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FILIPPOV APPROACH IN STOCHASTIC MAXIMUM
PRINCIPLE WITHOUT DIFFERENTIABILITY ASSUMPTIONS

MOKHTAR HAFAYED

ABSTRACT. In this article, we establish necessary conditions for optimality in
stochastic control of systems governed by stochastic differential equations with
nonsmooth coefficients. The approach used is based on the approximation of
the nonsmooth coefficient by smooth one which generate a sequence of smooth
control problems. Ekeland’s variational principle is then applied to obtain a
sequence of nearly optimal controls which satisfy necessary conditions for near
optimality. By using the generalized notion of Filippov’s solutions and the
stable convergence, we obtain an explicit formula for the adjoint process and
the inequality between the Hamiltonians, on a good extension of the initial
filtered probability space.

1. INTRODUCTION

We study a stochastic control problem where the system is governed by a non-
linear stochastic differential equation (SDE for short) of the form

dXt = b(t, Xt, Ut)dt + O'(t, Xt)dBt,

Xo = . (1.1)

Where B; is a d-dimensional Brownian motion defined on the filtered probability
space (Q, F, Ft,P). The finite horizon cost function to be minimized over admissible
controls is given by

J(u) = E(9(Xr)) (1.2)
where u is an admissible control and X7 is a diffusion process solution of
at the terminal time T. A control @& € Uaq is called optimal if it satisfies J(4) =
inf,ey,,{J(u)}. The corresponding state trajectory X and (X, ) are called an
optimal state trajectory and optimal pair respectively.

The stochastic maximum principle (SMP in short) has been and remains an im-
portant tool in the many areas in which optimal control plays a role. Pontryagin et
al [I7] announced the maximum principle for the first time. Kushner [14] employed
the spike variation and Neustadt’s variational principle to derive a stochastic max-
imum principle. On the other hand, Haussmann [12] extensively investigated the
necessary conditions of stochastic optimal state feed-back controls based on the
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Girsanov’s transformation.

The case of stochastic systems with nonsmooth coefficients has been treated in
[3, 4], 15, [19]. Bahlali et al [3] employed the Krylov’s inequality to derive a stochas-
tic maximum principle with nonsmooth coefficients and nondegenerate diffusion.
Necessary conditions for optimality for degenerate diffusion with nonsmooth coef-
ficient is established by Bahlali et al [4].

The necessary conditions for optimality for diffusion with nonsmooth drift, has
been solved by Mezerdi [15] by using Clarke’s generalized gradient and stable con-
vergence of probability measures. A difficulty is treating the case where the dif-
fusion coefficient o contains the control variable u. Among those works one can
see [2, [5], [16]. Peng [16] introduced the second-order adjoint equation and obtained
the maximum principle in which the control enters both the drift and the diffusion
coefficients where the set of controls is not necessarily convex.

A good account and an extensive list of references on the maximum principle and
optimal stochastic control can be founded in Yong et al [20]. Filippov [I0] has devel-
oped a solution concept for ordinary differential equations (ODEs in short) with a
discontinuous right-hand side. When a function V is locally Lipschitz continuous,
the associated Filippov differential inclusion is equal to the Clarke’s generalized
gradient of V.

The main contribution of the present paper is to extend the stochastic maximum
principle to the case where the drift and the diffusion coefficients are nonsmooth
in the sense that they are only Lipschitz continuous and satisfy a linear growth
condition. Our approach is to express a generalized derivative of b and ¢ using
a Filippov differential inclusion type argument in terms of well defined smooth
approximations, and stable convergence of probability measures to caracterize the
first order adjoint equation. A similar type of stochastic maximum principle has
primarily been derived in Mezerdi [15] with non-differentiable drift using Clarke’s
generalized gradient.

The novelty in our maximum principle is based on the advantage of the Filippov’s
approach which allows to express the generalized gradient in terms of the underlying
approximating sequence b} and o constructed in Section 5, a property that is not
explicit in Clarke’s approach.

