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NECESSARY AND SUFFICIENT CONDITIONS FOR THE
OSCILLATION A THIRD-ORDER DIFFERENTIAL EQUATION

PITAMBAR DAS, JITENDRA KUMAR PATI

ABSTRACT. We show that under certain restrictions the following three con-
ditions are equivalent: The equation

y"" +at)y” +o(t)y +c(t)y = f(t)
is oscillatory. The equation
" +a(t)z” +b(t)z’ + c(t)zr =0
is oscillatory. The second-order Riccati equation
2" 4322 +a(t)z =23 4+ a(t)2? + b(t)z + ¢(t)

does not admit a non-oscillatory solution that is eventually positive.

Furthermore, we obtain sufficient conditions for the above statements to
hold, in terms of the coefficients. These conditions are sharp in the sense that
they are both necessary and sufficient when the coefficients a(t), b(t), ¢(t) are
constant.

1. INTRODUCTION

Consider the third-order non-homogenous differential equation

y" 4+ at)y” + o)y + c(t)y = f(t), (1.1)
the associated homogenous equation
2" +at)z” +o(t)r" +c(t)z =0, (1.2)

and the second-order Riccati equation
24322 +a(t)y = 28+ a(t)z? +b(t)z + c(t), (1.3)
where t > to for some constant tg,
(i) a € C?([ty,0),(0,00)), b € C([tg,0),(—00,0)), ¢ € C([tg, ), (0,00)),
and f € C([ty, ), (0,00));
(ii) d'(t) >0, f'(t) < 0 almost everywhere in [tg, 00).
We prove that under these conditions, the following three statements are equivalent:

(A) Equation (|1.1)) is oscillatory;

(B) Equation (1.2)) is oscillatory;
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(C) Equation (1.3) does not admit non-oscillatory solutions which are eventu-
ally positive.

Further (C) holds, if
(D)

[ (5

Condition (D) is sharp in the sense that it is a necessary and sufficient condition
for (C) to hold, when a(t), b(t), c(t) are constant.

As usual, a function y € C(R,R) is said to be non-oscillatory, if there exist a
point ¢y such that y(t) > 0 for all ¢t > to, or y(¢) < 0 for all ¢ > ty. Otherwise, y is
said to be oscillatory.

Equations and is said to be non-oscillatory if all of their solutions
are non-oscillatory. Otherwise, they is said to be oscillatory. Such a classification
of definitions has been made, because, there are third order differential equations
which admit both oscillatory and non oscillatory solutions. For example y; () = et
and yo(t) = e~'/? sin(?t) are such solutions of y"’(t) — y(t) = 0.

The results of this paper are motivated from the properties of solutions to

y" +ay’ +by +ey=f (1.4)
and the corresponding homogenous differential equation
2" 4+ az” + bz’ + cx =0, (1.5)

where a, b, ¢, f are constants and a > 0, b <0, ¢ > 0 and f > 0.
It is established in [5l [15] that and admit oscillatory solutions if and
only if
2a®  ab 2 sa? 3/2 0
27 3¢ 3\/§< 3 ) -
In this article, we establish similar results for equations with variable coefficients.
The following definition of Hanan [T1] is used in the sequel.
Equation is said to be of Class I (Cy for short) if its solution z(t) with

z(a) =2'(a) =0, 2"(a) > 0 (to < a < o0) satisfies z(t) > 0 in (o, a).

2. PrOOF OF (A) & (B)
The following lemma plays a vital role in the entire paper.

Lemma 2.1. Suppose that the following conditions hold:
(H1) u,9 € C'(R,R);
(H2) «, B € R are consecutive zeros of 9(t), d(a) = ¥(8) = 0;
(H3) u(t) is of one sign in [, ().
Then there exist a constant A # 0 and a point tg € («, 8) such that the function
w(t) = du(t) — 9(t)
has a double zero at ty (i.e., w(ty) = w'(tg) = 0) and w(t) is of one sign in (to, 3)).

