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EXISTENCE OF SOLUTIONS TO INDEFINITE QUASILINEAR
ELLIPTIC PROBLEMS OF P-Q-LAPLACIAN TYPE

NIKOLAOS E. SIDIROPOULOS

ABSTRACT. We study the indefinite quasilinear elliptic problem
—Au — Apu = a(x)|u|?2u — b(x)|ul*"2u  in Q,
u=0 on 0%,
where Q is a bounded domain in RY, N > 2, with a sufficiently smooth
boundary, g, s are subcritical exponents, a(-) changes sign and b(z) > 0 a.e. in

Q. Our proofs are variational in character and are based either on the fibering
method or the mountain pass theorem.

1. INTRODUCTION

Let Q be a bounded domain in RY, N > 2, with a sufficiently smooth boundary
0. We consider the stationary nonlinear equation

—Ayu—Apu = f(z,u) inQ (1.1)
with Dirichlet boundary condition
u=0 on 04, (1.2)

where p,q € (1,N), Ayu = div(|Vu[P=2Vu) is the p-Laplacian operator and f :
Q2 xR — R is a Caratheodory function.
Solutions to ([L.1)) are the steady state solutions of the reaction diffusion system

uy = div(A(u)Vu) + f(x,u), (1.3)

where A(u) = (|Vu|9=2 + |Vu|P~2). This system has a wide range of applications
in physics and related sciences like chemical reaction design [2], biophysics [12] and
plasma physics [19]. The function u describes the concentration of a substance,
div(A(u)Vu) corresponds to the diffusion with diffusion coefficient A(u) and f(-,-)
represents the reaction.

Equation also arises in the study of soliton-like solutions of the nonlinear
Schrodinger equation

iy = —=Ap — Aptp + f(,9)

which was considered by Derrick [9] as a model for elementary particles.
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When p = ¢ = 2, (1.1)) is a normal Schrodinger equation which has been ex-
tensively studied, we refer to [3] [6] [7]. Recently, the problem when m = 2 # ¢
and

fla,u) =V'(u)
was studied in [4] where it is proved that (1.1)-(1.2) admits a weak solution with a
prescribed value of topological charge. The eigenvalue problem
—Au+V(z)u+e"(—Apu+ W'(u)) = pu
was considered in [5] and the behavior of the eigenvalues as ¢ — 0 was examined.
In [8] the case where m # p and
fz,u) = a(x)|u]"2u — b(z) |u|™2u — c(z) |ulP2u

is studied and a bifurcation result is also presented. A solution is also provided in
[13] under the assumption that

f(z,u) = g(z,u) — b(x)|u|™ ?u — c(x)|ufu (1.4)

where the function g(-,-) does not satisfy the Ambrosetti-Rabinowitz condition.
The C*-regularity of the solutions of problem (I.1)) was shown in [I4]. Constraint
minimization is employed in [20] with constraint functional

[ @t~ c(@)ululdz = »
]RN

when f(-,-) satisfies (1.4), in order to show that (l.1) admits a solution for A\ €
(0, A0), Ao > 0. Sufficient conditions for the existence of two solutions to problem

((L.1) are provided in [I7].

In this article we study the problem
—Au — Apu = a(x)u|??u — b(x)|u|*"2u in Q, (1.5)
u=0 on 0f, (1.6)
where the exponents ¢, s are subcritical and a(-), b(-) are essentially bounded func-
tions, a(-) changes sign while b(-) > 0 a.e. in Q. Our proofs are variational in
character and rely either on the fibering method of Pohozaev [I8] or on the moun-

tain pass theorem of Ambrosetti-Rabinowitz [I.
By symmetry, we will only consider the cases where p < 2.

