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MULTIPLE POSITIVE SOLUTIONS FOR A NONLINEAR 3N-TH
ORDER THREE-POINT BOUNDARY-VALUE PROBLEM

K. L. SARASWATHI DEVI, KAPULA R. PRASAD

ABSTRACT. In this article we establish the existence of at least three positive
solutions for 3n-th order three-point boundary value problem by using five
functional fixed point theorem. We also establish the existence of at least
2m — 1 positive solutions of the problem for arbitrary positive integer m.

1. INTRODUCTION

The general theory of differential equations has emerged as an important area
of investigation due to its powerful and versatile applications to almost all areas of
science, engineering and technology. Much interest has been developed since last
decade regarding the study of existence of positive solutions to the boundary value
problems as they are arising in the branches of applied mathematics, physics and
technological problems.

In this article, we prove the existence of multiple positive solutions of 3n*" order
ordinary differential equation

(=1)"y® = fy(®), 9P 1),y O @),y TI@), e [ ta], (1.1)

satisfying the general three point boundary conditions

043i72,1y(3i73) (t1) + 043i72,2y(3i72)(t1) + 043i72,3y(3i71)(t1) =0,
0

043i—1,1y(3i_3) (t2) + 0&31‘_172y(3i_2)(t2) + 0431‘—173:U(3i_1)(t2) =0, (1.2)
31y 3 (t3) + azi 0y (t3) + i 3y (t3) = 0,
where the coefficients agi—j1, a3i—j2,...,a3;—j3for j =0,1,2and i =1,...,n—1,

are real constants.

Boundary-value problems of the form — constitute a natural extension
of third order three-point boundary-value problems studied in many papers with
simple boundary conditions. Here we refer to Graef, Yang [9], Eloe and Henderson
[5], Yang [20], Anderson[2], Anderson and Davis [3], Guo, Sun and Zhao [I1I] and
references there in. Recently Prasad and Murali [I7] studied the multiple positive
solutions for nonlinear third order general three-point boundary-value problem.
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For convenience we adopt the notation Let
2
Bij = Q3i—3+j1tj T Q3i-3+452, Vij = Q3i—3+5,18; + 2Q3i—34j20; + 203i-34;3,
2
lij = asi—34+5,18" — 28355 + 7ij,
and define

Q324 k,1Yij — O3i—244,1%ik M. Bai—24k,1%i5 — BijYik
2(agi—2+k,1 5 — @3i—244,10ik) ’ (a3i—2+4k,18i — 03i—2+4j,10ik)

mikj = Y =

for k=1,2,3, 5 =1,2,3. Also let m = max {m;,,, Mi,5, Mi, },

. — mi . 2 _ M. . 2 _ M.
M; = min {rm23 + /M, — Miyy, miyy +1/mi Mm}

and
d; = [a3i—2,1(Bi2vis — BisYiz) — Bit (3i—1,17i3 — @34,1%i2) + Vi1 (@3i—1,1 053 — 34,1 Bi2)]-

We assume the following conditions throughout this paper:

(A1) f:R™ — RT is continuous;

(A2) azi—21 >0, az;i—11 > 0 and ag; 1 > 0 for 1 <4 < n are real constants,
x3i—2,2 X3i—1,2 M
a3;—2,1 Q3i—1,1 Q3,1

(A3) m; <ty <ty <t3 < M, 20031130311 > O3;_1 9,
203i—2,303i—2,1 < oz%i_u, 2a34,3003;,3 > a%i,z-

(A4) mZ > M;,,, m? < M;,, m?_ > M;, and d; > 0.

The rest of the paper is organized as follows. In Section 2, we construct the
Green’s function for the homogeneous boundary value problem corresponding to
— and estimate the bounds for the Green’s function. In Section 3, we
establish the existence of at least three positive solutions for —, using five
functional fixed point theorem. We also establish the existence of at least 2m — 1

positive solutions of (1.1])-(1.2)), for arbitrary positive integer m.

