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STOCHASTICALLY PERTURBED ALLELOPATHIC
PHYTOPLANKTON MODEL

SYED ABBAS, MALAY BANERJEE

ABSTRACT. In this article we have considered a stochastic delay differential
equation model for two species competitive phytoplankton system with allelo-
pathic stimulation. We have extended the deterministic model system to a
stochastic delay differential equation model system by incorporating multi-
plicative white noise terms in the growth equations for both species. We have
studied the mean square stability of coexisting state using a suitable Lyapunov
functional. Numerical simulation results are provided to validate the analytical
findings.

1. INTRODUCTION

The freely floating and weakly swimming organisms within aquatic environment
are known as plankton. The plant species of plankton community are known as
phytoplankton and they are acting as a basic food source within any aquatic en-
vironment. They play crucial role towards the regulation of global carbon cycle
and which in turn has a significant impact on the climate. Growth and density of
phytoplankton within aquatic environment are controlled by variation of available
nutrients, intensity of sunlight, temperature gradient, salinity of water, environ-
mental forcing due to seasonal change and many other factors (for details, see [I4]).
Apart from these factors, the change in phytoplankton population density of one
species has the ability to affect the growth of one or more phytoplankton species
by producing allelopathic toxins or stimulators, known as allelo-chemicals. Allelo-
chemicals released by a particular species of phytoplankton have positive as well
as negative feedbacks on the growth of other phytoplankton species. Allelopathy is
the effect of one phytoplankton species on the growth of one or more phytoplank-
ton species by releasing allelo-chemicals into the habitat are known as ‘allelopa-
thy’ [30]. These allelo-chemicals are one of the responsible factors for phytoplank-
ton ‘bloom’. A dramatic increase in the density of one or more phytoplankton
species followed by sudden collapse is known as ‘phytoplankton bloom’. In last two
decades several harmful phytoplankton blooms are reported in various literatures
and this issue have received considerable scientific attention from various researchers
12, 15, 16, 18, [16], 28, 29, 31, [36].
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The first mathematical model for allelopathic interaction between two competing
phytoplankton species was introduced by Maynard-Smith [23] and described by
Lotka-Volterra type competition model as follows,

W) _ 1)y — anult) — Brgvlt) — ya(t)o(t)),
dd(tt) (1.1)
ZT = v(t) (k2 — aav(t) — Baru(t) — yau(t)o(t)),

subject to the non-negative initial condition u(0) = up > 0 and v(0) = vy > 0.
u(t) and v(t) stand for the densities of two phytoplankton species at any instant
of time ‘t’. ki, ko are the cell proliferation rates measured per unit of time, oy, as
are the intra-specific competition rates for first and second species respectively, 312,
B21 stand for interspecific competition rates for limited resources [6, 23]. v, and
~9 are the toxic inhibition rates for the first and second species respectively. All
parameters are positive. Basic dynamical results for the above model system was
carried out by Chattopadhyay [I3] and obtained the role of toxic inhibition by either
species on the stability behavior of two phytoplankton population. Mukhopadhyay
et al. [24] have considered similar model for two different cases, namely 1, y2 > 0
as well as v1, 72 < 0. The later case corresponds to the positive feedback of allelo-
chemicals towards the growth of other phytoplankton species. Both the ordinary
differential equation model fail to capture the oscillatory growth of phytoplankton
population. The oscillatory growth of either phytoplankton species is resulted from
the following delay differential equation (DDE) model of two interacting species

dZit) = u(t) (k1 — aqu(t) — Brav(t) +1u(t)v(t)),
dq:isft) =v(t)(k2 — agv(t) — Baru(t) + vou(t — 7)v(t)),

where both the species stimulates the growth of the other. 7 is the discrete time
delay taking care of the fact that the phytoplankton cells are not capable of releas-
ing toxic substances immediately after cell proliferation, rather delayed by some
time time interval required for maturation of the cell before start producing toxic
substances. Solution of this delay differential equation model shows oscillatory dy-
namics, the stable coexisting state becomes unstable through Hopf-bifurcation and
small amplitude periodic solution results in around the interior equilibrium point.

