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STABILITY AND APPROXIMATIONS OF EIGENVALUES AND
EIGENFUNCTIONS OF THE NEUMANN LAPLACIAN, PART 3

MICHAEL M. H. PANG

ABSTRACT. This article is a sequel to two earlier articles (one of them written
jointly with R. Banuelos) on stability results for the Neumann eigenvalues and
eigenfunctions of domains in R? with a snowflake type fractal boundary. In
particular we want our results to be applicable to the Koch snowflake domain.
In the two earlier papers we assumed that a domain © C R2? which has a
snowflake type boundary is approximated by a family of subdomains and that
the Neumann heat kernel of € and those of its approximating subdomains
satisfy a uniform bound for all sufficiently small ¢ > 0. The purpose of this
paper is to extend the results in the two earlier papers to the situations where
the approximating domains are not necessarily subdomains of 2. We then
apply our results to the Koch snowflake domain when it is approximated from
outside by a decreasing sequence of polygons.

1. INTRODUCTION

This paper is a sequel to the papers [I} [7]. The goal of these three papers is to
prove stability results for the Neumann eigenvalues and eigenfunctions of domains
in R? with a snowflake type fractal boundary. In particular we want our results
to be applicable to the Koch snowflake domain. In [I] and [7] we assumed that
a domain ©Q C R? which has a snowflake type boundary is approximated by a
family of subdomains and that the Neumann heat kernel of 2 and those of its
approximating subdomains satisfy a uniform bound for all sufficiently small ¢ > 0
(see Hypothesis 1.1 of [I] and [7]). The referee of [I] asked whether stability results
similar to those in [I] and [7] are still true if the approximating domains of
are not necessarily subdomains of © and whether the proofs in [I] and [7] can
be extended to those situations. If the results and methods in [I] and [7] can be
extended to those situations, then they can be applied to domains, such as the Koch
snowflake domain, which can be approximated by a familiar decreasing sequence of
polygons from outside. The method in [I, [7] can be extended to situations when the
approximating domains are not necessarily subdomains of €2, but not in a straight
forward manner. The purpose of this paper is to work out such an extension and
to apply it to the Koch snowflake domain when it is approximated from outside by
a decreasing sequence of polygons.
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To state our results we first fix notation. Let Q@ C RY, N > 2, be a bounded
Sobolev extension domain. Let ¢y > 0 be sufficiently small, depending on 2. For
each € € (0, 0], let Q, Q° and Q(e) be bounded Sobolev extension domains in RY
satisfying the following assumptions:

Qe D {x € Q: dist(z,0Q) > €},
Q° C {z e RY : dist(z,Q) < €}, (1.1)
Q. C Qe) C Q°.
We shall assume that
Qsl D) QQ fo0<e <e < €0 (12)

and that

QTCO? if0<e <e < €0. (13)
Let —A,, —A, —A¢, —A(e) be the Neumann Laplacian defined on €, 2, ¢ and
Q(e), respectively, and let P.(¢t,z,y), P(t,x,y), P¢(t,z,y) and P(e)(t,x,y) be the
heat kernel of e=2¢t, =2t =A% and e~ 2O respectively. We shall assume that
there exists a positive continuous function ¢ : (0,1] — (0,00) such that for all
0<e<eyandall 0 <t <1 we have

Pc(t,z,y) <c(t) (,y € Q),

P(t,z,y) <c(t) (v,y€Q),
Ptz y) < clt) (9 € ), (1.4)
P(e)(t,z,y) <c(t) (z,y € Qe)).

Since the domains €., Q, Q¢ and Q(¢) are assumed to be bounded, implies that
A, —A, —A° and —A(e) all have compact resolvents (see [4, Theorem 2.1.5]).
We shall write {u;}52, for the eigenvalues of —A, where {u;}7°, is a non-decreasing
sequence with g =0 and the eigenvalues are listed repeatedly according to multi-
plicity. Similarly, for 0 < € < ¢y, we shall write {p; }52,, {1512, and {u; ()},
for the eigenvalues of —A., —A€ and —A(e), respectively. We shall write {¢; }52,
{@ie}21, {12 and {g;(€)}52, for the corresponding eigenfunctions of —A, —A.,
—A€ and —A(e), respectively. We may, and shall, assume that {¢;}5°,, {pi}24,
{psyee, and {¢;(€)}52, are complete orthonormal systems in L2(9), L?(Q.), L?(Q2)
and L?(Q(e)), respectively. We define the sequence {k; }3°; of positive integers using
the multiplicities of the eigenvalues {y;}32; of —A as follows:
Let k1 =1 and, for i = 2,3,4, ..., we define k; by:

O=p1 <po=p3="1"= iy < flhyt1 = Php+2 = """ = kg (1.5)
< kg1 = Phgt2 = 00 = Py < flgg41 = '
For all j =1,2,3,... and all € € (0, 9] we write
2 2

pilanne = Zaj, ) € 1220 9(e) C L(0(e). (1.6)

Let p > 1 be an integer. For i =k, + 1, ... , kpy1 and € € (0, €] let

kpt1

() = . 1.7
i@ = (D aledo)| " (1.7)

t=k,+1
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and let R R
$ile) = 19O A e Vi ). (18)

We now state our results:
Theorem 1.1. For alli=1,2,3,..., we have
lim 11 (€) = p;. 1.9
im p1i() = p (1.9)
Theorem 1.2. Let K be a compact subset of Q. Then we have
lim{sup |@; () —1;(e)(z)[} =0 (1.10)
€l0 zeK
forj=1,2.3,....
To apply Theorems [I.1] and [I.2] to the Koch snowflake domain, we have

Theorem 1.3. Let Q C R? be the Koch snowflake domain. Let {Qout(n)}3
be the usual decreasing sequence of polygons approximating € from outside, with
Qout (1) being a reqular hexagon. Let {4, (n)}S2, be the usual increasing sequence
of polygons approximating Q from inside, with Qin(1) being an equilateral triangle.
Let P(t,z,y), PP (t x,y) and PP (M (t,z,y) be the Neumann heat kernels
on Q, Qout(n) and Qiy(n), respectively. Then there exists ¢ > 1, independent of n,

such that
Pt a,y) <ct™' (z,y €9),

PQOHt(n)(tvzvy) <t (z,y € Qour(n)), (1.11)

PE(tz,y) < et (2,y € Qn(n)),
forall0<t<1landn=1,2,3,....

Remark 1.4. (i) The third inequality in was proved in [7, Theorem 1.3].
(ii) Since Q, Qout(n), Qn(n), n = 1,2,3,..., are bounded Sobolev extension
domains, Theorem enables one to apply Theorems and to the case
when €2 is the Koch snowflake domain approximated from outside by the sequence
{Qout(n) 72, by putting {Qc} = {n(n)}72, and {Q°) = {Q(e)} = {Qoue(n)}72,-

In Section [2] we shall prove some abstract approximation results for families of
non-negative self-adjoint operators with domains in Hilbert spaces. In Section [ we
consider the case when these non-negative self-adjoint operators are the Neumann
Laplacians defined on domains of RY. It will be seen that results in Sections [2| and
[3 imply Theorems [I.1] and [[.2] Theorem [I.3] will be proved in Section [4}

We refer to the references in [Il [7] for recent papers on numerical studies on
the Neumann eigenvalues and eigenfunctions of the Koch snowflake domain and
on stability results for Neumann eigenvalues and eigenfunctions. In addition, we
mention the excellent recent survey paper [2], and references therein, for stability
results for eigenvalues and eigenfunctions of elliptic operators defined on domains
with either Dirichlet or Neumann boundary conditions.

2. QUADRATIC FORMS AND APPROXIMATIONS

In this section we prove the abstract theorems we shall need in the proofs of the
mains results stated in Section [l} If &/ and V are Hilbert spaces and if i/ C V, then
we shall denote the orthogonal projection of V onto U by Py and write U1V for
the orthogonal compliment of I/ in V. We shall also write I, for the identity map
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on U. We shall let H be a fixed Hilbert space. For all sufficiently small € > 0, let
‘H. and H° be Hilbert spaces satisfying the following assumptions:

(A].) If0<e < €1, then H® C H.
(A2) Ifo<e < €1, then HEZ 2 Hgl.
(AS) ﬂ€>07‘[5 = H = U€>0H6.
(A4) For all f € H we have
If = Prwflln —0 aselO,
where || - || denotes the norm in H.
(A5) If €, > 0 and if f € H, then
HPHSI,’Hf — PHSI,’HﬁfHHS — 0 ase l 0

For all sufficiently small € > 0 let A(e) and B(e) be Hilbert spaces satisfying the
following assumptions:

(A6) He C B(e) CHNA(e) C A(e) C HE,
(A7) For all f € H we have
If = Prsie)fllx — 0 asel0.

We assume that for all sufficiently small € > 0 there exists a closed subspace C(¢)
of A(e) satisfying the following assumptions:

(A8) C(e) C HYHe.
Lemma 2.1. Ife; > 0, then for all f € H, we have
[ Prer ey fller — 0 ase ] 0.

Proof. Let f € H*. Then
[ Prcre (o) (Pre e (Prees e ) e
= |1 Prpe (o) [(Tre — Pre 1) (Prer me )]l
<N Prrwe el Prer me f — Prer g flle
< |[Prer e f — Prev i fllwer — 0 as e | 0.

O

We assume that for all sufficiently small € > 0 there exists a closed subspace
D(e) of A(e) satisfying the following assumptions:
(A9) A(e) = B(e) ® C(€) @ D(e), where @ denotes orthogonal direct sum.
(A10) If €1 > 0, then, for all f € H,

| Prer ey fller — 0 asel 0.

For all sufficiently small € > 0 let Q¢ and Q. be non-negative closed quadratic
forms with domains Dom(Q€) C H¢ and Dom(Q.) C H., respectively. Let Q be a
non-negative closed quadratic form with domain Dom(Q) C H. We assume that
Q, Q° and Q. satisfy the following assumptions:

(A11) For all sufficiently small € > 0, we have
(i) Dom(Q°) is dense in H¢,
(ii) Dom(Q) is dense in He,
(iii) Dom(Q) is dense in H.
(A12) For 0 < €3 < €1 we have
(i) Prer ez (Dom(Q7)) = Dom(Q),
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(i) Pper,n(Dom(Q)) = Dom(Q).
(A13) If €1 > 0, then, for all sufficiently small € > 0, we have
Prer 3¢, (Dom(Q7)) = Dom(Qe).

(A14) For 0 < €3 < €1 we have
() Pr., ., (Dom(Qe,)) = Dom(Q,),
(ii) Prn., (Dom(Q)) = Dom(Q, ).

Definition 2.2. Let ¢y > 0 be fixed. For 0 < e < ¢p let QE be the quadratic form
with domain

Dom(Q) = Dom(Q°) & (M) H
and, if f,¢g € Dom(Q¢) and h,i € (H)LH, we define Q°(f @® h,g & i) by

Q(f +h,g+1i) =Q(f,9) = Q(Preope (f + ), Preo e (g +4)).
Similarly we write Q and Q. for the quadratic forms with domains
Dom(Q) = Dom(Q) & H H,
Dom(Qc) = Dom(Q) & (He)* H®,
respectively, and, for all f,g € H®, we define Q(f, g) and Qe(f, g) by

Q(f,9) = Q(Preo 1 fy Preon 9),

Qe(f,9) = Qe(Preo . [ Preon.9),

respectively. We assume that these quadratic forms satisfy the following assump-
tions:

(A15) If 0 < e < €1 < €, then, for all f € H, we have
(1) Q(f f) = Q(Prer pea f Prer a2 f),
(i) Q(f,f) = Q(Prer 1 fo Prer 1 f)-

(A16) For all €1, € € (0,€p] and all f € H*, we have

Qq (fv f) 2 QGQ(P'HELHQ.ﬂ PHel,'HeZ f)
(A17) If 0 < e2 < €1 < €, then, for all f € H,,, we have

Qez(f7 f) 2 Qel(PHGQ,Hglfa PHQ,HEI f)
(A18) For all 0 < € < ¢y and all f € H, we have

QUf. f) = Qe(Prn. [, Prn. f)-
(A19) For all f € H we have

Qf, f) = ginge(PH,Hef, Pyw. f).
(A20) For all f € Dom(Q) we have
Q(Preon [, Preon f) = IQ%QE(PHEO,HEf; Pyco 1< f).

Definition 2.3. For 0 < € < ¢y let H. > 0 be the self-adjoint operator associated
to Q. with domain D(H,) C H.. Similarly, let H¢ > 0 and H > 0 be the self-
adjoint operators associated to Q¢ and Q, respectively, with domains D(H¢) C H¢
and D(H) C H.
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Assumptions (A11)—(A18) imply that we have an increasing family of non-
negative quadratic forms:

i €Qu << Qn < <R <QUL <UL (21)
where
0<ea<e1<e¢ and 0<e3z<ey<e. (2.2)
So by [3, Theorem 4.17] we have, for all A > 0,
> MN+FH)TTeN > > (N +H) T PeaT >
L2+ TText > o> HES) T o > L
>N HSH) o >
if €1, €0, €3, €4 satisfy (2.2), where (A + H,)~' @ A~! is the operator defined on
H = H,, © (He,)LH by
(A He) @A (f+9) = A+ Hy) T f+ 271

for all f € H,, and all g € (H,, ) H®. Similarly the operators (A + H)™' @ A~}
and (A\+ H¢)"t & A ~1 are defined on H® = HHLH®© and He = H® (H)LH,
respectively.
For 0 < € < ¢y let Q(¢) be a closed non-negative quadratic form with domain
Dom(Q(e)) € A(e) satisfying the following assumptions:
(A21) Dom(Q(e)) is dense in A(e).
(A22) For 0 < e < ¢ we have
(i) Pre a(e(Dom(QF)) = Dom(Q(e)),
(i) Page),n. (Dom(Q(e))) = Dom(Qc).
(A23) If 0 < € < €p, then, for all f € H¢, we have
Q°(f, ) = Qe)(Pre ace)fs Pre ae) f),

and, for all g € A(e), we have
Q(e)(9,9) = Qc(Pa(e),1.9> Pace)m.9)-
Definition 2.4. For 0 < ¢ < ¢ we define the quadratic form Q(e), with domain
Dom(Q(e)) = Dom(Q(e)) & A(e) “H® C H®
by R
Q(e)(f,9) = Q(€)(Preo, a(e) f5 Prco, a(0)9)

for all f,g € H®. We let H(e) > 0 be the self-adjoint operator associated to Q(e)
with domain D(H (€)) C A(e).

