rank. In
this case, the following are equivalent:

(a) The map A is an isomorphism.
(b) rgelINker P = {0}.
(c) RN =rgell @ ker P.

Proof. In the situation of Theorem the Fredholm index of A is dimrgell —
dim X;. Of course, this is zero if and only if II and P have the same rank. Fur-
thermore, a map of Fredholm index zero is an isomorphism if and only if the map
has trivial kernel. By Theorem [£.4] this kernel is rge Il N ker P. Finally, under the
assumption that P and II have the same rank, the conditions that rgelIl N ker P
and RY = rgeIl @ ker P are equivalent. O

By drawing upon what is known about exponential dichotomies, we can use
Corollary to quickly deduce a variety of specific conditions that are sufficient
for A to be Fredholm of index zero. We present several as examples. FExcept
where an alternate citation is given, all of these can be verified by consulting (for
example) [3] or [9].

Example 4.6. If A* = lim; o A(t) exists (which includes the constant case),
then A is Fredholm if and only if A% has no eigenvalues on the imaginary axis. In
this case, A has index zero if and only if the rank of P is equal to the algebraic
count of eigenvalues of A>° that have positive real part.

Example 4.7. If A is asymptotically autonomous, then A is Fredholm if and only
if the eigenvalues of A are eventually bounded away from the imaginary axis. In
this case, A has index zero if and only if the rank of P is equal to the algebraic
count of eigenvalues that stay to the right of the imaginary axis. We must remark
that this kind of condition is not valid when A is not asymptotically autonomous.

Example 4.8. By the usual Floquet theory (see Hsieh and Sibuya [8, pages 87-89]),
the study of periodic systems can be reduced to that of autonomous systems. As a
result, if A has period T, then A is Fredholm if an only if U(T) has no eigenvalues
of unit modulus. In this case, A has index zero if and only if the rank of P is equal
to the algebraic count of eigenvalues of U(T') with modulus greater than unity. In
fact, this example extends to asymptotically periodic systems.

Example 4.9. The operator A is Fredholm if and only if there are a bounded,
continuously differentiable Hermitian matrix function H = H(t) and a constant
B > 0 such that

H(t)A(t) + A()*H(t) — H(t) > I
for a.e. t > 0, in the sense of quadratic forms on RY. (See Coppel [3].) In this
case (see [I1}, Corollary 4.4]), the algebraic count d of positive eigenvalues of H(t)

is eventually independent of ¢, and A has index zero if and only if the rank of P is
equal to d.
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4.2. Properness and the Fredholm property. There is an interesting and prac-
tical connection between Theorems [B.16] and 2] The connection is due to Yood’s
Criterion, which states that a bounded linear map of Banach spaces is proper on
the closed and bounded subsets of the domain if and only if the kernel of the map
is finite dimensional and the range of the map is closed. This leads to a test for the
Fredholm property and index. To use this test, one can replace A by any element
of w(A), which may be easier to work with. We have the following theorem.

Theorem 4.10. Assume that A is a bounded, uniformly continuous N X N matriz
function on [0,00). Assume that for all B € w(A), there are no bounded, nontrivial
solutions to 4 + B(t)u = 0 on (—o0,00). Then the dimension of the kernel of
Dp: C} — Cy is independent of the choice of B € w(A). Moreover, A is Fredholm
of index dimker D — dim X3 .

Proof. By assumption, the set .S in Definition is S = {0}, which is certainly
compact and totally disconnected. Therefore, A has an admissible omega-limit set,
and it follows from Theorem that A is proper on the subsets of C§ that are
closed and bounded. Thus, Yood’s criterion guarantees that A has closed range
in Cyp x X;. It follows from Theorem (via Corollary that D4 is a surjec-
tive Fredholm operator of index k& = dimker D 4 and that A admits an exponential
dichotomy on [0, c0) with associated projection of rank k& = dimker D4. By Theo-
rem [44] the map A is Fredholm of dimension dimker D4 — dim X.