2. PRELIMINARIES AND MAIN RESULTS

We make the following hypotheses concerning the data of problem —:
(HO) 1 < s,q < 2%,
(H1) a(-) € L*>(Q) and ay := max{a, 0} # 0.
(H2) b(-) € L*>°(Q) and b(z) > 0 a.e. in Q.
We will seek weak solutions in the space
E = Hy(9),

supplied with the norm |jv||g = ||Vvl||2. The energy functional ® : E — R associ-

ated with (1.5))-(1.6) is
1 1 1 1
Do) — L p 1 214 B 2.1
(v) pIIVv||p+ 5 IVollz . (v) + - B(v), (2.1)
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where
A(v) = /Qa(a:)|v|qdz and B(v) := /Qb(x)|v|sdx.

to find nonnegative critical points for ®(-) we use the fibering method. So we
decompose the function u € E as u = rv, where r € R, v € E, and define the
extended functional F(-,-) associated with ®(-) as

Fr) = 0) = L pvelp + o ves - M aw) + Lpe). @)
If u = rv is a critical pomt of ®(+), then we must have
F.(r,v) =0. (2.3)
Clearly, is equivalent to
r?|| Vo3 + rP|[Voul|) = r?A(v) — r*B(v). (2.4)

Let r := r(v) be a positive solution of (2.4). We define the reduced functional
®(v) := ®(r(v)v), v € E, which, in view of (2.4), has the following equivalent
expressions

1 1 1

©) = (5 = DIVOl +1C = DAW) +1°(5 ~ DIBE)  (29)
=110 = DIVl + G = DIVelE+r°(C = DB (26)
= = DIVl +r2 G = DIVl +17C = DAw) @)
= = DIV +(G = DAW) (S — 5)BE). (28)

The fibering method is based on the following fact.

Lemma 2.1. Let H : E — R be a functional which is continuously Fréchet-
differentiable in E\{0} and satisfies the conditions:

(H'(v),v) #0 if Hv)=1
and H(0) = 0. If v # 0 is a conditional critical point of ®(-) under the constraint
H(v) =1, then u := r(v)v is a nonzero critical point of ®(-).
For more details we refer to [I1]. The constraint functional we are going to use
is
H(v) := [ Voll§ + [[Vll3
which clearly satisfies the two conditions in Lemma Let
St:={veE:H({) =1}
Note that, because of assumption (Hy), the set
Gr:={veE:Av)>0}
is nonempty.

We distinguish the following cases:
Case 1: ¢ < min{p, s,2}. We will work as in [15, [16]. From (2.4) we see that

P4 Vollf 4 27 Volf + 7B (v) = A(v), (2.10)
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which admits a unique solution r(v) > 0 for every v € G;. It is easy to check that
r(v)v = r(kv)kv for every k > 0. The implicit function theorem, see [2I] , shows
that r(-) € C1(G1). If v € S* then the Holder inequality implies that ||Vv||3 > 6 for
some 6 > 0 and so, by (2.10), r(-) is bounded on G1 N S* because A(-) is bounded
on S! by the Rellich theorem. Consequently, <i>() is bounded on Gy N St. Let
M= inf &u).
u€G1NS?t

By , M < 0. Suppose that {v,,} is a minimizing sequence for <i>() in Gy NS
Then, at least for a subsequence, we have that v,, — © weakly in F, and so we
may assume that A(v,) — A(0) and B(v,) — B(0). Exploiting the weak lower
semicontinuity of the norms we get that

0 < [[Vo]j3 < liminf [Vu,[3, 0 < [[VO[? < liminf || Vo,|?.
Since {r(vn)}nen is bounded we may also assume that r(v,,) — 7. Therefore,
®(70) < liminf ®(r,v,) = M <0,
implying that 7 > 0 and ¥ # 0. On the other hand, by

F(02)" V0L 4 7(00)2 [ Vonll3 + r(0a) U B(on) = Alwa).  (211)
By taking the limit as n — +o00, we obtain
0 < #79|Vo|P + 779 Vo5 + 7 1B(0) < A(D), (2.12)
which implies that © € G;. In view of ,
r(©)P7Vo|} +r(0)* 7 Vo3 + r(0)* 1 B(2) = A(0), (2.13)

and so (2.12)) shows that # < r(0 ). If we assume that 7 < r(0), then, since the
function t — ®(t0), t € (0,7(0)), is strictly decreasing, we have

(D) = (r(0)0) < B(70) < M. (2.14)
Then
b( ) = (o) = M
0]l 2 ’
a contradiction. Therefore, # = r(0). Then, by (2.11) and ([2.13]),
Jim {[[Von ]+ r(0n)* P Vua 3} = [IVOI5 +r(0)* 77| Vo3, (2.15)

which implies that [|[Vo, [} — VO[5 and ||[Vu, |3 — [[V0]3. Consequently, © €
S' and ®(0) = M. Since || is also a minimizer of ®(-), we may assume that & > 0.