2. THE GREEN’S FUNCTION AND BOUNDS

In this section, we construct the Green’s function for the homogeneous boundary
value problem corresponding to — and estimate the bounds of the Greens
function. We prove certain lemmas which are needed to establish our main results.

Let G;(t,s) be the Green’s function for the homogeneous problem

—y" =0, te€lt,ts) (2.1)

satisfying the general three point boundary conditions ([1.2)). First we establish
results on the related third order homogeneous boundary-value problem (2.1]) and

2.

Lemma 2.1. The homogeneous boundary-value problem (2.1)) and (L.2)) has only
the trivial solution if and only if d; = [agi—2.1(B2v3—B372) —F1(@si—1,173—®3i,172)+
Yi(azi—1,103 — agi102)] # 0 for 1 <i <n.

Proof. On application of boundary conditions (1.2)) to the general solution of (2.1)),
it can be established. g
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Lemma 2.2. For 1 < i < n, the Green’s function for the homogeneous boundary

value problem (2.1) and (1.2) is

where

), ti<s<t<ty<lts
), t1<t<s<ty<lts
,8), t1<t<ty<s<ts
), t1<ta<s<t<ts
), ti<ta<t<s<ls
), ti<s<ta<t<lts

2d;

— t*(a3i—1,1Bi3 — i1 Bi2)] X Lit,

Gi, (t,s) = [—(Bi2viz — Bizviz) + t(asi—1,17i3 — @34,1%42)

Giy(t,s) = 2}# [—(Birvis — Bizvin) + t(azi—2,17i3 — asi,1%i1)
— t*(o3i—2,18i3 — @31,13i1)] X Lio
+ %[(52’1%2 — Bizvi1) — tlazi—21%i2 — Q3i—1.17i1)
+ t?(ozi—2,1 B2 — ozi—1,1811] X lis,

Gig (t, S) =

2d;

+ t*(a3i—2,1Bi2 — azi—1,181)] X Lis,

[(Birviz — Bizvi1) — t(azi—2,1vi2 — Q3i—1,1%1)

1
Gu (ta 3) = 2. [*(@'2%‘3 - /61'3%‘2) + t(Oé3i—1,2,1%3 - a3z‘,1%‘2)
— t*(azi—1,18i3 — 34,1 8i2)] X lnn
1
+ ﬁ[(ﬁil%‘i& — Bisvi1) — t(agi—2,1Vis — 34.17i1)

+ t2(a3i72,1/6i3 — a3,,1 8] X Lz,

2d;

+ t?(3i—2,1Bi2 — azi—1,2,10i1)] X lis,

Gis(t,s) = [(Birvie — Bizvit) — t(asi—2,1%i2 — Q3i—1,17i1)

1
Gi6 (tv 3) = 2. [—(51'2%'3 - @'3%2) + t(CVBifl,l'YiS - a3i,17i2)

- tz(a?n‘—l,lﬁw — agi10i2)] X L.

Proof. G;(t,s) is constructed by using standard methods [18]. O

Lemma 2.3. Assume the conditions (A1)—(A4) are satisfied. Then, for 1 <i<mn,
the Green’s function G;(t, s) of the boundary-value problem (2.1)) and (1.2)) satisfies
Gi(t78) >0, fO’f‘ (t78) S [tl,tg] X [tl,tg],

Proof. For (t,s) € [t1,t3] X [t1,t3], G;(t, s) as stated in (2.2)), if we consider sequen-
tially, from (A2)-(A4), we obtain

Gi(t,s) >0, for (t, S) S [tl,tg] X [thtg]. (23)
]
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Lemma 2.4. Assume the conditions (A1)—(A4) are satisfied. Then, for 1 <i<mn,
the Green’s function G;(t,s) given by (2.2) satisfies

G;(t,s) < max {Gi(tl, s),Gi(s, s),Gi(ts, s)}

Proof. This can be proved by proceeding sequentially with the branches of G;(t, s)

in .

Case 1. For t; < s <t <ty <ts.

