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EXISTENCE OF SOLUTIONS FOR FRACTIONAL
DIFFERENTIAL INCLUSIONS WITH BOUNDARY CONDITIONS

DANDAN YANG

ABSTRACT. This article concerns the existence of solutions for fractional-order
differential inclusions with boundary-value conditions. The main tools are
based on fixed point theorems due to Bohnerblust-Karlin and Leray-Schauder
together with a continuous selection theorem for upper semi-continuous multi-
valued maps.

1. INTRODUCTION

This article concerns the existence of solutions to the fractional-order differential
inclusions with boundary-value conditions

‘Dgry(t) € F(t,y(t)), tel0,1], ae(1,2), (1.1)

YO =0, v1)= 3 k(e (12

where “Df, is the Caputo fractional derivative, F' : [0,1] x R — P(R) is a multi-
valued map defined on [0, 1], P(R) is the family of all nonempty subsets of R, k; > 0,
& e with0 <& <& < <&na<l1.

Fractional differential equations play a important role in understanding many
phenomena in science and engineering. Such as electrochemistry, control, viscoelas-
ticity, porousmedia, electromagnetic and so on. For details two wonderful books
[12, 4] on the subject of fractional differential equations, summarizing much of
fractional calculus and its applications. In recent years, much attention has been
paid to the existence of solutions fractional differential equations with boundary
value conditions. For instance, Bai and Lii[I], Bai [2], Stojanovi¢[I5], Yu and Gao
[16], Zhang [I7]. Following this trend, fractional differential inclusion has got fo-
cus. In 2007 , Ouahab [1I] investigated the existence of solutions for a-fractional
differential inclusions by means of selection theorem together with a fixed point the-
orem. Very recently, Chang and Nieto [4] established some new existence results for
fractional differential inclusions due to fixed point theorem of multi-valued maps.
About other results on fractional differential inclusions, we refer the reader to [9].
To the best of our knowledge, for fractional differential inclusions , very few results
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are obtained. In order to fill this gap, motivated by the above mentioned works, ex-
istence of solutions criterion for fractional differential inclusions are given for
and . This paper is organized as follows. In next section, we present some
basic definitions and notations about fractional calculus and multi-valued maps.
Section 3 is devoted to the existence results for fractional differential inclusions. In
the last section, an example is given to illustrate our main result.

2. PRELIMINARIES

In this section, we recall some notation, definitions and preliminaries about frac-
tional calculus (see [8, 12, [14]) and multi-valued maps (see[5, 6, [13]) that will be
used in the remainder.

Definition 2.1. The ath fractional order integral of the function w : (0,00) — R
is defined by

1 t
I —— [ (t—s)*"tu(s)d
O+u( ) F(O{) /(; ( 8) U(S) S,
where o > 0, I is the gamma function, provided the right side is pointwise defined
n (0, c0).
Definition 2.2. The ath fractional order derivative of a continuous function w :
(0,00) — R is defined by
1 d k
D \n t— n—a—1 d
eult) = oy ()" | 9 (s,

where a > 0, n = [a]+1, provided that the right side is pointwise defined on (0, 00).

Definition 2.3. Caputo fractional derivative of order @ > 0 for a function u defined
on [0, 00) is given by
1 i L
O /0 (t — 5)"= 14" ()ds,
where n = [a] 4 1, provided that the right side is pointwise defined on (0, c0).

Lemma 2.4 (citedu). Let €, n are two positive constants, then
(i) Igy : LY(J,R) — L'(J, R).
(i) I5, I £(t) = 5T 1(1), f(2) € L(J, R).
(i) lime_n IS, f(t) = I3y f(£), n=1,2,..., I}, f(t) = [} f(s)ds
Let C([0,1],R) be the Banach space consisting of continuous functions y from
[0,1] to R with the norm
1Ylloo := sup{lyl : € [0, 1]}.
and L'([0,1],R) represent the functions y : [0,1] — X which are Lebesgue inte-

grable and
1
ol = [ i

Let (X,|-]) be a Banach space. Then a multi-valued map © : X — P(X) is
convex (closed) value if ©(x) is convex (closed) for all z € X. © is bounded on
bounded sets if ©(B) = |J,cp ©(x) is bounded in X for any bounded set B of X

(i-e. sup,ep{sup{ly| : y € O(z)}} < 00).
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We call © is called upper semi-continuous (u.s.c.) on X if for each zy € X,
the set ©(xg) is a nonempty closed subset of X, and if for each open set B of X
containing ©(z¢), there exists an open neighborhood V' of x4 such that ©(V) C B.
O is said to be completely continuous if © is u.s.c. if and only if © has a closed
graph, i.e.,

Ty — Twy Yo — Ysy, Yn € Oz, imply yi € O,
Let CC(X) be the set of all nonempty compact-convex subsets of X. For each
y € C([0,1],R), let Sg, be the set of selections of F' defined by

Spy={f € L'Y([0,1],R): f € F(t,y(t)) ae. tec][0,1]}.

