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IMPULSIVE DISCONTINUOUS HYPERBOLIC PARTIAL
DIFFERENTIAL EQUATIONS OF FRACTIONAL ORDER ON
BANACH ALGEBRAS

SAID ABBAS, RAVI P. AGARWAL, MOUFFAK BENCHOHRA

ABSTRACT. This article studies the existence of solutions and extremal solu-
tions to partial hyperbolic differential equations of fractional order with im-
pulses in Banach algebras under Lipschitz and Carathéodory conditions and
certain monotonicity conditions.

1. INTRODUCTION

This article studies the existence of solutions to fractional order initial-value
problems (IV P for short), for the system

cnNr u(xay) _ B
O(W) = g(z,y,ulz,y), (w.y)eJ x4z k=1,....,m, (11

u(zl,y) = u(zy,y) + L(u(zy,y), ye0,b; k=1,...,m, (1.2)
u(z,0) =¢(x), u(0,y)=1v(y), x<cl[0a],yel0,], (1.3)
where J = [0,a] x [0,b], a,b > 0, °Dj is the Caputo’s fractional derivative of

order r = (r1,7r2) € (0,1] X (0,1], 0 = g < 21 < -+ < Tpy < Tppy1 = a, [ :
JXR" - R"\{Ogn}, g: J XR® - R® and I, : R® — R", k =1,...,m are given
functions satisfying suitable conditions and ¢ : [0,a] — R", ¢ : [0,b] — R™ are
given absolutely continuous functions with ¢(0) = ¢(0).

There has been a significant development in ordinary and partial fractional dif-
ferential equations in recent years; see the monographs of Kilbas [20], Lakshmikan-
tham et al. [22], Podlubny [24], Samko [25], the papers by Abbas and Benchohra
[T, 2, B], Agarwal et al. [5], Belarbi et al. [7], Benchohra et al. [8, @] 0], Di-
ethelm [I6], Vityuk and Golushkov [27] and the references therein. We can find
numerous applications of differential equations of fractional order in viscoelasticity,
electrochemistry, control, porous media, electromagnetic, etc. (see [I8] 23]).

The theory of impulsive differential equations have become important in some
mathematical models of real processes and phenomena studied in physics, chemical
technology, population dynamics, biotechnology and economics. There has been a
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significant development in impulse theory in recent years, especially in the area of
impulsive differential equations and inclusions with fixed moments; see the mono-
graphs of Benchohra et al. [I1I], Lakshmikantham et al. [21], and Samoilenko and
Perestyuk [20], and the references therein.

In this article, we prove the existence of extremal solutions under discontinuous
nonlinearity under certain Lipschitz and monotonicity conditions. These results
extend to the Banach algebra setting those considered with integer order derivative
[12, 19] and those with fractional derivative [4]. Also, we extend some results
considered on Banach algebras with integer order derivative and without impulses
[0, 15]. Finally, an example illustrating the abstract results is presented in the last
Section.

This paper initiates the study of fractional hyperbolic differential equations with
impulses on Banach algebras.

2. PRELIMINARIES

In this section, we introduce notation, definitions, and preliminary facts which
are used throughout this paper. Let L>°(J,R™) be the Banach space of measurable
functions w : J — R™ which are bounded, equipped with the norm

[ullzee = inf{c >0 |lu(z, y)|| < ¢, ae. (z,y) € J},

where || - || denotes a suitable complete norm on R™. By L!(J,R™) we denote the
space of Lebesgue-integrable functions u : J — R™ with the norm

a b
lully = / / lu(z, 9)|l dy de.
0 0

AC(J,R™) is the space of absolutely continuous valued functions on J. Denote by
Dgy = ag—gy the mixed second order partial derivative. In all what follows set

Ji = (g, xp41] X [0,0], k=0,1,...,m.
Consider the space
PC(J,R") ={u:J - R":ue C(Jy,R");k=1,...,m, and there exist
u(m;,y),u(x?y); kE=1,...,m, with u(z, ,y) = u(mk,y)}.
This set is a Banach space with the norm

[ullpc = sup [lu(z,y)|.
(z.y)€J

Define a multiplication “ - ” by
(u-v)(z,y) = u(z,y)v(z,y) for (z,y) € J.