Recently we have studied the interaction of two phytoplankton population where
one phytoplankton species release allelo-chemicals within the aquatic environment,
which acts as a stimulator to the growth of other species [I]. Our study was based
upon the following DDE model

du(t) _
o= u(t) (k1 — aqu(t) — Brav(t))
dzlgf) = v(t) (k2 — a20(t) — Baru(t) + yu(t — 7)o (1)),

subjected to the biologically feasible initial condition u(t) = ¢(t) > 0 for ¢t € [—7, 0],
v(0) = vo > 0. In [I] we have established the existence-uniqueness of solutions, local
asymptotic stability of various equilibria, persistence of both species and existence
of small amplitude periodic solution through Hopf-bifurcation.

The purpose of the present paper is to consider the dynamics of a mathematical
model of two competing phytoplankton species where one species releases auxin
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and this auxin stimulate the growth of second phytoplankton species and second
one is not a toxic species. After performing some basic dynamical analysis of the
ordinary differential equation model system we extend it to a delay differential
equation model to understand the effect of time delay (required for maturation of
the species before producing toxic substances) on the dynamics of the model system.
Finally we construct a two dimensional stochastic delay differential equation model
system to understand the effect of environmental fluctuation on the time evolution
of both the species. The more on hereditary systems, interested readers may consult
[T, I8, 2T]. The organization of this paper is as follows: In section 2 we describe
the basic model system for two competitive phytoplankton species and study the
related dynamical behavior of both delayed and non delayed model systems; in
section 3 we will consider the stability of solution in probability for stochastic delay
differential equation model system by using the technique of the paper [32] by
Shaikhet and Kolmanovskii and Shaikhet general method of lyapunov functionals
construction [9] 191 20, 26], [33] 34, B5]. Finally in section 4 we will discuss the basic
outcomes of our analytical findings and their ecological interpretations.

2. BAasic MODEL

The basic model considered in this paper is governed by the following two di-
mensional nonlinear coupled ordinary differential equation model for two competing
phytoplankton species

du(t) u(t)(ky — aqu(t) — Brav(t))
» a0 (2.1)
= v(0) (ke = agu(t) = Baru(t) + yu(t)o()),

subjected to the biologically feasible initial condition «(0) = wy > 0 and v(0) =
vo > 0. All parameters involved with are positive and have same interpre-
tation as we have mentioned in introduction, v denotes the rate of allelopathic
substance released by the first phytoplankton species. The functions present on
the right-hand side of system are continuous functions of the variables in
R3 = [(u,v) : u,v > 0]. Straightforward computation shows that they are lo-
cally Lipschitian on R% and hence the solutions of with nonnegative initial
conditions exist and are unique. It is also easy to verify that these solutions can
be extended for all ¢ > 0 and stay nonnegative at all future time. By uniqueness
principle the solution starting from (ug,0) will remain on w-axis as t — 400 and
analogous result hold for the choice of initial condition on w-axis. These results
combining with the positivity of solutions starting from an interior point of first
quadrant imply Rﬁ_ is the invariant set for the model system . Here we state the
boundedness of solutions for the model system with positive initial condition,
proof of these results can be found in [I].

Lemma 2.1. If ajas — vk > 0 then any solution (u(t),v(t)) of system (2.1) with
(ug,v0) € Int(R?) satisfies
Ozlkg

k
limsup u(t) < g My, limsupv(t) < ———————— = M.
t—o0 aq t—o0 arag — vk

Lemma 2.2. If parameters involved with the model system satisfy the restrictions

arae > vky, k1 > PraMs and koay > k1021 then solutions of the system ([2.1)) with



4 S. ABBAS, M. BANERJEE EJDE-2010/98
(ug,v0) € Int(R?) satisfies

— B2 M-
liminf u(t) > k1 = GrzMy

t—o0 aq

. koay — k
=my, liminfo(t) > kaan = k1 o1 = ms.
t—oo 109

The model system (2.1)) have three equilibrium points on the boundary of first
quadrant and they exist with out any restriction on the system parameters. Ey =

(0,0) is trivial equilibrium point, and two axial equilibrium points are Eq¢ = (—1, 0)
aq

k
and Ey; = (0, —2) Coexisting equilibrium point is the point(s) of intersection of
o

two nullclines ayu + B12v = k1 and asv 4 fo1u — yuv = ko within the interior of
first quadrant. Here we consider the parametric restriction under which interior
equilibrium point is unique. If we denote the unique interior equilibrium point by
E, = (u4,vs) then

kl — (1 Uy
Vy = —————— 2.2
Bra (22)
and u, is the positive root of the quadratic equation
o172 + (B12B21 — k1y — cron)x + kg — Bioks = 0. (2.3)

The parametric restriction kjas < [Bi2ke and u. < k1/cp imply uniqueness and
feasible of F,. Existence of more than one equilibrium point and no interior equilib-
rium point is not considered here. Through out this paper we will restrict ourselves
to the parameter values which will admit unique interior equilibrium point.