Lemma implies that w := r(0)0 is a solution to (1.5)-(1.6). By [14], Theorem 1],
u € C10(Q) for some & € (0,1). Therefore we have the following result.

Theorem 2.2. Assume that (HO)-(H2) are satisfied and ¢ < min{p, s,2}. Then
(T.5)-(T.6) admits a non-negative solution u € C*°(Q) for some § € (0,1).

Case 2: p<g<2<s. Let
Q(r,v) :=rTPA(v) — r* PB(v) — r*7P||Vul|3. (2.16)

Then ([2.4)) is equivalent to
Q(r,v) = [[Vull}. (2.17)
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We see that for v € G the function Q(-,v) has a unique critical point 7, := r,(v)
satisfying

(@ = D)AW) = (5 = p)rs(v) B (v) + (2 = p)rs(v)* || V3. (2.18)

In view of (2.16)), we get the following equivalent expressions for (2.18)), that will
be needed in the sequel,

Q- (0).0) = =2 )P A@) + o () TB), (219)
Q. (0),0) = T2r. (o) PAW) + S PO, (220)
=279, (v)*PB(v 2_qr v)* 7P| V|3
Qr(v).v) = = @) 7 BE) + = @) VO @21)
Let
Gy :={v e G |Vulf <Q(r(v),v)}. (2.22)

Equation (2.17) has two positive solutions ri(v), r2(v) with ri(v) < r(v) < ra(v)
for every v € Gy. Let 7 := ro(v). Then

rPIQ(r,v) = (¢ = p)A(v) = (s = p)r* T B(v) — (2 = p)r® 7| Vul3,
which, combined with (2.18)), gives
rPmQ(r,v) = (2 = p)[Vol3(riT = 79 + (s = p) B(v) (ri7 1 = r°79) < 0.

By the implicit function theorem r(-) is continuously differentiable. Let

Gs:={veG :||Vu|P < g;:;’)r*(v)“%(v)} (2.23)

and assume that G3 # ). Since ¢ > p and r(v) > r.(v), we see that G35 C G and
so Go 7é 0. fv e G3, then

P P274, (yary 2.24
IVolly < 53—, =) " Aw), (2.24)
and so
p P24 =P A
IVullp <, 5=, r@* " Aw).
Thus

- —2
Ly volz + qTr(v)qA(v) <0. (2.25)
By (2.25)) and (2.8) we conclude that
A 1 1 1 1
b P22 P (=~ DA .
©) <77 = DIVl +77(5 = DAw) <0

On the other hand, if v € Go N S, by (2.10))

7ﬂ0§Qé%Efﬂ%w

and so 7(-) is bounded on G5 N S'. Consequently, ®(v) is also bounded on G, N S,
Let

: (2.26)

M:= inf ®(v)<0.
vEGaNST
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Suppose that {v;, }nen is a minimizing sequence in G5 N St. Then there exists © €
E such that, at least for a subsequence, A(v,) — A(0), B(v,) — B(0),

0 < ||VD|2 < liminf ||Vu,|l2 <1,

0 < ||V, < liminf ||V, ||, < 1.
We must have ¥ # 0 because, otherwise, 0 = ®(0) < liminf,,_ o, ®(r(vy)vn) = M,
a contradiction. Since {r(vy)}nen is bounded and r.(v,) < r(v,), n € N, we may
assume that r.(v,) — 7. and r(v,) — 7 > 0. If A(D) = 0, then, by (2.26), we
obtain that 7 = 0 which is a contradiction. Thus, A(?) > 0 and so 0 € G;. Also,
7« > 0 by (2.18). We claim that © € G3. Indeed, by (2.17)),

Vol < limsup [[Vop[[; < limsup Q(r+(vn), vn)
n—oo n—oo

< limsup{r.(v,) T PA(vy) — re(vn) P B(vy,)} — liminf r, (v,)27P||Vu,||3

n—oo

< FIPA(D) — 7P B(D) — 7P| VO3 = Q(Fs, 0),

(2.27)
implying that
Vol < Q(r«(0), D). (2.28)
If we assume the equality
Vol = Q(r«(9),0), (2.29)
then by using for v = v, and passing to the limit as n — 400, we obtain
IVolly
< limsup ||[Vo, |5 < limsup Q(r(vy), vy)
e " (2.30)

< limsup{r(v,) P A(vy) — 7(6,)" P B(v,)} — liminf r(v,)2 7| Vo3

n—oo

< FITPA(D) — FTPB(D) — 7P| VD3 = Q(F, D).