1
2. [—(@‘2%3 - ﬁi?,%'z) + t(a3i—1717i3 - a3i,1%’2)

— t*(azi—1,1Bi3 — @341 Bi2) x 11
which is decreasing in ¢, by (A2)-(A4). Therefore, G;, (t,s) < G4, (s,8) < Gy, (t1,5).
Hence G;(t,s) < Gi(t1,s).
Case 2. For t; <t <ty < s <ts.

1
2d;
+ t?(3i—2,1Bi2 — azi—1,181)] % I3

which is increasing in ¢ from (A2)-(A4). Therefore, G, (t,s) < Gi,(s,s) < Gy, (ts, s).

Hence G;(t,s) < Gi(ts, s).
Case 3. For t; <t < s <ty <ts.

Gi(t, S) = Gi1 (t, 8) =

Gi(t,s) = Gi,(t,s) = [(Birviz — Bizvir) — t(azi—2,1vi2 — @3i—1,17i1)

1
Gi(t,s) = Gi,(t,s) = ﬁ[—(ﬁu%‘?, — Bisvi1) + t(agi—2,1vis — Q3i.17Yi1)

— t*(u3i-2,18i3 — 3i,131)] X lia
1
+ Td[(ﬂil’)’m — Bioyi1) — t(si—2,1Yi2 — Q3i—1,1%41)
1
+ t* (32,1 Bi2 — @3i—1,10i1) X Lis

which is increasing in t by (A2)-(A4) and case 2. Therefore, Gy, (t,s) < Gy, (s, s).
Hence G;(t,s) < G;(s, s).
Case 4. Fort1 <t <ty <s<t<ts.
1
2. [*(52'2%3 - @‘3%‘2) + t(043z'—1,1%'3 - 0431‘,1%‘2)

— t*(azi—1,18i3 — 34,1 8:2)] X I

Gi(t’ 8) - Gi4(t7 8) -

1
+ ﬁ[(ﬁil%‘i& — Bizyin) — tlazi—2,1vi3 — @3i,17%i1)
+ 2 (azi—2,13i3 — 34,1 0i1)] X Li2

which is decreasing in ¢ from case 1 and case 2. Therefore, Gy, (t,s) < Gy, (s, s).
Hence G;(t,s) < G,(s, s).

Similarly we can establish the inequality when the Green’s function G(t,s) =
G, (t,s) and G;(t, s) = Gy, (t, ) as in case 2 and case 1 respectively, where G, (¢, s),
Gi,(t, s) are given as in (2.2). From all above cases

Gi(t,s) < max{G;(t1,s), Gi(s,s),Gi(ts,s)}.
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Lemma 2.5. Assume that the conditions (A1)—(A4) hold. For1 <i <mn, and fized
s € [t1,t3], the Green’s function G;(t,s) in (2.2) satisfies

in G;(t,s) > m;||Gi(., 9)]l,
o (t,s) = mil|Gi(., 8|

where

Gi, (t3,s) Gi,(t3,5) Gis(t273)}
Gi, (t2,5) Gi,(ta,s) Gi,(ts, s)

and || - || is defined by ||z|| = max{x(¢) : t € [t1,t3]}.

Proof. For s € [t1,t2], Gi(t,s) = Gy, (t,s) which is decreasing in ¢ by (A2)-(A4).
Therefore,

m; = min{

Gi(s,8)  Gi(s,8) = Gy (ta,s)
For s € [to,t3] and ¢1 < tg <t < s < t3. G;(t,s) = G, (¢, s) which is increasing in
t on [t1,t3] by (A2)-(A4). Therefore,
Gi(t,s)  Gyl(t,s) (
Gi(s,s)  Gi(s,s) is (t3,8)
For s € [to,t3] and t; < t2 < s <t <t3. Gi(t,s) = G;,(t,s) which is decreasing in
t on [t1,t3] by (A2)-(A4). Therefore
Gi(t,s) _ Gu(f,S) > Gu(t,s) > Gu(tg,S)
Gi(s,s) Gy, (s,8) = Gy, (ta,s) = Gy, (t2,8)
Therefore, from Lemma [2.4] and by all the above cases we have

mm Gi(t,s) = mi||G(.,s)]],
tE(ta,tsz)

Gi(t, S) - Gil (t, S) > (tg, S)
t

where
Gi (ts,s) Gi Gis( )}
Gll( )7GZ4( )7Gi5(t3vs) .

m; = min{
O

Lemma 2.6. Assume the conditions (Al)-(A4) are satisfied and G,(t,s) as in
. Let us define Hy(t,s) = G1(t, s) and recursively define

i(t,s) /Hjltr i(r, s)dr

for2 <j<mn, then Hn (t,s) is the Green’s function for the homogeneous problem

corresponding to .

