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IMPULSIVE BOUNDARY-VALUE PROBLEMS FOR
FIRST-ORDER INTEGRO-DIFFERENTIAL EQUATIONS

XIAOJING WANG, CHUANZHI BAI

ABSTRACT. This article concerns boundary-value problems of first-order non-
linear impulsive integro-differential equations:

Y (t) + a()y(t) = f(t,y(®), (Ty)(), (Sy)(), te€ Jo,
Ay(ty) = I(y(te)), k=1,2,...,p,

y(0) + A /0 “y(s)ds = —y(e), A<,

where Jo = [0,c] \ {t1,t2,...,tp}, feCJxRxRxXxR,R), I, € C(R,R),
a € C(R,R) and a(t) <0 for t € [0,c]. Sufficient conditions for the existence
of coupled extreme quasi-solutions are established by using the method of lower
and upper solutions and monotone iterative technique. Wang and Zhang [18]
studied the existence of extremal solutions for a particular case of this problem,
but their solution is incorrect.

1. INTRODUCTION

In recent years, many authors have paid attention to the research of differential
equations with impulsive boundary conditions, because of their potential applica-
tions; see for example [4, (6] O] 12} T3], 15, 17]. First-order and second-order impulsive
differential equations with anti-periodic boundary conditions have also drawn much
attention; see [I1, 2, [3] (5], [7 8] 14} [16] [19].

Recently, Wang and Zhang [I8] studied the existence of extremal solutions of
the following nonlinear anti-periodic boundary value problem of first-order integro-
differential equation with impulse at fixed points

y'(t) = f(ty@), (Ty) (1), (Sy)(t), tE o,
Ay(te) = In(y(te)), k=1,2,...,p, (1.1)
y(0) = —y(T),

where J = [0,T], Jo = J \ {t1,t2,...,tp}, 0 < 81 < g < --- < t, < T, f €
C(J xRxRxR,R), I, € C(R,R), Ay(tx) = y(t;) — y(t; ) denotes the jump of
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y(t) at t = ty; y() and y(t; ) represent the right and left limits of y(¢) at t =y,

respectively.
T
/ k(t )y(s)ds,  (Sy)(t) = / h(t, $)y(s)ds

ke C(D,R"), D={(t,s) € JxJ:t>s}, heC(JxJR"). Unfortunately, their
extremal solutions y*(t), y*(t) are wrong. In fact, by [I8, Theorem 3.1] we obtain
y.(t) = fty () (Ty.) (1), (Sy«)(t)), t € Jo,
y*(o) = —y*(T),

and

y* (1) = f(t,y" (@), (Ty") (@), (Sy")(t), tE Jo,
Ay*(tr) = Ie(y*(tr)), k=1,2,....p,
y(0) = —y.(T),
which implies that v, (t),y*(t) are not solutions of (I.I)). So the conclusions of [18]
are reconsidered here, for a more general equation.

In this paper, we investigate the following integral boundary value problem for
first-order integro-differential equation with impulses at fixed points

y'(t) +a)y(t) = f(t,y(t), (Ty)(t), (Sy)(t), te o,
Ay(tk) :Ik(y(tk)), k‘: 1,2,...,]),

y(0) + A / “y(s)ds = —y(), A<0,

where J = [O,C], Jo = J\{tl,tg,...,tp}, 0 <t <ty < -+ < tp < ¢, f €
C(JxRxRxRR), I, € CR,R), a € C(R,R) and a(t) <0 fort e J.

= [ Keowes, (500 = [ hitsus)is
0 0

ke C(D,R"), D={(t,s)e Jx J:t>s}, heC(JxJR").
Remark 1.1. If a(t) = 0 and A = 0, then reduces to (|1.1)).

We will give the concept of coupled quasi-solutions of BVP in next sec-
tion. It is well known that the monotone iterative technique offers an approach for
obtaining approximate solutions of nonlinear differential equations, for details, see
[10, 11] and the references therein. The aim of this paper is to investigate the ex-
istence of coupled quasi-solutions of by using the method of upper and lower
solutions combined with a monotone iterative technique. Our result correct and
generalize the main result of [I§].