2.1. Local Stability Analysis. Exhaustive analysis and detailed discussion re-
garding stability behavior of axial equilibria and interior equilibrium point for the
system can be found in [I]. For convenience and smooth readability of this
paper the local asymptotic stability analysis around unique interior equilibrium
point is carried out here.

The Jacobian matrix associated with the model system evaluated at FE, is
given by

k1 — 200 u. — Br2vs —uy P12
E,) = 2.4
J(E.) ( —vy P21 + 0,2 ko + 2yu, vy — 20000, — Bo1Us (2:4)
The characteristic equation for J(E,) is
M — AN+ Ay = 0 where A; = tr(J,) and Ay = det(J,). (2.5)

Applying the Routh-Hurwitz criterion, we find conditions for the local asymp-
totic stability of F, as

tr(J,) <0 and det(J,) > 0. (2.6)

Using the algebraic relations k1 = aquy 4+ B12vs and ko + Yuxvx = Qovs + 21Uy

it is easy to see, that the stability conditions can be put into the following form,

(651 (65)

v < ’Ui + ? and ajag — ﬂlgﬁgl > (u*al — ’U*512>’7. (27)
For the model system under consideration, it is difficult to find out the local stability
conditions in terms of parameters explicitly. Now we validate the analytical findings
with help of a numerical example. For this purpose we choose the parameter values
kl = 2, ]{52 = 17 a1 = 007, Qg = 008, ﬂlg = 005, 621 = 0.015 and Y= 0.003
[1]. Fig. 1 shows that two nullclines intersect at the interior equilibrium point
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E,(13.85,20.61). The two conditions mentioned in (2.7)) are satisfied for the chosen

parameter values. Fig. 2 depicts that the interior equilibrium point is locally
asymptotically stable.

40
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FIGURE 1. w-nullcline and v-nullcline intersect at interior equilib-
rium point F,.

population —

time —

FIGURE 2. Time evolution of u(t) and v(t) obtained from numer-
ical simulation, local asymptotic stability of F,(13.85,20.61).

2.2. Delayed Model System. Now we extend the ordinary differential equation
model system to a delay differential equation model by introducing a discrete time
delay parameter. The delay parameter is introduced due to the assumption that
every phytoplankton cell of the first species is capable to produce toxic substance
after a time period measured from their time of birth [II24]. This assumption leads
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us to the following system of nonlinear coupled delay differential equations,

du(t
U8 — ) (ks — arutt) - Buav(®)
du(t) (2.8)
dt = ’l)(t)(kQ — OéQ’U(t) — ﬁglu(t) + ’}/U(t — T)’U(t)),
subjected to the biologically reasonable initial conditions:
u(t) = ¢(t) >0 fort € [—7,0], v(0) = vy > 0. (2.9)

Here, 7 > 0 is the discrete time delay parameter, and ¢ € C°([—7,0]; R™) is a given
function.

The delayed system has the same equilibrium points as the non-delayed
model system [I5]. Linearizing the model system around interior equilibrium
point (u4,vs) we get the following system of linear equations in terms of perturba-
tion variables z and y are as follows

dz(t
B _ pslt) + Byto),
) (2.10)
o = Ca(t) + Dy(t) + Bx(t - 7),
where
A=k —200u, — fiove, B =—ufi2, C=—v.fa,
D = ks + 2vu,vy — 2000, — Bo1Us, FE = vv*Q.
The characteristic equation associated with the linear system (2.10) is
A\ T) =X — (A4 D)\ + (AD — BC) — BEe™>" = 0. (2.11)

To study the local asymptotic stability properties of E,, we have to consider the
nature of the real parts of the roots of characteristic equation . Following the-
orem states the conditions required for local asymptotic stability of E, irrespective
to the magnitude of delay parameter ‘7’, detailed proof of this result can be found
in [1].

Theorem 2.3. Interior equilibrium point E, remains locally asymptotically stable
for all T > 0 whenever following conditions are satisfied:

(1) The real part of the roots of A(X,0) =0 are negative.
(2) For all real p and all 7 > 0, A(ip, 1) # 0.