Definition 2.5. A function y € C([0,1],R) is said to be a solution of (1.1} and
(1.2) if y satisfies the fractional differential inclusion (1.1)) on [0, 1] and the boundary
value condition (|1.2)).

To set the frame for our main results, we introduce the following lemmas.

Lemma 2.6 (Bohnerblust-Karlin, [3]). Let X be a Banach space, D a nonempty
subset of X, which is bounded, closed, and convex. Suppose G : D — P(X) \ {0}
is u.s.c. with closed, conver values, and such that G(D) C D and G(D) compact.
Then G has a fized point.

Lemma 2.7 (Leray-Schauder Nonlinear Alternative, [7]). Let Let X be a Banach
space, with C C X convex. Assume V is a relatively open subset of C with 0 € V
and G : V — P(C) is a compact multivalued map, u.s.c. with convex closed values.
Then either

(i) G has a fived point in V; or

(i) there exists a point v € OV such that v € AG(v) for some A € (0,1).

Lemma 2.8 ([I0]). Let X be a Banach space. Let F : [a,b] x X — CC(X); (t,y) —
F(t,y) measurable with respect to t for any y € X and w.s.c. with respect to y
for a.e. t € [a,b] and Sp, # O for any y € C([a,b],X) and let A be a linear
continuous mapping from L'([a,b], X) to C([a,b], X), then the operator A o Sg :
C([a,b],X) — CC(C([a,b], X)) y — (Ao Sp)(y) == A(Sry) is a closed graph
operator in C([a,b], X) x C([a,b], X).

Now we are in the position to state and prove our main results.

3. MAIN RESULTS

Let us list the following assumptions:

(A1) 7P ki # 1

(A2) F : [0,1] x R — CC(R), t — F(t,y) is measurable for each y € R, y —
F(t,y) is us.c. for a.e. t € [0,1].

(A3) For each r > 0, there exists a function ¢, € L'(]0,1],R) such that

I1E @yl = sup{|f] : f € F(t,y)} < or(t),
for (t,y) € [0,1] x R with |y| <r, and

r—oo T

1 1
lim inf 7/0 or(t)dt = p.
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(A4) There exist a continuous nondecreasing function ¢ : [0,00) — [0,00), a
function ¢ € L'([0,1],R) and a positive constant M such that

IE ¢yl < at)o(lyl)
for each (t,y) € [0,1] x R, and
M
1372 kiki 1
(1+Ufzifm&|+ufz£?m&J¢Mﬂj5“QdS

We notice that, for each y € C([0,1],R), by [I3], the set Sg, is nonempty. The
following lemmas are basic results for the fractional differential equations.

> 1.

Lemma 3.1 ([8]). Let a > 0. then the fractional differential equation
“Dgry(t) =0

has a solution

y(t) =co+crt + ot + -+ cpt"
andc; R, i=1,2,...,n, n=[a] + 1.
Lemma 3.2 ([8]). Let o > 0. Then
ISEDGy(t) = y(t) +eo+ et 4ot + - e t" L
for somec; eR,i=1,2,...,n, and n=[a] + 1.
By Lemma and Lemma it is easy to obtain the following lemma.

Lemma 3.3. Suppose (Al) holds, and g € C([0,1],R). Then y(t) is a solution of
the problem

°Diy(t) =g(t), te[0,1], l<a<2 (3.1)
YO =0, y(1)= Y k(&) (:2)
if and only if
L t “lg(s)ds — ! 1 —5)*"Lg(s)ds
W0 = g7 | =9 Moo @ )(1_27_1%&)/0 (1 - 5" g(s)d
+ o)1 ;nlg e ZZ; / Lg(s)ds.
(3.3)
Proof. If y(t) is a solution of (3.1)-(3.2)), then
‘Dgry(t) = g(t), (3.4)
Lemma [3.2] implies
1 ! a—1
W) = o /O (t — 5)°Lg(s)ds + c1 + cat. (3.5)

By the boundary condition y(0) = 0, we have
c1 = 0. (36)
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Furthermore, by y(1) = 37> kiy(&;) and (3:5), we obtain

1 1 m—2 & m—2
— 1—g)* ! ds+cy = —— k; — ) 1g(s)ds + k;&ica.
iy J, (9o ea = i Sk [ 6 =0 oo + 3 ke

(3.7)
After a rearrangement of (3.7)), we obtain

m—2 . B 1 m—2 - & e - 1 1 ol
(1 - ; kzgz)CQ = @ 2 sz (& 8) g(S)dS @A (]_ 5) g(s)ds.
(3.8)
That is,
C2 = s Z Ly(s)ds
F(()f)(l - z 12 k; €z — / (39)

1 /
— — (1—5)*"1g(s)ds.
I(a )(1 - zz 12 ki)
Substituting (3.6)) and (3.9]) into ( , we have that . . has a unique solution

_ 1 ' —5)* Lg(s)ds — t 1 —5)* lg(s)ds
YO = 1 / (t = )" g(s)d T |-
e S Z / SR

(3.10)

If y(t) is defined as in , it is easy to check that y(t) satisfies (3.1 ., which
completes the proof. O

Next, we shall present and prove our main results on the existence of solutions
to fractional differential inclusion (|L.1)-(1.2]).