(1.2)

2. PRELIMINARIES

In this section, we present some definitions needed for introducing the concept
of quasi-solutions for (|1.2]). Let

PC(J)={y:J— R:yis continuous at t € Jy;
y(01),y(T7), y(t), y(ty,) exist and y(t;) = y(tx), k=1,....p},
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PCY(J) = {y € PC(J) : y is continuously differentiable for t € J;
V/(07), 9/ (T7),y (), (t;,) exist, k=1,...,p},
The sets PC(J) and PC'(J) are Banach spaces with the norms
lyllpcy =sup{ly®)] : t € T}, Nlyllpcry = lyllpewy + 1V |l pe-

Definition 2.1. Functions «ag, 3y € PCl(J) are said to be coupled lower-upper
quasi-solutions to the problem (1.2)) if

O/O(t) =+ Cl(t)ao(t) S f(t7 aO(t)7 (TOéo)(t), (SO[O)(t)), te J07
Aao(tk> SIk(ao(tk))7 k:1727"'7pa
ap(0) + )\/ ap(s)ds < —=Bo(c), A<0,
0

Bo(t) + a(t)Bo(t) > f(t,Bo(t), (TBo)(t), (SBo)(t)), t € Jo,
ABo(ty) > I(Bo(t)), k=1,2,...,p,

Go(0) + )\/OC Bo(s)ds > —ap(c), A <O0.

Note that if ag(c) = Bo(c), then the above definition reduces to the notion of
lower and upper solutions of (L.2]).

Definition 2.2. Functions v,w € PC'(J) are said to be coupled quasi-solutions
to if
V() +a(t)u(t) = f(Eo(t), (To)(2), (Sv)(1)), € Jo,
Av(tk) :Ik(v(tk))a k= 1325"'ap7

v(0) + /\/Ocv(s)ds =—w(c), A<0,

w'(t) + a(t)w(t) = f(t,w(t), (Tw)(t), (Sw)(t)), t € Jo,
Aw(tk) :Ik(w(tk)), k: 1,2,...,])7

(2.2)

w(0) + )\/ch(s)ds =—v(c), A<0.

Let ag, B0 € PC*(J) and ag(t) < Bo(t) for t € Jy. In what follows we define the
segment

[0, Bo] = {u € PC*(J) : ap(t) < ult) < Bolt), t € J}.

Definition 2.3. Let u,v be coupled quasi-solutions of such as u(t) < v(t)
for t € Jy. Assume that ag, 3y € PCY(J) and ag(t) < Bo(t) for t € Jo. Coupled
quasi-solutions u, v of are called coupled minimal-maximal quasi-solutions in
segment [ag, Bo] if ao(t) < u(t), v(t) < Bo(t) for t € Jy and for any U,V coupled
quasi-solutions of (1.2)), such as ao(t) < U(t), V(t) < Bo(t) for t € Jy we have
u(t) <U(t) and V(t) < v(t), t € Jp.

.

IN

For convenience, we assume the following conditions are satisfied

(H1) Functions ag(t), Bo(t) are coupled lower-upper quasi-solutions of (|1.2)) such
that ag(t) < Bo(t) for t € Jp.

(H2) There exist M > 0, N, Ny > 0 such that

ft 1,01, 21) — f(t, 22, Y2, 22) > —M(z1 — x2) — N(y1 — y2) — Ni(z1 — 22),
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for ap < @ < @1 < By, Tao < y2 < y1 < Tho, Sag < 22 < 21 <SP,
teld.
(H3) There exist 0 < Ly <1, k=1,2,...,p, satisfy

Ii(x) = In(y) = —Li(z — y),
forap <y<ax <[y, ted.
Now we consider the problem
y'(t) + My(t) + N(Ty)(t) + Ni(Sy)(t) = a(t), t€ Jo,
Ay(tk) = —ka(tk) + bk, k= ]., 2, oDy (23)
y(0) = b,
where M >0, NyN; >0, Ly <1, k=1,2,...,p.
Lemma 2.4. Ify € PC*(J), M >0, NNy >0, L, <1, k=1,2,...,p, and
P
k+h+> Li<1, (2.4)
i=1
where

koeM~1(1 — e=Me), if M > 1,

k=1Q kocM= (1 - Me M), if0<M<1,
skoc?, if M = 0.
- hoecM =11 —e=Me) if M >0,
) hoc?, if M =0,

where ky = maxo<s<i<c k(t,s) and hy = maxo<ys<ch(t,s). Then (2.3) has a
unique solution.