Lemma 2.7. Assume the conditions (A1)-(A4) holds. If we define

n—1 n—1
K=]]&; L=]]mL;
j=1 j=1
then the Green’s function H,(t,s) in Lemmal[2.6 satisfies
0< Hﬂ(ta S) < KHGn(S, S)Ha (ta S) € [t17t3] X [tlvti’)]a (24)
H,(t,s) > m,L|Gyn(s,9)|l, (¢ 8) € [ta,t3] X [t1,t3] (2.5)

where my, is given as in Lemma [2.5,

ts
K :/ |G,(s,s)||ds >0, forl<j<mn,
t1
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ts
L; :/ G;i(s,s)||ds >0, forl<j<n.
t2

Using Lemma [2.5] and induction on n, we can easily establish the proof of the
above lemma.

Let C = {v | v : [t1,t3] — R is continuous function }. For each 1 < j < n — 1,
define the operator T : C'— C by

£ = / H( s)o(s)ds, 1t € [t ts).
t
By the construction of T3, and tllle properties of H;(t,s), it is clear that
( D/(Ty)B(t) = v(t), ¢t € [tr, 1),
asi—2.17) o33 () 4 asi_o, 2T} v () + s, 31} B (1) = 0,
B3 (ty) + i1, 0 D () + i1 3Tu® VD (t2) = 0,
)(tg) + as;,07T; v 2)(t3) + 3,37 ’U(3i_1)(t3) =0,

fori =1,2,...,7 — 1. Hence, we see that | .—. ) has a solution if and only if
the following boundary-value problem has a solution

azi—1,17Tjv

agi’lij(

v () + f(Tuorv(t), Tuoov(t), ..., Tiv(t),v(t)) =0, t€ [t,ts], (2.6)
321037 (4) + 0431‘—2,211(31_2) (t1) + azi_230C7V(t) = 0,
013i—1,11)(3i73)(t2) + 063i—1,211(3i72) (t2) + Oési—1,3v(3i71)(t2) =0, (2.7)

Ozgi)lv(Si_?’)(t{J,) + agi,gv(3i_2) (tg) + agi,gv(?’i_l)(tg) =0.

fori=1,2,...,j—1. Indeed, if y is a solution of (L.I)-(T.2), then v(t) yP( =1 (1)
is a solutlon of . . Conversely, ifvisa solutlon of (| . , then y(t) =
T—1v(t) is a solution of (LI)-(L.2). In fact, y(t) is represented as

t3

y(t) = [ Hu(t,s)v(s)ds,

t1

where
t3

v(s) = G1(s,7) f(Tn—10(7), T—2v(7), ..., Thv(T),v(7))dr.

is a solution of (1.1)-(1.2).
3. EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS

In this section, we establish the existence of multiple positive solutions for -
, by using five functional fixed point theorem which is Avery generalization of
the Leggett-Williams fixed point theorem. And then, we establish 2m — 1 positive
solutions for an arbitrary positive integer m.