Then PC(J,R") is a Banach algebra with the above norm and multiplication.
Let a1 € [0,a], 2* = (a],0) € J, J, = [a1,a] x [0,b], 71,72 > 0 and r = (r1,72).
For u € L*(J,,R™), the expression

)z y) = m /+ /Oy(f” — )"y — )2 (s, ) dt ds,

where T'(.) is the Euler gamma function, is called the left-sided mixed Riemann-
Liouville integral of order r.
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Definition 2.1 (|27]). For u € L!(J,,R"), the Caputo fractional-order derivative
of order r is defined by the expression (°D’ u)(z,y) = (IzleDﬁyu)(a:, Y).

Let X be a Banach algebra with norm || - ||. An operator T : X — X is called
compact if T(S) is a compact subset of X for any S C X. Similarly T: X — X is
called totally bounded if T' maps a bounded subset of X into the relatively compact
subset of X. Finally T : X — X is called completely continuous operator if it
is continuous and totally bounded operator on X. It is clear that every compact
operator is totally bounded, but the converse may not be true.

Definition 2.2. A function v: J x R” — R" is called Carathéodory’s if

(i) the function (z,y) — v(z,y,u) is measurable for each v € R",
(ii) the function v — ~(z,y,u) is continuous for almost each (x,y) € J.

A non-empty closed set K in a Banach algebra X is called a cone if
(i) K+ KCK,
(iil) AK C K for \€ R, A >0 and
(iii) {—K} N K =0, where 0 is the zero element of X.
The cone K is called to be positive if
(iv) K o K C K, where “0” is a multiplication composition in X.
We introduce an order relation, <, in X as follows. Let u,v € X. Then u < v

if and only if v —u € K. A cone K is called to be normal if the norm || - || is
monotone increasing on K. It is known that if the cone K is normal in X, then

every order-bounded set in X is norm-bounded.

Lemma 2.3 ([I4]). Let K be a positive cone in a real Banach algebra X and let
U1, g, v1,v2 € K be such that u; < vy and us < vy, Then uius < V10s.

For any v,w € X,v < w, the order interval [v,w] is a set in X given by
v,w={ue X :v<u<w}
The nonlinear alternative of Schaefer type proved by Dhage [13] is embodied in

the following theorem.

Theorem 2.4. Let X be a Banach algebra and let A, B : X — X be two operators
satisfying

(a) A is Lipschitz with a Lipschitz constant c,

(b) B is compact and continuous, and

(¢) aM <1, where M = ||B(X)|| := sup{||Bul| : u € X}.
Then either

(i) the equation A[Au Bu] = u has a solution for 0 <X <1, or

(ii) the set € ={u € X : NJAuBu] = u, 0 < A < 1} is unbounded.

We use the following fixed point theorems by Dhage [14] for proving the existence
of extremal solutions for our problem under certain monotonicity conditions.

Theorem 2.5. Let K be a cone in a Banach algebra X and let v,w € X. Suppose
that A, B : [v,w] — K are two operators such that

(a) A is completely continuous,

(b) B is totally bounded,

(¢) AuyBug € [v,w] for all uy,us € [v,w], and
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(d) A and B are nondecreasing.

Further if the cone K is positive and normal, then the operator equation Au Bu = u
has a least and a greatest positive solution in [v,w)].

Theorem 2.6. Let K be a cone in a Banach algebra X and let v,w € X. Suppose
that A, B : [v,w] — K are two operators such that

(a) A is Lipschitz with a Lipschitz constant «,
(b) B is totally bounded,
(¢) Auy Bug € [v,w] for all uy,uz € [v,w], and
(d) A and B are nondecreasing.
Further if the cone K is positive and normal, then the operator equation Au Bu = u

has least and a greatest positive solution in [v,w], whenever aM < 1, where M =
I B([v, w))| := sup{||Bul| : u € [v, w]}.

Remark 2.7. Note that hypothesis (c) of Theorems and holds if the oper-
ators A and B are positive monotone increasing and there exist elements v and w
in X such that v < Av Bv and Aw Bw < w.

3. AUXILIARY RESULTS

Let us start by defining what we mean by a solution of problem ([L.1))-(1.3]). Set
J = I\{(x1,9), .., (@m,y), y €[0,0]}.

Definition 3.1. A function u € PC(J,R™) whose r-derivative exists on J' is said

to be a solution of (1.1))-(1.3) if

(i) the function (z,y) — %

(i) u satisfies CDS(%) = g(z,y,u(x,y)) on J and conditions (1.2)),

(1.3) are satisfied.