The rest of the paper is organized as follows. In the section 2, we present the
formulation of the problem. Section 3 is devoted to the classical maximum principle.
In section 4, we give some proprieties of Filippov notion. Section 5 contains our
main result where we give a generalized stochastic maximumu principle for our
stochastic control problems.

2. PROBLEM FORMULATION AND PRELIMINARIES

Throughout this paper, we assume (2, F,F;,P) is a filtered probability space
and B, an Brownian motion with values in R%. Let A be a Borelian subset of R”,
ug is called an admissible control if it is measurable and Fi-adapted with values
in A. We denote U,q the space of admissible controls, B} the jth column of B,
and o7 the j** column of the matrix 0. Let b : [0,7] x RIxA — R? and the
diffusion matrix o : [0, 7] x R? — RY @ R? are Borelian functions such that: for all
(t,z,y,u) € [0,T] x RY x R? x A, there exists positive constants K and ¢ such that

lo(t,2) = o(t,y)[ + [b(t, 2, u) = b(t,y, u)| < K|z —y], (2.1)
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|o(t,2)] + [b(t, z, u)| < e(1+ |z)), (2.2)
b(t,x,.) : A — R is continuous. (2.3)

From assumptions (2.1) and (2.2)) it is easy to see that equation (|1.1)) satisfies the
usual Itd conditions; therefore it has a unique strong solution such that for any

q>1:

E[sup | X;|7] < +o0.
t<T

The cost function to be minimized define by (|1.2)) satisfies the following condition
g:R?Y — R is continuously differentiable, (2.4)

such that |g(X)| < ¢[14]|X]] and |g;(X)| < M; where g, denote the gradient of g at
z. Finaly throughout this paper, we assume that an optimal control 4 is supposed
to exist.

3. CLASSICAL STOCHASTIC MAXIMUM PRINCIPLE

In the regular case, the control problem based to defined an admissible control @
which minimizes a cost J(u). The conditions must satisfied by the control & which
is supposed to exists, are called the stochastic maximum principle. In this case we
assume

b(t,.,u),o’(t,.) : R = R? is continuously differentiable. (3.1)

To obtain these necessary conditions for optimality, we compare @ with controls
which are strong perturbations defined by

(t) v ifte [to,t0+h],
u =
h o otherwise.

We define the Hamilonian H(t,x, ug, pr) := peb(t, x,u) where pib(t, x¢,uy) is the
scalar product in R%.

Lemma 3.1. (1) Let X}, the corresponding trajectory of uy, then
E(sup| X! — X,|)? < Kh?.
t<T

(2) Let ®(t) be the solution of the linear stochastic differential equation

dD(t) = by(t, Xy, @) D(t)dt + > 0l (t, X;)0(t)dB],
1<j<d (3.2)
QO = b(taXta’U) - b(t, Xt7ﬂ)7

where b, and ol are the derivatives of b and 07 (j =1,...,d ) in the state variable
x. Then
Xk~ Xr
lim E(|=f——— — &(T)|*) =0.
Jim (| =2 (T)P) =0

(3) %{J(uh)Hh:o = E[H(tv Xta ﬁ»pt)] - E[H(t; Xt, U,pt)].

See Bensoussan [5] or Mezerdi [I5] for the a detailed proof of the above lemma.
Under the differentiability assumptions (3.1)), the regular version of the stochastic
maximum principle given by the following lemma.
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Lemma 3.2. Let (X, @) be an optimal pair. Then there exists an adapted process
p(t) satisfying
p(t) = —E[®* (T, t)g.(X1)| F2], (3.3)
H(t, Xy, 0, py) = magH(t,)A(t,v,pt) dt a.e. P a.s., (3.4)
ve

where ®*(T,t) is the transpose of ®(T,t) solution to (3.2).

See Mezerdi [15] or Yong et al [20] for the detailed proof of the above lemma.