The conditions of above theorem are satisfied when coefficients of (2.5)) satisfy
following restrictions,

A+D<0, AD-BC>BE, |AD- BC|> |BE|. (2.12)

The stability properties of E, under the parametric restriction (AD — BC)? <
(BE)? depends upon the magnitude of 7. It is established in [1], if A + D < 0,

then in the parametric region BE < AD — BC < —BE the interior equilibrium
point E, remains locally asymptotically stable for 0 < 7 < ABJF—ED = 79. For 7 > 79,

FE, is unstable and small amplitude periodic solution bifurcates from FE, through
Hopf-bifurcation.
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3. STABILITY ANALYSIS OF STOCHASTIC DELAY DIFFERENTIAL EQUATION
MODEL

The stochastic delay differential equation model corresponding to the determinis-
tic delay differential equation model is constructed by introducing stochastic
perturbation terms into the growth equation of both species. Assuming the en-
vironmental driving forces are directly proportional to (u(t) — «*) and (v(t) — v*)
respectively we get the following stochastic delay differential equation model system

du(t) = u(t)[k1 — aqu(t) — Brav(t)]dt + o1 (u(t) — u*)dw (¢)
dv(t) = v(t)[ke — agv(t) — Baru(t) + yu(t — 7)v(t)]dt + o2(v(t) — v*)dws(t),
(3.1)
subjected to the initial conditions «(0),v(0) > 0. In above model system o, 04 are
two positive real constants known as intensity of environmental fluctuations and
wi (t), wa(t)) are two independent standard Wiener processes [25]. Consider the
transformation y1(t) = u(t) — u* and yo(t) = v(t) — v™*, this will center the system
around the positive equilibrium point. Thus we obtain
dy1(t) = (y1(t) + u*)[—a1y1(t) — Praya(t)]dt + ory1 (t)dwi(t)
dyz(t) = (y2(t) + 0")[(Vu" — a2)y2(t) — Baaya(t) + 0"t —7)  (3.2)
+ 72 ()y1 (t — 7)]dt + o2y2(t)dwa(t).
To study the local stability of the system ({3.1), we only need to study the stability
of zero solution of the system (3.2]). Consider the linear part of the system ([3.2)),
dy (t) = u*[~a1y1(t) — Praya(t)]dt + ory1 (t)dw: (t) (3.3)
dy2(t) = v*[(yu* — a2)y2(t) — Baryr (t) + Y0 y1(t — 7)]dt + ooy (t)dwa(t).
Before proceeding further we establish the existence and uniqueness of solutions

for the stochastic model system (3.1) using [25, Th. 2.2]. Two functions f =
(f1,f2)T and g = (g1,92)7 are defined as follows

fi(t,U) = u(t) (k1 — aqu(t) — Bi2v(1)),
f2(t,U) = v(t) (ko — agu(t) — Boru(t) + yu(t — 7)v(t)),
91(t7 U) = Ul(u(t) - U*)7 92(tﬂ U) = UQ(U(t) - U*)7

where U = (u(t),v(t)). One can easily verify that f(¢t,U) and g(¢,U) are Lipschitz
continuous. Using the positivity of u(t), v(t) and as all parameters involved with
f(t,U) are positive, we can write

fl (t, U) S k;lu(t),

and
f2(8,U) <v(t)(k2 — agv(t) — Baru(t) + v Miv(t))
< o(t) (kg — (g — yMy1)v(t) — Baru(t))
< kau(t),

whenever ag —yM; > 0, (see Lemma 1). Calculating the norm of f, we get
[F(& ) = AU+ | f206,0)17 < kfu®(t) + k30°() < K2(1+|U]?),
where K = max{ki, ka}. Calculating the norm for g, we get

19(t, U)* = |g1(t, U)|* + |g2(t, U)|?
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< o2 (ult) +u*)? + o2(v(t) + v*)?
< 207 (u?(t) + u*?) + 205 (v2(t) + 0*?)
M)

2 2 *2 *2
S QmaX{O'170'2}(U +u )(1 + u*2 + U*2

1
< 2max{o?, 05} max {1, m}(uﬂ +0*?)(1 + w2 (t) + 03(t))
u v

< M(1+|U?).

Hence both the conditions of [25, Th. 2.2] are satisfied. Hence the solutions of the
stochastic delay differential equation exist uniquely.