Assumption (A23) implies that if 0 < € < ¢q, then
Qe < Qe) < Q° (2.3)
and hence, by [3, Theorem 4.17],
A+H) T @aAxT>OA+HE) Taorxt>0\+H) tart (2.4)

for all A > 0, where (A + H(e))™! @ A~! is the operator defined on H® = A(e) ®
A(e)Heo by

(A HE) @A) (f+9) =+ H(e) T f+ATg
for all f € A(e) and g € A(e)He.
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Proposition 2.5 ([3, Theorem 4.32]). Let K, > 0 be an increasing sequence of
non-negative self-adjoint operators with domains in a Hilbert space U. Put

£ =n,D(K/?)
and let U be the closure of £. Then there exists a self-adjoint operator K > 0 with
domain D(K) C U such that its associated quadratic form domain equal € and that
(KYV2fKY2f) = lim (K2 K02 F) (f €€).

Moreover
lim { sup [le” "' f —e ' f} =0

n—00 0<i<a
foralla>0 and f € U. Hence for all X > 0 we have
I+ Kn) " f = A+ K) Tl =0 asn— oo
for all f €U.
Deifmition 2.6. For 0 < e < ¢y we lAet I:I6 and H€ be the operators with domains
D(H,.) = D(H.)@®(H) He and D(H) = D(H)® (H)LHe®, respectively, defined
by
H(f+g)=Hf= HGPHé(),He(f +9)
for all f +g € D(H.) @ (H)+H, and
He(f +g) = Hf = H Preo e (f + 9)
for all f + g € D(H®) ® (H)~H. Similarly we write H to denote the operator
with domain D(H) = D(H) & H-H¢ defined by
H(f+9)=Hf=HPros (f +9)
for all f +g € D(H) ® H-H®.
We also write Iife for the operator with domain D(ﬁe) = D(H.)®(H)*H defined
by
H.(f +9) = Hef = HPr (f +9)
forall f+ g€ D(H,) & (H ) H
Lemma 2.7. We have h
(1) limejo{supg<i<a ||6’H€tf —e Hif|l} =0 for all f € H and a > 0. Also
lim (A + +H)T = A+ H) T =0
forall f € H and a > 0.

(ii) hmelO{Supogtga e~ Hetf — e HEf]
Also

Heo} = 0 for all f € H® and a > 0.

lim [|( + Ho) 7' f = A+ H) 7 fllpgeo =0
for all f € H® and A > 0.
Proof. To prove (i) we apply Proposition withUd =H, K,, = 7%5 and then use
Assumptions (A17), (A18) and (A19). Similarly, to prove (ii) we apply Proposition

2.5 with U = H® and K,, = H., and then use Assumptions (A17), (A18) and
(A19). m
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Definition 2.8. Let U be a Hilbert space and let Q > 0 be a closed quadratic form
with domain Dom(Q) C Y. (Note that Dom(Q) is not necessarily dense in ¢.) Let
H > 0 be the self-adjoint operator associated to @ with domain D(H) C Dom(Q).
If 9 : R — R is a bounded measurable function, then we define the bounded
operator ¢(H) on U = Dom(Q) ® ((Dom(Q))+U) by

S(Q)(f +9) = S(H)f = (H)(P, 5o (f +9)) (2.5)

for all f € Dom(Q) and g € (Dom(Q))* U.

Similarly, on # = Dom(Q) @ ((Dom(Q))*U), we define the bounded operator
[¢(Q)]ar by
[D(@]ae(f +9) = o(H)f +g
= ¢(H) Py, 5omoy (f +9) + P%mlu(f +9)

for all f € Dom(Q) and g € (Dom(Q))*U.
In both (2.5) and (2.6]), ¢(H) is the bounded operator on Dom(Q) defined using
the spectral theorem.

Definition 2.9. Let U be a Hilbert space and for n = 1,2,3,... let @, > 0 be
a closed quadratic form with domain Dom(Q,) C U. (Dom(Q,) is not necessarily
dense in U.) Let Q > 0 be a closed quadratic form with domain in &/. (Dom(Q) is
not necessarily dense in ¢4.) We say that Q,, converges to @ in the strong resolvent
sense (srs) if for some A > 0 we have

lim (A +Qn)7 f=(A+Q)7f (fel).

Lemma 2.10. Let U, Q, and Q be as in Definitions and 2.9 Let P, be the
orthogonal projection of U onto Dom(Q.,). Suppose that for all f € U we have

|1Pof — fll =0 asn— oco.

(2.6)

Suppose also that Dom(Q) =U. Then Q, 5.0 asn — o is equivalent to

(AN Qn) M f—= [N +Q) mf asn — oo
for some A >0 and for all f € U.

The proof of this lemma is obvious.

Proposition 2.11 ([4, Theorem 1.2.3]). Let K,, >0, n=1,2,3,..., and K >0

be self-adjoint operators with domains in a Hilbert space U. Suppose that
Ky>Ky>-- 2Ky, >2Kpp1 22K

and that their associated quadratic forms satisfy

(KY2f,KY2f) = Tim (K2 f, 12 )

for all f in a form core of K. Then K, converges to K in the strong resolvent
sense.

Definition 2.12. We let C be the subspace of Dom(Q)) defined by
C = Up<e<e, Dom(Q%) & (H)H®.

(Note that C is a subspace of Dom(Q) by Assumption (A15).)

Lemma 2.13. C is a form core of Q.



EJDE-2011/100 STABILITY AND APPROXIMATIONS OF EIGENVALUES 9

Proof. We first recall that, by Assumption (A12),
DOHI(Q) = PHeV'H(DOm(Qe)) (0 <e< 60).

Let f = g+ h € Dom(Q), where g € Dom(Q) and h € HH®. Let o € Dom(Q*)
such that

Preo qoe = g.
For 0 < e <e¢q let
9e = Prco e = Ppe 1 ge + Prye 3419 e
= Pyeo noo + PHQHLHegC
=9+ Py y1ege

and let
he = Pyiggeo (1)L o D
and let
fe=ge+ he
= PHeo,HOé + PHE’HJ_Hege + he (27)

=g+ Pye prpcge + he.
Then, by (A12), f. € Dom(Q¢) @ (H¢)+H<°. Since
h = Pyipgeo ey ipeo b+ (Ingaeo — Preageo, ey 13¢e0 )
=he + (Iyipeo — PHLHGU,(He)LHeo)h,
we have
f—fe=9g+h—(9+ Pyeprrege + he)
=g+ he + (Inrpeo — Propgeo (o)t me0 )0 — (9 + Prye 111 ge + he)

= (IHJ_HEO — PHJ_HEO’(HG)J_HEO)h — PHE’HJ_HEge (2 8)

(Ingr3ge0 — Proingeo (1) 1070 )h — Preo pipge
= (Inye — Pre 1) Prco e h — (Ige — Prye 1) Prco e
—0 ase|0 (by (A5)).

Also, by ,

Q(f_f€7f_f€) =

(Prie, 1rme Prco e (h — @), Pyye pg19qe Preo 14 (h — @)

Q
0
since Py 3294 Preo e (h — @) € HEH. Also, by Assumption (A12), it is not
difficult to show that C is closed under addition and scalar multiplication. Hence C
is a form core of Q). O

Theorem 2.14. We have H¢ == H as ¢ 10.

Proof. Let 6 € (0,¢] and let f € Dom(Q?) @ (H®)H®. Then, for 0 < e < J, we
have, by (A5),

Prieo we f = Preo me [ — Preo i f + Preonf — Preonf asel0.
Hence, for 0 < € < 4, we have, by (A20),

Q°(f, ) = Q°(Preo 11 f, Preco e f)

— Q(Preo 1 f, Preonf) = Q(f, f) aselO.
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Thus for all f € C we have
QU ) =Tim Q*(f, f). (2.9)
The theorem now follows from Proposition together with (2.1), (2.9) and
Lemma 213 O
Definition 2.15. For 0 < € < ¢ we let H(e) be the operator with domain
D(H(e)) = D(H(e)) ® A(e)-H defined by
H(e)(f +9) = H(e)f = H(€)Pyeo a(e)(f +9)

for all f € D(H(¢)) and g € A(e)-H®. Thus H(e) > 0 is the self-adjoint operator
associated to the quadratic form Q(e) defined in Definition By (2.4) we have

A+H)™ > A+ H(e) ™ > A+ H)™!
forall A >0 and 0 < € < ¢p; i€,
(A+H)T 1) =2 A+ HEO) o f) = (A+ BT f) (2.10)
forall feHO, A>0and 0 < e < e¢.
Lemma 2.16. We have
(A +H)THf) = lim(O+ H(9) 7' )
for all f € H® and X\ > 0.
Proof. This lemma follows from the second inequality of Lemma ii), Theo-
remand . (]
Theorem 2.17. For all A > 0 we have
A+ H)7Hf = Tim(A+ H(e) ™' f
for all f € H. Hence for all a > 0 and f € H® we have

lim{ sup [le"#Otf —e " f|pe0} =0.
€l0 0<t<a

Proof. By Lemma ii)7 we have, for all A > 0,
A+ H)'f = lim(A + H)Yf (f € Ho).
This is equivalent to having

lim{ sup [le~ et f — e Mt f|
€l0 "0<t<a

for all @ > 0 (see, for example [3, Theorem 3.17]). Similarly, Theorem is
equivalent to

Hol =0 (f €H©) (2.11)

lim{ sup [le 7 —e M} =0 (f € H?) (2.12)

0<t<a

for all @ > 0. Since, for A > 0, we have

()\+I:I€)—1/2f:/ooo \/%e_)\te—litfdt (f € H),

()\+ﬁs)—l/2f:/ooo\/%e_)\te—fiqfdt (f € H),
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we have, from (2.11]) and (2.12)),

nﬁ)m L H)TV2f = nfg(x + H)TV = (N H)TV2f (2.13)
for all A > 0 and f € H. Since, for all A > 0,

A+ H) ' >N+ H(e) ™ > A+ H),
we have X R R
A+ H) Y2 >N+ H(e)™V2 > (AN + He)™V/?

for all A > 0 (see, for example, [3| Lemma 4.19]); i.e., for all 0 < € < €y, A > 0 and
f € He, we have

(A H)TV2L ) 2 (A H )TV ) 2 (A H)TRE ). (214)
Hence, from and , we have
(A +H)TV2E f) = limd O+ H(€) 72, f) (2.15)

for all A > 0 and f € H*. The polarization identity (see, for example, [3, p.103])
and (2.15)) imply that
(A +H)TH2f, g) = Tim((A+ H(e)) ™2, ) (2.16)

for all A > 0 and f,g € H®. We now need the following result.

Proposition 2.18 (See [3, Problem 4.11)). Let U be a Hilbert space and let f, f,, €
U forn=1,2,3,.... Suppose that

(f,9) = lim (fn,9) (9 €U).
Then
Tim S = fl =0 if and only if tim Ifall = 151
By Lemma [2.16] we have
fm 0+ B(0) /25

for all A > 0 and f € H®. Proposition together with (2.16) and (2.17)) imply
that

meo = [(A+ H)V2 ]|

o (2.17)

A+ H)7V2f = lim(\ + H(e) 72 f (2.18)
for all A > 0 and f € H°. Hence
A+ HE) ' f =+ H)f
= A+ H() PN+ H(e) T2 f = (A + H) 2]
+ A+ HEO)VPA+H) V2 — A+ H)TV2POA+H)TV2f -0 asel0

for all A > 0 and f € H*. The strong convergence of e~ 1t to e~ At now follows

from [3] Theorem 3.17]. O

We next impose more assumptions on the operators H, H¢, H. and H(e), 0 <

e < €q:

(A24) H, H¢, H,, H(e), 0 < € < ¢, have compact resolvents in the Hilbert spaces

H, H¢, H. and A(e), respectively.
0

(A25) Sp(H), 0 € Sp(H*), 0 € Sp(H,) and 0 € Sp(H (€)), 0 < € < €.
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Definition 2.19. We shall write {u;}$2, for the eigenvalues of H, where {yu;}32,
is a non-decreasing sequence and the eigenvalues are listed repeatedly according
to multiplicity. Similarly, for 0 < e < €y, we shall write {pf}52,, {1}, and
{pi(€)}52, for the eigenvalues of H¢, H, and H(e), respectively. Thus, by (A25),
we have
0=yp1=pi=p.=pmle) (0<e<Le).

We shall also write {¢; }321, {51521, {©i.e}721 and {@;(€)}52, for the corresponding
normalized eigenvectors of H, H¢, H, and H (¢), respectively. We shall also assume
that {0121, {9512, {2, and {p;(e)}$2, are complete orthonormal systems
in their respective Hilbert spaces H, H¢, H. and H(e).

(A26) pr, us, t1e p1(e), 0 < e < e, all have multiplicity 1.

(A27) For 0 < € < ¢, we assume that Ppeo 1@1%, Preo 1e91®, Preo w91 and
Pyieo a(e)p]° are eigenvectors of H, H¢, H. and H(e), respectively, associ-
ated to the eigenvalue 0 = p1 = p§ = p1, = p1(e). In fact we assume that
1, 7, ¢1.c and @1 (e) are chosen so that

@1 = || Preo 105 |l Preco 1 05°,
05 = 1| Preo 10 05° [l Preco e 0
Pre = [|Preo 11,95 I3 Preco, . 01",
©1(6) = | Preo, a0 95 a0 Preco a0 91
(A28) Forall0<t<landn=1,23,..., we assume that

_ o H(

lim || Py sy e ™" on Py ey pnllac =0,

lim |l ™" Pag) 5o #n(€) - Pa e T on(e)lln =0,
léiﬁ)l P ace),B(e)Pn(€)ll2 = 1.

