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ANTI-PERIODIC SOLUTIONS FOR RECURRENT NEURAL
NETWORKS WITHOUT ASSUMING GLOBAL LIPSCHITZ
CONDITIONS

HONG ZHANG, YUANHENG WU

ABSTRACT. In this paper we study recurrent neural networks with time-vary-
ing delays and continuously distributed delays. Without assuming global Lip-
schitz conditions on the activation functions, we establish the existence and
local exponential stability of anti-periodic solutions.

1. INTRODUCTION

We consider the following model for recurrent neural networks(RNNs) with time-
varying delays and continuously distributed delays

2i(t) = —ci(Oai(wi(t) + Y ai(H)g;(x;(t — (1))
g (1.1)

n

+ Zb”(t) /OOO Kij(u)gj(xj(t - u))du—i—],(t), 1=1,2,...,n,

Jj=1

in which n corresponds to the number of units in a neural network, z; () corresponds
to the state vector of the ith unit at the time ¢, ¢;(t) > 0 represents the rate with
which the ¢th unit will reset its potential to the resting state in isolation when
disconnected from the network and external inputs at the time ¢. a;;(t) and b;;(t)
are the connection weights at the time ¢, 7;;(¢) > 0 corresponds to the transmission
delay of the ith unit along the axon of the jth unit at the time ¢, and I;(¢) denote the
external inputs at time ¢. §; and g; are activation functions of signal transmission.

As we know, RNNs is very general and includes Hopfield neural networks, cel-
lular neural networks and BAM neural networks. The RNNs have been success-
fully applied to signal and image processing, pattern recognition and optimization.
Hence, they have been the object of intensive analysis by numerous authors in re-
cent years. In particular, there have been extensive results on the problem of the
existence and stability of periodic and almost periodic solutions for RNNs in the
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literature. We refer the reader to [5 [0 [3] 10] and the references cited therein.
Recently, [IT], 12, [14] obtained some sufficient conditions for the existence and sta-
bility of the anti-periodic solutions of RNNs. Moreover, in the above-mentioned
literature [1T], 12} [14], we observe that the assumption

(T0) For each j € {1,2,...,n}, the activation function g;,g; : R — R is global
Lipschitz with Lipschitz constants L; and Lj; i.e.,

195 () — g5 (vi)| < Ljlu; —v5l, |95 (u;) — g5(v5)] < Ljlu; — v, (1.2)
for all uj,v; € R.

has been considered as fundamental for the considered existence and stability of
anti-periodic solutions of RNNs. However, to the best of our knowledge, few
authors have considered the problems of anti-periodic solutions of RNNs with-
out the assumptions (T0). Since the existence of anti-periodic solutions play
a key role in characterizing the behavior of nonlinear differential equations (See
[T, 2, (7, 8, 3], 15]). It is worth while to continue to investigate the existence and
stability of anti-periodic solutions of RNNs.

The main purpose of this paper is to give the conditions for the existence and
exponential stability of the anti-periodic solutions for system . We derive some
new sufficient conditions ensuring the existence and local exponential stability of the
anti-periodic solution for system , which are new and complement to previously
known results. In particular, we do not need the assumption (T0) . Moreover, an
example is also provided to illustrate the effectiveness of our results.

Let u(t) : R — R be continuous in t. u(t) is said to be T-anti-periodic on R if,

u(t+7T)=—u(t) forallteR.

Throughout this article, for 4,5 =1,2,...,n, it will be assumed that ¢;, I;, a;;, b;; :
R — R and 7;; : R — [0, 4+00) are continuous 27 —periodic functions, and

ci(t + Tai(u) = —ci(t)ai(—u), aij(t +T)g;(u) = —a;;(t)g;(—u),

1.
Vt,u € R, (13)
bij(t +T) = =bi;(t), g;(u) =g;(—u)) or (1.4)
bij(t + T) = bij(t), gj(u) = —gj(—u), Vt, u € R, ’
le(t+T) :Tij(t), Iz(t+T) = 7Ii(t)7 VUGR. (15)
Then, we can choose constants I and 7 such that
I= X ilelﬂlk) |L;(®)|, 7= 1gz;><<n{trer[13>qg] 7;5(t)}. (1.6)
We also assume that the following conditions:
(HO) For each ¢ € {1,2,...,n}, a; : R — R are continuous function, and there