The stability analysis carried our here is based on the paper of Shaikhet [32].
The interested reader may see the paper of Shaikhet [32] for detailed analysis. To
show the asymptotic mean square stability of the zero solution of system , we
need to construct the Lyapunov functional for the system. Consider the neutral

form of the system ({3.3):

dy(;t(t) = —u anyi(t) — u* Braya(t) + oryi(t)wr(t),

di [ )+ yv* /; Y1 (s)ds} (3.4)

=0 (yu" — a2)y2(t) + v (" — Ba1)yi(t) + oaya(t)wa(t).

The auxiliary system corresponding to system ([3.4]) is

d%p = —u*alxl (t) + U1.’1?1(t)lb1(t),

dLUQ (t)
dt

The generating operator L for the system ([3.5) acting on a suitably defined func-
tional V' is given by

(3.5)

= v (yu" — a2)xa(t) + oaxa(t)wa(t).

oV (t,z(t)) oV (t,z(t))
ox

at
2 X
+ %Trace (BT(x(t))WB(x(t))),

[ —oqu” 0 (o1 O
A_< 0 (’}/U*—Oég)'l)*>’ B_<0 Jg)’

0 ov 0 02 0?
87‘; - 1(873‘3/;’ 671‘;) 87‘; - (axig;j)m1 2

For more details on stochastic calculus, one may consult [22].

LV (t,x) = + AT (z(t))

where

and

Lemma 3.1. The zero solution of the system (3.5 is asymptotically mean square
stable if

o <2utay, o3 < 20%(ag —yu*).
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Proof. Consider the function X = 2% + x3. We show that X works as a Lyapunov
function for system (3.5)). Let Lo be the generating operator of the system (3.5))
corresponding to Lyapunov functional X. Then we have

LoX = 2x1(—u*a1x1(t)) + 2z0(—v* (g — yu*)za(t)) + ota? + o523

—(2u*ay — oY)z} (t) — (20" (a2 — yu*) — 03)a3(1).

Let
M = min{2u*a; — 0%, 20" (g — yu*) — 03},
then we have
LoX < —M(ai(t) + 23(t)) = —M|z(t)]%,

where 2(t) = (21(¢), 22(¢)). Thus the zero solution of system is asymptotically
mean square stable. ([

To analyze the mean square stability of E, we consider the functional V; in order
to construct Lyapunov functional as follows,

V=0 + (w(®) + 17 tT n(s)ds)

The Lyapuniv functional for the system ([3.3)) is given by V; + Va. Calculating LV;
and after simplification we get

LVi < —[2(a1)u” — oF — (Bra)u* — (Bar — Y™ )v" + v*>(Bar — y0*)7]yi(t)
— [2(ag — yu*)v* — 03 — (Br2)u* — (521 — )0+ (@ — yu*)T]Y3(t)

=0l =) + (B =707 [ e

Next we choose V5 as follows

t
Vo= 90"l —aa) + (0" = o) [ (0 ¢+ 1) (0)ab.
t—T1
Then calculating LV for V = V; + V5 we have
LV < —[2(a1)u* = 0F — (Br2)u” — (Bor — W )v* + 90> (Bay — y0*)T
+ 0" (a2 = yu) + (Bar — yv*))Tlyi (1)
— [2(a2 — yu*)v* — 05 — (Bra)u* — (Bo1r — Y0 )v* + 0" (az — yu)T]y3 (1),
(3.6)
Thus we have the functional V' = V; 4+ V5. So we conclude that if both quantities
inside the square bracket of (3.6)) are positive, then the zero solution of system (3.3))
is asymptotically mean square stable according to [32, Th. 1]. Expressions under
square bracket in (3.6) can be put into the following form:
ot < 20qu" — (Br2)u" — (o1 — Y )" + 70> (a2 — yu*) + 2(Ba1 — y07))7
05 < 2(az — )" — (Bra)u” + 0" (o — yu)T.
The conditions (3.7)) are well defined if

210" — (Brz)u” — (Ba1 = yv*)o™ + 70" (g — yu") +2(Bar — y07)T > 0

and

(3.7)

2(az — yu*)o* — (Br2)u” +yv** (a2 — yu)T > 0.
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The function V' = Vj + V, satisfies all the conditions of [32, Th. 1], implying
stochastic mean square stability of the model system under the restriction
(3.7). Now we are in a position to discuss the stability of solution in probability
for the model system .