Theorem 2.20. We have lime g p2(€) = pa.
Proof. For 0 < € < ¢ let
Bi(€) = (Pr,5(e)p2, P1(€)) A(e)- (2.19)
Then
e Ha(e)t
> || Prsieyp2 — Brle)pr(e)ll 1o
x (e O Py iy p2 = Bi(€)p1(€)), (Prsie 2 — Bi(©)p1(6) ace)
= || Pr.seyp2 = B1(€)@1(e)| 45 {le™ ™" Pry g(oyp2, Prsie)p2) ace) (2:20)
—2B1(€)(e O Py 502, 01(€)) ace) + Bi€)?}
= || Pr.sop2 = B1(€)e1(6)| 25 {le™ ™" Pry s()2: Prsie)p2) ace)
= Bi(e)*}.
Consider the following term in :
(e Pry o) 02, Prse)#2) Ao

= (e Py poyp2 — Prsore 02, Pr o 92) Ace)
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+ (Pree 02, P pie)2) Ace)
= (e Py sy 02 — Pr, e 02, Prs(e)02) 4, e)
+ e "2 Py ge) P2, Pr,s(e)92) Ae)
= (e TPy g p2 — Prosere Mo, Py eyp2) Ae)
+ €7 Py gy p2: Pro)2)m
= (e MO Py soyp2 — Prseye Moo, Pr sy 92) ac)
+ e 12 (Pyy (o2 — ©2) + 2, (Pr,pe)p2 — ¥2) + 02)n
= (e Py 5oyp2 — Prsore 02, P p2) Ace)
+ e "2 {(Pr (o2 — 92, P92 — 92)H
+ 2(Py (o) P2 — w2, p2)n + 1}
= <€_H(6)tPH,B(E)sD2 — Py o€ Moo, Py o) 92) A
+ e "2 Py p(e)p2 — 92, P92 — 92)H
+ 2(Pr ()2 — P2, P2)m } + e M2

Hence, by (A7) and (A28), we have

13%1<6_H(6)tPH,B(e)§02a Py sy p2)age) = e M. (2.21)

Next we consider the term 31 (e) defined in (2.19). We note that, by (A27),
PA(e),5(0)21(€) = | Preo, a1 |0 Pae) () Preco, a() 95°
= || Prco, a0)95° | 4y Prco 50y #1° (2.2
= || Prco, a0y 5 a0 Prese) Preco 107 .
= | Preo a0 95" | (o) 1 Preco 10T 14 Prt, o) 1.
Consider the term || Pyeo a(e)91[|lace) in (2:22). We have, by (A9),
Prico, a1 = Preo (o) 91 + Prieo,c(091’ + Prco po) ot
= Py, () Preo 191’ + Preo c(e) 1 + Prico Do) 1
= || Preo 101 1P, o)1 + Preo c(e)91° + Preo Do) 01
Thus, by (A7), Lemma 2.1 and (A10),

€

1 Preco, )P P4y = 1 Preo 105 3| Pre ey o1 )

+ [ Prco ey lI2 o) + [1Prco D)7 1)
= || Preo P13l (Prey o1 — 1) + 113 (2.23)

+ | Prco (e l12 o) + [1Preo Do) 1D(e)

— || Preo i3, as el 0.
Thus, by (A9),

@1(€) = Page),8o91(€) + Pae).cop1(€) + Page).peypile)

= [ Preo, a0y 95 | 4oy 1 Preco 1050 194 Pr e 01 (2.24)
+ Page),c(e)P1(€) + Pae)pie)pr(e)-



14 M. M. H. PANG EJDE-2011/100

Since the second and third terms in the last line of (2.24]) are in C(e) and D(e),
respectively, they are orthogonal to P4(e),5(e)¢1(€) by (A9). Hence, by (2.24), (2.23)
and (A7),
B1(€) = (Pr o) P2: 1(€)) Ace)
= (Pr,8(e)P2, | Preo, A(e) 0] ||A(e)||PH€o H PP |11 Pr,B(e)P1)H
= ((Pr,se)p2 = ¥2) + 02, | Preo, a5 | 4o | Prco 101" 174 (2.25)
X (Py,p(eyp1 — ¢1) + || Preo a(e) 97 ||,4(6) [ Preo 15”11 p1) m
— (p2,01)n =0 ase]0.

Therefore we can deal with the term
1Pr,seyp2 = Br(e)er ()l 1t

of as follows:
1Py 5 02 = Bi(€)e1 ()| 30
= || Pr.B(eyp2 — B1(€) Pae),Beyp1(€) — Br(€)Pae),cie)pie)
— B1(€)Pace),peyr e )||,4(6
= || Py s(e)p2 — Bi(e )PA(E),B(é)Qpl(G)H%(e)
+ B1() 1 Pace), coyp1(€)[1E o) + B1(€)|Pae), pioywr(€)lpee
= |(Pr,B(e) 02 — @2) + 2 — Bi(€)Pace),peyr(€)13
+ B1(€)?| Pae).coyp1(e)Ig ey + B1(€)1Pace). ooy 21 (&) 1)
— llpallf =1 aselo,

by (A7) and (2.25). Therefore, by (2.20), (2.21)), (2.25) and (2.26)), we have, for all

0 > 0, there exists ¢; € (0, €g] such that

(2.26)

p2(€)t < pot + 6 (2.27)
for all 0 < € < €;. We next prove the reverse inequality of (2.27)). For all 0 < € < ¢
let

Y1(€) = (Pa(e),B(e)P2(€), 1)1 (2.28)
Then

e > || Pao) B pa(€) — ()@l
x (e (Pae),(e)p2(€) — 71(€)01), Pace) 5o 2(€) — 11(€)o1)n
= [[Pae) B(e)@z( ) — 71() el
x {(e” PA(e) B(e92(€)s Pae) 5o p2(€))n (2.29)
= 2v1(e)(e” " Pa(e) (o) p2(€)s p1)m +m(€)*}
= [|Pae).se)2(€) = 11.(e)pr I
< {(e* Pate),(eyp2(€), Page)se)02(€)) 1 — 11(€)*}.
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Consider the term
(e7 "' Pate),8(0)92(€), Pae),B(e)p2(€))n
= (e Pao).5o22(6) = Pag.se "V p2(e), Pa s p2(€)n
+ (Pa sV 02(6), Pao.so #2(0)n (230
= (€™M Page 50#2(6) = Pacosee” "V p2(€), Page) 5o #2(0)n
+ e—uz(é)t<pA(€)7B(€)g02 (€), Page),B(e)P2(€)) -

Therefore, by (A28), (2.27) and (2.30]), for all 6 > 0 there exists €1 € (0, ¢y] such
that

<6_HtPA(€)7B(e)502(€)v PA(6)7B(€)§02(6)>H > e H2()i=d (2.31)
for all € € (0, €]
We next consider the term 71 (€) defined in (2.28):

Y1(€) = (Pace),Be)P2(€); 1)1 = (Pace),B(e)P2(€)s Pr o)1 + Pr By - 1HP1)H-
(2.32)
But, by (A27),
Py (o)1 = || Preo 1005 1 Pre,B(e) Preo 105
= || Preo 17" ||7}1PH€o,B(e)<Pi0 (2.33)
= [|1Preo 705 13" Pae).sie) Prco . a(e) #5°
= || Preeo 1005 134 1 Prco . a(e) 05 L ace) Pace) e 1 (€).-
Hence, from and ,
71(€) = (Pa(e),8(0)%2(€), | Preo 705 13 | Preco a5l ace)
X Pae),Be)P1(€) + P gyt m$1)m
= (Pae).8(0)#2(6), | Preo 105 17 | Preco 4o 5° [l ae) (2.34)
X Pa(e),B(e)P1(6)) ace) + (Pa(e),B(e)P2(€); P B(e) L HP1)H
= (Pa(e),8()92(6); | Prco 1005 134" | Preco () 05l ace)
X P(e),B()1(€)) A(e)-
‘We show that the last line of tends to 0 as € | 0: We have
0 = (p2(€), p1(€)) a(e)
= (Pa(e).5(0)P2(€): Pa(e),5(e)P1(€))B(e)
+ (Pae),c)p2(€); Pace).c(e)1(€))ee)
+ {Pa(e).p(e)22(€); Pae) () #1(€))D(e)-

(2.35)

Since, by (A28),
16%1 | Pace),B(e)en(€)llBe) =1, (2.36)

we have
lim || Pae).ce@n(€)lle) = 1m [ Page oo nl€)lloe = 0. (2.37)

From (2.35)), (2-36) and (2.37) we obtain

1Eif1(}<PA(e),B(e)<Pz(6)7 Pace),B(e)p1(€))B(e) = 0. (2.38)




16 M. M. H. PANG EJDE-2011/100

Hence, by (2.34)), (2.38)) and ([2.23)), we have
lelﬁ)l’yl (e) =0. (2.39)

Thus, by (2.39) and (A28), we have
1Pace).Be)2(€) = 71.(€) I3
= ||Pace),B(e)P2(€) — 71(6) Pr,sey 01 — 71(€) Pry, o)+ ol
= [I1Pa(e),(e)P2(€) — 11(€) Pr,(e) 1 ll3s(e) + 71(6)* | Presey - 1 I3
—1 ase]0.

Combining (2.29), (2.31)), (2.39) and (2.40)), we see that for all § > 0, there exists
€1 € (0, €] such that

(2.40)

pat < pa(e)t + 48 (2.41)
for all € € (0, €;]. The theorem now follows from (2.27) and (2.41). O
Definition 2.21. We now define the sequence {k; }52, of positive integers as follows:

Suppose we list the eigenvalues {p, }22 ; of H in a way reflecting their multiplicities.
Then the positive integers k; are defined by:

O=pn <po=p3 =" =y < Hhot1 = """ = iy (2.42)
< Hkg+1 = 00 = ey < Hkg+1 =
We also define k; = 1.
Lemma 2.22. Let p > 1 be an integer and let i be an integer satisfying
kp +1<i<kpp.
Suppose, for j=1,2,...,1—1, we have
lim 1;(€) = p;- (2.43)

€10
Then
lﬁiﬂ)l,ui(G) = i = [yl = My -

Proof. Assume, for a contradiction, that

wi(e) A~ p; asel0. (2.44)

Then there exist n > 0 and a strictly decreasing sequence {€,,}>°_; of positive
numbers such that ¢, | 0 as m — oo, and that

pilem) = pi+n  (m=1,2,3,...).

For j =1,2,3,... we regard Py g(); as a vector in A(e) and write

Py peyp; = Z aj o (2.45)

Then, forall0 <t <1land j=1,2 3,...,

e Py 5o — Prsee e,
o0 (2.46)

(Z+Z)aﬂf (e7H(9" — et )y e).

(=1 =3
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By (A28), (2.43)), (2.46) and the orthogonality of {¢;(€)}32,, we have
li ) 2(p— ket _ o—pity2 — . 2.4
IDSINCLE e = (2.47)

Since, for £ =4,i4+1,i4+2,... and j =1,2,..., kpy1 and m =1,2,3,..., we have
pe(€m) > pj + 1. Equation (2.47) implies

(o)
lim Zaﬂ(em)Q =0.

Hence, for j =1,2,..., kpt1,

lim || Zaj,f(em)w(em)ywm) =0. (2.48)

m—oo ;
=i

Since, by (A7), limeo [|[Pr,50)¢jllae) = 1, (2.48) implies that, for j = 1,2,...,
kp-l-l’

i—1
W}E)noo || e_zl aj,((em)(pﬁ(em)HA(em) =1 (249)

For j =1,2,..., kpy1 and m = 1,2,3,... let

wsa(m) = 3 g (em)pelem). (2.50)
/=1

Then, for 0,7 € {1,2,...,i} with ¢ # 7, we have
(Pr.,B(e)Po> Pr.B(e)Pr) B(e)
= (Po, )1 — (It — Prs(e))Pos (I — Pr.B(e))Pr)Ble) 1 (2.51)
— 0 ase] 0 (by (AT)).
But form =1,2,3,...
(Pr,B(ey)Pos PH,B(ey)Pr) Blem)
= (Ug,i(M), ur,i(M)) A(e,n)

s s (2.52)
+ < Z aa,é(em)@é(em)v Z aT,Z(em)QOZ(Gm»A(Em)'
=i =i
From (2.48), (2.51)) and (2.52)), we obtain
lim <ug,i(m), Ur,i (m)>A(€m) =0. (253)
From (2.49), (2.50) and (2.53)), we have a set of i vectors {u1;(m),...,u;(m)}
in an (¢ — 1)-dimensional inner product space spanned by {©1(€m), ..., vi—1(ém)}
which, as m — o0, is almost orthonormal. This gives a contradiction. Thus we
must have lime o pi(€) = ;- O

Lemma 2.23. Let p > 2 be an integer. Suppose that lim. o p;(€) = p; for all
i=1,2,...,kp. Then there exists n > 0 such that for all sufficiently small ¢ > 0
we have

fioy+1(€) = ke, + 1.
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Proof. For i =1,2,3,... let
Pae) e pile sze €)¢e, (2.54)

regarding P () () ¢i(€) as a vector in H. Suppose the lemma is false. Then there
exists a strictly decreasing sequence of positive numbers {¢,, }$°_; such that €, | 0
as m — oo and that

Prpt1(€m) — p, asm — oo. (2.55)
Then, forall 0 <t <1land n=1,2,3,..., we have

e_HtPA@ B(e)wn(ﬁ) — Pao.soe " pnle)

(T 43 e e 05

(=1 t=kp_1+1  l=kp+1
=A+B+C.
y (A28) and the orthogonality of {¢¢}7°, we have
lim ||A||x = lim || B||x = lim ||C|| = 0. 2.57
i |4l = T 1B = Tm 1o (2.57

Forn=k,_1+1,....k,+1, (2.55) and (2.57)) imply
kp—1 oo
. 2 20
mlgI(l)o{ ;_1 bpo(€m) + g b e(€m) } =0. (2.58)

t=kp+1
Using (A28) and (2.58]) we obtain

kp

dim D> buelem)ee]ly =1 (2.59)
L= k?p71+1

foralln =k,—1 +1,...,k + 1.
For o,7 € {kp—1+1,...,k, + 1} with o # 7, we have

0 = (0o (€), 7€) ace)
= (Pa(e),B(e)P0 (€), Pa(e),B(e)P7(€))B(e) (2.60)
+ (Pae),c(e@p(e)Po(€); Pae),ce@p(e)Pr(€))ce)@ni(e)

and since

1= lleo (€)% = 1Pac 50 (5@ + 1Paw.coon©@e (Ol@ene (2:61)

and
lim I1Pace),8(e) 2o ()l = 1, (2.62)
we have
13%1<PA(6),B(6)<P0(6), Pa(e).e)pr(€))5(e) = 0. (2.63)
Hence, from (2.54)), ([2.58), (2.59) and (2.63)), we have
kp kp

im (3" beslen)or, . brlen)er) =0. (2.64)

m—00
[:k‘p_l—‘rl = kp 141
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Forn=kp_1+1,...,kp+1and m=1,2,3,... let

kp
un(m) = Z b'rz,ﬁ(em)(pf- (265)
t=k, 141
Then we have a set of k, + 1 — k,_1 vectors {ug, ,4y1(m),...,up,4+1(m)} in a
(kp — kp—1)-dimensional inner product space spanned by the set {¢ox, ,41,..., %k, }
which, by (2.59) and , is almost orthonormal. This gives a contradiction.
Hence not be true and the lemma is proved. ([l

Lemma 2.24. Let p > 2 be an integer. Suppose that lim, o pi(€) = p; for i =
1,2,...,k,. Then

16%1 Py +1(€) = [k, +1-

Proof. For 0 < € < ¢ let
Py B(e) Php+1 = Z Be(€)pe(e) (2.66)

regarded as a vector in A(e) and let
kp

fkp+1(€) = PH,B(e)@karl - ZﬁZ(E)W(E) € A(e). (2.67)

=1
Then

e Hipti(e)t

> || fry 1 (145 (€ frop41.(6); frpr1(€)) ace)

kp
= | fr,+1( %7 <6_H(6)tP’H,B(e)90kp+l =Y Be(e)e Mgy e),
=1
kp

Py seyPr,+1 — Z 5£(€)802(€)>

— A(e)