Proof. Without loss of generality, assume that w(t) > 0 and 9(¢t) > 0 in (a, ).
consider the set

A={p|pult) —9(1) >0, te(a,p)}
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Setting
k = max @
a<t<g u(t)
it follows that k is positive and finite. Any number greater than & is obviously an
element of A. Clearly, the set A is nonempty and bounded below.
Let A be the greatest lower bound of A. We claim that w(t) = Au(t) — 9(t) has
a double zero at some point ¢¢ in (o, 3) and of one sign in (tg, 5).
By definition of A, there exists a sequence of real numbers ()\,) in A which
converges to A. The sequence of continuous bounded functions (A u(t) — 9(t)) >
converges uniformly to Au(t) — d(t) in («, ). This gives

Au(t) —9() >0, te(wf) (2.1)

Now we claim that Au(t) —9(t) vanishes at least once in (a, ). If possible suppose
that Au(t) —9(t) > 0 in (a, 8). Then there exist € > 0 such that

Au(t) —9(t) >e>0, te (o), (2.2)
and K > 0 such that u(t) < K, t € (o, 3). From it follows that
A—e(®)u(t) —9(@) >0, te(apf) (2.3)

where
€ €

= —>—
aW=Tm > &
From ([2.3) and the inequality given above we get

(A—%)e[l

This contradicts to the assumption on A. Thus Au(t) — 9(¢t)> 0 in (o, ) and
vanishes at least once in it. This shows that all zeros of Au(t) — ¥(¢) are double
zeros in (a, 3). The greatest of all such double zeros will serve the purpose of ¢
with required properties. This completes the proof. ([

Remark. In the above lemma A > 0 if and only if u, ¥ have same sign and A > 0
otherwise.

Lemma 2.2 ([I1]). Equation (1.2)) is of Class L.

Lemma 2.3. If (2.1)) is oscillatory, then any solution of (2.1)) which vanishes at
least once is oscillatory.

Proof. From Lemma it follows that (2.1]) is of class I. Now the proof follows
from [I1, Theorem 3.4]. O

Lemma 2.4. Ifu; , us andus are solutions of satisfying the initial conditions
ur(to) =1, ui'(to) =0, w"(to) =0,
uz(to) =0, ud'(to) =1, wux"’(to) =0,
ug(to) =0, u3'(tg) =0, wuz”(to) =1

then

t ur(t)  ua(t)  us(t)
wt)= | w o) wle) )| (s

)
N
<
)
~
—~
)
N
3
w
~
—
&)
N
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is a solution of (1.1). where W (s) is the Wronskian

ui(s)  u2(s)  us(s)
W(s) = '(() ug'(s)  us'(s)|.

u”(s) w2”(s) wus”(s)
Further y,(t) satisfies yp(to) =0, yp'(to) =0, y," (to) = 0 and y,"" (to) = f(to)

Proof. Expanding

R T
"1 Juals)  ws(s)
- U2(t) " W(S) ul'(s) u;/(s) f(S)dS
Pl Jui(s)  ua(s)
+ U3(t) N W(S) ul’(s) U3I(S) f(S)dS
Differentiating y,(t) we obtain
b w'() w'(t)  us'(f) ,
POZ LT ) ey )
Uy (t) UQ(t) U3(t)
+ = [ui(t)  ua(t)  us(t)|f(D).

WO lure) w'(t) us'(0)
The second term of the above being equal to zero and proceeding similarly,
t 1 (51 U (t) us (t)
(t) = / W) ur(s)  wua(s)  wus(s) | f(s)ds
fo u'(s)  u2'(s)  us'(s)

and

11

po= [ ) ) | Sds + 50
Yp = us (s us(s s)as + .
WO () uls) udls)
Since u;(t), i = 1,2, 3 are solutions of , replacing
ui"'(t) = —a(t)u;" (t) — b(t)wi' (t) — c(t)ui(t)

for i =1,2,3 in y," (t) we obtain

" () = —a(t)yp" (t) — b(t)yp' (t) — c(t)yp(t) + f(t)
and y,(t) satisfies y,(to) = y,,(to) =y, (to) = 0 and y,"(to) = f(to). This completes
the proof . O
Lemma 2.5. Suppose that 2b(t) — a’(t)<0 , 2b(t) — o' (t) — ¢'(t) < 0 and f'(t)<0
fort > tg. Then any solutions of do not admit two consecutive double zeros
in [to, 00).