exist constants d; such that a;(0) = 0, d;|lu—v| < sign(u—v)(a;(u) —a;(v)),
for all u,v € R. o
(H1) For each j € {1,2,...,n}, there exist f;,hj, fj, h; € C(R, R) and constants
Lf Lh Lf Lh € [0, 4+00) such that the following conditions are satisfied:
() ()—Oh(0)=0 g(w) = f(w)h;(u), for all u € R;
(2) \fj( w)— f ()] < LT ju—v], \h( )= hj(v)| < L |u—wv], for all u,v € R.
®3) [ ()—Oh()—O 9;(u) = f(u)h ()fomﬂueR
(4) 1£;0) = £;0)] < L Ju— o], |h; () — by (0)] < LEu—ol, for all u, v € R.
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(H2) Fori,j € {1,2,...,n}, the delay kernels K;; : [0,00) — R are continuous,
integrable.
(H3) There exist constants n > 0,A > 0 and & > 0,7 = 1,2,...,n, such that for

all ¢ > 0, there holds 0 < fil <1 and

(A —cilt) d@+§}mj )M LILY

+Z3|b” |/ Kij(u)leXdul Le; < —.

We will use the following notation: @ = {z;} = (1,22, ...,7,)T € R" to denote a
column vector, in which the symbol (7) denotes the transpose of a vector. We let
|z| denote the absolute-value vector given by |x| = (|z1], |z2],. .., |z.])T, and define
[[#]] = maxy<i<n |2i].

The initial conditions associated with system are of the form

xi(s) = pi(s), s€(—o00,0],i=1,2,...,n, (1.7)

where ¢;(-) denotes real-valued bounded continuous function defined on (—o0,0].

The remaining part of this paper is organized as follows. In Section 2, we shall
derive new sufficient conditions for checking the existence of bounded solutions of
. In Section 3, we present some new sufficient conditions for the existence and
local exponential stability of the anti-periodic solution of . In Section 4, we
shall give an example and some remarks to illustrate our results obtained in the
previous sections.

2. PRELIMINARY RESULTS
The following lemmas will be used to prove our main results in Section 3.

Lemma 2.1. Let (HO)—(H3) hold. Suppose that T(t) = (1(t),Z2(t),..., T, ()T is
a solution of (1.1) with initial conditions

. ~ - I .

Zi(s) = @i(s), |@i(s)] < &= <1, s€(—-0,0],i=1,2,...,n. (2.1)

n

Then

~ I
|Z;(t)] < &=, forallt>0,i=1,2,...,n. (2.2)
n

Proof. Assume, by way of contradiction, that (2.2)) does not hold. Then, there must
exist ¢ € {1,2,. n} and p > 0 such that

|Zi(p )|—§z , IIj(t)I<EjH for all ¢t € (=00, p), j=1,2,...,n. (2:3)

Calculating the upper left derivative of |z;(t)|, together with (HO), (H1), (H2) and
(H3), (2.3) implies
0 < D™ (|Zi(p)])

= —ci(p)i(@i(p)) sen(@i(p [Z% P)3 (% (0 =735 (p)))
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+§bij<p> / " Ky (), 5 (p — w)du + L(p)] sen( ()
< —cilp)las(@(0))| + | Z aii (1)35(F (0 = 735(p)))
bito) [ K5 (0gs @l — )+ 1)
< —ci(p)ditis +]Zam = 733 (p)hy 5 (p = 7))
bilo) [ K (@@~ )l — u)du+ L)
< —ci(p)d;&i - +Z|a” )LTg; - thf
+Z|b” ) / ldu el e T + 1)
< —ci(p)dii~ +Z|a” ILthfg

+Z|bw \/ |duLth£J L)

d;& + Z |ai;(p |Lth§J + Z b5 (p)| / |d3Lthfj]
+ [ Li(p)]

[—cz d§z+Z|aU AT|L£L?§]-
+Z|bu ) / @l ast] gL+ 1)

I
<Xt Zi(p)| < 0,
which is a contradiction and implies that (2.2) holds. The proof is complete. O

Remark 2.2. In view of the boundedness of this solution, from [0, Theorems
2.3-2.4], it follows that Z(t) can be defined on (—o0, c0).