= kap-i-l(d”;\%e){<67H(€)tPH7B(e)<Pkp+la Pr,B(e)Php+1) Afe)

kp kp
_ 2< Zﬁz(E)e_W(e)t(pe(e)> PH,B(e)‘Pkp+1>A( ) + Z e—w(e)t&(E)z}
=1 < =1

= f i1 (@2 L Pryso pryi1 — Prusoe™ om0,

Py 560y Phy+1) AGe) T (Pr.ser e T 0n, 1, Pr () Phy+1) Ale)
kp
IO (2.68)
=1
= kap+1( )||,4(6){< —H(t Py B(e) Php+1 — PH,B(E)e_Ht%me

Py B(e)Prp+1) AGe) T € “’“P“fZ@z
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kP
_ Z e_“@(e)tﬁg(e)Q}.
=1
Now

€_H(€)tPH,B(e)<Pkp+1 — Py e Mor, 1

> _ _ (2.69)
= 2 Bule) (e — et (o)
=1
So, by (A28), we have
hmZﬂg (e7He(t _ omHrpt1t)2 — (2.70)
in particular
hmz,é’g (e7re(t _ emhip1t)2 — ), (2.71)

But for £ = 1,...,k, we have, by assumption, lim o p¢(€) = . Hence (2.71)
implies

kp
leirngﬂg(e)Q =0. (2.72)
So, by (A7), and (2.72), we have
. 2 _ 1 2
161%1/7%;1 Bele)” = lelfg ||fkp+1(€)\|A(e) =1 (2.73)

From (2.68), (2.69), (2.70)), (2.72), (A7) and -, we have for all § > 0 there

exists €1 € (0, €] such that

e Hip+1(t > o—lky41t 5 (2.74)

for all € € (0, €]
Next we prove the reverse inequality of (2.74]). For i =1,2,3,... and € € (0, €],
let

P.A(e) B 6)901 Z% ¢\€ 906 S B ) H (275)
and let
Gry+1(€) = Pa(e),B(e)Pr,+1(€ Z% +1.0(€ (2.76)

Then

e Hrp+1t

> gk, +1() 13 (e " gy +1(€), gyt (€)) 24
= llgk,+1(€) 37 {(e " Page), B(e)‘ﬂk +1(6), Pae),B(e)Php+1(€)) 1

—2< *Pa(e),B(e)Php+1( Z'Yk +1,0(€ w>
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kp kp
+ <e‘Ht D ke (9, Y %p+1,e(€)w>ﬁ}
=1 =1

= ||9kp+1(6)||¥{2{<€_HtPA(e),B(e)<Pkp+1(6) — Paose” "o, 1),
P o) 50 Pk, +1(6)) 1 + (Paco) e Op, 11(e),
k:p
Pace),B(e)Pr,+1(€))H — 2 Z e My 110(e)?
=1
kp
+ Z 67Mt’Ykp+1,e(€)2} (2.77)
=1
= ||gkp+1(€>||';£2{<€_HtPA(E),B(6)Ska+1(€) — Pa.e Dy, 11 (e),

Pu(e).B(6) Phy1(6))3 + € 0 N "y 1y i(e)?
=1

kp
- efwt%ﬁl,z(é)Q}
(=1

Now, by (A28),

H(e)

le™ P ace) 5y Pry+1(€) — Paey.sere” " pp,+1(6)3

> 2.78
=Y e e - PO 0 aselo,
=1
in particular we have
kp
léﬁlgmﬂ,e(e)?(e*““ — e (92 — 0, (2.79)

But, by Lemma there exists 1 > 0 such that for all sufficiently small € > 0 we
have

fie,+1(€) = pk, + 7). (2.80)
Thus, from (2.79) and (2.80)), we have
ky
leifgl;’ykarLg(e)z =0. (2.81)
Hence, by (A28), (2.81) and ([2.76]), we obtain
im g, () = 1. (2.82)

Therefore, by (2.75)), (2.77), (2.81), (2.82) and (A28), given any 6 > 0, there exists
€1 € (0, 0] such that

P L) (2.83)
for all € € (0, €1]. The lemma now follows from and (2:83). O
Theorem 2.25. For alli=1,2,3,..., we have lim.|o p;(€) = p;.
The above theorem follows from Theorem [2.20] and Lemmas and
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Theorem 2.26. For all j =1,2,3,... and € € (0,¢q] let

Py seypi = Za] c(€)pi(€) € B(e) C Ale). (2.84)

Let p > 1 be an integer. For i = kp +1,..., kpy1 and € € (0,€] let

Kp+1
Yi(e) = PA(G),B(G)( Z az‘,e(e)w(ﬁ)) (2.85)
t=k,+1
and let X R
6i(9) = Il (o). (2.86)
Then for each i =k, +1,...,k,11 we have
leifg loi = i)l = 0. (2.87)
Proof. For i =k, +1,...,kpy1 and € € (0, €] we have
i — ()l
< |lpi = Pr.se)pilln + | Pr.se i — Yile)llsee) + i) — vi(e)llsee)
kp41
< lloi = Prepilln + || Pr.se i — Z ai,é(5)<ﬁ€(€)HA(E) (2.88)
t=kp+1
kpt1
-+ Z aie(€)pe(€) — Page),se)pele HA(€) + [[9i(€) — i)l s(e)-
t=kp+1
Consider the term
kpt1
1Prsoei = D ail@pe©)]
t=kp+1

in (2.88)). We have
e Py ey i — Prosee M
s (2.89)

O SRS S PHE ST )
(=1 f=kp+1 Ll=kypi1+1

By (A28) and the orthogonality of {¢¢(€)}32,, each of the three sums in
approaches 0 as € | 0. Hence, together with Theorem we have, for i =
kp+1,...,]<}p+1,

kyp oo

(Z Z )ai,g(e)Q —0 aselO. (2.90)

=1 t=kp1+1

Thus, fori =k, +1,...,kp11,

kp+1

lellrtr)l ’|PH73(€)§01‘ — Z ai,Z(e)QPf(e)Hi(d
(=hopt1

. (2.91)

= lsi%l ( + i )ai7g(e)2 =0.

=1 l=kpiq1+1
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By (A9) and (A28) we have
161%1 lloe(€) = Pacey,e)pe(€)ll.ace) =0

forall =1,2,3,.... Thus

kp+1
lim > aiel@)lee(e) = Pago,sowe(@)]] g = 0- (2.92)
t=kp+1
By (A7) and (2.91)) we have, for i =k, +1,..., kpy1,
kpt1
lim aiole)? = 1. (2.93)
A0 e

Thus, for i =k, +1,..., kpt1, (2.85)), (2.92)) and (2.93) imply
lsiﬁf)l [i()llB(e) = lsif{)l i (e)ll.ace)

kp41 kpt1
= lifg | (1/11'(6) -y az‘,e(e)w(ﬁ)) + Y aie(€)e(€)|| 4
‘ t=kp+1 t=kp+1
kp+1
:1611%1” Z ai,e(f)w(E)HA(e)
t=kp+1
(3 )"
= lim aio(e)? =1
R
(2.94)
Therefore,
tim 1640 ~ ()0 = i 1 = (6@t (@l =0, (295)
The theorem now follows from (2.88)), (A7), (2.91)), (2.92)) and (2.95)). |

3. APPLICATION TO NEUMANN LAPLACIANS ON DOMAINS IN RV

The purpose of this section is to show that the assumptions (A1)-(A28) in Sec-
tion[2)are all satisfied when applying the abstract theory in Section[2]to the situation
studied in this section. For our application, it will be easy to check that (A1)—(A27)
are satisfied. So we shall show that (A28) holds for our application. Throughout
this section we let Q@ C RN be a bounded Sobolev extension domain. Fix a suffi-
ciently small ¢y > 0. For each € € (0,¢,] let 2, Q° and Q(e) be bounded Sobolev
extension domains in RY satisfying

Qe D {z € Q: dist(z,00) > €},
Q° C {z e RY : dist(z,Q) < €}, (3.1)
Q. C Q(e) C OF.

We shall assume that {Q}o<e<e, i a decreasing family of domains in the sense
that

Qel D) QEQ if0<e <eo. (32)
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Similarly we shall assume that {Q€}o<c<c, is an increasing family of domains in the
sense that

QT CO2? if0<e <ey. (3.3)
We shall apply the abstract theory in Section [2 by putting:
He = L2(QF), M. =LA, H() = LAQAe) = Afe),
B(e) = LAQN ), Cle) = LXQ(N\Q), Dle) = {0},
Let —A., —A, —A¢, —A(e) be the Neumann Laplacian defined on €2, 2, ¢ and
Q(e), respectively. When applying the abstract theory in Section [2| we shall put
H =-A, H=-A, H=-A° H(e)=-A(e). (3.5)

We shall write P.(t,x,y), P(t,x,y), P<(t,z,y) and P(e)(t,z,y) for the heat kernel
of efet At At and 29t respectively. We shall assume that there exists a
positive continuous functions ¢ : (0,1] — (0, 00) such that

(3.4)

e(t Z, y) S C(t) (],‘7y c 96)7
P(t,z,y) <c(t) (z,y€Q),
Pe(t,x,y) < cft) (2,y € Q) (3.6)
P(e)(t,z,y) < c(t) (z,y € Qe))

forall0 <e<eandall 0 <t <1.
We shall need the parabolic Harnack inequality:

Proposition 3.1 ([6, Lemma 4.10]). Let X be a domain in RY, let u be a solution
of the parabolic equation:

ou ou
ot W™t le{@xl i Oz 5.} =0
in X X (11, T2), where w and {a;;} satisfy

O< A !'<w@ <A<oo (zeX),

0< At <{a(@)}<A<o0 (z€),
for some A > 1. Let ¥ be a subdomain of ¥ and suppose that dist(X',0%) > n and
t1 — 11 >n%. Then
[u(a, t) = uly, s)| < Allz —y| + |t = 5|'/?]°
forallz,y € ¥ and t,s € [t1,72), where a € (0,1] depends only on d and X\, and
A= (é)“e
n

where 0 is the oscillation of u in X X (71, 72).

Theorem 3.2. We have lim, g P(¢)(t, z,y) = P(t,z,y) for allt € (0,1] and z,y €
Q.

Proof. Suppose, for a contradiction, that for some ¢, € (0,1] and some zg,yg € X
we have

P(E)(tL)?mOvyO) 7L) P(toal'o; yo) as € i 0. (37)
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Then there exist ¢; > 1 and a decreasing sequence {e,}>2 ; of positive numbers
such that €, | 0 as n — co and that

Cfl S |P(€n)(t0,$0,y0) —P(to,xo,yoﬂ (’n: 1,2,3,...). (38)
Applying Proposition [3.1] with
1
Y= B(l‘o, g diSt(Io, 89)), Z, = B(l‘o, g diSt(Io,@Q)),

1 1
th T2 = 13 ty = 7t0; (39)

u(taw) = P(@%Z/O)v A=1, 7= 9

1
n= min {g dist(xo, 89)7 ité/Q},
we obtain, for all s,t € (t1,72) = (t0/2,1) and all € B(xg, dist(zq, 9Q)/8),

|P(t,,y0) — P(s, 20, y0)| < Alle — ol + [t —s|'/%]* (3.10)

where a € (0, 1] depends only on N and

A=(=)" (3.11)
]
where
0= sup c(t). (3.12)
1to<t<1

(Hence A depends only on N, dist(zg,09) and ¢y.) We may assume that, for all
n=1,23, ..., we have

3 3
0<ey, < min{g dist(zo, 09), 3 dist(yo, ON) }.
By a similar argument we deduce that
|P(en)(t,7,90) — Plen)(s,70,90)| < Alle — wo| + [t — s[/?]" (3.13)

for all s,t € (t1,72) = (to/2,1), all x € B(xo, dist(z,02)/8) and all n = 1,2,3, ...,
and where o and A in (3.13) have the same values as those in (3.10]). Let

1
R= min{(4Acl)_%,gdist(xo,aﬂ)}. (3.14)
Then, for all x € B(zg, R), t € (tp/2,1) and n =1,2,3,..., we have
|P(t,2,50) — P(t, 20, 90)| < (4e1) ™, (3.15)
|P(e,)(t, 2, y0) — Plen)(t, 0, y0)| < (4ey) ™t (3.16)

For € B(zo,R) and n =1,2,3,... we have

|P(€n)(to, 2o, yo) — P(to, o, Yo)|
S ‘P(En)(tO’:EanO) - P(En)(thI7y0)| + |P(€n)(t0,$,y0) - P(t07xay0)| (317)
+ |P(t071'7y0) - P(to,fﬂo,yo”.

So, by , , and , we obtain

1 _
561 < [P(en)(to, 2, 50) = Plto, z,30)| (3.18)
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for all x € B(xg, R) and n = 1,2,3,.... Integrating (3.18) over B(zp, R) we obtain
1 _
St 1B, B)|
(3.19)
<[ [ Ptto. w0 e @ [ Plea) b 000 ) ]
Q Qen

Put
ult,y) = /Q P(t, 2,y L (o ()

and, forn =1,2,3,..., put
un(ten) = | P D) s () e
Qen

Then wu(t,y) and uy,(t,y) satisfy the parabolic equations

% =Au in (0,1) x Q,
aaitn = Au, in (0,1) x Q(en),

respectively. So we can apply the parabolic Harnack inequality (Proposition |3.1))

to u(t,y) and u,(t,y) and, as in ) and (3.13), obtain
lu(t,y) — U(S,yo)l < Ally — ol + [t —s|"/%|° (3.20)
for all y € B(yo, dist(yo, 992)/8) and t, s € (to/2,1), and

[un(,y) = un(s,90)| < Ally — ol + [t — s['/?] (3.21)
for all y € B(yo, dist(yo, 02)/8) and t,s € (to/2,1) where & € (0,1] depends only
on N and

~ 4 a7 4.a
A - 9 =
ORAE
where
n= mm{ dist(yo, 0€2), 7t1/2}
and

0 = sup {ito <t<Lly—wl < gdist(yoﬁﬂ) tult,y)}
< sup{ito <t<1, ly—yol < gdist(yo,aQ) : /QP(t,m,y) dr} < 1.
(Hence A depends only on N, to and dist(yo, d52).) Let
R = min {[ |B(x0, R)|c; ' A™ ]é, é dist(yo, 0) }.

