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SCHRODINGER-POISSON EQUATIONS WITH SUPERCRITICAL
GROWTH

CLAUDIANOR O. ALVES, SERGIO H. M. SOARES, MARCO A. S. SOUTO

ABSTRACT. In this article, we study a class of Schrédinger-Poisson equations
in R3 with supercritical growth. We prove the existence of positive solutions,
using variational methods combined with perturbation arguments. The solu-
tions to subcritical Schrédinger-Poisson equations are estimated using the L
norm.

1. INTRODUCTION

The system
~Au+V(2)u+ du = |[ulP?u in R,
~Ap=u? inR3
has great importance for describing the interaction of a charged particle with an
electromagnetic field; see for example [2, B, 4, [12] 17, 18]. Recent studies have
focused attention on existence, nonexistence and symmetry of solutions to .
However, most of the references presented here are devoted to pure power type
nonlinearities |u[P~2u, where p is a subcritical or critical exponent. For example,
Ruiz [17] studies the subcritical case and shows that if p < 3, the problem does
not admit any nontrivial solution, and if 3 < p < 6, there exists a nontrivial radial
solution of (L.I). A multiplicity result for the subcritical case has been established
by Gaetano [I2]. The critical case has been treated by Azzollini and Pomponio [3]
and Zhao and Zhao [19).
In this article, we consider the stationary Schrodinger-Poisson system

—Au+V(zx)u+ du= f(u), inR>
—A¢ =u?, inR3

(1.1)

(1.2)

where V : R? — R is a bounded locally Holder continuous function satisfying:
(VO) There exists a > 0 such that V(z) > a > 0, Vz € R3,
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(V1) V(z) =V(x +vy), for all z € R3, y € Z3.
The function f € C(R,R) can be written as

f(s) = fo(s) + Ag(s),
where ) is a positive real parameter, f, and g are locally Holder continuous functions
satisfying:
(F1) f,(0) =g(0) =0 and g(s) > 0 for all s;
(F2) lim_o+ fo(s)/s = 0 and limy_o+ g(s)/5 = 0;
(F3) There exists g € (4,2*), 2* = 6, such that
[fo(s)l < Is|771, Vs € R;

(F4) limyg 400 Fo(s)/s* = +00, where F,(s) = [} fo(t)dt;
(F5) For o > 0 given by (Vp), there exists o € (0, ) such that
5fo(s) —4F,(s) > —os® and sg(s) —4G(s) >0

for all s # 0, where G(s) = [ g(t)dt;
(F6) There exists a sequence of positive real numbers, (M, ), converging to +oo
such that

g(s)

s9—1

g(My)
M

Since © = 0 is a solution of , the aim of the present article is to prove
the existence of nontrivial solutions for (1.2). However, it should be point out
that we can not apply variational methods directly because the Euler-Lagrange
functional on H'(R?) associated with is not well defined in general. Our
technique combines perturbation arguments, estimate for solutions to a subcritical
Schrodinger-Poisson equation in terms of the L® norm and the mountain pass
theorem. Our main result is as follows.

Theorem 1.1. Suppose that V' satisfies (V0)—(V1), and f satisfies (F1)—(F6).
Then there is a A\, > 0 such that (1.2) possesses a positive solution for all X < A,.

<

, forall s €[0,M,], neN.

To prove the above theorem, we argue as in Alves and Souto [I]. We first provide
an estimate involving the L*-norm of a solution related to a subcritical problem.
To do so we modify the nonlinearity obtaining a family of functionals of class C!.
Employing conditions (F1)—(F4), we show that these functionals satisfy uniformly
the geometric hypotheses of the mountain pass theorem. Using this fact and the
estimate, we verify the existence of a sequence in H!(R3) converging weakly to a
solution of (L.2)). It is important to stress that our proof does not require a growth
assumption on g; consequently, on f. We observe that the condition (F6) holds if

9(s)

1m = +00
|s|—+oo 81

In particular, f may be f(s) = s~ ! + sP~1, for all p > 6 > ¢, or f(s) may behave
like e® at infinity.