Let f € O([gjkvzk-‘rﬂ X [Oab]an\{OR"})v g € Ll([xkvxk-i-l] X [Oab]aRn)v 2k =
(zx,0), and

is absolutely continuous, and

u(x,0)  u(xf,y) u(xf,0)
pok(z,y) = + - . k=0,...,m.
f@,0)  flaf,y)  flayf,0)
For the existence of solutions for the problem (1.1])-(1.3)), we need the following
lemma.

Lemma 3.2. A function u € AC([xg, xg+1] X [0,0],R™), k =0,...,m is a solution
of the differential equation
u
DL () @) = gy, (@) € o mil x 0,0], (3.1)

if and only if u(xz,y) satisfies
U(i&y) = f(xay) (Mo,k(mvy) + (Izrkg)(mvy)>a (l',y) € [‘rkvkarl] X [Ovb] (32)

Proof. Let u(x,y) be a solution of (3.1). Then, taking into account the definition
of the derivative D7 _, we have

ZE?
—r U
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Hence, we obtain
I; (Il "D? )( y) = (I;jg)(x,y),

a:yf
then
IL (Diyf)( y) = I+ 9)(@,y).
Since
1 (2 w(z,y)  u(z,0)  u(zy,y) w0
D5 ) = F 0~ Fan) Tt T Fer o)
we have

u(e,y) = f,9) (Hon(,9) + (I5,0)(x,9) ).
Now let u(z,y) satisfies (3.2)). It is clear that u(z,y) satisfies (3.1]). O

Corollary 3.3. The function u € AC([xg, xr+1] X [0,0],R™), k = 0,...,m is a
solution of the differential equation (1.1)) if and only if u satisfies the equation

ule,y) = [y, ula,y)] (ue(,y)

1 U PO (3.3)
+ 7F(r1)F(r2) /0 /0 (x —s) (y—1) g(s,t,u(s,t)) dtds)7
for (z,y) € [xk, Tr41] X [0,0], where
u(zx,0) u(zy,y) B u(z},0) k=0 m

AU = 5 0,0 0) R (et ) Tk Ol 0)
Let /== poo-
Lemma 3.4. Let 0 < 71,79 < 1 and let f : J — R"\{Ogn}, g : J — R™ be
continuous. A function w is a solution of the fractional integral equation
f(z,y) [u’(x,y) + oo Jo Jo (@ =) My — 1) (s, 1) dt ds],
if (2,y) € [0,21] x [0, 0],
o) [ ) + I (M - M)
ﬁﬁﬁWQZilmlkfﬁ—ﬁnlw—ﬂ”4ﬁ&0ﬁ@
+m f;k Ji@— sy —t)r=~ 1g(s,t)dtds],
if (x,y) € (xk,karl] x [0,0], k=1,...,m,

(3.4)
if and only if u is a solution of the fractional initial-value problem
e U
‘D (?)(xﬁl/) zg(a;y), ($7y) € Jl? (3‘5)
U(Sﬁ’z,y) = u(xlz’ y) + I]{;(U(.’L'l;,y)), y G [07 b]? k = 17 e 7m' (36)

Proof. Assume u satisfies (3.5)-(3.6). If (z,y) € [0, 21] x [0, b], then
U
CDT(})(%Z/) = g(z,y).
Lemma [3.2] implies
J— / 71 1 7'2—1
) = Fan) (o) + iy [ e — 0 (s, ) deds).
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If (z,y) € (w1, 22] x [0,0], then Lemma [3.2] implies

u(z,y)
=f(w,y)(uo,1 x,y r(rl)lr ) /T/ )2 1g(s,t)dtds)
o e@) | ulrty) (o
=150 * Ty ~ Tt 0
+F(r1)11“(r2) /Oy(x—s)“_l(y )2 tg(s t)dtds)
. plx) | ulzy,y) ul@y,0)  Lu(ey,y)  L(u(zg,0))
=G0t faty  F@E 0 fats) o)
+F(r1)11“(r2) /Oy(x—s)“_l(y )2 tg(s t)dtds)
o) uleny) () | Lu(ri) | Luer.0)
=/ ’y)(f<x’0)+f(x1+,y) fah0) T faty) F(zT,0)
e L) @ s )
_ o(x) Yy)  u(0,0)  L(u(zi,y)  L(u(zi,0))
=100 (60t Fo " F0.0 T ey fat0
1 o Y ri—1 _ 4\r2—1 s S
+F(T1)F(r2)/0 /O(xl—s) (y— 1) g(s. ) dtd