Then, by (3.20) and (3.21)),
1 _
[u(to, y) — u(to,yo)| < g\B(me)\ﬁ Y (3.22)

1 _
[tn (to,y) — un(to, yo)| < §|B($0’R)|C1 ! (3.23)
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for all y € B(yo, R). Thus, for all y € B(yo, R), we have
|un(to, yo) — u(to, yo)|
< [un(to, yo) = un(to, )| + un(to, ) = ulto, y)| + lulto, y) = ulto, vo)| (5 9y)
< §1B(@o, Bler™ + hun(to,) — ulto, )|
So, by and , we have
B0, Bl < lun(to,y) — ulto,y) (325)

for all y € B(yo, R). But

’ll,n(t(),y) = Qen) P(€n)(to, ‘T7y)1B(wo7R) (ZE) dr = (eiH(en)tO lB(zo,R))(y)

and
U(t07y) = /Qp(toaz7y)1B(IO7R)(x) dx = (ethO lB(wo,R))(y)'
Thus (3.25) implies
/ (e ) (@) = (€ P L m) (W) dy
B(yo,R)
1 —2 2 D
> T601 |B($0,R)| |B(y07R)‘v

hence, for alln =1,2,3,...,

le™ 0 g, my = €T L a0, )17 (340, 0)

X ) (3.26)
92 2
> e ?|Blao, R)PIB(yo, R\

Let f € L?(Q°) be the function defined by

1 ifjly —=zo| < R
fly) = . .
0 ifyeQeandl|y—xo > R.

By Theorem [2.17| we have, for all n =1,2,3,...,

; —H(e)t —Ht ; —H(e)t —Ht _
1611%1”6 o f — e f L pye. i) < 1611%1”6 o f — e f|| 12(ge0) = 0,

thus
lim (™0 £)(y) — (e ) ()P dy = 0
€10 JB(yo.R)
and hence
lim (e O 0 m) (@) — (€T g r)) (W)]? dy = 0.
10 JB(yo.R)

But this implies

lim HefH(én)to lB(me) o ethO]‘B(ﬂfthR)HiZ(B(yo,R)) =0

n—oo

which contradicts (3.26)). Therefore assumption (3.7)) must be false and the theorem
is proved. ([l
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We now show that the first equality of the assumption (A28) is satisfied. We
note that for any f € H = L?(9).

Py o) f = Pr2),20n@)f = lona@ f-
Thus for all € € (0,¢0], v € Q(e) and n =1,2,3,...,

[Py seye M on — e O Py oy on) (2)

= 1ng(e>(x)/ﬂp(t7x,y)<pn(y) dy/ﬂ(e) P(e)(t, z,y)lanae) () en(y) dy

=lono@( [+ )P yea)dy
Q\Q(e) QNQ(e)

- (/ +/ )P(e)(t,x,y)lmme)(y)@n(y) dy
Q\Q  JanQ(e)

= 1(20(2(6)(55)/ P(t,z,y)en(y) dy
\Q(e)

(3.27)

+/Q o Lona(e) (@) P(t, 2z, y)en(y) — P(€)(t, z,y)lonae () on(y) dy
NE2(e
since
/ P(e)(t,z,y)lanae) (¥)en(y) dy = 0.
Q(\Q

Let B be a ball such that B C Q. (0 < € < ¢). Foreach k =1,2,3,... let A (e)
and A\i(B) be the k-th eigenvalue of the Dirichlet Laplacian defined on Q(e) and
B, respectively. Then, by min-max,

pe(€) < A(e) < Ap(B). (3.28)
By the assumption (3.6]), we have

> e (@) @) < oft)
k=1

forall 0 <t <1,0<e<¢ and z € Q(e). Hence

[ (€) ()] < [e(t)e! 2 < e(t)1 /22 (3:29)
forall 0 <e<ey, x€Qe),0<t<1land k=1,2,3,.... Similarly we have
lon ()] < e(t)! /2N P12 (3.30)

foral0<t<1l,xeQand k=1,2,3,.... Since
|O\Q(e)| < |\Qe| =0 ase 0,

we have, for all 0 < ¢ <1,

ILana (@) /mm Pl )a(6) dy] S IR 2N 0 s e Lo,

(3.31)
Next we consider the term

/ anago @) P(t,2.y) — P)(t 2.1)|en(y) dy
QNQ(e)
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in 1) Let 0 <€ <¢€. For0<e<e,ze€ QN and n =1,2,3,..., by
(3-30]), we have

‘/ IQOQ(G )P(t,l’,y) - P(G)(t,l’,y)]gﬁn(y) dy
QNQ(e)
/ P(t, 2, 9) — P(e)(t 2.9) |l on(v)| dy
QNQ(e)

< (1) B2 / \P(t,2.y) — P()(t,2.9)|dy

< 0(1)1/26”‘(3)/2{/ |P(t,x,y) — P(e)(t, z,y)| dy
(@NQ(N\Q

+ [ 1P = PO i

€1

< (V) 2NN\ 2e(0) + [ P(t,y) ~ PO o)y}

Qe

For x € Q(e)\Q, 0 <t <landn=1,23,..., we have

[ oraw @P(t2.0) - PO )len) dy
QNQ(e)

- / P()(t, 29 on(y) dy (3.33)
QNQ(e)

< QN Q(e)|e(t)e(1)/2er (B2,
Forevery 0 <t<1,0<e<eandn=1,2,3,...,

/Q( : (P seye o — e Py 5 00) (@) dae
= /Q( o (P seye rpn — e OPy 5o (@) da (3.34)

[ P o — e 1O P ) )P

Q(e)NQ
For the first term on the right side of (3.34) we have, by (3.27), (3.30) and (3.33]),
/( o (Prsoe " on — e Py gy on) (@) de

< Q{2 N Q(e)|e(t)e(1) /2 BV/22 0 ase | 0.

Next we consider the second term on the right side of (3.34). For ¢ € (0,1],
n=1,23,... and € € (0,¢p] let F; . : Q2 — R be defined by

Fyne(z) = {O ifo M) g 4

(3.35)

|(Pr.seye Blon — e HOPy popn) ()2 if 2 € QN Qe).
If0<e<er <eand z € QNQe), then
Fyme() < {]\Q()|c(t)c(1)/2e B2 4 c(1)1/2er B2 [|0\Q., |2¢(t)

+/Q |P(t,z,y) — P(e)(t, z,y)| dy]}>.

€1

(3.37)
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For fixed t € (0,1], n = 1,2,3,..

. and x € Q, given any § > 0 we can first choose
€1 € (0, €p] such that

(1) B2 I0\Q, [2¢(t) < 6/2,
then, by Theorem we can choose ez € (0, €1] such that

6(1)1/2@"(3)/2/ |P(t,z,y) — P(e)(t, z,y)| dy < 6/2

Q.

for all € € (0, €3]. Thus for all t € (0,1], n=1,2,3, ... and x € Q, we have
lsilrgFt’"ve(x) =0.

(3.38)
From (3.37) we see that

Fyme(@) < [e(1)/2eA B 25¢(¢)(Q) (3.39)
forallt € (0,1], n =1,2,3,..., € € (0,¢0] and z € Q. Therefore, by (3.38]), (3.39)
and the dominated convergence theorem, we have

lim

Ht
el0

‘(P’H,B(e)e_ Pn — ‘S_ILI(E)tP?-l,l’j’(e)(Pn)('T)|2 dx
QNQ(e)

(3.40)
= 161%1 A Fipnelx)dx=0
forallt € (0,1 and n =1,2,3,.... So

1Py on — eV Pry peyonl2y o

/Q( : [Py soye ron — e O Py 5 o0n) (2)]? dz
= /( N (P seye M on — e Py 5 00) (@) dae
Q(e)\Q2

H “Hip, —eHp 3.41

/Q() Q|< B(e)® fon —e (o)t H,B(e)wn)(x)|2dx ( )
e)n

< [QU)\QU{Q N Q(e)|e(t)e(1)/2eAn(B)/2)2

+ / (P seye M on — e Py 5 on) (@) da
Q(e)NQ2
—0 aselO0

where we have used (3.27), (3.33) and (3.40). Hence the first equality in (A28)
holds in this application.

We next consider the second equality in (A28). For z € Q, t € (0,1] and
n=1,2,3,... we have

(€™ Pae),50)9n(€) = Pagey soe” "V on(e)) (@)

(3.42)
:/ P(t,z,y)pn(e)(y) dy — Llonae) (%) fin,e(T)
QNQ(e)

where

if x € Q\Q(e)

0
Fumel) = {fme) PObLa e dy itzennn@. O
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So for x € N\Q(e), t € (0,1], n=1,2,3,... and € € (0, €], by (3.30), we have
(™ Pae), B @n(€) = Pa.soe "V on(e) ()]
‘/Qm P(t,2,y)en(e)(y) dy (3.44)

< 120 QO)c(t)e(1) /2N B2,
Fort € (0,1],n=1,2,3,... and € € (0, 9] we define Gy,  : @ — R by

G () 0 if x € Q\Q(e)
t,n,elT) = _ _He .
[(e7 ' Pa(e),8(0)Pn(€) — Page)sere TV on(e)) (@) if 2 € QN Q(e).
(3.45)

If0<e<er <eand z € QNQe), then

Gune@) = | [ [Pl ~ PO lenOw) dy
QNQ(e)
[ PO ) b
Q\Q
<] o, 20 = PO 0)a(0)
(2NQ2(e))\

" ‘/ P(t,z,y) — P(e)(t, 2, y)len(€)(y) dy( (3.46)

+‘/ )t 2, y)pn(€)( )dy‘
Q(e) \Q

< 1) /2 V0 [36()

+ / (P(t,2,y) — P(e)(t,x,y)| dy}.

Q.
Thus, for fixed t € (0,1], n = 1,2,3,... and & € Q, given any § > 0 we can first
choose €1 € (0, €] such that

(D)2 BV2105\Q [3c(t) < 6/2,
then, by Theorem [3.2] we can find e; € (0, €1] such that

((1)2A (B2 / P(t,2,y) — P(O)(t.x,y)|dy < 6/2
Q

€1

for all € € (0, e2]. Therefore, for all t € (0,1], n =1,2,3,... and = € Q, we have

liﬁ)l Gipe(x) =0. (3.47)
Also, from ([3.46]), we have, for all t € (0,1}, n =1,2,3,. € (0,¢] and z € Q,
Gime(x) < c(1)/2er B/ 25¢(¢ )|Q€o| (3.48)
Hence we have
lim (e " Pae),5(6)n(€) — Page)sere "V pnle))(2)]? da
10 Jana(e (3.49)

= lim Gt ne(r)?dr =0
€l0
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for all t € (0,1] and n = 1,2,3,..., using (3.45)), (3.47), (3.48) and the dominated
convergence theorem. So, for all ¢t € (0,1] and n =1,2,3,..., we have

RG]

le™™* Pa(e),8(e)on(€) — Page)B(e)€

/ (e ™' Page),5(6)0n(€) — Pageysere 1 pn(e)) (2)]? da

/ / HtPA(E),B(e)QOn(e) — PA(E)7B(6)67H(6)2£§0"(6))(Jj)|2 dx
Q\Q(e) QNQ(e)
< |\Q()|(|2 N Qe |e(t)c(1)/2er(B)/2)2

+ / (e Pa(o) 50y (€) — Pao) e Dln(e)) ()] dx
QNQ(e)
—0 ase |0

where we have used and ([3.49). Hence the second equality of (A28) holds in
this application.

Finally we consider the third equality in (A28). For € € (0,¢0] andn =1,2,3,...
we have

on(€) = LaEenapn(€) + LlaEnawn(e).

By (3.30) we have
/ |on(€)(@)]* dz < [Q\Q[e(1)erP) -0 ase | 0.
Q\2

Since Hapn(e)Hi(e) =1, we must have
IPacsioen@l= [ leal@@)de—1 aselo,
QNQ(e)
hence the third equality of (A28) holds in this application.
Theorem 3.3. We use the notation in Section[4 In particular, we shall use the

notation in Definition and Theorem [2.26 Let K be a compact subset of .

Then we have

16%1{ sup l0i(x) — pi(e) ()|} =0 (3.50)

foralli=1,2,3,....
Proof. We need to consider only ¢« > 2. Let p > 1 be an integer and let
kp+1§i§kp+1.

We assume, for a contradiction, that (3.50)) is false. Then there exist § > 0 and a
decreasing sequence {€,,}>°_; in (0, €9/2], with lim,, . €, = 0, and a sequence of
points {x,,}2°_; in K such that

[pi(xm) = i(em)(zm)| 26 (m=1,2,3,...). (3.51)
We can choose é € (0, min{1,€p}) such that
D= {zeQ:dist(z,00) > €é} DK
and that, by Theorem [2.25
lpe(€) — pal <1 (3.52)
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forall ¢ = k,+1,...,kpy1 and € € (0, €]. Applying the parabolic Harnack inequality,
Proposition with X =Qor X =Q() (0 <e< %é), Y =D, w=1, a;j; = &,

m=11=21t=>5/4n=3¢éand
u(z,t) = e Mty (z) (1<t<2,z€Q)

or
kp+1 )
w0 = Y 0@ 7oy tsal @ V()
t=kp+1
forzeQe),l<t<2,qg=ky+1,....,ky1and0<e< %é, where

Py geypi = lanae)wi = Zai,e(G)w@%
=1

we see that there exists a € (0, 1], depending only on N, such that
lpi(z) —@i(y)| < Alz —y|*  (z,y € D)
and, for € € (0,¢/2),
[i(e)(z) —Yi(e) ()| < Alx —y|*  (z,y € D),
where (using (3.52)),

(3.53)

(3.54)

(3.55)

(3.56)

A =2(8/&)(kps1 — kp)e(1)/ 2TV /A max[e*B)/2 | 41 < g < kpia )
Note that the oscillation of u(z,t) = e Hitp;(x) can be estimated using (3.30)) as

follows:

e Hit 0i(z)| < e*ﬂic(l)l/Qe)\i(B)/2.

Similarly the oscillation of

kpt1
—1 _ €
u(x,t) = H Z ai’f(e)‘pf(e)HL2(Q(€))ai,q(6)e Halip (€)(x)
t=ky+1
can be estimated by (3.29) as follows:

kp+1

> az‘,e(e)w(ﬁ)HZJ(Q(E))ai,q(e)e’“q(e)twq(e) < emra(O¢(1)1/2Aa(B)/2,

t=kp+1
Let r = dist(K,0D) and

R = min{r, (g)l/aA_é}.