Theorem 3.2. If the condition (3.7) holds, then the zero solution of system (3.2
is stable in probability. In other words the coexisting equilibrium point E4 is stable
in probability for the model system (3.1)).

Proof. Consider the system (3.2)) in the neutral form

dy: (t)
dt

Gl [ nisas]
=—v" <(a2 —yu")y2(t) + Baryi (t) — yo y1(t) — vy2(H)ya (t — T))
— 42(0) (a2 = )y (6) + Baryn (1) — 70"y (¢ — 7)

—vy2()ya (t — T)) + ooy (t)a(t).

= —(y1(t) +u")[ary1(t) + Bray2(t)] + ory1 (t)w1 (1),

(3.8)

For the functional V; defined in the previous lemma, calculating and simplifying
LV we obtain
LVi = —2(an)y} (1) — 2(ca — yu*)ys (t) — 2u™ (o)yi (1) — 20" (g — yu™ )y (t)
— 2(B12)y7 (H)y2(t) — 2[u* (Br2) + v (Bar — ") + Barlyr (£)y2(t)
+ 20" Y5 (B (t = 7) — 290" Y5 (W)ya (t = 7) + 2993 (O)ya (t — 7)
t t
- 2711*2 [v*(ag - 'yu*)/ y2(t)y1(s)ds + v* (P21 — ’yv*)/ y1(t)y1(s)ds
t—71

t—7
t

v [ (O = () + (02 =) [ Om(s)as

-7

t

+ B /t UL (Ot ()ds — vy / Yo (0 (t — Ty (s)ds

—T t—7

= [ (e =m0 ()] + otaRe) + i)

(3.9)
Assume that there exits a positive quantity ¢ such that sup,s, |yi(s)| < o for
1 =1,2. Using this estimate we can write

VA < [ = 2u*(a1) + 26(an) + 03 + 26(Bi)
+ [u* (B12) + 0" (Bar = y0") + Ban] — Y0 *[0* (Bar — %) + 82167 |47 (¢)
+ [ — 20" (az — yu*) + 20(ain — yu*) + 02 — 45yv* — 298
= [u"(B12) + v (B2r — ") + B

— 70 ?[(v* + 8)(ag — yu*) — 2y0*8 — 782 |y3(t)
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t

— y*? [(U* +0)[(a2 — yu") + (Bar — ") — ’75]} / yi (s)ds.

t—7

For the present problem we choose V5 as

Vo = 7072 [0 )" — )+ (0" = o) +53]] | tTw —t+ ) (O)as.
Then for Vi + Vs we can write,
L(Vi + V&)
< [f 2u* (o) + 28(a1) + 07 + 26(B12) + [u*(Br2) + v*(Bar — ™) + Boi]
— 0" (v (Bar = 707) + Bard + (v +0)[(@2 = yu) + (B = 707)
—0))7]u3(6) + | - 20" (02 — yu*) + 26(az — ")
+ 05 — 460" — 298 — [u” (Bra) 4+ v* (Bar — ") + Bai]
— 70 ?[(" + 6)(az — yu") = 27078 = 10%]7] g3 (1),

(3.10)

Therefore, under the condition (3.7) we have L(V; + V2) < 0 for sufficiently small
0. In order to use [32, Th. 2] we need the functional to be positive definite. For
this purpose we consider

Wi =yi(t) +u3 (1)
Using equation and assuming that sup,. |yi(s)| < d, we have
LW, < [ —2u*ay + 26ay + 0% 4 20310 + u* B + 0*521} yi(t)
+ [f 20% (ag — yu*) + 26(ag — yu*) + 03 — 4dyv* — 2752 (3.11)
+u*(Brz —yu*) + v* B2 + 26210 + 20*27} Y3 (t) — 20" yyi(t — 7).

Taking the functional W5 of the form

t
wez—%”f/ yi (s)ds,
t—r1

we obtain

L(Wl + Wg)

< [ —2u*ay + 28ay + 0F + 26312 + u*Brz + 11*521} yi(t)

* * * 2 * (312)
+ [—21} (g — yu™) 4+ 20 (ag — yu™) + 05 — 4dyv

— 296% + u* (B2 — Yu") + 0" Bor + 26218 + 20"y — 2v*27} y5(t).