Proof. If possible let y(t) have consecutive double zeros at « and (3. Then either
y(t) >0 for a<t<p,ory(t) <0for a <t<p. In the former case, multiplying
. 11.1) by y'(¢) and integrating the resultant from « to ﬁ we obtain

0>—/3M@fﬁ+/?%@—d@— UD m /f t)dt > 0
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which is a contradiction. In the latter case, y(«a) = y(8) = 0 implies that there
exists to € (a, B) such that y'(tg) = 0 and y'(¢) > 0 in (tg, §). Similarly, there exists
point to € (to, ) such that y”(t2) = 0 and y”(¢t) < 0 in (t2, ). Integrating
from ¢2 to § and using the fact that y(¢) <0, y'(¢t) > 0 and ¥ () < 0 in (t2, 5) we
get
B
0=y"(B) —y"(t2) = / [£(t) = a(t)y"(t) — b(t)y () — c(t)]dt > 0

ta

which is again a contradiction. This completes the proof. O

Lemma 2.6. If the hypotheses of lemma hold, then (1.1)) does mot admit a
solution with a double zero followed by two single zeros.

Proof. If possible, let y(t) be a solution of (|1.1)) having a double zero at a3 followed
by single zeros at a; and ay. That is,

y(ar) = y(a2) =0, ylaz) =y'(az) =0,
where g < a1 < s < ag. Consider the solution x(t) of (|1.2)) with initial conditions
(az) =2 (a3) =0, z2"(a3)=1

By lemma x(t) > 0 for g < t < asz. From Lemma there exists a constant
A #£ 0 such that

Az (t) —y(t)
has a double zero at some point t; € (a1,as) and is of constant sign in (1, as).
Thus, y(t) — Ax(t) = —(Ax(t) — y(t)) is a solution of (|1.1)) with consecutive double
zeros at t; and as . This is a contradiction to lemma [2.5| This completes the
proof. O

Theorem 2.7. Suppose the hypothesis of lemma hold. If (1.2)) is oscillatory
then (L.1]) is oscillatory.
Proof. If possible, suppose that (1.1) is non oscillatory. Let x(t) be an oscillatory

solution of (1.2) and y(t) be a non oscillatory solution of (1.I)). So, there exists
to > 0 such that either

y(t) >0 fort >t (2.4)
or

y(t) <0 fort >t (2.5)
Suppose that holds (the proof for follows similarly). Let «, 3, (to < a <

() be the consecutive zeros of x(t) such that z(t) > 0 for ¢t € (o, 3). From lemma
it follows that there exist a > 0 such that

py(t) — x(t) (2.6)
has a double zero at some point t; € («, 5). Putting ¢t = ¢; in (2.6) we obtain
(t)
n= >0
y(t1)

Setting A; = 1/u, it follows that
w(t) = y(t) — M (t) (2.7
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has a double zero at ¢;. By assumption all solutions of are non oscillatory and
so w(t) is non oscillatory. Let to > t; such that w(t) > 0, t > ¢5 because otherwise,
w(t) <0, t > tg gives
0 < y(t) < Az(t)

a contradiction to the fact that z(t) is oscillatory. Now, let ay and 581 (t2 < a1 < 1)
be two consecutive zeros of z(t) and z(t) > 0 for t € (o, £1). By lemma and
proceeding in the lines of to (2.7), there exists Ao > 0 such that y(t) — Aaz(t)
has a double zero at some point t3 € (a1, 01). That is

y(t3) — Aax(ts) =0,

y'(ts) — Ao’ (t3) = 0 @8)
Again w(t) > 0 for ¢ > t5 implies that
w(ts) = y(ts) — Mx(ts) >0 (2.9)
From and it follows that Ao > A;. This in turn implies that
y(t1) — Aoz(t1) <0 (2.10)