In addition, since the term fRS ¢,u? dz is homogeneous of degree 4, the corre-
sponding Ambrosetti-Rabinowitz condition on f is the following:

(AR) There exists 6 > 4 such that
0<OF(s) <sf(s), VseR.
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This condition is important not only to ensure that the functional I (see (3.2)
below) has the mountain pass geometry, but also to guarantee that the Palais-
Smale, or Cerami, sequences associated with I are bounded. We observe that
f(s) = 5771 + X1 + coss)sP™1, with 4 < ¢ < 6 < p, satisfies the conditions
(F1)-(F6), but not the Ambrosetti-Rabinowitz condition. Moreover, the function
f considered here does not belong to any class of nonlinearities in the above-cited
papers.

Since we intend to prove the existence of positive solutions, we consider f : R —
R satisfying (F1)—(F6) on [0,400) and defined as zero on (—o0,0].

2. A SOLUTION ESTIMATE

This section we obtain an estimate involving the L° norm of a solution to a
subcritical problem. This result works for any dimension N > 3.

Proposition 2.1. Let v € HY(RY) be a weak solution of the problem
— Av + b(z)v = h(z,v),in RV, (2.1)

where b : RN x RN — RN s a continuous functions verifying, for some 2 < q¢ <
2* = 2N/(N —2), |h(z,s)| < 2|s|771, for all s > 0, and b is a non-negative function
in RN. Then, for all C > 0, there exists a constant k = k(q,C) > 0 such that if
]| < C, then ||v]| < k.

Proof. For each m € N and 3 > 1, consider
Ap={z eRY : 0|’ <m}, B, =RV\A4,,

{v|v2(5_1)7 in A,
U, =

m2v, in B,,.

Observe that v,, € H'(RV), v,, < [v|*’~! and
Vun, = (26 - 1)‘U|2([3_1)V7J in A,,, Vv, =m?Vov in B,,. (2.2)
Using vy, as a test function in (2.1]), we obtain

/ (VoVuy, + b(z)voy,) de = / h(z,v)vy, dz.
RN RN

From ,
/ wwmdx:(zﬁq)/ |v|2<ﬁ*1>|w2dx+m2/ Vo2 de.  (2.3)
RN B

m m

Let
U|U‘(ﬁ_1)7 in A,
Wy, =
mu, in B,,.
Then
w2, = v, < *?, 0 < b(x)w2, = b(z)vvy,, in RY
and
Vwm = B[P YVe  in A, Vw,=mVv inB,. (2.4)
Hence,

/|Vwm\2dm:ﬁ2/ |v|2(ﬂ—1>|vu|2dx+m2/ Vol2dz.  (25)
RN Am B
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From ([2.3)-(2.5)), we obtain
/ (|Vwm|* + b(z)w?) do — / (VoVop, + b(z)vvy,) do
RN

RN

— (5 1)2/ (025D |Vo|? da.
A

m

From (2.3) and b(z) > 0, we have
(28 — 1)/ |2~V Vw|? da < / (VoVu, + b(z)vvy,) de,
m RN

and consequently

/ (Vo ? + b)) dr < |
RN

Since (2.1)) holds for v, we have

(8-1)

T +1] /RN (VoVug, + b(z)voy,) de.

ﬂZ
2 2
/RN(|Vwm| + b(z)w;,) de < 55 1 /RN h(z,v)vy, dz

and
/ (|Vwm|? + b(z)w?) de < ﬁQ/ h(x,v)vy, dz, (2.6)
RN RN
because 23 — 1 > 1. Let E denote the Sobolev space
E={ue H'[R"): / b(z)u?® dz < oo}
RN

endowed with the norm

Jull = [ (9P +b(e)i?)

Throughout the proof, r denotes 2* = 2N/(N — 2). Let S be the best constant of
the Sobolev immersion of H*(RY) in L"(RY). Thus,

fuz<s [ (vuPds
RN
for every u € HY(RY). From (2.6) , since |h(x, s)| < 2|s|97! for all s > 0, we have

[/ |wm|” da:r/T < [/ |wm|"dxr/r < 8,82/ h(z,v)vp, dz.
Am RN RN

Observing that

we obtain

2/r
{/ |wm | d:r} < QSﬂz/ [v|9%w?2, d.
A RN

m

For ¢ such that 1/¢; + (¢ — 2)/r = 1, it then follows from Holder’s inequality that

2/r 9 9 9 /¢
[ ol de] " < 5@l [ ompPras]
A RN

m

Since |wy,| < |v]? in RY and |w,,| = [v|? in A,,, we have

|/ L o] < 582 o2 ([P ]