Finally consider the functional V' =V + V, + A(W; + Wa). It is easy to verify that
the functional V' satisfies all the conditions of [32, Th. 2] for sufficiently small A.
Hence zero solution of the system is stable in probability under the satisfaction
of the condition . O
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Now we present some numerical simulation results of the following stochastic
delay differential equation model system for different values of the delay parameter
7 and forcing intensities o1 and o9,

du(t) = u(t)[2 — .07u(t) — .050(¢t)]dt + o1 (u(t) — u*)dw (),
dv(t) = v(t)[1 — .08v(t) — .015u(t) + .003u(t — 7)v(t)]dt (3.13)
+ o2(v(t) — v*)dws(t).

We have used the ‘Euler-Maruyama’ (EM) scheme [3] for numerical simulations.
The critical magnitudes of environmental forcing to maintain the stability of co-
existing equilibrium point for the above model system is given by (see (3.7))

0% <221 —1.257, o3 < .89 —1.017. (3.14)

For feasible values of o1 and oo we have to take 7 < 0.88. Relation defines
the bounds for o; and oy depending upon the magnitudes of 7. For 7 = 0.2 we
have to take 07 < 1.4, 09 < 0.83 and for 7 = 0.5 the stability in probability for
interior equilibrium point E,(13.85,20.61) demands the restrictions o7 < 1 and
o9 < 0.6. We can not perform numerical simulation beyond 7 = 0.88 as in that
case the inequalities defined in are meaningless and the analysis carried out
here cannot ensure the stability in probability for the coexistence state. Numerical
simulations for the model system are carried out for two sets of values for
7, 01 and oy keeping in mind the restriction . Five sample trajectories are
plotted in Fig. 3 and Fig. 4 against time showing stability in probability in both
the cases. The parameter values are mentioned in the caption of respective figures.
The magnitudes for o and oy with 7 = 0.5 are chosen greater than their values for
7 = 0.2. Simulation results depict the fact that the stability in probability is not
hampered or altered with the magnitude of forcing intensities once they satisfy the

restriction ((3.14)).

16 E
T 14k
5 12b 4
10 f
8 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10
t—
22
201 g
1
= 18 E
>
16 f
14 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
t—

FIGURE 3. Five simulation results for the model system (3.13]) for
the parametric values 7 = 0.2, 01 = 0.8 and o5 = 0.5.
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FIGURE 4. Numerical simulation results for the model system
(3.13) with parametric values 7 = 0.5, o3 = 1.0 and o2 = 0.6.

4. CONCLUSION

In this article we have considered the stochastic delay differential equation model
for two interacting phytoplankton population where one population produce auxin
which enhance the growth of other population. In a recent study [I] we have studied
the dynamics of the same model system with deterministic setup and obtained the
parametric restrictions required for the persistence and calculated the threshold
magnitude for delay parameter beyond which both the population show significant
oscillation about the coexistence steady-state. Here we have extended the model
system by introducing multiplicative noise terms to the growth equations of both
population where strength of the noise is proportional to distance of u(t) and v(t)
from their equilibrium levels.

This type of stochastic formulation was firstly proposed in [7, 32] and later used
by several other authors [4, [0, 1T} T2 27] to study the effect of environmental
fluctuation on the dynamics of interaction populations. We have obtained the con-
ditions for stability in probability around the coexisting equilibrium point of our
stochastic delay differential equation model. The main outcomes of this paper is
summarized in Lemma [3.1] and Th. 3. It is clear that stability of SDDE system
demand some additional restrictions should be satisfied by the magnitude of delay
and intensity of environmental driving force. Analytical findings ensure that the
magnitude of discrete time delay 7 plays a crucial role to determine the stability
in probability of coexisting equilibrium point as well as critical magnitude of envi-
ronmental forcing intensities. Numerical simulations are carried out to validate the
analytical findings and we have observed that all trajectories approach the equi-
librium level in the sense of probability. It is interesting to note that the relation
defines the bounds for o7 and o5 in terms of 7 for specific choice of other
parameters. This also explains the fact that the stability in probability around
coexisting equilibrium point for the model system is possible when the inten-
sities of fluctuation is not arbitrarily large. Finally we would like to remark that
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the stability of stochastic delay differential equation model constructed by perturb-
ing one or more system parameters and then study of stability behavior remains
an open problem for the model considered in this paper and this will be our next
project in the near future.
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