Proof. If y € PC'(J) is a solution of (2.3, then, by integrating, we obtain

y(t) =be” M + /O e Mo (s) = N(Ty)(s) — Ni(Sy)(s)lds

+ ) e MO (—Liy(ts) + by).
0<t; <t

(2.5)

Conversely, if y(t) € PC(J) is solution of the above-mentioned integral equation
([2.5), then it is easy to check that y/(t) = —My(t) — N(Ty)(t) — N1(Sy)(t) + o(t),
t #ty, Ay(tr) = —Liy(tr) + b, k=1,2,...,p, and y(0) = b. So is equivalent
to the integral equation (2.5)). Now, we define operator B : PC(J) — PC(J) as

(By)(t) = be M + / M=) [5(s) — N(Ty)(s) — N1(Sy)(s))ds
0 (2.6)
+ E €_M(t_ti)(—Liy(ti) + bl)

0<t; <t

For each u,v € PC(J), we have
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|(Bu)(t) — (Bv)(t)| SN‘ /0 e M=) (Ty — Tv)(s)ds‘

¢
+ N1‘ / e MI=3) Gy — Sv)(s)ds’ (2.7)
0
+ > Lile MU (u(t) = v(ti)].
0<t;<t

We easily check that

tefM(tfs) u— Tv)(s)ds
|/ (T — Tv)(s)ds

kotM~Y(1 — e M) |lu —v|pc,  if M >1, (2.8)
< kotM~Y(1 — Me MY ||u —v|pe, if0< M <1,
kO%tQHU_vHPC> lfMZOa

and
t —1(1 _ o= Mt\|],, _ .
|/ eM(tS)(SuSv)(s)ds|§{hOCM (1—e Mu—o|pc, if M >0,
0

hoct||u — v|| pc, if M =0.
(2.9)
Substituting (2.8)) and (2.9) into (2.7), we obtain
P
1Bu— Bollpo < (F+h+ Y Lollu ol re.
i=1
This indicates that B is a contraction mapping (by (2.4])). Then there is one unique
y € PC(J) such that By = y, that is, (2.3]) has a unique solution. O
Lemma 2.5 ([18]). Assume that y € PC'(J) satisfies
y'(t) + My(t) + N(Ty)(t) + N1(Sy)(t) <0, te Jo,
Ay(tk) < —ka(tk), k= 1,2,...,]7, (210)
y(0) <0,
where M >0, NyN1 >0, Ly <1, k=1,2,...,p, and
c p _
/ q(s)ds < [](1 - L) (2.11)
0 i

with Ly = max{Ly,0}, k=1,2,...,p,

q(t):N/otk(ts)eM(t_s) H (1—Lg)ds+ Ny /Ch(t,s)eM(t_s) H (1—Ly)ds,

s<tp<c 0 s<tp<c
then y < 0.

3. MAIN RESULT

Theorem 3.1. If (H1),(H2),(H3) are satisfied, and, in addition, if there exist M >
0, NyN1 >0, L, < 1, k=1,2,...,p, such that (2.4) and (2.11)) hold, then (1.2

has, in segment [, Bo] the coupled minimal-maximal quasi-solutions.
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Proof. For convenience, let (K¢)(t) = N(T¢)(t) + N1(S¢)(t). We now construct
two sequences {«a,(t)} and {5, (t)} that satisfy the following problems

aj(t) +a(t)ai-1(t) + Moy (t) + (Ko)(t)
= f(t,ai—1(t), (Tai—1)(t), (Sei—1)(t)) + Mai—1(t) + (Kai—1)(t), t € Jo,
Aai(tk) :Ik(ai_l(tk))—Lk(ai(tk) —Ozi_1(tk)), k=1,2,...,p, (3.1)

i)+ | Ca1(s)ds = —Bi_1(0),

and
Bi(t) +a(t)Bi—1(t) + MBi(t) + (K0:)(t)
= ft, Bi1(t), (TBi1)(t), (SBi—1)(t) + MBi_1(t) + (KBi1)(t), t € Jo,
ABi(ty) = In(Bi—1(tr)) — Li(Bi(te) — Bi—1(tr)), k=1,2,...,p, (3.2)

—1—)\/ Gi—1(s)ds = —a;—1(c).