We call p(t) the adjoint process, the adjoint equation and the maxi-
mum condition. A control u® is called a near optimal if for all € > 0, there exists
u® such that

J(u®) <inf{J(u) : u € Uaq} +¢.

In this part we establish necessary conditions of near optimality satisfied by a
sequence of nearly optimal strict controls. This result is based on Ekeland’s varia-
tional principle, which is given as follows.

Lemma 3.3 (Ekeland’s Lemma). Let (E, d) be a complete metric space and f :
E — R be lower semicontinuous and bounded from below. Given e >0 and u® € E
satisfies f(u®) <inf(f)+e. Then for any A > 0, there exists v € E such that

(i) f(v) < f(u).

(i) d(us,v) < A.

(ii) f(v) < f(w)+ $d(v,w) for all w # v.

See Ekeland [9] for a proof of the above lemma. To apply Ekeland’s variational
principle to our problem we must define a distance d on the space of admissible
controls such that (Uaq,d) becomes a complete metric space, we pose: for any u, v
S Z/{ad

d(u,v) =P @ dt{(w,t) € Q x [0,T] : uw(w,t) # v(w,t)}.
Where P ® dt is the product measure of P with the Lebesgue measure dt on [0, 7.
In the next lemma we give some properties.

Lemma 3.4. (1) (Uyq,d) is a complete metric space.
(2) Let u, v € Upq, then the following estimate holds

E(sup | X — X{|?) < Kld(u,v)]"/?,
t<T

where X" and X" are the corresponding trajectories of u and v.

Proof. The proof of (1) can be found in Yong et al [20, pp. 146-147]. Ttem (2)
is proved using Lipschitz assumptions on the coefficients, Burkholder-Davis-Gandy
and Cronwall’s inequalities. O

Denote by X*¢ the unique solution of the stochastic differential equation
dX; = b(t, X7, uf)dt + o(t, X; )dBt, .
X5 =uz. (3:5)

Let ®(¢, s) be the fundamental solution of the linear stochastic differential equation
(t=>s)
A0 (t) = ba(t, X5, uf)D(t)dt + Y ol (t, X{)®(t)dBY,
1<j<d (3.6)
De(t,t) = 14,
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and the adjoint process associated to u® is given by
po(t) = —E[®™(T, 1) 9o (X7)[ Fe].

Lemma 3.5 (Aproximate maximum principle). For each & > 0 there exist u§ and
an adapted process p(t), given by (3.6), such that for all v € A,

E[(p°(2), b(t; X7, 0))] < E[(p°(£), b(t; X7, up))] + & dt — ace.

Proof. Since € is optimal for the cost J.(u) = J(u) 4+ ed(u,u®), then we apply
results of the last section to derive the adjoint process and the inequality between
Hamiltonians. Notice that if u5 denotes a strong perturbation of u® then d(u5,, us) =
h (see Mezerdi [I5], Bensoussan [5]). O

4. FILIPPOV’S SET-VALUED MAP AND GENERALIZED GRADIENT

4.1. Filippov’s set-valued map. We give in this section some basic notions and
concepts concerning generalized Filippov’s set-valeud map which is described briefly
by the following.

Let us consider a function b : R® — R™ to which we associate the following
set-valued map called Filippov’s regularization of b,

Fb(x) = m)\(N):O Ns>0 @b(((ﬂ + (53) — .Z\/v)7 (41)

where ¢0(A) means the closure of the convex hull of A. The first intersection
Mx(v)=ois taken over all sets of R", being negligible with respected to Lebesgue
measure A and B is the closed unit ball.

Let us consider a function b : R® — R™ to which we associate the following
ordinary differential equation,

2/ (t) = b(z(t)), t>0, z(0)=z. (4.2)

Without regularity assumptions on f (Lipschitz continuity), it is well known that
neither existence, nor uniqueness hold true in general.