Lemma 2.3. Suppose that (HO), (H1), (H2) (H3) are satisfied. Let x*(t) =
(@5(t), 25 (t),...,x5 ()T be the solution of with initial value ©* = (p3(t),
o5(t), .., on ()T, where

I
lpi(s)| < &=<1, s€(—00,0],i=1,2,...,n. (2.4)
n
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ot

Then there exist constants X > 0 and M, > 1 such that for every solution x(t

) =
(G561((t?k’)$2(t)’ o xn ()T of with initial value p = (@1 (t), 02(t), ..., on(t)T €

|zi(t) — x; (t)] < M|l — <p*||1e_’\t7 Vi>0,i1=1,2,...,n,

where [|p — ©*[|1 = SUp_ o << Maxi<i<n |¢i(s) — ;i (s)], and

&
Gy(x*) = € C((—o00,0]; R"): su (1) —of ()] < ——————,
(@) = {p € Cl(—o0, 0 B :_swp_lou(t) = 0] < et
i:1,2,...,n}.
Proof. In view (2.4) and Lemma
I
|xf(t)\<fi;§1, forallteR, i=1,2,...,n. (2.5)

Let y(t) = {y;(1)} = {x;(t) — 25(t)} = =(t) — 27(¢). Then
Yi(t) = —ci(®)]ai(xi(t)) — o2 (1))]

+ Z aij (£)(95 (y; (t — 735(£)) + 25 (t — 73 (1)) — g5 (25 (¢ — 73;(2))))
+ybi(h) /Ooo K (u)(g;(y; (8 — w) + 25 (t —w)) — g;(25(t — u)))du,
- (2.6)
where i = 1,2,...,n. We consider the Lyapunov functional
Vi(t) = |yi(t)e, i=1,2,...,n. (2.7)

Calculating the left right derivative of V;(t) along the solution y(t) = {y;(¢)} of
system ([2.6) with the initial value ¢ = ¢ — ¢*, from ({2.6)), we have
DY (Vi(1))

< —ci(t)d; lyi(t)]eM + Z laij (£)(g;(y; (t — 735 (8)) + 25 (t — 73;(1)))

R Hr— M+Z|bm /K” ) (g5 s (t — ) + 25(¢ — )
g <<t—u>>>du|e”+A|yz-< e
< (A —a®)d;)yi(t) e+ Z |ai; (t) |fj y; (t = 7i;(1))

+ (b= g (8)hy (y; (¢ — 735 (1) + @5 (8 = 73;(1))

= fi(@ (t = 7y () (5 (¢ = 73;(1) + 25 (t = 735(1)))]
+ 1 F5 (5 (8 = 7y (0)) Dy (s (¢ = 735(8)) + 25 (t = 735(1)))
= fi(@ (t = 7y () Ay (25 (¢ = 75 (8)) e

+Z|bu I/ B () (15 (s (8 = w) + 25 (¢ = u) by (y; (¢ — w) + 25(t = u))
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= Fily;(t = w) + 25t = w))hy (25 —w)| + |(y; (£ —w)
+ (= w)hy (@5 (t = w) = fi(@5(t = w)h; (25 (t - w))])due™

< (A= ci(d)lyit)e + Iaij(t)ILfL?lyj(t = 7i5 (0)|(1y; (£ = 735(¢))