_ e 'y 1(u(@y,y)  Ti(u(zy,0)
= f( y)(u( yY) + fat) @t 0)
7‘1)1F (r2) / / (o1 =) J*Tgls ) deds
(1)F(T2) /a:l 0 (=)™ "My =™ lg(s,t)dtds),
If (z,y) € (x2, 23] x [0,b], then from Lemma [3.2] we obtain
u(z,y)
=f(a:,y)(uo,2 z,y F(r1)1F () / / )27 tg(s, 1) dtds)
_ fle plx) | u(ez,y)  ulz
= 1@ (50 * Tt ) ~ Tk o>
L [ r—1 2 tg(s, t)dtd
+F(T’1)F(T2) ;cz/O (37—8) (y_ ) g(S’ ) S)
_ tla (@) | ulzy,y) u(@y,0)  Du(y,y) I(u(zy,0))
=109(G00)  fobn) " Feb 0 T e el
1

T(r)0(r) x/o (z—8)" My =)= 1g(s,t) dtds)
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(o) | uleny)  u(e0) | D(ulr,w)  bluaz.,0)

LG by Rl ey Bl o R o o e T
1 * Y r1—1 _ p\r2—1 s s

e L 9w gls, 1) dtds)

h(u(zy,y) _ h(u(i,0) | Ta(u(zy,y)) _ Ta(u(z;,0))
x;rvy) f(vao) (; )

(
¥ r<>r<>/ | == gt drs

7’1 7"2

/ ) —t)7'2_1g(s,t)dtds>.
[0

If (z,y) € (xk,ka] ,b] then again from Lemma [3.2] we get (3.4)).
Conversely, assume that u satisfies the impulsive fractional integral equation

(3-4). If (x,y) € [0,21] x [0,b] and using the fact that D" is the left inverse of I"
we get

CDW%)(:C,@/) =g(z,y), for each (z,y) € [0,z1] x [0,D].
If (x,y) € [xg, xkr1) X [0,b], K =1,...,m and using the fact that *D"C = 0, where

C is a constant, we get

TW%@MZM%%EW%M%MGMJHQXMM

Also, we can easily show that

U(I;,y) = u(m;»y) + Ik(u(x];ay))7 Yy € [Ovb]a k= 17 ceey, M.

Let p = po.
Corollary 3.5. Let 0 < r1,r2 < 1 andlet f : JxR"” — R"\{Ogn}, g : JXR" — R"
be continuous. A function u is a solution of the fractional integral equation
[y, ulz,y)) [u(w, 0
+m fox foy(ﬂc — )y — )2 lg(s, t, u(s, b)) dt ds} ,

if (z,y) € [0,21] x [0,0],

— k I (u(a] 1 I (u(z7,0
= g (x’y’“(x’y))[“(x y) + T (s — retaaton)
k rL— ro—
+F(r1)1F(r2) Zi:l Ti_1 fO T — S) 1(y - t) 2 19(5? ta U;(S, t)) dt ds
e Ju Jo (2= 8) Ty — )2 g (st uls, 1)) dt ds},

if (z,y) € ($k7$k+1] x 0,0, k=1,...,m

(3.7)
if and only if u is a solution of the fractional initial-value problem
u(z,y) /
D'\ =g9\T, Yy, ulx,Yy)), z,y EJv 3.8
ooy LI @9

u(wy,y) = wzy,y) + In(u(zy,y), y € 10,8, k=1,...,m. (3.9)
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4. EXISTENCE OF SOLUTIONS

In this section, we are concerned with the existence of solutions for the problem
(1.1)-(L.3). The following hypotheses will be used in the sequel.

(A1) The function f is continuous on J x R™.
(A2) There exists a function o € C'(J,R4) such that

2)
If(z,y,u) — flz,y,0)| < alz,y)/lu—1a|; forall (x,y) € J and u,uw € R"™.
(A3) The function g is Carathéodory, and there exists h € L*°(J,R;) such that
llg(x,y,u)|| < h(z,y); ae. (x,y) € J, for all u € R™.
(A4) There exists a function § € C(J,Ry) such that

< B(z,y); forall (z,y) € J and u € R".