For each ¢, € [ay, o], we consider the equation

y'(t) + My(t) + (Ky)(t)
= [(t,0(1), (TH)(1), (S9) (1)) — a(t)¢(t) + Me(t) + (K)(1), te Jo,
Ay(tr) = Ir(o(tr)) — Lr(y(te) — o(tr)), k=1,2,....p, (3-3)

+)\/ o(s
By condition (2.4) and Lemma . we know that (| has a unique solution
y(t) € PC*(J). Define the operator A : PC(J) x PCl(J) — PCY(J) as A(¢p, ) =

y. Let an(t) = A(an—1,0n-1)(t) and B,(t) = A(Br—1,an-1)(t), n = 1,2,..., we
will prove that {a,,}, {8,} have the following properties.

(i) a1 < a4, Bi < Bizt;
(11) (67 S ﬂi, 1= 1,2,....

Firstly, we prove that ag < aj. Set p(t) = ap(t) — aq(t), it follows that
P (t) + Mp(t) + N(Tp)(t) + Ni(Sp)(t) = p'(t) + Mp(t) + (Kp)(t) <O,
Ap(tk) < —Lkp(tk), k= 1 5D, (34)
p(0) < 0.

Then by condition and Lemma we get p(t) < 0, which implies that

ap(t) < aq(t), for all t € Jp. In a similar way, it can be proved that 51 (t) < Go(t),

for all ¢ € Jy. Now we prove that a;(t) < f1(¢), for all ¢ € Jy. In fact, setting

p(t) = ai(t) — B1(t) and using assumption, we obtain

p'(t) + Mp(t) + N(Tp)(t) + N1(Sp)(t)

= ai(t) = Bi(t) + M(aa(t) — B1(t)) + N(Tau(t) — THi(t) + Ni(Seu(t) — Spi(t))
= f(t, ao(t), (Tao)(t), (Sao) () — alt)ao(t) + Mao(t) + N(Tao)(t) + Ni(Sao)(t)
= f(&, Bo(t), (T'Bo)(t), (SBo)(t)) + a(t)Bo(t) — MBo(t) — N(TBo)(t) — N1(5Bo)(t)

< a(t)(Bo(t) —ao(t)) <0, te o,

and

Ap(ty) = —Lip(te) + Ir(oo(tr)) — I (Bo(tr)) + Lroo(te) — Lifo(te) < —Lip(ti),
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p(0) = a1(0) — 51(0) = /\/Oc(ﬁo(s) — ag(8))ds + ag(c) — Bo(e) < 0.

Again by Lemma[2.5] we obtain p(t) < 0, that is, a1 () < 81(t) for all t € Jy. Thus
we have ag(t) < ai(t) < G1(t) < Bo(t) for all t € Jy. Continuing this process, by
induction, one can obtain monotone sequence {a,(t)} and {3, (t)} such that

ap(t) Sai(t) < S ap(t) < < Bult) < ... Bi(t) < Bo(t), T e o,

where each «;(t), Bi(t) € PC'(J) satisfies and (B.2). As the sequences {a,},
{Bn} are uniformly bounded and equi-continuous, by employing the standard argu-
ments Ascoli-Arzela criterion [I2], we conclude that the sequences {ay,} and {8,}
converge uniformly on Jy with

lim an(t) =y« (1), lim ﬁn(t) = y*(t)'

n—00 n—00

Obviously, y.(t),y*(t) are coupled lower-upper quasi-solutions of ((1.2]). Now we
have to prove that (y.,y*) are coupled minimal-maximal quasi-solutions of problem
(1.2) in segment [cv, Bo]. Let z, z be coupled quasi-solutions of (1.2]) such that