To complete the proof, we appeal to Remark 4 in Sacker [I8], in which Sacker
explains that under the current hypotheses, dimker Dg = dimker D4 for all B €
w(A). O

Remark 4.11. In Theorem [.10] it is assumed that there are no bounded, nontriv-
ial solutions to 7+ B(t)u = 0, while Definition [3.12] prohibits bounded nonconstant
solutions. This is because Theorem [4.10| concerns a linear system, so that the set
S in Definition [3.12]is automatically a vector space. Thus, for S to be compact, it
is necessary to require that S = {0}.

4.3. Nonlinear systems. Recall that RY = X; ® X is a given decomposition of
RY with associated projection P onto X; along X,. If I satisfies (2.1, (2.2), and
([2.3)) recall once again that we define an operator F: C§ — Cy x X7 by

F(u) == (i + Np(u), Pu(0)),
and that it follows from Theorem that F € C! (C&, Cox X 1) with
DF(u)v = (v + D, F(-,u)v, Pv(0)) for u,v € C;.

Lemma 4.12. Assume that F satisfies (2.1, , and (2.3). Then for each
u € C}, the bounded linear operator DF(u) — DF(0) is compact.

Proof. Let {v,} be a bounded sequence in C§. To show that (DF(u)—DF(0))v, =
(D.F(-,u) = D.F(-,0))v,,0) has a convergent subsequence in Cy x X7 is to show
that
{wy} :={(D.F(-,u) — D.F(-,0))v,}

has a convergent subsequence in Cy. Firstly, note that for each N € N, the (restric-
tion of) the sequence {v,} is bounded and uniformly continuous on [0, N]. Thus,
by the Ascoli-Arzela Theorem and a diagonal sequence argument, there is a sub-
sequence of {v,} (again denoted {v,}) and a function v € C}, such that v, — v
uniformly on compact intervals.
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We will now show that {w, } is a Cauchy sequence in Cy, and is hence convergent
there. Let € > 0. The sequence {v,} is uniformly bounded on [0,00) x RYM.
According to Lemma limy oo (D.F(t,u(t)) — D,F(t,0)) = 0. These two
facts imply that there is T' > 0 such that |w, ()| < ¢/4 for all n € Nand all ¢t > T.
Thus,

|wn(t) — wm(t)| < €/2, foralln,m e Nandt>T. (4.5)

On the other hand, {v,} is uniformly convergent (hence uniformly Cauchy) on
[0,T]. Since (D.F(t,u(t)) — D.F(t,0)) is bounded on [0, 7], the sequence {w,} is
also uniformly Cauchy on [0, T]. With (4.5)), this implies that for some N € N,

|wn(t) — wm(t)| <€, for all n,m > N and ¢t > 0.

That is to say, the sequence {w,} is Cauchy in Cy, as advertised. O

Theorem 4.13. Let F satisfy 2.1), [2.2)), and [2.3). Then F: C} — Co x X is
a Fredholm operator if and only if D, F(-,0) admits an exponential dichotomy. In

this case, ind F = 0 if and only if dim X, equals the common rank of the projections
associated to this exponential dichotomy.

Proof. Recall that by definition, the nonlinear operator F is Fredholm if and only
if DF(u) is Fredholm for some w. In this case, DF(u) is Fredholm for all u, and
the index is independent of u, and the Fredholm index of the nonlinear operator F
is defined to be this common value of ind DF(u).

Lemma shows that the Fredholm property and index (which do not vary
under compact perturbations) of DF (u) agrees with that of DF(0). An application
of Corollary [4.5| with A(t) = D,F(t,0) completes the proof. O

5. EXISTENCE THEOREMS

In the first result the hypotheses are relatively abstract. This is where the
topological degree argument is provided. Subsequent results will have more concrete
(though less general) hypotheses.

Lemma 5.1. Assume that F is of class C* from C} to Cy x X1. Assume moreover
that F is Fredholm of index zero and is proper on the subsets of C} that are closed
and bounded. Assume as well that for a given pair (f,£) € Co x X1, that a priori
bounds exist in the sense that the set

{u e Cy: F(u) = (sf,s€) for some 0 < s <1} (5.1)

is norm bounded in C}. Finally, assume that F is odd.
Then there exists uw € C§ such that F(u) = (f,£).