Theorem 3.4. Assume (A1)—(A3) hold. Furthermore, if

1 1 S kil )
1+ — + = <1, 3.11)
I(a) ( [ED Srieny AN riray ¥ (
Then problem (1.1)-(1.2) has at least one solution on [0,1].
Proof. Consider the operator N : C([0,1],R) — P(C([0, 1],R)) defined by

N() = {h e C0.11R) h(0) = s [ (6= 9" u(s))ds

(a

t 1
; 1—s)*! s))ds
F(a)(l—Z;”_lzk,gi)/ ( )T f(y(s))
_ a 1 s '
g D G e g€ i)

(3.12)
It is obvious that the fixed points of N are solutions to the problem ([1.1))-(1.2).
Then, we shall prove N satisfies all the assumptions of Lemma[2.6] which is broken
into several steps.
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Step 1. N(y) is convex for each y € C([0,1],R). In fact, if hy,hy € N(y), then
there exist fi, fo € Sp, such that for each t € [0, 1] we have

by (t)

— L ¢ _s a—1 s 5 _ t 1 , - . .

- ey L =9 s - T [a- st
' L)1 -3 1”121@52 Z; / i —8) fy(s))ds, n=1,2.

Let 0 <e <1, for t € [0,1]. We have

(Ehl + (1 - E)hg)(t)

1

- / (t— )" Mefi + (1 — ) fa) (y(s))ds

- t 1 —s)7! - s))ds
r(a)(l—zznfk-m/ (1= )" (i + (1 - 2) ) (y(s))d

+

T()(1-3 7121@& Z; / —8)" (efi+ (L =) f2)(y(s))ds,

Since Sg,, is convex (F has convex values), we have
eh1 + (1 —¢e)hy € N(y).

Step 2. N maps bounded sets into bounded sets. Let B, = {y € C([0,1],R) :
llyll < r}. Then B, is a bounded closed convex set in C([0,1],R). We shall prove
that there exists a positive number 7’ such that N(B.) C B.. If not, for each
positive number r, there exists a function y,(-) € B,, however, ||N(y.)| > r for
some ¢ € [0,1], and

h(t)
t

== t —g)ot s))ds — ' _ g1 s)ds
= T(a) /0“ S ) ds - S s / (1— )" fo(y(s))d

ST Sk [M 6ttt

i=1

+
[(e)(1 -
for some f, € Sgy,. On the other hand, we have

r <INyl

1 ! 1 !
< @(/O gpr(s)ds+%/ or(s)ds

+7 /51% dS
11— 72 k&l z;

i=1

1 1 1S 2 kg 1
< (1 + — + Zz:ni_2 ¢ )/ or(8)ds.
() 1= k&l 1= 300 k&l Jo

(3.13)
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Dividing both sides of (3.13]) by r, then taking the lower limit as r — oo, we obtain
1 1 " ki
(1 + — + Z’L:i’li;é.z )/}, Z 17
F(O‘) ‘1 - Zi:l ki5i| |1 - Zi:l ki§i|
which contradicts (3.11]). It implies for some positive number ', we conclude that
N(By) C By

Step 3. The family {Ny : y € B} is a family of equicontinuous functions. Let
t1,t2 €10,1], t; <t9 and y € B, for each h € N(y), we have

1) = h(t)] < s [t =7t = (0= ) plae))s|

F(a\/ (ts — 5)° 1f<<>>ds\

t2_t1 a 1
+ F(Oé)|1— :nl2k£z/ f ( ))

ta —t & -
(o)1 E:n12k &l Z k‘z</0 (& —s) f(y(S)))ds

i=1

['(a) A to —5)*7! = (tr — 5)*|p(s)ds

2 to —t1
<0f>/ A - S ke /

t2 —h = £
[(a)|1 - 221_12 kil ; hisi (/0 Lp(s))ds o1
3.14

The right hand of tends to 0 as to — t1. Therefore, the set {Ny :y € B/}
is equicontinuous.

Combining Steps 1, 2 and 3 with Ascoli-Arzela theorem, we claim that N is a
compact valued map.