Then for m =1,2,3,... and all y € D with |z,, —y| <R, by (3.55) and (3.56]), we

have
lpi(xm) — i(y)| < 6/6,
[vhi(em)(@m) — i(em)(y)] < /6,
and hence, by (3.51)), (3.57) and (3.58]),

pi(y) = Yilem) )] = lpi(zm) = Yilem)(@m)| = lpi(zm) = @i(y)]

= [vi(em)(y) — Yilem)(@m)]
> 25/3,

(3.57)
(3.58)

(3.59)
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Thus, for m =1,2,3, ..., we have

/ Wr(em) () — 0i(y) dy > xRV S
B(zm,R)

where ¢; > 0 depends only on N. But this contradicts (2.89) of Theorem [2.26]
Therefore (3.50) must hold and the theorem is proved. O

4. APPLICATION TO KOCH SNOWFLAKE

In this section we let Q C R? be the Koch snowflake. Let {Q;,(n)}3%; be the
usual sequence of polygons approximating 2 from inside, with Q;,(1) being an equi-
lateral triangle. Let {Qout(n)}22; be the usual sequence of polygons approximating
Q from outside, with 4,¢(1) being a regular hexagon.

We first recall the definition of (e, §)-domains (see [5]):

Definition 4.1. Let D be a domain in R? and let ¢ > 0 and 0 < § < oco. We
say that D is an (e,d)-domain if for any two distinct points p1, po € D with
|p1 — p2| < 4, there exists a rectifiable path I' C D joining p; to py satisfying the
following conditions:

(i) length (T') < e t|p; — pal,
(ii) for all p € I' we have

dist(p, 0D) > €[pr — p2| 'p — p1llp — p2l- (4.1)

We note that if D is an (¢, 0)-domain, then any dilation of D is also on (¢, §)-domain.
We shall need the following result.

Proposition 4.2 ([7, Proposition 3.2]). There exist &,0 > 0, independent of n,
such that 2 x R and Qin(n) x R, n=1,2,3,..., are all (¢,0)-domains in R3.

Our main result in this section is as follows.

FIGURE 1. The polygon S in the proof of Theorem [£.3]
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Theorem 4.3. There exist €,6 € (0,00), independent of n, such that Qous(n) x R
is an (& 06)-domain in R® for alln =1,2,3,....

Proof. Fix n € N and let (z1,y1,21), (%2, y2, 22) € Qout(n) x R. By Proposition
we see that it suffices to consider only the following two cases:

Case 1 Both (z1,y1) and (z2,ys2) are in Qout(n)\Qin(n + 1),

Case 2 (21,y1) € Qout(n)\Qin(n + 1) but (z2,y2) € Qin(n+ 1).

Let S be the polygon in Figure Then, since S x R is a Lipschitz domain,
there exist €,5 > 0 such that S x R is an (¢, 5)—domain in R3. Therefore, since any
dilation, translation, or rotation of S x R is also an (é, cg)—domain7 we shall assume
that (z1,y1) and (22, y2) are not both inside a domain R C Qqyut(n) that is obtained
by a finite sequence of dilations, translations, and rotations of S and that some of
the edges of R are also edges of Qoyt(n). This assumption implies that

[(z1,91) — (22, 92)| = 3Lin(n + 1) (4.2)

where L;,,(n+1) denotes the length of each side of the polygon Qi (n+1). For every
edge of Quut(n) there corresponds two edges of Qi (n + 1) as shown in Figure

o T
a(@i,91) 1 T(z1,y1)

FIGURE 2. Edges: —— of Qou(n) and — of Qiu(n+1)

Referring to Figure[2} suppose (21, 41) € Qout(n)\Qin(n+1) and suppose (1, 1)
is within a distance of § cos(Z)Lin(n+1) = %Lin (n+1) from an acute vertex v of
Qin(n 4+ 1). Then we let a(x1,y1) be the point on the angle bisector of Qiy(n + 1)
at v that is of the same distance from v as (x1,y1) is from v. The arc of the circle,
centered at v and with radius |v — (x1,y1)]|, starting at a(x1,y1) and ending at
(z1,y1) will be denoted by I'(x1,y1), see Figure

Referring to Figure[3| suppose (21, 41) € Qout(n)\Qin(n+1) and suppose (1, 1)
is not within a distance of § cos(m/6)Liy(n + 1) = @Lin(n + 1) from any acute
vertex of Qin(n+1). Then we let a(xy1,y1) be the center of the triangle with vertices
u, v and w. The straight line segment joining a(x1,y1) to (z1,y1) will be denoted
by I'(z1,y1), see Figure[3| Note that in either case we have

length(T'(x1,y1)) < 3Lin(n + 1). (4.3)
We shall assume that n is sufficiently large so that
Lin(n+1) < 6/9. (4.4)

Then if .
[(z1,91,21) — (22,92, 22)| < 0/3, (4.5)
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(z1,91) ~ o

FIGURE 3. Edges: —— of Qout(n) and — of Qi (n+ 1)

then, by ,
[(a(z1,91), 21) — (a(@2, y2), 22)|
< alz1,91), 21) — (21,91, 20) [ + (21,91, 21) — (22,42, 22)|
+ (22,42, 22) — (a(x2,y2), 22)]
< length(D(z1,y1)) + 6/3 + length(I'(22, y2)) < 6.

We first present the proof for Case 1. We shall divide the proof for this case into a
number of subcases:

(4.6)

Case 1(i). Here we assume that both (z1,y1) and (22, y2) are in Qout (1) \Qin(n+1),
that (z1,y1) and (22, y2) are not both inside a region R C oyt (n) which is obtained
from the polygon S in Figure [1| by a finite sequence of dilations and isometries and
that some of the edges of R are also edges of Quu(n), that both (z1,y1) and
(z2,y2) are within a distance of } cos(m/6)Lin(n + 1) = %Lin(n + 1) from some
acute vertices v; and vq, respectively, of Q;,(n + 1), and that and (4.5)) hold.

Since a(z1,1), a(xe,y2) € Qn(n + 1) and holds, Proposition [£.2] and
imply that there exists a rectifiable path T' C Q;,(n + 1) x R joining (a(x1,y1), 21)
to (a(x2,y2),22) and satisfying:

(A) length(T') < e~ (a(z1,91), 21) — (a(22,y2), 22)]|

(B) for all p € T we have
|71

dist(p, 0n(n + 1) x R) > €|(a(z1,y1), 21) — (a(z2,y2), 22)
(4.7)
X |p = (a(z1,y1), 21)|lp — (a(z2,y2), 22)|-
Now, by (4.2), for i = 1,2, we have
3 T 3
length(T'(z;, ;) < %Lin(n + 1)5 < \3[76‘(731’91,21) — (z2,y2, 22)|- (4.8)

Also we have, by (A) and (4.8),
length(T') < & '(a(z1,91), 21) — (a(w2, y2), 22)]
< e Hl(alzr, 1), 21) = (21,91, 20)| + (21,91, 21) — (22,92, 22)|

+ (22,92, 22) — (a(x2,92), 22)|}
V37

< gil(? + 1)|(l’1,y1721) - (gj27y2a22)|'

(4.9)
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In the reverse direction we have, by (4.8)),

\(xl,yhzl) - ($2,y2722)|

<|[(z1,91,21) — (a(z1,91), 21)| + [(a(z1,91), 21) — (a(z2,Y2), 22)|

+ |(a(w2,y2), 22) — (72,2, 22)| (4.10)
< %KIlayl»Zl) — (22,92, 22)| + [(a(z1,91), 21) — (a(z2,92), 22)]
and hence
[(z1,91,21) — (T2,92, 22)| < (1 — \1[73;)_1“@(95172/1)’31) — (a(w2,y2), 22)|. (4.11)
Let p € ' and suppose that
lp — (a(xs,9:), 2:)| > %dist(a(xi,yi),aﬂin(n +1)) (4.12)

for i = 1,2. Then, referring to Figure

1 .7
|p - (a(xiayi)v Z’L)| > - sin (€)|a(xl7yl) - vi|

2

= EW(%‘,%) - Uz% (4.13)
3

> El(a(miyyi),zi) — (4, ¥4, 2i)|

for i =1,2,. Hence

I — (zs, 45, z0)| < |p— (alzs, yi), 20)| + (@i, yi), ) — (T4, v4, 2i)|
4 (4.14)
3

< (14— )lp— (alzi,v:), )]

for i = 1,2. Combining (4.7)), (4.9) and (4.14) we get

dist(p, 0Qout(n) x R)

> dist(p, 0Qin(n + 1) x R)

> é|(a(x1,y1), 21) — (a(x2,y2), 22)| ' |p — (alz1,91), 21)]

X |p— (a(w2,y2), 22)| (4.15)

3T an
18 3
X |p = (z1,y1, 21)[lp — (22, Y2, 22)].

> (LT 1) 14 ) @y 21) — (22,2, 22)|

Next let p € I' and suppose that
1.
Ip — (a(z1,91),21)|] < 3 dist(a(x1,y1), 0Qn(n + 1)). (4.16)

Referring to Figure 2l we have, by (4.16)),

Ip— (1,91, 21)| < |p— (a(z1,y1), 21)| + |(a(z1,y1), 21) — (21,1, 21)]
1

< (1 + g)la(azuyl) — vyl

(4.17)
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So, by (4.16) and (4.17)),

dist(p, Out (n) x R) > dist(p, 0in(n + 1) x R)

vV

,.;;\,_.4;\,_.[\3\,_.

dist(a(z1,y1), 0Qn(n + 1))

(4.18)
xlayl) - Ul'

1
\P— (w17y1,z1)|.

Y

(

+7

a(
1 T\ —
4 3)

Also, by , , , 7
lp — (w2, Y2, 22)|
< |p— (a(z1,y1), 20)[ + [(al@1, 1), 21) — (a(z2,y2), 22)]
+ [(a(z2, y2), 22) — (T2, Y2, 22)|

V3

1
< Z|a($1,y1) v1] + (7 + D)|(z1,y1,21) — (@2, 92, 22)|

18
Va3
+ (@191, 21) — (22,52, 22)) (4.19)

36
V3 V3m
12

< —Lin(n+1)+ (=

T + 1) [(z1,y1,21) — (T2, Y2, 22)|

3 V3
48 ——(x1,91) — (T2, y2)| + (? + 1) |(z1,y1,21) — (T2, Y2, 22)|

V3 V3

AT A | - .
(48 + 12 + )|($17y1’zl) (22,2, 22|

Combining (4.18)) and ( we obtain

dist(p, aQout( ) X R)

1.1 7.-1,V/3 3« 1 1
>2(Za4 n 1 — - 4.20
z 4(4 + 3) (48 + 9 +1) (=1, 91, 21) — (22,92, 22)| (4.20)
X ‘p_ (:r’hylaZl)Hp_ ($27y2a2’2)|-

Now let p = (x,y,21) € T'(z1,y1) X {#1} and let
= inf{b'sinb:0<b< g} > 0. (4.21)

_ (@1,01)

FIGURE 4. Edges: —— of Qout(n) and — of Qi (n+ 1)
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Referring to Figure [ we have
dist(p, 0out (n) X R) = dist((z,y), 0Qut(n))
= |[(z1,y1) — v1|sin(a + b)
= |(z1,y1) — v1|b(b~ ' sin(a + b))
> |(21,91) — v1|b(b™ ' sind) (4.22)
> |(z1,91) — vi|bky
> kil(z1,91) — (z,9)]
= k1l(z1,91,21) — (2,9, 21)|.
Also we have, for p = (z,y,21) € T'(z1,y1) X {1},
Ip — (22,92, 22)| < [p— (@1, 91, 20) + [(21, Y1, 21) — (T2, Y2, 22)|

™3

< g L+ 1) +[(21,91,21) = (22,52, 22)) (4.23)
T3

< (W + 1)(z1,91,21) — (22,92, 22)]

where we have used (4.2). Thus, combining (4.22) and (4.23), we have, for all
b= (xﬂyv'Zl) € F(xluyl) X {Zl}

dist(p,aﬂout(mxmz(g—fﬂ) Bl z) = (e ) o

X |p = (z1, 91, 21)lIp — (2,42, 22)]
Similarly, we have, for all p = (x,y, 22) € I'(x2, y2) X {22},

. /3 -1
dist (. 9e(n) ¥ B) > (56" 1) al(@aynzn) = (@)l g o0

|p - (ﬂfl,y1721)||p - (3327y2,32)|

From (45), (4.6), (£3), (d.9), (@.15), (20), [24) and ([£.25), we see that if

(z1,91, zl) and (3027 Y2, 22) satlsfy the assumptions of Case 1(i) and if

(21,91, 21) — (22,2, 22)| < 6/3, (4.26)
then there exists a path
I'= (T(z1,41) x {z1}) + T + (T(2,y2) % {22}) (4.27)
joining (1,1, 21) to (z2,ys2, 22) satisfying
. V3r V3n
length(T") < [ 18 + 6(1—8 + 1)} |(z1,y1,21) — (22,Y2, 22)] (4.28)

and for all p € T' we have
dist(p, OQut (n) x R)

> e1|(z1,91,21) — (T2, Y2, 22)| M p — (21, 41, 21)||p — (T2, Y2, 22)|

e =min {e(2T 1) (1427

G5 (e ey m ) )

(4.29)

where

(4.30)
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Case 1(ii). Here we assume that both (x1,y1) and (x2,y2) are in Qout (n)\Qin(n +
1), that (x1,y1) and (z2,y2) are not both inside a region R C Quyu(n) which is
obtained from the polygon S in Figure [1| by a finite sequence of dilations and
isometries and that some of the edges of R are also edges of Quut(n), that both
(71,y1) and (z2, y2) are not within a distance of < cos(w/6) Ly (n+1) = %Lin(n—&— 1)
from any acute vertex of Qi,(n + 1), and that and hold.

\9 <

(9317;/1): ~ .

o7
a(z1,y1):

T Y S

FIGURE 5. Edges: —— of Qoyu(n) and — of Qiu(n+1)

In Figure|5} let 6 be the angle between the line segment (x1,y1), a(z1,y1) joining
(21,91) to a(x1,y1) and the line perpendicular to the line segment 7, joining v to
o. Let a be the point on 7,7 such that the length of v, @ is § cos(m/6)Lin(n + 1).
Let v be the midpoint of 7; ¢ and let 1 be a point on 7, w such that

3
length(7,7) = 1 length(7,w). (4.31)

Let 81 and (> be the angles between the line perpendicular to v, and the line
segments a(z1,y1), @ and a(z1,y1),n, respectively. Let 7 be the point of intersection
of the line segments 7, w and a(z1,y1),n. If

Br <0 < fa, (4.32)
then, for all (z,y) € a(x1,y1), (x1,91), we have

dist((2,y), 0Qut(n)) = (cos 0)[(x, y) = (21,91)] = (cos B1) (2, y) — (z1,41)]. (4.33)
If

B << 3 (4.34)

ie., if (x1,y1) € A(7,n,w), where A(7,n,w) denotes the triangle with vertices 7, n
and w, then, for all (z,y) € a(z1,y1), (x1,91), we have

dist((x,), 0%ut (n)) > dist(A(a(z1,y1), 1, w), Ius (1))

= 3|n — w| (4.35)
= kola(x1, 1) — 1|
> ka|(z,y) — (21,91
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for some ko > 0 independent of n, (z1,y1) and (x2,ys).