Proof. Let R > 0 be a norm bound for the set defined in , and let B be the
open ball of radius R + 1 and center 0 in C3. By assumption, F: C} — Cp x X3
is a C' map of Fredholm index zero that is proper on the closure of B. All of this
ensures that F is B-admissible, in the sense of [14] Definition 4.1].

Next, the choice of B ensures that (sf,s§) € Cy \ F(0B) for all 0 < s < 1.
As it is introduced in [I4] Corollary 5.5], the absolute degree |d|(F, B, (sf,s§))
is a well-defined nonnegative integer for all 0 < s < 1. Introduce the homotopy
h:[0,1] x C} — Cp x X7 by

h(s,u) = F(u) = (sf, ).
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To conclude that the absolute degree is invariant along h, we must verify first that
h is B-admissible, in the sense of [I4, Definition 4.2]. It is clear that h is C'. To
see that h is Fredholm of index one, note that Dh(s, ) is a rank one perturbation
of the linear map L := (0, DF(u)) from R x C} into Cy x X;. Thus, the Fredholm
properties of Dh(s,u) coincide with those of L. Now, L has the same range and
target space as DF(u), but the kernel of L is R x ker DF(u). Since DF(u) is
assumed to be Fredholm of index zero, it follows that L is Fredholm of index one,
as desired.

For the B-admissibility of h, we must also verify that the restriction of A to
[0,1] x B is proper. That is to say, the preimage of a compact set in Cy x X; should
have compact intersection with [0, 1] x B. Suppose that {(s,,u,)} is a sequence in
[0,1] x B such that {h(s,,u,)} converges in Cy x X1, say to a point (g,n). Since
[0,1] is compact, we may assume that s, converges to some sg. By definition of
h, we see that the sequence {F(uy)} converges to (g + sof,n + so). It follows
at once from the assumed properness of F on the subsets of C} that are closed
and bounded that {u,} possesses a convergent subsequence. Having verified that
h is B-admissible, it now follows from [I4] Theorem 5.1] that |d|(h(s,-), B, (0,0)) is
independent of 0 < s < 1.

By Borsuk’s Theorem, the assumed oddness of F implies that this degree is
nonzero when s = 0. By homotopy invariance it follows that |d|(k(1,-), B, (0,0)) is
nonzero. The normalization property of the degree implies the existence of some
u € B such that F(u) — (f,£) = (0,0). This completes the proof. O

There are various tools available to ensure that the degree is nonzero at the
s = 0 point of the homotopy h that is used in the above proof. In Lemma [5.1
the assumption that F be odd can be dispensed with if the degree is known to
be nonzero. For this, one sufficient pair of conditions is that there be no nonzero
solution u € C¢ to the homogeneous equation F(u) = (0,0), and the zero solution
be regular in the sense that DF(0) is an isomorphism. Briefly, the condition is that
the trivial solution to F(u) = (0,0) be both unique and regular.

In that case, it follows from the definition of the degree at regular values that
|d|(F, B, (0,0)) = 1. An additional relevance of this situation is that isomorphisms
are automatically Fredholm of index zero. Since Lemma [£.12] ensures the com-
pactness of DF(u) — DF(0) for all u € C}, it follows from the invariance of the
Fredholm property under compact perturbations that F is Fredholm of index zero.
All of this results in the following variation of Lemma, [5.1

Corollary 5.2. Assume that F is of class C from C§ to Co x X;1. Assume also
that F is proper on the subsets of C} that are closed and bounded. Assume as well
that for a given pair (f,£) € Cy x X1, that a priori bounds exist in the sense that
the set is norm bounded in C}. Finally, assume that there is no nonzero
solution u € C} to the homogeneous equation F(u) = (0,0), and that DF(0) is an
isomorphism.

Then there exists u € C such that F(u) = (f,£).