Since y(t) — Aaz(t) is continuous in (a, 8) and positive for ¢ = a and t = (3, from
(2.10) it follows that y(t) — Aex(t) has at least two zeros in («, 3). This contradicts
Lemma that admits a solution y(t) — Aaz(t) having a double zero at t3
followed by two single zeros. This completes the proof. (|

The theorem stated below follows from [I6].
Theorem 2.8. If (1.2)) is non oscillatory, then (L.1)) is non oscillatory.

3. PROOF OF (B)<(C)
We state below a result from Erbe [6], for its use in the sequel.

Lemma 3.1 ([6l Lemma 2.2]). If b(t)<0, c(t) > 0 and x(t) is a non oscillatory
solution of (1.2)) with x(t) > 0 or x(t)<0 eventually, then there exists d > 0 such
that either

z(t)a' (t) <0 fort>d (3.1)
or
z(t)x'(t) >0 and x(t) >0, fort>d (3.2)
Furthermore, if holds, then fort > d,
z(t)x' (t)z" (t) # 0, sgnx(t) =sgna’(t) # sgna’'(t) (3.3)
and

lim 2/(¢t) = lim 2" (t) =0, Jim x(t) = k # doo.

t—oo t—o0
Lemma 3.2 ([6l Lemma 2.3]). Let b(t)<0, c(t) > 0. A necessary and sufficient
condition for (1.2)) to be oscillatory is that for any nontrivial non oscillatory solution
B1) and (B3) hold.

Theorem 3.3. Equation (1.2) is oscillatory if and only if all non oscillatory solu-
tions of
2" 4322 +a(t)y 4 a(t)z® +b(t)z? +c(t)z =0 (3.4)

are eventually negative.
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Proof. Suppose that ([1.2) admits an oscillatory solution. If possible, let z(t) be a
non oscillatory solution of (3.4]) which is eventually positive. Set

I(t) = exp{/;z(s)ds}. (3.5)
Obviously ¥(t) > 0, t > t¢ and ¥(t) is monotonically increasing in (¢p, c0). Further
9 (t) = 2()9(1), (3.6)
9" (t) = 2()9 (t) + 2/ (t)v(t) = 22(1)9(t) + 2/ (£)9(2), (3.7)
9 (1) = 22(8)0 (1) + 22(8) 2 (1)D(t) + 2" (£)(t) + 2/ ()9 (t)
= 23(4)9'(t) + 22(t)2' (1)I(t) + 2" ()I(t) + 2(1)2' (£)I(2). (3:8)

Using 7 we obtain

9" (t) + a(t)9" (t) + b(t)0' (t) + c(t)I(t)

=92 + 322 +a(t)s + 22 +a(t)2? +b(t)z+c(t)} =0
This shows that ¥(t) is a solution of which do not satisfy (3.1]), a contradiction
to Lemma[3.2] This proves the sufficient part of the theorem.

Conversely, suppose that all non oscillatory solutions of are eventually
negative. If possible, let all solutions of (1.2) be non oscillatory. By Lemma
there exists at least one solution z(t) of (1.2)) which satisfy . Without loss of
generality assume that x(t) > 0 and 2/(t) > 0 for ¢t > d > 0. Setting

it is easy to verify that z(t) is a solution of (3.4) which is eventually positive, a
contradiction to our assumption. This completes the proof. O

In the following, sufficient conditions are established in terms of the coefficients
a, b and ¢ ensuring oscillation of (1.2)).

Theorem 3.4. Suppose that a(t) > 0, b(t)<0, ¢(t) > 0 and o/ (¢)<0. If

[0 (5 we) e

then (1.2]) admits oscillatory solutions.

The proof of the above theorem follows from [I7].