+a(t = 7 (1)] + |2 (¢ = 73 (£) e

+Z|bw I/ Kij(u) LY L}y (¢ = w)|(ly; (8 = w) + 2 (¢ = w)]

j=1
+ |2} (t — u)|)due A (2.8)
where i = 1,2,...,n. In view of the definition of ¢ € G1(Z*),
Vi(t) = ite”<$ forallt € (—00,0], j=1,2,....n
(t) = [y (2)] S ( I, J
We claim that
Vi(t) = |yi(t e)‘t<L, forallt >0, i=1,2,...,n. 2.9
(1) = e < et (29
Contrarily, there must exist ¢ € {1,2,...,n} and ¢; > 0 such that
&i &
‘/i tz = T e Vi(t) < TR
) max <;j<n{;} i) max <;j<n{§;}
for all t € (—o0,t;), j =1,2,...,n, which, together with ¢ € G1(Z*), implies
&i &
Vilti) — —— 0, Vit)— ——S <, 2.10
i(8) maxi<j<n{&;} i) maxi<j<n{&;} (2.10)
for all t € (—o0,t;), j=1,2,...,n, and
ly () <1, Vte (o0, t;), j=1,2,...,n. (2.11)

Together with (2.5)), (2.8), (2.10) and (2.11)), we obtain
0< DT (Vi(t:) — m&)
= D" (Vi(t:))

< O ety ()™ +Z|a” L LBt = 7 ) s = 75 60)
+x>’f( Tl]( ))|+|.’E ( Ti]‘(t‘))De)‘ti
+Z\bm |/ |y (w)| LI L2 |y (t; — w)
x (‘yj(ti —u) 4zt — )|+ |25t — U)|>due’\ti

< (A = cilta)dy) |y |6”+Z3|au L L2 y; (= 735 (t)) |

£330, (1) / K ) L Ly 0 — )| e
j=1

= (A= cilti)dy)|ya(ts) |
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+ Z3|a” |Lth||yJ(t — Ti(t t;))|er(ti i (1)) gAmis (t)

+Z3|bw |/ K5 ( )|Lth|y](t _U)|6)\(tl WeMdu
Jj=1

< [ =t §Z+Z3|aw )|er LI LEg;

maxi<;<n{§;}

“ 1
+Z3|bij(ti)|/0 1K (u)|et duL;fL;ng]—. (2.12)
j=1
Thus,

0< (A= ci(ts)d §1+23|a” )| LI Ll

(2.13)
+ 23\bij(ti)|/0 |Kij(u)|e)‘“duL§L?§j,
j=1
which contradicts (H3). Hence, holds. Letting
e — ™1 = S max lp;i(s) —@j(s) >0, i=1,2,...,n,
and M, > 1 such that
Mgmngp_gp*nl, i=1,2,....n. (2.14)
In view of and ,
(1) — 23 ()] = (D) < max mEJe ™ < Myflo — o e,
where i = 1,2,...,n, t > 0. This completes the proof. ([l

Remark 2.4. If 2*(t) = (25(t), 25(t),..., 25 (t))T be the T-anti-periodic solution

rYn

of system (|1.1]), it follows from Lemmathat x*(t) is locally exponentially stable.

3. MAIN RESULTS

The following is our main result.

Theorem 3.1. Suppose that (H0)-(H3) are satisfied. Then (1.1) has at least one
T-anti-periodic solution x*(t). Moreover, x*(t) is locally exponentially stable.

Proof. Let v(t) = (v1(t),v2(t),...,v,(t))T be a solution of (1.1]) with initial condi-
tions

vi(8) =i (s), |ei(s)] < fié, s € (=00,0], i=1,2,...,n. (3.1)

By Lemma the solution v(t) is bounded and

I
lvi(t)| < &=, forallteR, i=1,2,...,n. (3.2)
n
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From —,
(=) it + (k +1)T))
= (=DM it + (k+ 1)T)
= ()it + (k+ 1))y (vi(t + (k + 1)T))

+ aij(t + (k + 1)T)§j(1]j(t + (lﬂ + 1)T - Tij(t + (k‘ + I)T)))

-

1

J

5 by (e 4+ (k + 1)T) /Ooo Koy (w)g, (05 (¢ + (k + DT — u))du

mms

+ L+ (k+1)T)}
= (=D Y —ci(t + (k+ 1)T) oy (vs(t + (k + 1)T))

)_x

(3.3)

M:

<.
Il
—

S by (e 4+ (k + 1)T) /OOO Koy (w)g, (05t + (k + DT — u))du

~ S
= g

+ L+ (k+1)T)}

ti (=) it + (n+ 1)T))