/a1

m
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By the Monotone Convergence Theorem, we obtain
[vllrs < BY2(SI[0][E=3)Y D oll2sq, - (2.7)

Since ¢ < r, we have r > 2¢g;. Set 0 = r/2q; > 1. Setting 8 = o in (2.7, we obtain
2q1 0 = r and

[vllre < oM (S]0l|272) C 0], (2.8)
Taking 3 = o2 in (2.7), we obtain 2¢;3 = ro and
1olls02 < 07 (SIIol|Z=2) @ flv]l (2.9)
From and . we find
1,2 o l(ly 1
[vllro2 < o752 (S]j0l|272)2 =22 v, (2.10)

The result is obtained by iteration of the estimate (2.7). Taking 3 = o7, j =
1,2,..., yields

[ollrgm < o7t T4 (Sulam2) By, (2.11)
Since the series bellow are convergent and
Z g _ S I S
= 071) 2j:10j 2(c — 1)’
from , we have
lollp < o7/ DS vl|a=2) 7T o],
for all p > r. Since b(x) is nonnegative, we have ||v|, < S*/2C1/2. Using that

[]loc = Tim_ o]l
p

we conclude that Proposition is valid for
k= o @07 (§9/2C(1-2)/2) 571 §1/2 /2,

3. AUXILIARY PROBLEM

In this section we study the existence of a solution for the Schrodinger-Poisson
system with subcritical growth. This result will be useful for obtaining our main

result. More precisely, we consider the system
—Au+V(2)u+ ¢u = h(u), inR3 -
—A¢ =u?, inR3, (3:1)

where V : R® — R is a bounded locally Hélder continuous that satisfies (V0) and
(V1), and the function h € C(R™,R) and satisfies:

(1) h(0) = 0;
(H2) limy_+ h(s)/s = 0;
(H3) There exist C' > 0 and p € (4,6) such that

[h(s)] < C(ls] + |s["~1), ¥s € RY;

(H4) limg— o0 H(s)/s* = 400, where H(s) = [; h(t)dt;
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(H5) For a > 0 given by (V0), there exists o € (0, «) such that
sh(s) — 4H(s) > —os®
for all s # 0.

Next we review some of the standard facts on the Schrodinger-Poisson equations
(see [3, M2, 17 19]). We begin by observing that can be transformed into
a Schrodinger equation with a nonlocal term. In fact, by Lax-Milgram theorem,
given u € H*(R?), there exists a unique ¢ = ¢, € D*2(R3) such that

—A¢ = u’.
The function ¢,, has the following properties (see [§]):
Lemma 3.1. (i) There exists C > 0 such that ||¢y| pr2msy < Cllul|? and

/ \Vo|? dz = / puu? dr < Cllull*, Vu e HY(R?);
R3 R3
(i) ¢y >0, Yu € H(R3);
(iii) Gpy = t2¢u, Vt > 0,u € HY(R?).
(iv) If y € R? and a(x) = u(z +y), then ¢a(x) = du(r +vy) and
pat? da = / Py da;
R3 R3
(v) if up, — u in HY(R3), then ¢, — ¢, in DV2(R3).

From (V0), we can see that the H'(R?) norm is equivalent to
|ul|? = / (|Vu* + V(z)u?) da.
R3
Let I be the functional on H'(R3) defined by

I(u) = % /]Rz(|Vu|2 + V(2z)u?) dx + i /R3 pyu® dx — . H(u)dx. (3.2)

From the conditions on h, the functional I € C*(H'(R?),R) and its Gateaux
derivative is

I'(u)v = / (Vu - Vo4 V(x)uv)dx + Pyuv dr — / h(u)v dx,
RS R3 RS

for every u,v € H'(R?). Hence, corresponding to each critical point of I there is a
weak solution of the Schrédinger equation with a nonlocal term:

— Au+V(x)u+ pyu = h(u), inR>. (3.3)

Lemma 3.2. Suppose that V satisfies (VO) and h satisfies (H1)—(H5). If (u,) C
HY(R3) is a Cerami sequence of I; i. e., (I(uy)) is bounded and (1+||un||) I’ (u,) —
0, then (uy,) is bounded in H*(R3).