Theorem 3.5. Suppose that a(t) >0, a(t) +b(t) +1 <0, c(t) > 0. Further, if

2at) +3)°  (alt) +3) (a(t) +b(t) + 1)
" ’ (3.10)

+c(t) — 3\2/5 [ (fl(t);‘ 3)2 - (a(t) b + 1)}3/2 ~0

fort > to, tog > 0 then (1.2)) is oscillatory.
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Proof. For the sake of contradiction, suppose that all solutions of (|1.2)) are non
oscillatory. By Lemma[3.2] there exists a solution z(t) of (1.2) satisfying (3.2)). Set

/
t
s = T (3.11)
x(t)
Differentiating successively, it may be shown that
z"(t) 2
=éef z 3.12
) ¢t (3.12)
and
z"(t) 4 2
— z z z .1
o) e* 4+ 3¢ +e (3.13)

Dividing(|L.2) throughout by z(¢) and using (3.11)), (3.12) and (3.13]) in the resulting
equation we obtain

F(e*,t) = 3 + (3 + a(t))ezz + (a(t) + b(t) + 1)62 +c(t) =0 (3.14)

It may be shown that the minimum of F(e?,t) attains at

ot = %{—a(t) g \/(a(t) +3)" = 3(1+a(t) +0(1))|

and its minimum value is
243 A(t)B 2 A2 3/2

th: — t) — ——

where A(t) = a(t) + 3 and B(t) = a(t) + b(t) + 1. Combining (3.14) and (3.15]) we
have the inequality

(3.15)

243(t)  A(t)B(t) 2 [ A%(t) 3/2
- t)— ——= — B(t <0
27 3 +elt) 3\/5( 3 ( )> -
This contradicts assumption (3.10]). This completes the proof. O

Theorem 3.6. Suppose that A(t) > 0, B(t) <0, and C(t) > 0 with
o 243(t)  A(t)B(t) 2 A%(t) 32
/to 1527{ 27 3 +C(t)_T¢§( 3 _B(t)> }dt_oo’

where

A(t) = t"a(t) — 37”15”*1,
B(t) = (n? + 3n)t2n=2 4 2n (a'(t) + b(t)) — na(t)2n 1,
C(t) = t*"c(t)
fort > tg, tg > 0 then is oscillatory.

Proof. If possible, suppose that all solutions of (1.2)) are non oscillatory. By Lemma
there exists a solution z(t) of (L.2)) satisfying (3.2) for ¢ > t9. Now, set

'(t)

z(t)

—_— 4N
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Clearly, z(t) > 0 and satisfies

2 3
2"+ (a(t) - —n)z' + —2z2
t tm
1
=~ [23 + (t"a(t) - Snt"_l)ZQ (3.16)

+ (n(n + D)t £2(t) — na(t)t%*l)z + t3"c(t)]

Integrating (3.16|) from ¢ to ¢ and rearranging terms we have

2 (t) — 2 (to) + (a(t) - 2—")z(t) - (a(to) - i—")z(to) - /t (a’(S) + %)st

t 0 "

3 22(t)  32%(to) t 3nz?
AL VA GOV B d
TET 2t /t ( ) s

t
1
= / - [23 + (s"a(s) - 3ns”_1>22
S n
to

+ (n(n +1)s272 4 52 (s) — na(s)sQ”%)z + s?’"c(s)} ds

Simplifying it further, we obtain

/ o _ 2£ _ _ 2£ i Zz(t) _ 3Z2(t0)
#(0) = #'(to) + (att) = 5 )2(0) = (alto) = 3 )200) + 3 [57] = [
t
= —/ tzin [2‘3 + A(t)2* + B(t)z + C(t)] dt,
to
(3.17)
where
tnfl
Ae) = tat) - 2,
B(t) = (n® + 3n)t*" "2 " (a’(t) + b(t)) — na(t)t? 1,
C(t) = t*"c(t).
Moreover, the minimum of
F(z,t) = 2° + A(t)2* + B(t)2 + C(t)
for z > 0 is attained at
1
_(_ 2 _
2(t) 3( A(t)+ /A 3B)

and the minimum is given by

243 AB 2 /A? 3/2

mF(zt)=>"— -2 40-=_(Z=—-B) . 1
min F(z,t) 57 3 +C 3\/?;( 3 ) (3.18)