Combining and we have, for all p = (z,y,21) € T'(x1,y1) X {21},
dist(p, Oout(n) x R) > min{cos By, k2 }p — (21,1, 21)]- (4.36)
Also, by , for all p = (x,y,21) € T(z1,y1) X {21}, we have
Ip = (22,92, 22)| < Ip = (21,91, 21)| + |(21, 91, 21) — (22,2, 22)]
< Lin(n+1) + [(21,41, 21) — (T2, Y2, 22)| (4.37)

4
= g‘(xlayl»zl) — (2, Y2, 22)|-
Thus combining (4.36)) and (4.37) we have, for all p = (x,y, 21) € T(x1,y1) X {21},

. 3 . _
dlSt(pv 890111:(”) X R) Z Zmln{cosﬂlak2}|(xlaylazl) - ($2,y2,22)| !

(4.38)
X |p = (z1,y1,21)[|p — (22, Y2, 22)|.
Similarly, for all p = (z,y, z2) € T'(z2,y2) X {22}, we have
dist(p, 9out(n) x R) > %min{cos Bu, ko (1,91, 21) — (2,2, 22)| 7! (4.39)
X |p = (@1, 91, 21) P — (2,2, 22)|-
Referring to Figure [5| we have, by ,
length(I'(21,y1) x {21}) = length(I'(z1,y1))
< Lin(n +1) (4.40)
< %\(ml,yhzl) — (2,92, 22)|.
Similarly we have
length(I'(z2, y2) x {22}) < %|(m1,y1,21) = (2,92, 22) |- (4.41)
So, from and , we have
length(I') < &~ (a(z1,51), 21) — (a(x2,2), 22)|
< e Hl(alr,y), 21) = (@191, 20 + (21,51, 21) = (22,92, 22)|
+ (22, y2, 22) — (a(22,92), 22)] (4.42)
< g€_1|($1,y1,21) — (22,92, 22)|.
Now let p € I and suppose that
Ip— (alai, 1), )| > 5 dist(alas, :), 0%l + 1)) (4.43)

for i = 1,2. Then, referring to Figure [3] we have

1 1
—(a(xi, i), zi)| > —=Lin(n + 1) > —=|(a(xi, ¥:), zi) — (T4, Yi, 2 4.44
\p((y))|4\/§()4\/§|((y))(y)\()
for i = 1,2. Hence
I — (i, ¥, 20)| < |p— (alxs, y3i), z0)| + (@i, y3), 2) — (4, ¥4, 2i)|

< (L4 4VB)lp — (alas i), =) 4



42 M. M. H. PANG EJDE-2011/100

for i = 1,2. Thus, by (4.42)),
dist(p, Out(n) x R) > dist(p, 0Qin(n + 1) x R)

> él(a(z1,y1), 21) — (a(w2,y2), 22)| "
x [p— (a(z1,91), 21)|[p — (a(z2, y2), 22)] (4.46)

3 —2. _
2 g(1+4\/§) 26|(x17y172:1)_(x27y2722)| !
X |p = (z1, 91, 21)llp — (22,42, 22) .

Next let p € I' and suppose that

1
lp — (a(z1,91), 21)| < 3 dist(a(z1,y1),0Qn(n + 1)).

Then, referring to Figure
diSt(p, 890ut (n) X R) 2 diSt(p, 8Qin(n + 1) X R)

> %dist((a($1,y1)7 z1), 0Qn (n + 1) x R) (4.47)

1
= —Lih(n+1
Wi (n+1)

and
Ip— (1,91, 21)| < |p— (a(z1,y1), 21)| + |(a(z1,y1), 21) — (21,1, 21)]
1.
S35 dist(a(z1,y1),0Qin(n + 1)) + Lin(n + 1) (4.48)
(— +1)Lin(n+ 1),

hence, from and -,

1 1 -1
dist(p, 0out(n) X R) > —=(—= +1 —(z1,y1,21)] 4.49
(p ¢(n) ) 4\/5(4\/5 ) Ip — (21,91, 21)] ( )
Also, by (4.48]) and (4.2]), we have
lp — (22, y2, 22)| < |p — (z1, 91, 20)| + (21,91, 21) — (22, Y2, 22)|
(4.50)

< [(47\1/3 +1)37" + 1 [(21, 91, 21) — (22,42, 22)]-

Combining (4.49) and ( - we obtain

dist(p, 0out (n) X R)

1 /1 1 -1
> - (— +1 — +1)37t+1 Y1, 21) — (T2, 92, 22)| 71 (451
> (Gt G 037+ 1] e n) - @)™ @)

X [p = (w1,y1, 21)||p — (22,92, 22)|.

By symmetry, if p € T and if

1
[p = (a(22,y2), 22)| < 5 dist(a(z2,y2), Hhin(n + 1)),
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then we have
dist(p, 0Qout(n) x R)
1

X |p = (x1,y1, 20)|lp — (22,92, 22)|-
(4.52)

Thus from [{5), (&6), (*.38), [@.39), [@.40), (*.41), [{42), [@.46), (E51) and (E.52),

we see that if (z1,y1,21) and (22, Y2, 22) satisfy the assumptions of Case 1(ii) and
if

[(z1,91,21) — (22, Y2, 22)| < 3/3,
then there exists a path
[ = (D(z1,51) x {z1}) + T + (D(2,y2) x {22}) (4.53)
)

joining (z1,y1,21) to (z2,y2, 22) satisfying

[\

- 5
length(T") < (§ + 3¢ 1)|(w17y1,z1) — (22,Y2,22)| (4.54)

and for all p € T' we have
dist(p, 0ut(n) x R)

= (4.55)
> eal(z1,y1,21) — (%2,92,22)| [P — (T1, 91, 21)|[p — (22, Y2, 22)
where
3
€2 zmin{zcosﬁl, ko, = (1+4\f)
(4.56)

1 1 -1 1 -1

4\/3(4\/§+1) [(4\/§+1)3 +1} 3

Case 1(iii). Here we assume that both (x1,y1) and (22, y2) are in Qo (n)\Qin(n+
1), that (x1,y1) and (z2,y2) are not both inside a region R C Quu(n) which is
obtained from the polygon S in Figure [1| by a finite sequence of dilations and
isometries and that some of the edges of R are also edges of Qout(n), that (z1,y1) is
not within a distance of § cos(m/6)Lin(n + 1) from any acute vertex of Qin(n + 1),
that (22, y2) is within a distance of 1 cos(m/6)Liy(n + 1) from an acute vertex vy of

Qin(n + 1), and that (4.4) and (4.5) hold.

In this case, by (4.2), we have

iy
length(T'(z2,y2) x {z1}) < §|(m2,y2,22) — V2|

™3
12

V3

- 36

IN

Lin(n +1) (4.57)

[(z1,91,21) — (2, Y2, 22)|
and, referring to Figure
length(I'(z1,y1) x {z1}) = [a(z1,91) — (@1, 91)|
< Lin(n +1) (4.58)

1
Sg\( 1,91, 21) — (22,92, 22)|-
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length(r) S €_1|(a($17y1)721) - (a’(‘rQa y2)7 22)|
< €71{|(a(3317y1)’21) — (z1,y1, 20)| + [(#1, 91, 21) — (22,92, 22)|

+ [(z2, Y2, 22) — (a(x2,y2), 22)|} (4.59)
< é_l(g + %ggﬂ(ﬂﬁhyhzl) = (%2, 92, 22).

From (4.57) and (4.58) we have

(21,91, 21) — (T2, Y2, 22)|
< |(@1,91,21) = (a(z1,91), 21)| + [(a(@1,91), 21) — (a(72,92), 22)|
+ [(a(z2,y2), 22) — (T2, Y2, 22)|

1
< §|(x1,y1,21) — (2,92, 22)| + [(a(z1,y1), 21) — (a(w2,92), 22)]
™3
+ W ($17y17Z1) - ($2,y2722)‘7
hence
2 m/3\-!
(@11, 2) = (@292, 22)| < (5 - 56-)  alen,v), 1) = (a(ea, o), 22)]. (4.60)

Let p € T and suppose that
1
Ip — (a(ws, y:), zi)| > §dist(a(xi,yi),8ﬂin(n+ 1))
for i = 1,2. Then
p— (a1, 91), 20| = —=Lin(n +1) > —=(a(a1,91), 21) — (01,91, 21)
p 1,Y1), %1 _4\/5 in _4\/§ 1,Y1),%1 1,91, %1

and so

Ip— (z1,y1,21)| < |p— (a(w1,91), 21)| + [(a(z1,91), 21) — (21,91, 21)]

(4.61)
< (14+4V3)p — (a(z1,y1), 21)].
Also
1.
[p = (a(w2,92), 22)| = 5 sin(m/6)]a(ws, yo) — va
s
= E|a(l’2,y2) - ”02|§
> I (a(w2,y2), 22) — (72,2, 22)|,
and hence
Ip — (22,2, 22)| < |p — (ax2,y2), 22)| + |(a(x2, y2), 22) — (@2, Y2, 22)|
(4.62)

<(1+ 4?7T)|p — (a(z2,y2), 22)|-
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Thus, by [@59), [61) and (£.62),
dist(p, 0ot (n) x R)
> dist(p, 0Qn(n + 1) x R)
> él(a(z1,y1), 21) — (a(z2,92), 22)| ' p — (a(z1,91), 21)
x |p — (a(w2,y2), 22)|
4  7mV3, -1 4\ 1
5+ 3—\6[) (L+av3)t(1+3)
X (z1,91,21) = (22,92, 20)| 7 Hp = (21,91, 20)[Ip — (22,2, 22)].
Next let p € I and suppose that

%
N>

1
Ip — (a(x1,91),21)] < idist(a(xl,yl),aﬁin(n +1)).

Then (4.47)), (4.48), (4.49) and (4.50) still hold. Hence we have
dist(p, 0ot (n) x R)

> 4—\1/3(4—\1/3 + 1)_1[(% +1)37 4 1}_1

x (1,91, 21) — ($2,y2,22)\_1|p — (z1,91,21)|[p — (22, 92, 22)|-
Now let p € I" and suppose that

1 .
lp — (a(x2,y2), 22)| < 3 dist(a(x2,y2), 0Qin(n + 1)).

Then
Ip — (22,2, 22)| < |p — (ax2,y2), 22)| + |(a(x2, y2), 22) — (@2, Y2, 22)|
1
< (1 + §)|a($27y2) — va].
So

dist(p, Iout(n) x R) > dist(p, 0Qin(n + 1) x R)

Y

% dist(a(zz2,y2), 0y (n + 1))

i‘a(anyZ) — g

. (1 + E>_1|p — (72, Y2, 22)|-
4\4 3
Also we have, by , and ,
Ip = (z1,91, 21)| < Ip = (a(w2, y2), 22)| + [(a(w2,y2), 22) — (a(z1, 1), 21)|
+ |(a(z1,91), 21) — (21,91, 21)]
1 4 /3

Y

4 3 36
1
+ §|(x17y1,21) — (22,2, 22)|

V3 5 w3

< —Lin(n+1)+ (* + 7)\(37171/1,21) — (w2, Y2, 22)|
1 3 36
V3 5 w3

< (E + =+ ——)|(@1, 91, 21) — (w2,92, 22)|.

45

(4.63)

(4.64)

(4.65)

(4.66)

a(ra,y2) — vo| + (* + 7)|($1ay1721) — (22,2, 22)|

(4.67)
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Combining (4.66)) and (4.67), we have
dist(p, 0ut(n) x R)
—1
S 1(1 7r) (\/3 5 W\/g)—l

B 1 3 9 |(1'1,y1721) - (1’2,@/2,22”71 (468)

173 18 T3 36
X |p = (w1,y1, 21)|lp — (w2, Y2, 22)|.

Now let p € I'(w2,y2) X {22}. Let k1 > 0 be the constant defined in (4.21). Then
calculations similar to those in (4.22) give

dist(p, 0Qout(n) X R) > k1|p — (22, Y2, 22)|. (4.69)

Also, by (4.2),
Ip— (z1,91,21)| < |p— (T2,92, 22)| + [(22, Y2, 22) — (71,1, 21)]

/3
< ﬁLin(n + 1) + (71,91, 21) — (T2,Y2, 22)] (4.70)

(i +1)|(z1,y1,21) — (T2, Y2, 22)|.

Combining (4.69) and - we obtain

dist(p, Out(n) x R) = ky (W?f

IN

—1
+ 1) (1,91, 21) — (T2, 42, 22)| " (4.71)
X ‘p - (xbylazl)Hp - ($2,y2,2’2)|.

Let p € T'(x1,y1) X {z1}. Then (4.36]) and (4.37)), and their proofs, still hold. Thus

we have

. 3 . _
dist(p, 0Qout(n) x R) > 1 min{cos B1, k2 }| (1, y1, 21) — (22, Y2, 22)| "

X |p - (xl?yhzl)Hp - (55272/2722”,

(4.72)

where 37 and ko are constants described in Case 1(ii).

Thus from (4.5)), (4.6, (4.57), (4.58), (4.59), (4.63)), (4.64), (4.68), (4.71) and
(4.78), we see that if (x1,y1, 21) and (22, ys, 22) satisfy the assumptions of Case 1(iii)
and if

(1,91, 21) — (22,2, 22)| < 6/3,
then there exists a path

['=(T(z1,41) x {z1}) + T+ (T(22,y2) x {22}) (4.73)
joining (z1,y1,21) to (22, Y2, 22) satisfying

ALy 3

= A1
length(r)g[:ﬁ 36 (3 36

—)(@1,y1,21) — (T2, Y2, 22)]| (4.74)

and for all p € T' we have
dist(p, 0ot (n) X R)

) (4.75)
> e3)(z1,91,21) — (T2, Y2, 22)| M p — (21, 41, 21)||p — (T2, Y2, 22)|
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where

ol ) e (o)

7 )_1{($+1)3 +1] .

™~1/V3 T3\ 1 T3
*g) (R 5+ 5) ™ <36“> :

\ !

(4.76)

Case 2(i). Here we assume that (21,y1) € Qouwt(n)\Qin(n + 1) and (z2,y2) €
Qin(n + 1), that (z1,y1) and (x2,y2) are not both inside a region R C Qquui(n)
which is obtained from the polygon S in Figure [l by a finite sequence of dilations
and isometries and that some of the edges of R are also edges of Qqut(n), that
(x1,y1) is within a distance of 1 cos(m/6)Liy(n + 1) from an acute vertex vy of
Qin(n + 1), and that and hold.