Proof. The proof of Lemma [5.1] needs to be modified only according to the above
remarks concerning nonzero degree and the Fredholm property. In particular, recall
that compact perturbations of linear maps of Fredholm zero are again Fredholm of
index zero, and that F is Fredholm of index zero if DF(u) is Fredholm of index
zero at each u € C{. 0
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Remark 5.3. There is no harm done (but perhaps no practical gain made) in
replacing the linear path from (0,0) to (f,€) in (5.1) by any C! path from (0,0) to
(f,6)-

Before stating the next theorem, it may be helpful to bring in the following
definition:

Definition 5.4. Let f € Cy and € € X; be given. Let S be the set of all u € C}
such that
u(t) + F(t,u(t)) = sf(t) forallt >0,
Pu(0) = s¢
for some 0 < s < 1. If S is norm-bounded in C}, we say that the pair (f, &) satisfies
the a priori bounds condition for F.

Theorem 5.5. Assume that F satisfies , , and and that F has an
admissible omega-limit set. Assume that (f,€) € Cy x X3 satisfies the a priori
bounds condition for F', and that the homogeneous system associated to has
both uniqueness and regularity of the trivial solution. Then there is at least one
u € C§ to solve (L.1)).

Proof. We apply Corollary It follows from Corollary that F (as defined
in (2.4)) is a C* map from C§ to Cy x X;. It follows from Theorem that
F is proper on the subsets of C§ that are closed and bounded. According to
Definition the a priori bounds condition of Corollary is satisfied.

Finally, to say that the homogeneous system associated to has both unique-
ness and regularity of the trivial solution means precisely that the remaining re-
quirements of Corollary [5.2] are met as well. We conclude that there is indeed at
least one u € C§ to solve([L.1)). O

Remark 5.6. As per Remark there is no harm in replacing the linear path
from (0,0) to (f,¢) in (5.2)) by any C! path from (0,0) to (f,&).

Perhaps less useful in practice, the following version (which avoids the isomor-
phism condition) is worth recording:

Theorem 5.7. Assume that F satisfies , , and and that F has an
admissible omega-limit set. Assume that (f,€) € Cy x X, satisfies the a priori
bounds condition for F'. Finally, assume that F is Fredholm of index zero and that
F(t,) is odd for each t > 0. Then there is at least one u € C§ to solve,

Proof. This result follows from Lemma [5.1] instead of Corollary O

(5.2)

Remark 5.8. In applications of Theorem [5.7, one must verify that F is Fredholm
of index zero. By Lemma it is enough to check that DF(0) is Fredholm of
index zero, for which in turn it is sufficient to know that DF(0) is an isomorphism.
In this context, the assumed oddness replaces the uniqueness of the trivial solution
to the homogeneous problem.

Alternately, one can use the results of Section [4] to verify that F is Fredholm of
index zero. According to Theorem it is necessary and sufficient that D, F(+,0)
admit an exponential dichotomy with associated projection of the same rank as P.
There are a number of examples given in Section [4 of how to do this. Of particular
interest in the context of this paper is that it is sufficient to set A = D, F(+,0) and
to check that for all B € w(A), that there are no bounded, nontrivial solutions to



20 J. R. MORRIS EJDE-2011/135

@+ B(t)u = 0 on (—o0,00). In this case, according to Theorem it remains
only to check that for any B € w(A) (and hence all B € w(A)) that the dimensions
of ker D 4 and of X; are equal.

In principle, this approach allows for applications of Theorem even when the
trivial solution to the homogeneous system associated to is neither unique nor
regular.

6. EXAMPLE

This section provides a new example that builds upon the results in [I6, Example
7.2, culminating in Theorem 7.3]. (For a variety of other examples, please see [10].)