B
—~

—C;

ai;(t DM (¢ + (k + DT = 735(t))

+
M:

<.
Il
—

by (8) / " K (g (—1)F Yy (¢ 4 (k + DT — w))du + (1),

+
1M-

i =1,2,...,n. Thus, for any natural number k, (—1)**'v(t + (k + 1)T) are the
solutions of (1.1) on R. Then, by Lemma there exists a constant M > 0 such
that

(=D it + (k+ 1DT) — (=1)*vi(t + kT)]

< Me AT qup max |vs(s + T) + v(s)]
—oc0<s<0 1<i<n (3.4)

< e AFFT) AT9 max {gr},\ﬁ +kT >0, i=12,...,n
1<i<n '

Thus, for any natural number m, we obtain

(=)™ ot + (m+1)T +Z D ot + (k+ 1)T) — (—1) (¢ + kT)).

(3.5)
Then,

|(=1)™ i (t+ (m+1)T)| < |vi(t |+Z| DR (t+ (E+1)T) — (—1)kvs (t+kT)],

(3.6)
where i =1,2,...,n.
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In view of (3.4)), we can choose a sufficiently large constant N > 0 and a positive
constant « such that

(=Dt + (k+1)T) — (=DFvi(t + k)| < a(e™)*, VE>N,i=1,2,...,n,

(3.7)
on any compact subset of R. It follows from (3.5)—(3.7) that {(—1)"v(t + mT)}
converges uniformly to a continuous function z*(t) = (3 (¢), x5(t),...,2%(t))T on

any compact subset of R.
Now we show that z*(t) is T-anti-periodic solution of system ([1.1]). First, z*(t)
is T-anti-periodic, since

2t +T)= lim (-1)"v({t+T+mT)

m—00

=— lim (=)™t + (m+1DT) = —z*(t).

(m+1)—oo

Next, we prove that 2*(¢) is a solution of . In fact, together with the continuity
of the right side of (1.1, implies that {((—=1)" " v(t+ (m+1)T))'} uniformly
converges to a continuous function on any compact set of R. Thus, letting m — oo,
we obtain

& {53 (0) = ~eilda +Za” )i 5 ¢ = 735 (1))
B (3.8)
+) bij(t) / Kij(w)g; (x5 (t — w))du + L(t).
j=1 0

Therefore, z*(t) is a solution of (1.1)). Finally, by Lemma we can prove that
x*(t) is globally exponentially stable. This completes the proof. O
4. AN EXAMPLE

In this section, we give an example to demonstrate the results obtained in pre-
vious sections. Consider the recurrent neutral network

(1) = = (@1 (t) + 22(1) + o5 "~ (cost)ga(an(t — 22)) + < (cos ) (a(t — 11))

108
1 o0
24 — (sin t)gl(/ |sinule™x1(t — u)du)
0

1 oo
+ —(smt)gg(/ |cosule™ aa(t — u)du) + I (),
108 ;

() = —(a(t) + 23(0) + (o) (a1 (£ — 6)) + o (cost)(aa(t — 8))
+ 112 (smt)g1(/0DO | cosule™ "z (t — u)du)

1 [e.¢]
+ — 51 (smt)gg(/ |sinule ™ ao(t — u)du) + I1(t),
0

(4.1)
where §1(z) = ga() = |sinalr,g1(@) = @(z) = 0® = @ x @, () = & cost,
L(t) = & sint.

Noting that ¢; = ¢z = Lf = Lh Lf Lh =1,af, =bf; = &, af, = b}, = ﬁ,
ajy = b5 = 5, a3 = b3, = &, d; = 1 IS Kij(s)ds < 1, where i,j = 1,2, 87 =
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sup;cg B(t). Then

_ 1 +rfrh +rfrhy o _ _ (/4 1/18
=c¢;'d;(3aLILY + 365 LILY) 05 =1,2, D—(dij)2><2—(1/2 /1)

From the theory of M-matrices in [4], we can choose constants n = i and & =1
such that for all £ > 0,

2 o 2 o)
—adi+ Y 3ab LI + 3 ab, /0 Kij(s)dsL L,
=1 =1

2 L 2
h h
< —cidi&i+ > af LTI + ) bELILYE < -,
j=1 j=1

where ¢ = 1,2, which implies that (4.1]) satisfy all the conditions in Theorem 3.1
Hence, (4.1) has at least one m-anti-periodic solution z*(t). Moreover, z*(t) is
locally exponentially stable, the domain of attraction of Z*(t) is the set Gy (x*).