Let B be a real Banach space with cone P. A map «: P — [0,00) is said to be
a nonnegative continuous concave functional on P if « is continuous and

a(Ar + (1= Ny) > Aa(z) + (1 = Na(y),

for all ,y € P and A € [0,1]. Similarly, we say that a map §: P — [0,00) is said
to be a nonnegative continuous convex functional on P if 8 is continuous and

Az + (1= Ny) < A8(x) + (1 - A)B(y),
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for all z,y € P and X € [0,1]. Let v, 3,0 be nonnegative continuous convex func-
tional on P and «,® be nonnegative continuous concave functionals on P, then for
nonnegative numbers 1/, a’,t’,d" and ¢/, we define the following convex sets

P(y,d) ={y € Ply(y) <},
P(v,a,d',¢) = {y € Pla’ <a(y),(y) <
Q(y,B,d . ¢") ={y € PIB(y) <d',y(y) <},
P(y,0,a,d’ b, ') = {y € Pla’ < a(y),0(y) <V',~(y) <},
Q(y, 8,4, 1, d' ") = {y € PIh' <9(y), By) < d',~(y) <}

In obtaining multiple positive solutions of ([L.1])-(1.2)), the following so called Five
Functionals Fixed Point Theorem will be fundamental.

Theorem 3.1. Let P be a cone in a real Banach space B. Suppose o and
are nonnegative continuous concave functionals on P and -, 6 are nonnegative
continuous conver functionals on P such that, for some positive numbers ¢’ and k,

aly) <Bly) and |lyl| < ky(y) forally € P(v,c).

Suppose further that T : P(v,¢) — P(y,c) is completely continuous and there
exist constants h',d';a’ ;b > 0 with 0 < d' < a' such that each of the following is
satisfied.
(BL) {y € P(r,0,0,",,)|ofy) > o'} £0 and a(Ty) > &
fory € P(v,0,a,a',V,¢);
(B2) {y € Q(v, 8,9, 1", d'.c)|B(y) < d'} # 0 and 3(Ty) < d’
fory € Q(vy, 8,9, W, d,c);
(B3) a(Ty) > da' provided y € P(7y,c,d’,c') with §(Ty) > V';
(B4) B(Ty) < d' provided y € Q(v,3,d, ') with w(Ty) < h'.

Then T has at least three fized points y1,ys2,ys € P(y,c') such that

B(y1) < d,a < a(y2)andd < Blys) with a(ys) < a'.
Let B = {v|v : Clt1,t3] — R} be the Banach space equipped with the norm

[v]l = max [|v(t)].
te(ty,t3]

Define the cone P C B by

P= {v € B:v(t) >0on [t;,t3] and min v(t) > MHUH}
t€[t2,ts]
where M = m;L/K and m;, L, K are defined as in Lemma Now, let
[t/Qth] - [t27t3]7

and define the nonnegative continuous concave functionals «;, v and the nonnegative
continuous convex functionals (3,6, on P by

Y(v) = max [v(t)], (v)= min |o(t)], B(v)= max [v(t)],
te(ty,ts] te(th,th] tefth,th]
a(v) o lv(@®)],  6(v) [ ()]

We observe that for any v € P,

a(v) telﬁiﬂs]'”()|—t§i§f§f3]|“()‘ B(v), (3.1)
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1 1 1
— ) < — = —~(v). 3.2
o] < i telﬁirig]”( ) i téﬂi}?ﬂ' v(t)] Mv(v) (3.2)

We are now ready to present the main result of this section. Let

L:min{ Glssds/ Ga(s, s)d / Gl ssds,
to ta

-, ty ty

L :min{/ Gl(s,s)ds,/ Ga(s, s)ds / G (s, s)ds},
t t t

e t3 t3 t3

K = max { G1(s, s)ds, Ga(s,8)ds, ..., Gn(s, s)ds}.
t1 t1 ty

Theorem 3.2. Suppose there exist 0 < o' < b < b /M < ¢ such that [ satisfies
the following conditions:

(D1) f(un—1,Un—2y---,u1,Ug) < a’/fl for all (Jun—1], |un—2al,...,|u1l,|uol) in
Ty [ 25, S5 X [Ma', a');

(D2) f(un—1,un—2,...,u1,u9) > b' /MK for all (|un—1], |[un—2l,...,|u1l,|uol) in
1—‘[;:7171[l)’v>¢]\n4L/L7 C'KTKJ] % [b/ L’]