Proof. From (H5),
A (un) = I'(un) (un) = [lunll* + /RS [(un)h(un) = 4H (up)] dzx

g
> a2 a/ 2 de > (1— D)l
R3 0]

Since (41 (up,)—1I" (un)(uy)) is bounded, we conclude that (u,,) is bounded in H*(R3).
(]
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Lemma 3.3. Suppose that V satisfies (VO) and h satisfies (H1)—(H4). Then, there
exist p >0 and e € HY(R3) with ||e| > p, such that

b= inf 1) > 1(0) =02 I(c).

Proof. From (H2)—-(H3), for each € > 0 there exists Cc > 0 such that
H(s) <es* +C.s?, VseR.

By Sobolev inequalities, there exist positive constants o and 3 such that
1 _
I(u) > [(5 = ea) = BCfulP 2] ull?

We can assume, by decreasing e if necessary, that there exist positive numbers b, p
such that b = inf{I(u),||u|| = p} > I(0) = 0.

From (H4), for any v € H'(R?) and M > (1/4) [z ¢ov? dz, there exists C > 0
such that H(s) > Ms* — Cs?, for all s € R. Hence,

1 1
I(tv) < (C + §)||vH2t2 — (M — Z/ Bpv? dm)t4 — —00, ast— oo.
R3

Thus, e = tv satisfies ||e|| > p and I(e) < 0 = I(0), provided ¢ sufficiently large. O

By a version of the mountain pass theorem (see [I1]), there is a Cerami sequence
(un) C HY(R3) such that
I(uy) — ¢ and (14 |lun|)I (un) — 0,
where

c=Inf max I(y(t), T'={y:[0.1]— HY(R?) : 4(0) = 0,7(1) = e}

The main result of this section is the following.
Proposition 3.4. Suppose that V' satisfies (V0), (V1), and h satisfies (H1)—(H5).

Then (3.1)) possesses a positive solution u such that ||ul|?> < 4ca/(a — o), where a
and o are given by (VO) and (H4) respectively and ¢ is the minimax level associated

with (B1)).

Proof. By Lemma we can assume that (u,,) is weakly convergent to u, for some
u € HY(R3). Taking v € C§°(R3), from Lemma V), u, — ¢y in DL2(R3); as
n — oo, and so

/qbu uv dx — qbuuvdx as n — oo.

Moreover, using Holder’s inequality we obtaln

|/]Rg bu,, (un —u)vdz| < ||¢un||L2*(R3)||Un - U||L12/5(Q)||U||L12/5(Q) = o, (1),

where Q = supp v. Therefore,
P, Un U dx — ouuvdr = / (Pu,, — du)uvdr + / Ou,, (Up, —w)vdr = 0,(1),
R3 R3 R3 R3
for all v € C§°(R?), which implies
I'(w)v =0, forallve H'(R?).
Consequently, u is a weak solution for . To conclude the proof, it only remains

to show that u # 0. Assume by contradiction that v = 0. By [7, Lemma 2.1] (see
also [16]), we can claim that only one of the following conditions hold:
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(i) For all ¢ € (2,2%),

lim / |un|?dz = 0.
n—-+4o0o R3

(ii) There are positive numbers R and 7, and a sequence (y,,) C R? such that

n— 00

liminf/ u? dr >n > 0.
Br(yn)
If (¢) occurs, then from (F2) and (F3), we have

lim h(up)uy, de = 0.

n—-—+o0o R3

By Lemma ii),
[unll? < [lunl? +/ Pu, up dz = / h(un)un dz + on(1).
R3 R3

As a consequence, the sequence (u,,) is strongly convergent in H!(R3) to 0. Then
I(u,) — 0, contrary to I(u,) — ¢ > 0. Hence, (ii) is valid. From (V1) we can
assume that 1, € ZV. Define

ﬂn(I) = un(a: + yn)-

From (V1) again, (&,) is bounded in H*(R3) and we can clearly assume that (i)
is weakly convergent to @ for some @ € H'(R?). From (ii), @ # 0. Observing that
Lemma iv) implies that

I'(ty)a, = I'(up)un, and  I(ay,) = I(uy),
hence that (4,) is a Cerami sequence of I, and finally
I'(@)=0 with @#0,

where we have again used Lemma v). It follows that @ is a nontrivial solution
to . Using bootstrap arguments and the maximum principle, we can conclude
that the solution @ is positive.