Remark 4.1. System (4.1]) is a very simple form of recurrent neural networks with
mixed delays. Since h;(u) # u, i = 1,2, §1(x) = go(x) = |sinz|z, g1(z) = g2(z) =

2

x® = & x x. One can observe that condition (T0) is not satisfied. Therefore, the

results in in this article and their references can not be applied to (4.1)).

(1]
2]
(3]

[10]
(11]
(12]
(13]
(14]

(15]

REFERENCES

A. R. Aftabizadeh, S. Aizicovici, N. H. Pavel; On a class of second-order anti-periodic bound-
ary value problems, J. Math. Anal. Appl. 171 (1992) 301-320.

S. Aizicovici, M. McKibben, S. Reich; Anti-periodic solutions to monmonotone evolution
equations with discontinuous nonlinearities, Nonlinear Anal. 43 (2001) 233-251.

B. Liu and L. Huang; Positive almost periodic solutions for recurrent neural networks, Non-
linear Analysis: Real World Applications,9 (2008) 830-841.

A. Berman and R. J. Plemmons; Nonnegative Matrices in the Mathematical Science, Aca-
demic Press, New York, 1979.

J. Cao and J. Wang; Global exponential stability and periodicity of recurrent neural networks
with time delays, IEEE Trans. Circuits Syst.-I, 52(5) (2005) 920-931.

J. Cao and J. Wang; Global asymptotic and robust stability of recurrent neural networks with
time delays, IEEE Trans. Circuits Syst.-I, 52(2) (2005) 417-426.

Y. Chen, J. J. Nieto and D. O’Regan; Anti-periodic solutions for fully nonlinear first-order
differential equations, Mathematical and Computer Modelling, 46 (2007) 1183-1190

F. J. Delvos, L. Knoche; Lacunary interpolation by antiperiodic trigonometric polynomials,
BIT 39 (1999) 439-450.

Jack K. Hale and Junji Kato; Phase Space for Retarded Equations with Infinite Delay. Funk-
cialaj Ekvacioj, 21 (1978), 11-41.

H. Huang, J. Cao and J. Wang; Global exponential stability and periodic solutions of recurrent
cellular neural networks with delays, Physics Letters A 298 (5-6) (2002) 393-404.

Bingwen Liu; An anti-periodic LaSalle oscillation theorem for a class of functional differen-
tial equations, Journal of Computational and Applied Mathematics, 223(2) (2009) 1081-1086.
Chunxia Ou; Anti-periodic solutions for high-order Hopfield neural networks Computers &
Mathematics with Applications, 56(7) (2008) 1838-1844.

H. Okochi; On the existence of periodic solutions to nonlinear abstract parabolic equations,
J. Math. Soc. Japan 40 (3) (1988) 541-553.

Jianying Shao; An anti-periodic solution for a class of recurrent neural networks, Journal of
Computational and Applied Mathematics, 228 ( 1) (2009) 231-237.

R. Wu; An anti-periodic LaSalle oscillation theorem, Applied Mathematics Letters (2007),
21 (9) (2008) 928-933 .



EJDE-2010/50 ANTI-PERIODIC SOLUTIONS 11

HonG ZHANG
DEPARTMENT OF MATHEMATICS, HUNAN UNIVERSITY OF ARTS AND SCIENCE, CHANGDE, HUNAN
415000, CHINA

E-mail address: hongzhang320@yahoo.com.cn

YUANHENG WU
COLLEGE OF MATHEMATICS AND INFORMATION SCIENCES, GUANGZHOU UNIVERSITY, GUANGZHOU,
GUANGDONG 510006, CHINA

E-mail address: wyhcd2006@yahoo.com. cn



	1. Introduction
	2. Preliminary Results
	3. Main Results
	4. An Example
	References