Let I be any closed interval containing zero, possibly as an endpoint. Let g =
g(t,s): I xR — R and h = h(t,s): I x R — R be two real-valued functions with
the following properties. (Of course, this means that each of the following is true
also upon replacing g by h, possibly with different constants.)

g(t,0) =0, (6.1)
D,g exists and is continuous on I x R, (6.2)
g, and D,g are B.U.C. on I x K for each compact interval K, (6.3)
D,g is non-negative, (6.4)
11611; D,g(t,0) > 0, (6.5)
and finally, there are positive constants a and s* such that for all t € I,
g(t,s)/s > a whenever |s| > s*. (6.6)

Of course, the significance of conditions (6.1])-(6.3) are that g and h satisfy (2.1))-
(2.3) (with N = 1, with each of g and h in place of F', and with I in place of [0, 00)).
Also, if condition holds for all & > 0 (so that s* = s*(«)), then g and h are
super-linear.

The following are a few simple properties that will be used later.

Lemma 6.1. Continue to assume that g: I xR — R satisfies conditions (6.1) -.
Then

) g(t,s) has the same sign as s.

) sg(t,s) and g(t,s)/s are both positive when s # 0.

) If s >0, then inficr g(t,s) > 0.

) If s <0, then sup,e; g(t, s) < 0.

) The function g*(s) := inficr g(t, s) is monotone increasing.
) limg—oolg(t, s)| = oo uniformly int € I.

Proof. (a) Since g(t,0) = 0, this follows from the non-negativity of Dsg, along
with the strict positivity of Dgg(t,0).
This follows from part (a).

)
(c) This follows from (6.5).

) This also follows from (6.5)).

) Let s > s1, and choose € > 0. Let ¢; and ¢3 be chosen so that both
lg*(s1) — g(t1,s1)] and |g*(s2) — g(t2, s2)| are smaller than e. Then

g*(s2) — g"(s1) > g(t2,52) — g(t1,51) — 2¢
= (9(752»32) - g(tz,sl)) + (9(752781) — g(t1a51)> — 2¢
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0+ g"(s1) — g(t1,81) — 2¢
—3e,

(AVARLYS

where we have used the fact that for fixed ¢o, the function g(t2,s) is
monotone increasing in s. Since € > 0 was arbitrary, this shows that
g*(s2) — g*(s1) > 0, as desired.

(f) This follows from (6.6).
O

Before stating and proving the main existence result, it helps to prove two lemmas
that concern blowup and a priori bounds.

Lemma 6.2. Let g = g(t,s) and h = h(t, s) be two real valued functions on I x R
that satisfy conditions (6.1)-(6.5). Let u = (v,w) be any nontrivial C* solution to
the homogeneous problem
0+ g(t,w) =0,
W+ h(t,v) =0.
We take u to be extended from t = 0 as far as possible as a solution, perhaps to all
of I.
(a) If v(0)w(0) < 0 and [0,00) C I, then u blows up as t — oo (possibly in
finite time).
(b) If v(0)w(0) > 0, and (—o0,0] C I, then u blows up as t — —oo (possibly in
finite time).

(6.7)

Proof. At most one of v(0) and w(0) is zero, and it is no loss of generality to assume
that w(0) # 0. Otherwise, we can exchange the names of g and h. This exchange
results in a corresponding exchange in the names of v and w.

We first consider (a). We examine the case that w(0) > 0 and v(0) < 0; the
remaining case has a similar proof. With reference to Lemma part we have

9(0) = —g(0,w(0)) <0,

and
(0) = —h(0,0(0)) > 0.

Thus v is decreasing and w is not decreasing at ¢t = 0. Let J be the set of all t > 0
such that w > 0 on [0,¢). Note that in J, we have v(t) = —g(¢t,w) < 0 so that v
is decreasing on J. In particular, v is non-positive on J. Since w(t) = —h(t,v), it
follows that w is non-decreasing on J. Unless the solution blows up in finite time
(in which case there is nothing to prove), this shows that [0,00) C J. Therefore,
w > w(0) on [0,00), from which it follows that 0(t) = —g(t,w(t)) < —g(t,w(0)) <
—inf;>0 g(t, w(0)) < 0. (See Lemmal6.1] part[(c)]) Since © is negative and bounded
away from zero, this proves that v(t) — —o