An absolutely continuous solution ¢t € [0,+00) — z(t) € R™ is a Filippov’s
solution of the ODE if and only if it is solution of the differential inclusion

z'(t) € Fy(z), t>0, X(0)=uz. (4.3)
The set valued map Fj, is upper semi continuous with compact convex values. This

implies that the differential inclusion (4.3) has a nonempty set of (local) solution
(Aubin [1]). In the following proposition we summarized some proprieties.

Proposition 4.1. Let b: R™ — R™ be a measurable and bounded function. Then
we have:

(1) There exists a negligible-set Ny under the Lebesgue measure such that for
any x € R™:

Fy(z) = Ns>oc0b((z + 6B) — Ny), (4.4)

(2) For almost all x € R", we have b(x) € Fy(x).

(3) The set valued map F, is the smallest upper semi continuous set- valued
map F with closed convex values such that b(z) € F(zx), for almost all
x e R™

(4) The map b — Fy is single-valued if and only if there exists a continuous
function g which coincides almost everywhere with b. In this case we have

Fy(z) = {g(x)}. for almost all x € R™.
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(5) If a function b coincide almost everywhere with b then Fy(x) = F;(z) for
all v € R™.
(6) There exists a function b which is equal almost everywhere to b and such
that
Fb(x) = ﬂ5>0@6($ + 5B)
(7) We have Fy(x) = Ny_g Ns>o cob(x + §B), where the first intersection is
taken over all functions b being equal to b almost everywhere.

See Bukhdahn et al [8] for a proof of the above proposition.
As an example, in the one dimensional case (n = 1), we have b : R — R for
which one can check that: for all x € R™:

Fy(x) = [my, (), ()]
where
my () := sup( essinf b), mp(zx) := inf( esssup b).
b(2) 5>0([w75,z+5] ): () 5>0([175,r+5] )
In the case where b(x) = sgn(x), then we have Fy(0) = [—1,1].

4.2. Connection between Filippov’s approach and Clarke’s generalized
gradient. We give in this subsection the connection between Filippov’s differential
inclusion and the Clarke’s generalized gradient.

The Clarke’s generalized gradient. Let V' : R™ — R be locally Lipschitz
continuous. We define the generalized gradient of V' as

acV(.’E) = @{ hm VV<LB@), x; ¢ Qy U N}, (45)

where Qy is the set of Lebesgue measure zero where VV does not exist and N is
an arbitrary set of measure zero.

Lemma 4.2. The map F : {b:R™ — R"} — {g: R™ — 28"} has the following
properties:

(1) Assume that b : R™ — R™ is locally bounded. Then 3N, C R™, A(Ny) =0
such that YN C R™, A(N) = 0.

Fy(x) =cof lim b(x;), x; ¢ Ny UN}.
(2) Assume that b, f : R™ — R" is locally bounded; then

Floyp)(x) C Fy(z) + Fr().

(3) Assume that b; : R™ — R" where j € {1,2,...,N} are locally bounded;

then
j=N
F._ z)C II Fy. (x).
B B

(4) Let g : R™ — R™ is C, rank Dg(x) = n and b : R™ — RP be locally bounded;
then
Fiog(2) = Fy(g(2))-
(5) Let g : R™ — RPX™ (i.e. matriz valued) be C° and b : R™ — R™ be locally
bounded; then Fg(x) = g(x)Fy(x), where gb(x) := g(x)b(z).
(6) Let V : R™ — R be locally Lipschitz continuous, then Fyy(x) = 0.V (x).

The proof of the above lemma can be found in Paden et al [18].
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Remark 4.3. (i) Since V is locally Lipschitz, |nablaV is defined almost every-
where and locally bounded (Rademacher’s Theorem). By using Lemma we
have Fyy (z) = 0.V (x).

(ii) In particular, if V' is Fréchet-differentiable at x, then

Fyy(r) =0.V(z) = {V'(x)}.
5. MAIN RESULTS

In this section we establish generalized stochastic maximum principle for dif-
fusion without differentiability assumptions on the coefficients b, o7 satisfies the
assumptions and , so we are going to weaken the differentiability as-
sumptions on this coefficients. This method is described briefly by the following.