(D3) f(un—1,Un—2,-..,u1,ug) < /& for all (|un—1|,|un—sl,...,u1l,|ugl) in

1 KK,
[T;=,.[0, S < [0, ¢l
Then (1.1)-(1.2)) has at least three positive solutions.

Proof. Define the completely continuous operator 7' : P — B by

:/thzl(t, (T 10(s), Tu_20(s)s-- ., Tro(s), v(s))ds.  (3.3)

It is obvious that a fixed point of T is a solution of (2.6)-(2.7). We seek three fixed
points vy, ve,v3 € P of T. First, we show that T : P — P. Let v € P. Clearly,
Tu(t) > 0 for ¢t € [t1,t3]. Also, noting that Tw satisfies the boundary conditions

(1.2), we have

t3
min Tv(t) = min Gi1(t,s) f(Th—1v(s), T—2v(s),...,Thv(s),v(s))ds
te[tg,tg] te[tg,tg] t1
ts
> M G1(8,8) f(Tr—10(8), Tr—2v(s),...,Thv(s),v(s))ds
t1
= M||Tv||.

Thus, T : P — P. Next, for all v € P, by (3.1)-(3.2)), we have a(v) < f(v) and

’

llv[ < §7- To show that T': P(vy,c') — P(v,c), let v € P(v,¢). This implies
v_—/. orl<j<n-—1andtE€|a,b|,
<4 For1 <5< 1 and b

/Hts
1

/

— H( s)ds

IN

M
/ ts

CMK 8 Gj(s,s)ds

IN
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/

c
We may now use condition (D3) to obtain
~v(Tv) = max / G1(t, 8) f(Trh-1v(8), Tr—2v(8),...,Tiv(s),v(s))ds
te(ty,ts]
d
<= Gl(S,S)
A
<.

Therefore, T : P(v,c) — P(~,c).
We first verify that conditions (B1), (B2) of Theorem are satisfied. It is

obvious that
/

{ve P(v,0,a,V, bM,c’) ca(v) >V} #£0,
{veQ(.8,v,Md,d,c): B(v) <a'} #0.

Next, let v € P(v,0,a,V, ]lf/[,c’) orv € Q(v,B,%,Md',a’,¢'). Then, for 1 < j <
n—1,

t3
Tiv(t) = H;(t,m)v(r)dr
t
c/1 t3
< — H;(t, 7)dr,
M [,
J t3
< 57K [ 165 r)lar
M),
< C/KKJ'
- M
and for v € P(v,6,a b,M, ),
t3
Tijv(t) = | H;(t,m)v(r)dr
t
1 "
> i H;(t d
z an,, ), B
Ly
== ) 16,
mp L' L
> -
- M
Also for v € Q(v, 8,¢, Md',d’, ),
t3
Tijv(t) = | Hj(t,m)v(r)dr
t1
ty
> max H; T)dT
= % S, )
myLa’ ta

> 2 [, Gl
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mpLa’ L’
-_ M .
Now, we may apply condition (D2) to obtain
t3
a(Tv) = min G1(t, 8) f(Trh—1v(s), Tr—2v(s),...,Thv(s),v(s))ds
t€fta,ts] Jy,

> M/t ? G1(8,8) f(Tr—1v(s), Tp—2v(s),...,Thv(s),v(s))ds > V.

Clearly, by condition (D1), we obtain
t3

B(Tv) = max G1(t, 8) f(Trh-1v(8), Tr—2v(8),...,Tiv(s),v(s))ds

teltsy,ts] Jy,
/

ts
a
< — max / G1(s, s)ds
L tE[té,té] t1

!

a —
<—I'=d.
T

To see that (B3) is satisfied, let v € P(vy,a, b, ') with (Tv) > b' /M, we obtain
t3

a(Tv) = min G1(t,8) f(Trh—1v(8), T—2v(s),...,Thv(s),v(s))ds
teta,ts] Jy,

> M/t s G1(8,8) f(Trn—1v(8), Tr—2v(s),...,Thv(s),v(s))ds

> M max / ’ G1(t,s) f(Th—1v(s), Tn—2v(s),...,Thv(s),v(s))ds

te(ty,ts]

t1
t3
> M rFax | Gi(t,s)f(Trh—1v(s), Tn_2v(s),...,Thv(s),v(s))ds
telta,ts] J¢,
= MO(Tv) >b'.