Theorem 4.1. Assume that hypotheses (A1)—(A4) hold. If

2a" 0" bl L
F(T’l + 1)F(T2 —+ 1)
Then the initial-value problem (1.1)-(1.3) has at least one solution on J.

laloe [l + 2m 8]l + | <1 (4.1)

Proof. Let X := PC(J,R™). Define two operators A and B on X by

Au(z,y) = f(z,y,u(z,y)); (z,y) € J, (4.2)
and
(z - z,y)  Li(u(z;,0)
o ( Y +;< z’yv ( z?y)) f(vao,u(xf,()))>

+ﬁ2/ / (s = )74y = 07 g s, tuls,0) de ds

1"2/ / )1 Ny — )2 g (s, t, u(s, b)) dt ds;
(4.3)

with (z,y) € J. Solving (|1.1)-(1.3)) is equivalent to solving (3.3)), which is further
equivalent to solving the operator equation

Au(z, y) Bu(z,y) = u(z,y), (z,y) € J. (4.4)

We show that operators A and B satisfy all the assumptions of Theorem First
we shall show that A is a Lipschitz. Let uy,us € X. Then by (A2),

HA’LLl(‘T,y) - AUQ(LL',y)H = Hf(:c,y,ul(w,y)) - f(l',y,UQ(.T,y))H
< oz, y)llur (@, y) — ua(z,y)||

< llallsollur — us2|[pc-
Taking the maximum over (z,y), in the above inequality yields
[Aur — Ausllpe < lal|oollur — uzllpe,

and so A is a Lipschitz with a Lipschitz constant ||c|ec-
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Next, we show that B is compact operator on X. Let {u,} be a sequence in X.
From (A3) and (A4) it follows that

2471 1" || h| oo
F(’I"l + 1)F(T2 + 1) '

| Bunllpc < |lplloo +2m||Bllee +

As a result {Bu,, : n € N} is a uniformly bounded set in X.
Let (11,y1), (T2,92) € J, 71 < 72 and y; < ya, then for each (z,y) € J,

| B(un)(72,92) — B(un)(T1,91)|l

xkayl)) _ Ik(u(xgva)) H
xkvy u( ivyl)) f(xzay%u(x:rﬂy?))

)1F 7‘2 Z/ /0 (xk - S)Tl_l[(yQ _ t)Tz—l o (yl . t)Tz—l]

X g(s t, u(s7 t))dtds

Y2
D3 I MU SR PR NI e
L (ri)T(r2) Th-1 YY1

4~777;/'/ﬁm—@”*@—wWJ—w—@W%m—wrw

x g(s,t, u(s t))dtds

yz
/ / Ty — 8)" T (yo — )2 |g(s, t, u(s, )| dt ds
VI(r2) Jr

m
< (1, 1) — plr2, y2) || + Z H

’I"

T1
)y — )2t t,u(s,t))| dtd
MFW/‘A (v~ 17> (s, (s, 1) deds

1 / /y1 (T2 - S)Tl_l(yZ - t)rz_lng(svta 'U,(S,t))” dtds

T ()

xww> AR
Y, u yl)) f(zl-:vy%u(xj_vzm))

< e, y1) = w72, y2) || JFZ Hf (@
k>

hll 7 oo Y1
_|_ ” ”L / / xk _ S rl 1[(y _t)’l“g 1 (y t)’l"g*l] dt ds
Tr—1

m

|h”Lm Z/ /yz(azk —8)" (ya — )2 dt ds
Tl 7”‘2 k-1 Jy1
Y1
”hHL / / Ty — 8 rl 1(2!2 _ t)T‘2—1 _ (7_1 _ S)rl—l(yl _ t)’l"z—l} dt ds

Mo "
” ”L / / Ty —8)" N (yy — )2 dt ds
h oo

| ||L / / Ty — S 7‘1 1 y2 _ t)rgfl dt ds

0
h . 1
| ||L / / 7"1—1<y2 _ t)?"g—l dt dS
0
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m

< (e, y1) = w72, y2) || +2Hf GRR
k>

l’k’yl)) Dz v2)) H
cule ) f@fye, u(@d, ye)

|h||L°°

Y1
+ 5 / / (zr— )"y — )" = (y1 — )™ '] dtds
Tk—1

hll7 o Y2
+ || ||L / / rl—l(y2 _ t)rz—l dt ds
Tk—1 YY1

IIhIILoo
F(’I"l + 1)F(T‘2 + 1)

T1,,T2 71,72

+ Y =T Yyt = 2(e — )" (Y2 — 1)

(2y5° (T2 — 71)"™ + 273" (y2 — y1)"
7’2} .
As 11 — 1 and y; — ¥y9, the right-hand side of the above inequality tends to zero.