Let E be a Banach space, E* its dual and let f : V — R? where V is a closed
subset of F, satisfiying the following conditions:

(H1) The exist A\, > 0, and f* : B — R? Gateaux-differentiable in the ball

(y + AnB) and f"(y) = f(y).
(H2) There exists €, > 0 such that §» — 0 as n — +oo, f" is continuous and
|f"(x) = f(z)| < e for x € (y + A B).

We shall approximate the drift b and the diffusion o7 by a sequence of smooth
functions b" and ¢7" by using the following regularization

Let &, : R — R be a positive C* application vanishing out of the interval
[—en,en] such that [, & (z)de = 1 and lim, . e, — 0. We denote p, =
Hﬁ:li n(z7) where 2 = (2',...,2%) € R% p, is a O function with compact
support.

We define the following smooth functions b = b* p,, and 07" = o7 % p,, obtained
by the convolution of all the components of b and ¢/ with p,,. We give in the next
theorem the following proprieties satisfied by these functions.

Lemma 5.1. (1) 0" : [0, T] xRIxA — R? and o9 : [0, T] x R? — R? are Borelian.
(2) b and o™ are k-Lipschizian in the second variable x and has linear growth.
(3) b and a7™ are a C* in x, and for all (t,z,u) € [0,T] x R x A: [b"(t, z,u) —

b(t,y,u)| < kep, and |o™(t,x) — o(t,y)| < kep.

The statements in the above lemma are a classical facts; see Frankowska [I1] and
Mezerdi [15].

Note that b" and 07" satisfies conditions (H1) and (H2) with \,, = \/z,. So we
can define

cb(t,y,u) = Nn>0C0 Upsn [B5 (8,2, u) 1 2 € (y + Ay B)).
0e0” (t,y) = capp>0C0 Upzn [03"(t,7) : © € (y + AnB)]-

Let X™ be the solution of
dX{ =b"(t, X;*, ul)dt + o™ (t, X}')dBs,

5.1
Xy ==z. (5-1)
Let ®,,(s,t) denote the fundamental solution of the linear equation (s > t),
AP, (t) = bp (t, X[ up )@ ()dt + Y o™ (1, X[") @ (t)dBY,
1<j<d (5.2)

q)n<87 S) = ]d-

The following lemma will play an interesting role below.
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Lemma 5.2. There exists u™ € Upyq and \,, = \/0,, such that
(i) d(u",u*) < Ay
(ii) E[H,(t; X7, uy,pf)] > E[Hy(t; X7, 0,08)] — A, for allv € A, dt —a.e. for
all v € A. The associate adjoint process is given by

Pa(t) = —E{@3(T, 1) 92 (X7)| 7, }-

Proof. Since u} is optimal for the cost J,,(u) + (6,)"/?d(u,u™) then, we proceed
as in Lemma to derive a maximum principle for u}. The rest of the proof is
similar to the approximate maximum principle, see Yong et al [20]. O

Notice that since the gradient g, is continuous, then we have g, (X2) — g.(X7)
P-a.s. as n — +oo.

5.1. Weak limit solution with stable convergence. The limit of ®,, is proved
by using the stable convergence of probability measure introduced by Jacod et al
[13]. This convergence is contained between convergence in law and convergence
in probability. We shal make use of the notion of good extension of a filtered
probability space.

Definition 5.3. The space (2, F, F;,P) is a good extension of (2, F, F;,P) if the
following conditions are satisfied

(1) Q = Q x Q where Q is an auxiliary space.

(2) FeF;ie, AxQeF, for Ae F, F, € Fy.

(3) P(A x Q) =P(A) for Ae F.

(4) Each (F; — P) martingale is a (F, —P) martingale.