By Proposition there exists a path I' C Qi (n + 1) x R joining (a(x1,y1), 21)
to (x2,ys, 22) satisfying

(C) length(I') < e~ '|(a(z1,91), 21) — (22,72, 22)],

(D) for all p € T we have

dist(p, 0y (n + 1) x R)

) B (4.77)
> é|(a(1,y1), 21) — (2,92, 22)| ' |p = (al@1,91), 21)||p — (w2, Y2, 22).
By (4.2), we have
l(a(z1,91), 21) — (%2, Y2, 22)|
< |(a(z1,11),21) — (1,91, 21)| + (1,91, 21) — (T2, Y2, 22)]
f
< ?Lm(n + 1) + [(z1, 91, 21) — (w2, Y2, 22)| (4.78)
™3
< (@ +1)|(z1,91,21) — (22, Y2, 22)|
and
|($1,y1721) - ($2,y2722)|
< (1,91, 21) — (a(w1,y1), 21)| + [(a(@1,91), 21) — (72, Y2, 22)]
™3
< 36 (w1,y1,21) — (w2, Y2, 22)| + [(a(z1,91), 21) — (T2, Y2, 22)|
and hence
™3
|(z1,y1,21) — (T2,Y2,22)| < (1 - W) l(a(x1,91), 21) — (T2, 92, 22)|].  (4.79)
Thus

length(T') < & '|(a(z1,y1),21) — (T2, Y2, 22)
3 (4.80)

(W + 1) (w191, 21) — (22, Y2, 22)|

| /\
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and
length(I'(z1,y1) X {21}) = length(I'(21,y1))
™3
12
< L\/g
- 36
Let p = (x,y,21) € T'(z1,y1) X {#1}. Let k1 > 0 be the constant defined by (4.21)).
Then (4.22) and (4.23) still hold, and hence we have

\/g —1 _
o +—1) (21,91, 21) — (22,92, 22)| " (4.82)

X ‘p (xbylaZl)Hp*(x27y2322)|'

| /\

g Lin(n+1) (4.81)

[(z1,y1,21) — (T2, Y2, 22)|-

dist(p, Out (n) X R) > kl(

Let p € I" and suppose that

1 .
lp — (a(x1,91), 21)| > idISt(a(xlayl)aaQin(n +1)).

Then
1.
Ip — (a(z1,y1),21)| > B sin(m/6)|a(x1,y1) — v1
3 /m
= = (Fla@1.y1) — va)
3
2> E|(a(x1,y1),zl) — (1,41, 21)],
hence

Ip— (z1,91,21)| < |p— (a(z1,31), 21)| + [(a(z1,91), 21) — (21,91, 21)]
47
< (1 + *)|P — (a(z1,91), 21)|-
Combining (4.80)) and ( we have

dist (p, aﬂoum) x R)
> dist(p, 0 (n + 1) x R)

(4.83)

> él(a(z1,y1), 21) — (x2,y2, 22)| " p — (a1, 91), 21)|[p — (22, Y2, 22)| (4.84)

(WS\6[ ) (1+4§)_1‘($1,y1,21)*(wQ’yQ’ZQ)rl

X |p— (21,91, 21)||p — (@2, Y2, 22)|.

| \/

Next let p € I and suppose that

1 ..
Ip — (a(z1,91), 21)| < idISt(a(zlayl)anin(nJr 1)).
Then
Ip— (z1,y1,21)] < \P— (a(z1,91), 21)| + [(a(z1,91), 21) — (21,91, 21)]

7r
| (T1,y1) — vi| + g\a(zl,yl) — 1 (4.85)

1
:(* )|a r1,y1) — v1l,

Ny
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and so
dist(p, Out (n) x R) > dist(p, 0Qin(n + 1) x R)

> 1 dist(a(xl, Y1), 0Qin(n + 1))

= 4| a(r1,y1) — vil
1,1 7w, -1
= Z(Z—"g) ‘p_(xlvyluzlﬂ-
Also we have, by (4.80) and ,
lp — (22,2, 22)|
<Ip—(a(z1,y1), 21)| + [(a(z1,y1), 21) — (22, Y2, 22)]
1 T3
< Z|a($1,y1) vi| + (@ + D)I(x1,91,21) — (22,2, 22)|
V3 ™3
< 16 —Lin(n+1) + (7+1)|(x1,y1,z1)*(xg,y2,22)|
V3 w3
< (E + ? +1)|(x17y1azl) - (xg,y2,22)|.
Combining (4.86)) and ( we obtain
dist(p, aQout( )X R)
1,1 m\-1/vV3 7wV/3 1
Sil om v3 V3 _ _
> 13+ 5) (22 41) e wnn) - @2, 2)

le—(xl,yhzl)\lp (22,92, 22)|.

49

(4.86)

(4.87)

(4.88)

Thus from (LF), (4.6), (£80), (481), (4.82), (4.84), and ([£.88), we see that if

(z1,91,21) and (mz, Y2, 22) satisfy the assumptions of Case 2(1) and if

(21,91, 21) — (22,92, 22)| < 6/3,

then there exists a path

r= (T(@1,y1) x {=1}) +
joining (z1,y1,21) to (22,2, 22) satisfying

length(T) < (726[4— (%—Fl))Km,thl)—($2,y2,22)|

and for all p € T' we have
dist(p, 0ut(n) x R)
> eq|(x1,y1,21) — (xz,y2,22)\_1|17 — (71,91, 21)||p — (22, Y2, 22)|

where

) = min{kl(ﬂ—\/g + 1)_17€(7T S . 1)_1(1 + 4—”)_1,

3
1G5 (B}

(4.89)

(4.90)

(4.91)

(4.92)
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Case 2(ii). Here we assume that (z1,y1) € Qous(n)\Qin(n + 1) and (z2,y2) €
Qin(n + 1), that (z1,y1) and (x2,y2) are not both inside a region R C Qquui(n)
which is obtained from the polygon S in Figure [I| by a finite sequence of dilations
and isometries and that some of the edges of R are also edges of Quut(n), that
(z1,%1) is not within a distance of § cos(m/6)Lin(n + 1) from any acute vertex of
Qin(n + 1), and that ([£4) and holds.

Referring to Figur we see that in this case (4.31)-(4.38) and (4.40)) still hold,
and so, for all p € T'(z1,y1) X {21}, we have

. 3 . _
dlSt(pv aQout(n) X R) Z Zmln{cosﬂlak2}|(xl7ylazl) - (x27y2322)| !

(4.93)
X |p = (1,91, 20)|[p — (%2, Y2, 22)],
and
length(I'(z1,y1) x {z1}) < %|(x1>y1721) — (w2, Y2, 22)|. (4.94)
Hence
length(T")
<& Y(aler,m),21) — (22,42, 22)|
< M@l 2) — (o 2) @) = (@ 2)) 9

4.
S §€ 1|(331,y1a21) - ($27y2’z2)|~
Let p € I' and suppose that
1.
Ip — (a(z1,91), 21)| > §d15t(a($1yyl)7aﬂin(n +1)).
Then

1 1
Ip — (a(z1,91),21)] > mLin(”‘F 1) > m|(a(m17y1),z1) = (w1,y1,21)[- (4.96)

Thus
Ip = (z1,y1,21)| < |p— (a(z1,91), 21)| + [(a(z1,91), 21) — (21,91, 21)]
(4.97)
< (1+4V3)p — (a(z1,y1), 21)].
Also, from (4.2) and Figure
|(a(x1,y1),z1) - ($2,92722)|
<|[(a(z1,91),21) = (x1,91, 20)| + [(T1, 91, 21) — (@2, Y2, 22)|
S Lin(n + 1) + |($1,y1721) - (1’2,y2722)| (498)

4
< §|(3517y1,21) — (22,92, 22)|.

Hence we have, from (4.97)) and (4.98)),
dist(p, Iout(n) x R) > dist(p, 0Qin(n + 1) x R)
> é(a(z1, 1), 21) — (22,92, 22)| " p — (a(z1,91), 21)|
X [p— (2, Y2, 22)| (4.99)
(1+4V3) (21,91, 21) — (22,92, 22)|

X |p— (z1,y1,21)[lp — (22,92, 22)|-

> ¢
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Now let p € I and suppose that

1
lp — (a(z1,91), 21)| < > dist(a(z1,y1),0Qn(n + 1)).

Then
dist(p, Oout (n) x R) > dist(p, 0in(n + 1) x R)

1dlst(( (z1,91), 21), 0in(n + 1) x R) (4.100)

[\]

1
= ——Liy(n+1
W (n+1)

and, referring to Figure [5]
lp — (21,91, 21)| < |p — (a1, 91), 21)| + [(al@1,91), 21) — (21,91, 21)|

< (% + 1) Lin(n + 1). (4.101)
Hence, combining (4.100) and (4.101]), we get
dist (p, Oour(n) x R) > i(i + 1)_1\p — (21,1, 21)|- (4.102)
4v/3\4+/3

Also, by (4.2)) and (4.101]),
Ip — (22,2, 22)| < |P* (1,91, 21)| + (21,91, 21) — (T2, Y2, 22)]

(121[ 4)|(3017y1,21) (T2, Y2, 22)|-

Combining (4.102)) and (4.103]) we obtain
dist(p, 0out(n) x R)

S 1 ( 1 +1)—1< 1
T 4/3\4V3 12v/3
X p = (x1,y1, 20)llp — (22,92, 22)|-

Thus from (4.5), (4.6), (4.93), (4.94), (4.95), (4.99), and (4.104), we see that if

(21,y1,21) and (22, ya, 22) satisfy the assumptions of Case 2(ii) and if

4 —1
+§> (1,91, 21) — (22,2, 22)| " (4.104)

(21,91, 21) — (22,52, 22)| < 0/3,
then there exists a path

T = (T(x1,5) x {z1}) + (4.105)
joining (x1,y1, 21) to (z2,ys2, 22) satisfying
14
length(T") < (g + 3¢ (@1, 91, 21) — (22, Y2, 22) (4.106)

and for all p € T we have
dist(p, Oout (n) x R)

) (4.107)
> es|(w1,y1,21) — (T2, Y2, 22)| "t p — (21,91, 21)||p — (%2, Y2, 22)|
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where

€5 = Inin {gcosﬁl, §k2, §(1 + 4\/5)716
4 4 4
1 1 1, A —1 (4.108)
) )
4v/3\4V/3 123 3

To summarize: Cases 1(i),(ii),(iii), 2(i),(ii), exhaust all possibilities of at least
one of (z1,y1,21) or (T2, Yz, 22) is in (Qout(n) X R)\(Qn(n + 1) x R) with (z1,y1)
and (x2,y2) not both contained in a region R C Qqyt(n) which is obtained from the

polygon S in Figure [1| by a finite sequence of dilations and isometries and that at
least one of the edges of R is also an edge of Qqyut(n). Let

56 =0/3 (4.109)
and
V3m V3m 2 5 -1
o2 B ] ()
€6 mm{[18+(18+) 37 3¢
—1 —1
[ +7\/>+ ( + ﬂ—\[)} ’ 7\/§+é*1<L3+1)} , (4110)
3 36 3 36 6 36
(5+37) )
-+ € €1, €2, €3,€4,€5 .
373 ) €1, €2, €3, €4, €5
Then we have proved that in each of these cases, if
‘(xlay17zl)_(x2ay2722)‘ §567 (4111)
then there exists a path T C Quu(n) x R joining (1,91, 21) to (&2, ya, 22) satisfying
length(T) < e5'|(x1,y1,21) — (2, Y2, 22)| (4.112)

and for all p € T' we have
dist(p, 3Qout(n) X R)
Z 66|(x17y1;2:1) - ($27927Z2)|_1‘p - (1'17111721)”17 - ($27y2,22)|'

This together with Proposition[f.2]and the fact SxR is a Lipschitz domain, and thus
an (e7,d7)-domain in R3 for some €7, 67 > 0, complete the proof of Theorem O

(4.113)

We finish this section by giving the proof of Theorem We shall need the
following results:

Proposition 4.4 (see [5, Theorem 1]). Let D € R be an (¢,8)-domain. Suppose
ke {1,2,3,...} and 1 < p < co. Then there exists a bounded extension operator
Ak : WEP(D) — WEP(RY) such that

(Akpflp =f (f e WHP(D)).
Moreover, the norm ||Ay p|| depends only on €, 6, k, p and the dimension d.

Proposition 4.5 (see [4 p.47]). Suppose D C R? is a domain such that for some
p € [1,d) there exists a bounded extension operator Ay, : WHP(D) — WHP(RY)
satisfying

(Al,pf)lD =f (feW"r(D)).
Let q be defined by 4= %. Then there exists ¢ = ¢(d) > 1 such that

1fllq < CIIAl,pII{HVfHZ +IfIBY>  (f € WHR(D)).
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Proposition 4.6 (see [4, Theorem 2.4.2, Corollaries 2.4.3,and 2.2.8]). Let D C R¢,
d > 3, be a domain. Suppose there exists ¢y > 1 such that

11l 2o < e{IVAIE+ 1B (f € WH(D)).
Then there exists co > 1, depending only on ¢y and d, such that
PP(t,z,y) <et™? (0<t<1l,z,yeD),

where PP (t,z,y) denotes the heat kernel associated to the semigroup generated by
the Neumann Laplacian on D.

Proof of Theorem[I.3 We follow the arguments in [7]. We also remark that the
constants K;, i = 1,2, 3, in the argument below will depend only on the values of
¢ and ¢ in Theorem but not on n.

By Theorem and Proposition (with D = Qou(n) x R, K = 1 and
p = 2 in Proposition , there exists a bounded linear extension operator Aj s :
W2(Qous(n) x R) — WH2(R3) such that

(A1,2f) |Qo..:(n)><R: f (f € Wl’Q(Qout(n) X R))7

where the norm [|A; 5| depends only on ¢ and 6. So by Proposition (with
D =Qi(n) xR, d=3, p=2and ¢ = 6), we have

Ifls < KLUV AIE + IF13 2 (F € WH2(Qour(n) x R))

where K7 > 1 depends only on ¢ and 5. Hence, by Proposition we have
PR (¢ (21,91, 21), (22,2, 20)) < Kot~/ (4.114)

for all 0 < t < 1 and all (z1,y1,21), (Z2,¥2,22) € Qout(n) X R, where Ky > 1
depends only on ¢ and 0. Since

PQout(n)XR(t, (3317 Y1, 3)7 (agg, Y2, Z))

= PQOUt(n) (t7 (xla y1)7 (:L'Qa y2))PR(ta Z, Z) (4115)

= (4mt) 2P Y M (¢ (2, 1), (22, 72))
for all 0 <t < 1,(z1,¥1), (T2,y2) € Qout(n) and z € R, we have, from (4.114)) and
(1),

PQO“t(n)(tv ($17y1),($2,y2)) < K3t71 (4116)

for all 0 < ¢t < 1 and (z1,%1), (z2,y2) € Qout(n), where K3 > 1 depends only
on ¢ and 4. The proof of Theorem is complete by combining (4.116]) and [7,
Theorem 1.3]. O
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