From this we conclude that {Bu, : n € N} is an equicontinuous set in X. Hence
B : X — X is compact by Arzela-Ascoli theorem. Moreover,

24" b2 || h|
F(’l"l + 1)F(7"2 + 1)’

= B < [lullso +2m]|8]loc +

and so,
2a"1 b o
SOy
T(ri +1)0(ra+ 1)
by assumption (4.1)). To finish, it remain to show that either the conclusion (i) or
the conclusion (ii) of Theorem [2.4 holds. We now Will show that the conclusion (ii)

is not possible. Let u € X be any solution to . then for any A\ € (0,1) we
have

oM < oo (llloe + 2mIlBlloc +

u(z,y)

= M (z,y,u(z 3; Ii(u(zy,y)  Ix(u(e,0)

= (@, y,ulw,y) | ’y)+0<§<w(f(xz,y,u(xj,y)) f(x;,o,u(x;,o)))
+I‘(r1 / / )y — )2 g(s, tu(s, ) dt ds

O<m <z

+7 T — S r1—1 —t ro—1 s’t,u S,t dtds]|.
L(roT(r2) / /o (0= 8)" g = )7 (st 1) de |
for (x,y) € J. Therefore,

2a™b"2||h|| Lo
Jute,) < 15y ) | (e, )+ 20 + 5057

< IS (@, y, ulz, ) — f(z,5,0)] + || £ (z,y,0)|]

2a" b2 ||k L
2 oo
< (a4 2m8l+ 0 yp0e )

207 0™ || 1] o )
F(Tl —+ 1)F(T2 —+ ].)
20 il

F(Tl + I)F(TQ + 1)

< [lellsllutz )1l + £ (e, )1 + 2ml| Bl +

< llelloollullpe + f7] (HMHoo +2m||B]|oo +
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where f* = sup{||f(z,y,0)| : (x,y) € J}, and consequently

* 2a"1b"2 ||h|| oo
f [HN”oo +2m|| B[00 + WIU(TH;LU]

2047‘ br h oo
1= [lafloo [[ltlloo + 2mlIBlloc + Fap Rl

Thus the conclusion (ii) of Theorem does not hold. Therefore (|1.1)-(1.3) has a
solution on J. g

lullpe < = M.

5. EXISTENCE OF EXTREMAL SOLUTIONS

We equip the space PC(J,R™) with the order relation < with the help of the
cone defined by

K ={ue PC(J,R") : u(z,y) >0, ¥(z,y) € J}.
Thus v < @ if and only if u(x,y) < a(x,y) for each (z,y) € J.
It is well-known that the cone K is positive and normal in PC(J,R™) ([IT]). If
u,u € C(J,R™) and u < 4, we put
[u,u] = {u e PC(J,R") : u <u < u}.
Definition 5.1. A function v : J x R™ — R" is called Chandrabhan if

(i) the function (z,y) — 7(z,y,w) is measurable for each u € R™,
(ii) the function u — ~y(z,y,u) is nondecreasing for almost each (z,y) € J.

Definition 5.2. A function u(-,-) € PC(J,R") is said to be a lower solution of

@3

¢ g{m} S g($7yau(m7y))a (33711) e ']7 X #.’L’k, k = 17"'7ma
u(af,y) <uleg,y) + Le(u(zy,,y), y €[0,b; k=1,...,m,

)
(), uw(0,y) <¥(y), (v,y) €]
€ PC(J,R™) is said to be an upper solution of ([1.1])-(1.3)

) 29wy, @) € w Ao k=1 m,

u(xy,y) > alzy,y) + e(u(zy,y), yel0b; k=1,...,m,

(z,0) = o(z), a(0,y) =¥(y), (2,y)€J

Definition 5.3. A solution wuy; of the problem (1.1)-(1.3]) is said to be maximal if
for any other solution u to the problem (1.1)-(1.3) one has u(z,y) < up(x,y), for

all (z,y) € J. Again a solution u,, of the problem (1.1})-(1.3) is said to be minimal
if up(z,y) < u(z,y), for all (z,y) € J where u is any solution of the problem

(C1)-(T3) on J.
The following hypotheses will be used in the sequel.
(H1) f:J xR} =R\ {0}, g:J xR} — R}, 9(y) >0 on [0,b] and

<

o@) )
f(,0,0(2)) — £(0,0,9(0))
(H2) The functions f and g are Chandrabhan.

for all z € [0, a).
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(H3) There exists a function h € L>=(J,R,) such that
lg(z,y,u)|| < h(z,y), ae. (z,y)€J, forall u e R™.
(H4) There exists a function § € C(J,Ry) such that

I
HLH < B(z,y), forall (z,y) € J, for all u € R™.
f(z,y,u
(H5) The problem (|1.1] . 1.3)) has a lower solution v and an upper solution u with

U< .
Theorem 5.4. Assume that hypotheses (A2), (H1)—(H5) hold. If

2a"1b"2 ||| oo
( + 1)F(T2 + 1)

then . ) has a minimal and a maximal positive solution on J.