Finally, to verify that @ satisfies inequality ||u||? < 4ca/(a — o), we observe that
from (H5),

AL (i) = ()i, > (1= Z) [fiin]|2, V.
(0%
Passing to the limit we obtain
de = N inf (41 (i) — I (1) i) > (1= Z)Jull?,
n— 00 (0%
and the proof is complete. ([
4. PRELIMINARY RESULTS

To establish the existence of a solution to ([1.2]), we define a sequence of functions
{gn} by setting

gn(s) = 4 9(s), if0<s< M,
9Mn) gq=1 " if g > M,,.

1
M ’
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From (F6), we have

M,
lgn(s)] < %Mq_l for all s. (4.1)

n

We conclude from (F3) that fi . (s) = fo(s) + Agn(s) satisfies
[Fan(8)] < (1+Ag(My)My)[s]7, (4.2)
which implies that the problem
~Au+V(z)u+ dpu= frn(u), inR3
—A¢ =u?, inR3
is variational for every A > 0 and n € N. The functional associated with is
denoted by Jy , : HY(R3) x D?(R3) — R and given by

Jk,n(uv ¢)
1 2 2 1 2 1 2

=— | (Vu*+V(@)u)de—- [ |Vo|°de+ = | ou*de— | Fy,(u)de.
2 Jrs 4 Jps 2 Jps R3

We observe that Jy ,, is strongly indefinite. To overcome this difficulty, we introduce
the functional I ,, : H*(R?) — R defined by

(4.3)

1 1
Do) = 5 [ (9uP+V@pd ot 1 [ oo [ P,

with ¢, being the function defined in Section (3| By (4.2), the functional I, €
CH(H'(R?),R) and its Gateaux derivative is

I, (u)v = / (VuVo + V(z)uwv) dz + pyuv dr — / Fan(w)vde,
' R3 R3 R3

for every u,v € H*(R?). Hence, corresponding to each critical point of I, there

exists a weak solutions of

—Au+V(z)u+ ¢pyu= fan(u), in R3,
. (4.4)
ue H (R).

For F, given by (F4), we introduce an auxiliary Euler-Lagrange functional I, :
H'(R3) — R given by

1 1
Io(w) = & ull? + Z/RS Gt da — /]R Fy(u) da.

From (F1)—(F4) and Lemma i,iii), it is standard to check that I, possesses the
geometric hypotheses of the mountain pass theorem (see Lemma . Then, there
exist e € HY(R?) and ¢, € R such that

» = inf I(y(t)) > 0,
co = Inf, max (v(t))

where
D= {yeC([0,1], H'(R*) : 7(0) = 0,7(1) = e} # 0. (4.5)
Since f,, satisfies conditions (H1)-(H5) of Proposition for every A > 0 and

n € N, and V satisfies (V0)-(V1), the problem (4.4) has a positive solution such
that uy , € H'(R3?) and

[urnll® < exner/(a = o)
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where ¢y, = inf,er maxe(o,1) I (7(t)) and T is defined by (4.5) and is indepen-
dent of A and n. In fact, since g(s) > 0 for all s, we have F) ,,(s) > F,(s). Hence

Inn(v) < I, (v), forallve H'(R?). (4.6)
In particular, Iy ,(e) < I,(e) < 0. Thus, I' is independent of A and n. Moreover,

from (4.6), we have

Can < Co. (4.7)

5. PROOF OF THEOREM [L.1]

Our proof consists in finding n, A and a positive solution u of (4.3]) such that
u(x) < M, for all x € R?. Tt is immediate that u and ¢ = ¢,, solve problem (1.2).

For k = k(q,4co,a/(ae— o)) given by Proposition we fix n such that M2 > k.
Let A\, > 0 be such that A\,g(M,,)M,, < 1. From (4.2]), we have

[fan(s) <2778, Vs
By Proposition there exists a solution u = uy, of such that ||ul|? <
4ey po/ (o — o). Combining this inequality with , yields
ul|? < dexna/(a— o) < de,af(a— o).
Invoking Lemma (ii), we conclude that ¢, > 0 and consequently V(x) + ¢, is

a non-negative function. Using Proposition with b(z) = V(z) + ¢y, we obtain
that ||ul|e < K, for some K = K(q,c,) > 0, and the proof is complete.
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