Clearly, since b" and ¢7™ are k-Lipshitz in = and continuously differentiable,
then the matrix of partial derivatives b7 and 2™ are bounded by the Lipschiz
constant k.

Let us define the canonical spaces associated to the processes b”(t, X[, ul),
o™ (t, X["), (03)"(07) and O (2):

(1) Let Qq, the canonical space of b7 (¢, X{*,u}'), define by the following: Let
Dy = {31 :[0,T] — R? ® R? measurable such that ||3;]| < c}.

It is clear that b7} take values in D; which is uniformly integrable subset of
LY([0,7T],R? ® R?), hence it is a relatively compact subset with respect to the
weak topology o (L', L>°) (Dunford-Pettis Thoerem). Let €; = D; (weak or strong
closure of Dy, because D; is convex).

We define F! the filtration of the coordinates generated by the subsets of the
form

A={f €Q: /t<51,f(s))ds < ¢, where c € R, f € L([0,T], R? @ R%)}.
0

(21, F1, F}) is the canonical space associated to the process b (t, X', ull).

(2) Let Dy = {f3} : [0, 7] — R% ® R? measurable such that ||3]]| < c}. Tt is clear
that 02" (¢, XJ') take values in Dy which is uniformly integrable subset of L([0,77),
hence it is a relatively compact subset with respect to the weak topology o (IL!, L>°)
(Dunford-Pettis Thoerem). Let Q5 = Dy (weak or strong closure of D, because
D, is convex). Then s are compact metrisible spaces.
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We define F?2 the filtration of the coordinates generated by the subsets of the
form

B={8}: /0 (B3, h(s))ds < ¢, where ¢ € R, h € L>([0,T], R¢ @ RY)}.

where (Q2, F2, F7) is the canonical space associated to the process " (¢, X*).

(3) Let Q3 = {a € L*([0,T]) such that |ja| < c}, (23, F3, F}?) is the canonical
space associated to the process a, = o4 (t, X;)*.0l™(t, Xy).

(4) ®,, has a continuous trajectories, then ®,, : (Q, F, F;,P) — Q4 where €y is
the space of continuous functions from [0, T]toR¢ ® R¢ equipped with the topology
of uniform convergence and F;' the filtration coordinates. By this definitions, we
introduce the product space

Q=0xQ xQ x Q3 x Q,
equipped with the filtration
Fi=NxF@F, @ F. @ F @ F,.
We associate with (b7 (., X", u"), alm(.,, Xm), an(., X"), ®;,) the randomized vari-
able P,, which is a probability measure defined on (92, F) by
P (w, w1, wa, ws, wy) = P(w)dyn (dw1)d,5.n (dws2)da, (dws)de, (dwa),
where 6, the Dirac measure at x and ®,, solution of .

Theorem 5.4. The space (Q, F, Fy,P,,) is a good extension of the space (2, F, F;,P),
moreover the canonical process ®y(w, w1, wa,ws, ws) = wy(t) is a solution of the
stochastic differential equation

do(t) = f1()@(t)dt + > B(H)D(t)dB]

1<j<d
®(0) = I,

on the space (Q, F, Fi,P,), where B, is a Brownian motion which is independent
Of Bt-

Proof. Let E, E, and E the expectation with respect to the randomized probability
P, P, and P respectively. It is sufficient to verify that all (F; —P) martingale is(F¢,
P,,) martingale. O

The sequence P,, converge with respect to stable convergence to a limit P if and
only if:
nkrfoo Pn [g(wv wy, Wz, W3, w4)] = P[g(wa wy, w2, W3, 11)4)]

For every function g : § — R measurable bounded such that: g(w,.,.,.,.) is con-
tinuous for all w € Q.

To prove that the sequence P, is relatively compact with respect to stable con-
vergence, it is sufficient to prove that the projections of P,, on 1, Qs, Q3 and €y
are relatively compact in the topology of narrow convergence.