Proof. Let X = PC(J,R™) and consider a closed interval [u, @] in X which is well
defined in view of hypothesis (H5). Define two operators A, B : [u,u] — X by
and , respectively. Clearly A and B define the operators A, B : [u,u] — K.

Now solving (1.1)-(L.3) is equivalent to solving (3.3)), which is further equivalent
to solving the operator equation

Au(z,y) Bu(z,y) = u(z,y), (x,y) € J. (5.1)

We show that operators A and B satisfy all the assumptions of Theorem [2.:6] As in
Theorem |4.1) we can prove that A is Lipschitz with a Lipschitz constant ||c||o and
B is completely continuous operator on [u,u]. Now hypothesis (H2) implies that
A and B are nondecreasing on [u,u]. To see this, let uj,us € [u, ] be such that
u1 < ug. Then by (H2), we obtain

Aul(:ﬂ,y) = f(ﬂf,y,ul(l',y)) S f(x,y,ug(x,y)) = AUQ(xay)7 V(x,y) € Jv

lodloo [lllloo + 2ml1B]| + <1,

and
Buy (2, y)
= pla,y)+ Y i (i, ) Iy (ua (2, 0)) )

o N yulaly) (k0 ua,0))

+ —— / / xp—8)" Ty — )2 g (s, tug (s, t)) dt ds

F(rl 0<Ik<d?
-|- - / / (z— s)”*l(y - t)rz*lg(s,t,ul(s,t)) dtds

Ik U2 xk 7y)) _ Ilg(u2($];,0))
0<§<$ mk y,u ( Ly ’y)) f(xk ,0, U(l' O))>

+ Z / / (xp — &) "y — )2 Lg(s, t,us(s,t)) dt ds

0<xk<m

/ / Y1y — )2 Yg(s, b ua(s, b)) dt ds
7"2
= Bug(x,y), V( z,y )6 J.
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So A and B are nondecreasing operators on [u,u]. Again hypothesis (H5) implies
u(z,y)

~ ) (e + Y (i) I 0) )

O<zp<x f(I;:,y,u(:L'j_,y)) f(x;g‘r703u(xj_70))

Tk Yy
/ / (g — )Yy — )2 g(s, t,u(s,t)) dtds
Tp—1 0

1

+ m /: /Oy(m — )"y — )" g(s,tu(s, b)) dt ds)

<[t (pep+ Y (i) D@, 0) )

o M yu(aly)) o faf0,u(zf0)

T Y
/ / (ar — )" (y — ) g(s, t, uls, 1)) dt ds
Tp—1 0

1
+ m /33 /Oy(x - 5)7'1—1(y —t)”_lg(S,t,u(s,t))dtds)
< [f(z,y,u(z,y))] (M(x,y)+ )y < Li(@(eg,y)  IL(u(z;,0) )

0<zp<z f(xﬁvyvu(xj_7y)) f(zz, O, U(Ij_, O))

1 Tk Yy ri—1 _ p\r2—1 S (s s
e, 2 L e 0 s ) e

O<zp<z

1 Eg Yy ri—1 _ \ra—1 s (s 5
+r<>r<>// (= )" "My — )7 g(s, (s, 1)) dt ds
Sﬂ(x,y),

for all (z,y) € J and u € [u,Tu]. As a result

w(x,y) < Au(z,y)Bu(z,y) <u(z,y), V(r,y) € Jand u € [u,Tl.

Hence Au Bu € [u, ], for all u € [u, .
Notice for any u € [u, ],

M = || B([u, )|
< |z, )|l + H Z (f Ip(u(zy,y)  Ip(u(zy,0)) )))

O<zp<z <xZ7y7u(xjay)) f(x;:707u(l'j70

# Tk ym — )Yy — 2 Ya(s. t uls S
e 2,y T s )

O<zp<x

S - [ [ ot ottt |

2071572 || |
(r1+1D)0(rs + 1)

<l + 23] +

and so,

T

M < [|aloo (ll£ello + 2ml|B
oM < Jlaloe (lelle + 231 + 50
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Thus the operators A and B satisfy all the conditions of Theorem [2.6] and so the
operator equation (4.3) has a least and a greatest solution in [u,@]. This further
implies that the problem (|1.1)-(1.3)) has a minimal and a maximal positive solution
on J. (]

Theorem 5.5. Assume that hypotheses (Al), (H1)-(H5) hold. Then (1.1])-(1.3)
has a minimal and a maximal positive solution on J.