Substituting (3.18) in (3.17)), then taking limit as ¢ — oo we see that 2z/(t) — —oo
as t — oo. This further implies that z(t) — —oco as t — 0o, a contradiction to our

assumption. This completes the Proof. O
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10

(1]
2]
(3]
(4]
(]
(6]
(7]

(8]
9

[10]
(11]

(12]
(13]

14]

P. DAS, J. K. PATI EJDE-2010/174

REFERENCES

R. P. Agarwal and D. O’Regan; Singular problems on the infinite interval modelling phenom-
ena in draining flows, IMA Journal of applied Math., 66 (2001),621 - 635.

S. Ahmad and A. C. Lazer; On the oscillatory behaviour of a class of linear third order
differential equations, J. Math. Anal. Appl.28 (1970), 681 - 689.

J. H. Barrett; Third order differential equations with nonnegative coefficients, J. Math. Anal.
Appl., 24 (1968), 212 - 224.

W. S. Burnside and A. W. Panton; The Theory of Equations 3rd Edn. S. Chand and Company
Ltd., New Delhi, 1979.

P. Das; On Oscillation of third order forced equations, J. Math. Anal. Appl., 196 (1995), 502
- 513.

L. Erbe; Existence of oscillatory solutions and asymptotic behaviour for a class of third order
linear differential equations, Pacific J. Math, 64 (1976),369 - 385.

M. Gera, J. R. Graef and M. Gregus; On oscillatory and asymptotic properties of certain
third order differential equations, Non linear Analysis Theory Methods and Applications, 32,
(1998), 417-425.

M. Gregus; Third Order Linear Differential Equations, D. Reidal Pub. Company, Boston.
1987.

M. Gregus and M. Gregus Jr; An oscillation criteria for nonlinear third order differential
equations, Georgian Math. J., 4 (1997), 19 - 26.

M. Gregus; On certain third order eigenvalue problem, Archivum Math.36 (2000), 461 - 464.
M. Hanan; Oscillation criteria for third order linear differential equations, Pacific J. Math.,
11(1961), 919 - 944.

G. D. Jones; Properties of solutions of a class of third order differential equations, J. Math.
Anal. Appl., 48 (1974), 165 - 169.

M. S. Keener; On the solutions of certain non homogenous second order differential equations,
Applicable Analysis, 1 (1971), 57 - 63.

A. C. Lazer; The behaviour of solutions of the differential equation y"” + p(z)y’ + g(x)y = 0,
Pacific J. Math., 17 (1966), 437 - 466.

[15] S. Padhy; On oscillatory linear third order forced differential equations, Differential Equations

and Dynamical Systems, 13 (2005), 343-358.

[16] N. Parhi and P. Das; Oscillation and non oscillation of nonhomogenous third order differential

equations, Czech. Math. J. ,44 (1994), 443-459.

[17] N. Parhi and P. Das; Asymptotic property of solutions of a class of third order differential

equations, Proc. Amer. Math. Soc., 110(1990), 387-393.

PITAMBAR DAS

DEPARTMENT OF MATHEMATICS, INDIRA GANDHI INSTITUTE OF TECHNOLOGY, SARANG-759146,
TALCHER, ORISSA, INDIA

E-mail address: pdasigit@in.com

JITENDRA KUMAR PATI

DEPARTMENT OF MATHEMATICS, INDIRA GANDHI INSTITUTE OF TECHNOLOGY, SARANG-759146,
TALCHER, ORISSA, INDIA

E-mail address: jkpati2007@yahoo.com



	1. Introduction
	2. Proof of (A)(B)
	Remark

	3. Proof of (B)(C)
	Acknowledgements

	References