Finally, we show that (B4) holds. Let v € Q(v,8,d/,¢) with ¢(Tv) < Mad', we
have
t3

B(Tv) = max G1(t, 8) f(Trh—1v(8), Tr—2v(s),...,Thv(s),v(s))ds

telthts] Jy,

t3
< IFaX ] Gl(t7 S)f(Tn—1U(8)7 Tn—QU(S)7 N aTlv(S)a ’U(S))dS
tefts ts] Jy,
t3
< / G1(s,8)f(Th—1v(s), Tn—2v(s),...,Thv(s),v(s))ds
ty
1 [t
= G1(8,8) f(Trh—1v(8), Trn—2v(8),...,Thv(s),v(s))ds
ty
1 ts
< — i T, _ T, _ LT
i tEr[Itlglgg] " Gl(ta S)f( n IU(S)a n QU(S)a ) 10(8)7U(8))d5
t3
< L min / G1(t,s) f(Th-1v(s), Trn—2v(s),..., Tiv(s),v(s))ds
M ieftyth] Sy,

A
Sis

P(Tv) < ad'.
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We have proved that all the conditions of Theorem @ are satisﬁed and so there
exist at least three positive solutions vy, ve, v3 € P(7y,c’) for . Therefore,
- . ) has at least three positive solutions y1, 2, ys3 of the form

yi(t) = Tho1vi(t / H,_1(t,s)vi(s)ds, i=1,2,3.
This completes the proof. ([l

Now we prove the existence of 2m — 1 positive solutions for (1.1)-(1.2) by using
induction on m.

Theorem 3.3. Let m be an arbitrary positive integer. Assume that there exist
numbers a;(1 <i<m) and bj(1 <j<m—1) with0 < a; <by <% <ay <by <
bMQ < K e < b1 < b’"T‘l < @, such that

Q;

f(u’n717un727' . .,Ul,UO) < fll (34)

. LL W KK
fO’f’ all (|un—1|7|un—2‘7~-~7|ul|a|u0|) m H;:n—l[menaaTj] X [Mai7ai]’ 1 S
i <m, and
by

f(un717un727"'7u17u0) > m (35)

for all (|un 1], |un 2\ o Jual o) in TTjm, (B2, ] o o, ), 1 <

Il <m—1. Then . ) has at least 2m — 1 positive solutions in P,

Proof. We use induction on m. First, for m = 1, we know from ) that T :
P,, — P,,, then, it follows from Schauder fixed point theorem that . .
has at least one positive solution in P,,. Next, we assume that this conclusion
holds for m = k. In order to prove that this conclusion holds for m = k + 1,
we suppose that there exist numbers a;(1 < i < k+ 1) and b;(1 < j < k) with
0<ar <b <% <ay<by<% <. <ap<bp <% <agy such that

o
f(un_h Up—92,...,UT, UQ) < fl/ (36)
for all (Jun—1], lunal, ..., lusl, luol) in [j_,_,[@EEme 28] 5 [May,a;], 1 <
1< k+1;
by
fun—1,Un—2,...,u1,up) > e (3.7)
for all (Jup—1 |, |un—a, ., url, |uol) in TTj—, 22, 2ot e s [by, 5], 1 < 1 <
k.

By assumptlon Problem . ) has at least 2k — 1 positive solutlons U;
(i = ,2k — 1) in P,,. At the same time, it follows from Theorem (3.2} and
1' nd . ) that ( . . ) has at least three positive solutions u, v and w in
Pa,., such that, |[ul| < a,bx < mingep, ¢, v(t), [|w|| > ap, mingep, 1) w(t) < by.
Obviously, v and w are different from u; (i = 1,2,...,2k—1). Therefore, (1.1])-(1.2)
has at least 2k + 1 positive solutions in P, , which shows that this conclusion also

holds for m = k + 1. O
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