Proof. Let X = PC(J,R™). Consider the order interval [u, %] in X and define two
operators A and B on [u,u] by (4.2) and (4.3) respectively. Then the problem

— is transformed into an operator equation Au(z,y) Bu(z,y) = u(z,y),
(x,y) € J in a Banach algebra X. Notice that(H1) implies A, B : [u,u] — K. Since
the cone K in X is normal, [u,T] is a norm bounded set in X.

Next we show that A is completely continuous on [u,%]. Now the cone K in X is
normal, so the order interval [u, @] is norm-bounded. Hence there exists a constant
r > 0 such that ||u]| < r for all v € [u,@]. As f is continuous on compact set
J X [=r, 7], it attains its maximum, say M. Therefore, for any subset S of [u, u] we
have

[AS)] = sup{[|Aul| : w € S}

=sup{ sup |If(z,y,ulwy))l|ue S}
(z,y)€J

<swp{ sup |f(,yw):ue-rr]} <M.
(z,y)ed

This shows that A(S) is a uniformly bounded subset of X.
We note that the function f(x,y, u) is uniformly continuous on J x [—r,r]. There-
fore, for any (71,91), (72,y2) € J we have

1 (1,91, u) = f(72,92,u)| = 0 as (71,51) = (72,82),
for all w € [—r,r]. Similarly for any ui,us € [—7, 7]
1f (@, y,u1) = fz,y,u2)l| — 0 as ug — us,
for all (x,y) € J. Hence for any (11,y1), (72,92) € J and for any u € S one has

||A’(,L(T1,y1) - AU(TQayQ)” = ||f(7—17y17u(7—1ay1) - f(TQ,ZIjQ,U(TQ,?JQ))H
<N f (1, y1, ulm,v1) — f(72, y2, u(e, v1) ||
+ ||f(7—2)y27u(7—13y1)) - f(7'2792>u(727y2))||

—0 as (7'1,2/1) - (7—27?/2)'

~— —

This shows that A(S) is an equicontinuous set in K. Now an application of Arzela-
Ascoli theorem yields that A is a completely continuous operator on [u, u]. O

Next it can be shown as in the proof of Theorem[5.4] that B is a compact operator

on [u,u]. Now an application of Theorem yields that the problem (1.1])-(1.3)
has a minimal and maximal positive solution on J.
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6. AN EXAMPLE

As an application of our results we consider the following partial hyperbolic
functional differential equations of the form

cnr U’(x’y) —
Dy atagy) = 9w u@y). @y €0Ux D1, ©1)
T _ _
() o )Gl ) venn e
u(z,0) = p(z), z€[0,1], u0,y)=v(y), yel0,1], (6.3)
where f,g:[0,1] x [0,1] x R — R and I; : R — R are defined by

1
fl@,y,u) = m,
_ 1
g(m, Y, U) - €I+y+8(1 + ’LL2) ’
8 + e—10)2
Li(u) = ( 10 ) 2"
512e19(1 + |ul)
The functions ¢, : [0,1] — R are defined by
z% —10 3 1
ze 10 itz €0, 5],
p(x) = 22 -10. 1 ’
zie™ Y ifx e (5,1],
and
Y(y) =ye 0 for all y € [0, 1].
We show that the functions ¢, ¢, f, g and I satisfy all the hypotheses of Theorem
Clearly, the function f satisfies (A1) and (A2) with a(z,y) = 4+ and
laloe = 1/€°.
Also, the function g satisfies (A3) with h(z,y) = =+ and
1Al = 1/¢®.

Finally, condition (A4) holds with gB(z,y) = 8156112” and [|f]leo = 851%22. A simple

computation gives p(z,y) < 4e. Condition (4.1)) holds. Indeed
2a"1b"2||h|| Lo }
F(?"l + 1)F(7"2 + 1)

oo [l + 21150 +

<i|:4 +8162+ 2 }<1

01" 956 T ST(r + (e + 1)1 7

for each (r1,r2) € (0,1] x (0,1]. Hence by Theorem problem ([6.1)-(6.3) has a
solution defined on [0,1] x [0, 1].
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