Oén(t) < 'T(t)v Z(t) < 6n(t)7 te JO

for some n € N. Put q(t) = an41(t) — (), for t € Jy. Form definition of a;,41 and
properties of quasi-solution z(t), we obtain

q'(t) + Mq(t) + N(Tq)(t) + N1(Sq)(t)

= f(t, an(t), (Tan)(t), (Son)(t)) — a(t)ou (t) + May(t) + N(Tow)(t)
+ Ni(San)(t) = f(t2(t), (T)(1), (S2)(t)) + a(t)z(t) — Ma(t)
— N(Tz)(t) = N1 (Sz)(t)

< a(t)(z(t) — an(t)) <0, t€Jy,

and
Aq(ty) = —Lrq(te) + (o (tr)) — Ie(z(tr)) + Lpan(ty) — Lyz(ts) < —Lig(te),

q(0) = ap41(0) — 2(0) = )\/Oc(x(s) — ap(s))ds + z(c) — Bn(c) <0.

By Lemma we have ¢(t) < 0 for all ¢ € Jy, that is a,41(t) < z(t). Similarly,
we can prove that z(t) < B,41(t) for all ¢t € Jp.
By induction, we obtain

am(t) <z(t), =z(t) <pBm(t), teddy, formeN.
If m — oo, it yields
v () < x(t), =2(t) <y*(t), te.

It shows that (y.,y*) are coupled minimal-maximal quasi-solutions of problem (|1.2))
in segment [ayg, Bo]- O
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Example 3.2. Consider the problem

t _ 1t 5 (1
v - 0=t =y~ 5 [ e yes -2 [ ys)ds
0 0
S [O,tl) U (tl, 1],
1 1 (3.5)
Ay(t:) = —§y(t1), b = 3
1 1
00~ [ ls)ds = ~y1).
0
where a(t) = —+(1 —e™") <0, I1(z) = -}z, L1 =z and )\ = -1 < 0. Let
flt,z,y,2) = fofNnylz,le,N— le & J =101, c = 1,

k(t,s) = %e (t=%) h(t,s) = 1, then for t € J, z;,v;, 2 € ]R i=1,2, 11 > 9,
A% Z Y2, z1 Z 22,

5
Y1 — yz) - *(Zl - 22)-

ft w1, y1,21) — f(t, 22,92, 22) = — (21 — w2) — 5

A

>

Thus the condition (H2) holds. It is easy to see that ko = 3, ho = 1, k =
$(1—e') and

Wl

h+k+L; =09359 < 1.
Hence the condition (2.4]) holds. Moreover, we have

1 5 1

/ ds</ E / e~ (t=5) gl S)(l—Ll)ds—kg/ (1~ Ly)ds)dr
0 0 0

1

/( + 1—6 )et)dt

0

+

20
T 5427

which implies that the condition (2.11]) holds. Let

(e+e7 —2)=0.8231<0.8889=1— L,

ao(t) = —Z, Bo(t) =21, telo1].

Then ap(t) and Fy(t) are coupled lower-upper quasi-solutions of problem (?7?). In
fact,

ay(t) + a(t)ag(t) = %t(l —e <2+ %t(l —e )

< i n 352 /t te=(t=9) g + ;i/l ds
= f(t, ao(t), (Taw)(t), (S)(1)),

Aa0(1/3) =0< :;% = 7L10&0(1/3)

1
ap(0) — %/0 ap(s)ds = 72 < —=1=—0(1),
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and

B4+ a(t)o() = 1 — (1~ )2~ 1)

1
> -1 Z(l —eh)

_2m 3
12 '8
1 3 15
>t—2——t(3—t)+ ste”t — —
= siB-FgteT -5

o9t te_(t_s) -5 s—§ 1 —s)ds
=t—2 8/0 t (2—s9)d 6/0 (2—s9)d
= [ (& Bo(t), (T'Bo)(t), (SBo)(t)),

ABy(1/3) =0 > —237 = —L15o(1/3)

1
500) 5 [ uls)ds = > = ~aa(0).

Obviously, ag(t) < Bo(t). Thus, all the conditions of Theorem are satisfied,
so problem ({3.5)) has the coupled minimal-maximal quasi-solutions in the segment

[0 (#), Bo(t)]-
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