Step 4. N(y) is closed for each y € C([0,1],R). Let {hn}n>0 € N(y) be such
that h, — h.(n — o0) in C([0,1],R). Then, h. € C([0,1],R) and there exist
fn € Sk, , such that for each t € [0, 1],

/-\

—

hn(t)

— L ' — s a—1 s s — t 1 s a1 5 <

~ T(a) /0“ )" n(y(s))d TS / (1= )" fu(y(s))d
+F(a)(l— S kit Zl / =) faly())ds

Using the fact that N has compact values, we shall pass to a subsequence if nec-
essary to obtain that f, — f in L'([0,1],R) and therefore f € Sp,, then we have
for each t € [0, 1],

1

hyp — h*(t) = @A (t _ S)a_lf*(y(s))ds
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¢ ' a—1
_F<a><1—z;“12k.gi>/ (L= 8)" fuly(s))ds

T ) o o

Thus, h. € N(y).
Step 5. N has closed graph. Let y, — ys, hy € N(yy) and hy, — hy as n — oo.
Consider the continuous linear operator I' : L1([0,1],R) — C([0, 1], R),

1 ! a—1
i | =9 s

t ! 1
_ —35)¢ s))ds
r(a)(lz%?k-@-)/ o T

__Sal
+r(a)(l— ST k) Z / Tieds

f=T()E) =

From Lemma then T o Sp is a closed graph operator. Moreover, we have
hyn, € T'(Sk,y, ). Since y, — ys as n — co. Lemma implies there exists h, such
that

ha(t)

1

t o1 3 t
- / (t — )" fu(y(s))ds

I(1— Y7 ki&

ST S / — )7 £ (y(s))ds

=1

| / (1 - )27 £ (y(s))ds

+

for some f, € Sg,.. Hence, we conclude that N is a compact multi-valued map,
u.s.c. with convex closed values. In view of Lemma we deduce that N has a
fixed point which is a solution to problem ([1.1))-(|L.2]). O

Theorem 3.5. Assume that (Al), (A2), (A4) hold. Then the problem and
(1.2) has at least one solution on [0, 1].

Proof. Define the operator N : C([0,1],R) — P(C([0, as (3.12). Let y €
AN (y) for some A € (0,1). Then there exists a function f 6 SF7y such that for each
t € [0, 1], we obtain

A ' a—1
W0 = g5 | =90 s
At 1
B —s)* ! s5))ds
F(a)(l—ZZ"fkfi)/ (1= )" f(y(s) (3.15)

RS e Z [ 6ot
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It from (A4), for each t € [0, 1],

! ' a—1 t 1 a1l
T Ty ;"12;% Z / =) | f(s)lds
1 1 anzk é_z
SF(O‘) (1+ \1—2?:12ki§i|+ -3 Z”lgk‘fl)/ 17(s)lds

1 1 Yo kil )
1 ds.
r<a>( Mo S R T ST (”y”)/o a(s)ds

IN

(3.16)
Hence,

Iyl
1 S kil 1
(1+ [ESSH A IS s oyl o a(s)ds
Then by (A4), there exists M such that ||y|| # M. Define
V ={y e C(0,1],R) : [ly[| < M}.

Proceed as the proof of Theorem we claim that the operator N : V —
P(C([0,1],R)) is a compact multi-valued map, u.s.c. with convex closed values.
From the choice of V, there is no y € 9V such that y € AN (y) for some X € (0,1).
As a consequence of Lemm we conclude that N has a fixed point y which is a
solution of the problem ([1.1] and . O

4. APPLICATIONS

In this section, we present an example to illustrate our main results. Consider
the fractional differential inclusions with boundary-value conditions

y*/°(t) € F(t,y(1), teo,1], (4.1)
1 1 1 1

= 1 —y(= 4.2

yO) =0, y(1) = y(5)+ pulze). (42)

where k1 = %, ko = %, & = %7 &H = 7 F : R — P(R) is a multi-valued map
defined by

ub
u%F(t,u)::[5+3+ +3, ?thJrl] (4.3)

It is clear that (A1) is satisfied, and F satisfies (A2). let f € F', then

243, —— +t+1) <5, uckR

U5
<
|f|—max(u5+3 7’U,+1

Thus,
[|F(t,u)| :=sup{|v|:v € F(t,u)} <5:=q(t)o(|u]), ueR,
where ¢(t) =1, ¢(Ju|) = 5. We could find a positive real number M such that
M

(k1&1+k262)
T(a )( M= (k1§1+k252)| T =& has)] ) fO

>1,
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M
1 3
'(6/5)5 (1 + -z + %“j)

25
that is, M > 10.43. Thus, all the assumptions of Theorem are satisfied. We
conclude that fractional differential inclusion (4.1))-(4.2) has at least one solution.

> 1;
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