Lemma 5.5. (i) Let ®,, be the solution of (5.2)) then there exists a positive constant
M such that for alln € N and s,t € [0,T],

E([|®n(t) = @n(s)[*) < Mt - s/*.
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(ii) The sequence P, is relatively compact with respect to the topology of stable
convergence

Proof. Statement (i) follows from the Schwartz and Burkholder-Davis-Gandy in-
equalities.

(ii) Since 2 (resp. Q5 ) is compact, then the sequence of the projections of P,, on
O (resp. §29) is tight, then relatively compact (Prokhorov’s Theorem). Moreover
the projections of ®,, on 4 coincides with the distributions of ®,, which satisfy (i)
of Lemma then ®,, is relatively compact with respect to the topology of stable
convergence. (Il

Theorem 5.6. Let P be a limit of P, (in the sense of stable convergence), then
(Q,F,F,P) is a good extension of the space (2, F, F¢,P). Moreover the canonical
process @y (w, wy, wa, ws, ws) = wy(t) satisfies

dd(t) = fO(M)dt+ Y FBS(H)dBl + > Bt)0(t)dB]
1<5<d 1<5<d (5.3)
@(s, S) = Id,

Proof. For doing this we need the techniques in Mezerdi [I5] and in Jacod et ol [13],
so it is sufficient to prove that all (F; — P) martingale is (F; — P) martingale. Let
M; be a (F; — P) martingale, and Z a bounded random variable, F, measurable
such that (wy,wq, w3, wy) — Z(wy, wa, w3, wy) is continuous.

According to Theorem the space (2, F, F,P,,) is a good extension of (Q2, F, 7, P).
(s <t). Then E,[M;Z] = E,[M,Z] for all n € N. Since P is a limit of P, we have
E[M;Z] = nEIEOOE”[MtZ] = HEIEOOE,L[MSZ] =E[M,Z].

The set of random variables Z are Fy measurable bounded continuous in (w1, wa, ws, wy)
generates a o—field contained between F,- and F,. Then E[(M; — M,)|F,-] =0,
the right continuity of M; implies that E[(M; — M,)|F,] = 0.

®; takes values in R? ® R? then ®; is a solution of . Applying similar
techniques as those in [I3] where it is sufficient to prove that for all (hy, hy) € RIxR?

t
Mt(hl, hg) = hlBt -+ hl(q)s — CI)Q — / ﬁl(s)q)sds).
0

Here M, is a (F; — P) martingale and have a quadratic variation of the form

t

t
Ay(hy, hy) = h3t + 2h1h2/51(s)<1>sds + hg/a(s)@ﬁds.
0 0
Note that M, is an (F; —P,,) martingale for all n € N and (w, w1, ws) — M (h1, ho)
is continuous.

To pass to the limit, we must show that M; is sufficiently integrable. Be-
cause [ (t), and 33 (t) are bounded and E[(sup,« |®%[)?] < +00. We deduce that
sup,, E,[|[M;(h1, h2)|?] < +oo, ¥p > 1. Then if Z is a bounded F;-measurable ran-
dom variable continuous in (w1, ws,ws,ws) we have E,[(M; — M,)Z] — E[(M; —
M,)Z] as n — +oo. Hence My(hy, hs) is an (F; — P) martingale.

The extra term >, ;4 B (t)®,;dB! comes from the Ité decomposition Theorem
for martingales adapted to a filtration supporting a Brownian motion. [
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The same method can be performed for M?(hy,ha) — Ai(h1,ha). Now we are
ready to state our main result.

Theorem 5.7. Let u be an optimal control and X corresponding trajectory, then

there exists a probability P on the space (0, F,F;) such that
(1) E[H(t, Xt,ut,pt)} = maxveAIE[H(t,Xt,v,pt)}, dt-a.e.
(i) p, = —E[®*(T, t)gbc(XT)|]_-] where ®*(T,t) is the transpose of ®(T,t)

given by -

Proof. According to Lemma [5.2] there exists a control uf such that d(u?, ;) < Ay,.
So it is sufficient to prove that

lim E[H(t,Xﬁu?,p“t))] = E[H(thtvataﬁ(t))}'

n—-+oo

O

5.2. Filippov approach and the support of a limit P. Our goal in this sub-
section is to prove a stochastic maximum principle for the optimal controls without
differentiability assumptions.

Let P be a stable limit of (P,,), now we give in this section the connection between
the support of P and the generalized Filippov’s set of b and ol at (X, ).

Let O = Q x Q1 x Qs x O3, .7-} Ns>tFs @ FL @ F2 @ F3 and P is the projection

P on Q then we have
ﬁ’(dw, dwy, dws, dws) = P(dw, dwy, dws, dws, Q4),

where ((NZ,]?, ]T"t,]IND) is a good extension of (Q, F, F;,P) and P is a stable limit of
]P’n, where PP, denotes the projection de P,, on Q. Moreover if we consider equation
on the space (Q f Fi,P), then it has a strong unlque solution. If we denote
by @t(w w1, wa, w3) the solution on (Q F .7-}, ) then &, = ®,P-a. s., and

P(dw, dwy , dws, dws, dw,) = }P’(dw, dwy, dwsy, dws)dz

@4 (w,w1,w2,a)

(d’LU4)

If D denotes a support of the probability Iﬁ(dw,dwl,dwg,dwg), according to
Jacod et al [13] there exists a subsequence such that (P — a.s).

Dl the set of limit points of the subsequence of b7 (t, X" (w),u"(w)) where w
is fixed.

D?: the set of limit points of the subsequence of o™ (t, X" (w)) where w is fixed.

The Filippov differential inclusion allows us to expresses the generalized deriv-
ative of b and o in terms of well defined smooth approximations. This advantage

enables to give the following theorem.

Theorem 5.8. (i) For almost all w, there exists a subsequence b7 (t, X' (w), s (w))
and o3 (t, X' (w)) such that

lim b7 (¢, X" (w), 4 (w)) = B (t) in L (dt).

n—-—+00

lim o2 (t, XM (w)) = Bi(t) in L(dt).

n—-+oo

(ii) For almost every t € [0,T]. we have B1(t) € Fyy(t, Xy, ;) and G5(t) €
Fygi (t7 Xt)
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Proof. (i) According to the definition of D there exists a subsequences b7 (¢, X (w),
u?(w)) which converges weakly in L'(dt) to 31(t). Moreover,

T
E[/ [b% (s, X7t up) — b (t, X7*, dig)|dt] < Md(u™, Gy).
0
Then there exists a subsequence such that
T
[ 102G X7 )~ B0 X )]~ 0 s 40, Pras,
0

using a similar proof as for lim,,_, 4o 02" (t, X7 (w)) = B5(t).
(ii) Let B1(t) € DL, according to (i) Theorem there exists a subsequence
b (t, X1, 1)) which converges to 3 (t) in L' (dt). Moreover, we have
lim Efsup | X} — X;|?] =0,
n—-4o0o t<T
so we can extract a subsequences such that sup, < | X7 — Xt| < A\pP-a.s., then there
exists n € N such that

DR (t, X1, ul) € Upsn [D5 (8, Xy, 1) = Xy € (Xy + A B)]-

According to Mazur’s Lemma, there exists a sequence of convex combinations which
converges strongly in L!(dt) to 31(t). Then we have

Bi1(t) € Nps0T0 Ugsp [ (t, x,u) - 2 € (y + A\, B)] dt — a.e.
According to the property (6) of Lemma we have
Bi(t) € Fuy(t, Xy, 1) dt — ave.
Applying a similar proof for 33(t) € Fy,(t, X;). This completes the proof. O

Remark 5.9. Using the same method of proof, we obtain a more general non-
smoothness result for the stochastic maximum principle without differentiability
assumptions in which the control enters both the drift and the diffusion coefficients
where the set of controls is necessarily convex.
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