In view of ([2.27), (2.29) and (2.30)), we conclude that 7 = 7, = 7,(0). On the other
hand, by replacing v by v, in (2.18) and passing to the limit we obtain

(@ = P)A(©) 2 (s = p)r(0)*T1B(0) + (2 — p)r« (0)* 7| VO[3
Since 7, (0) satisfies
(a = p)A®) = (5 = p)rs(0)°*"*B(0) + (2 - p)r.(0)°~7|| VO[3,

we deduce that ||Vv,||3 — [|[VD[]3 and

(@ —p) A(D) = (5 = p)r(0)°T9B(0) + (2 — p) 7..(0)* || VO 5. (2.31)
Thus,
~ S—P s ~ 2-p_o <112
A(D) = —=7"1B(0) + —=7"1||VD||5. 2.32
(0) - (0) - Vo2 (2.32)
On the other hand, (2.5)) and (2.32)) imply that
(s —q)(s—p)

M = lim ®(v,) =

7 B(D) +
n—00 pgs

(2—p)(2_Q)~2 ~ 112
————=7°||Vo||5 > 0,
oy VO3

a contradiction. Therefore, 0 € G5 proving the claim. We shall show next that
7 =r(0). Let t > 0 be such that to € S*. Since for t > 0

1 ()0 = 7,(0)D, (2.33)
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by ([2.17), (2:23) and , we have
||VU||£ < Q(r*(v),v) = Q(tr«(t0),0) = t7PQ(r.(t0), D).

Thus
[tVO[) < Q(r«(tD), t0),
which implies o € G2 N S'. Furthermore, by ([2.17), r(t0) satisfies
Q(tr(to), v) = ||Vo[} = (7“(17)717)’ (2.34)
which gives
tr(to) = r(0). (2.35)

In view of (2.30),
Q(r(0),0) = [[Vol} < Q(F, D),

implying that 7 < r(). If we assume that T < 7"( ), then, since the function
z — ®(z0) is strictly decreasing in (7, 7(0)), by (2.35)) we obtain

M = linnligfq)(r(vn)un) > O(70) > @(T(U)v) = ®(r(td)to) = d(tv),

which is a contradiction. Thus 7 = r(©). Then (2.15) holds, and so © € S and
®(0) = M. As in the previous case we may assume that © > 0. Lemma implies

that u := r(0)0 is a solution to (|1.5])-(1.6).

Therefore, we have proved the following result.

Theorem 2.3. Assume that conditions (H0)-(H2) are satisfied, p < ¢ <2 < s and

the set Gz defined in (2.23)) is not empty. Then the problem (1.5)-(1.6) admits a
non-negative solution u € C1°(Q) for some 6 € (0,1).

Remark 2.4. We will now give some conditions which guarantee that Gz # 0
Suppose that suppa +) C suppb). Then there exists v € S! such that B(v) > 0

Since . (v)2~7 < r(v)?*79, (2.18) yields

(g = p)A() < (s = p)r(v)* 1 B(v) + (2 = p)r(v)* || Vo3, (2.36)
e (v) [Vl
s—q q_pAU _2_p 2—¢q VUQ
re(V)’ 71 > s—pB) s_pr(v) Blv) -
Consequently,
2 —

e ()

2-p , (2.37)
p2—gq (q —pA) 2 P ()2 ||Vv||2)(f1*p)/(sfq)A 9
q2-p\s—pBv) s—p B(v) '

On the other hand, (2.10) implies that
A(v)\ 1/ (5-9)
< .
(v) < (B(U)) : (2.38)

which combined with (2.37)) gives
p2—qrq—pAL) 2—-p o IVul3\@r)/ (=)
- - — A
CI2—p<s—pB(U) s—pr(v) B(v) ) v
P2—4q (q -pAw) 2-p (A(U)><2—q>/<s_q> HW”§>%A(U)
q2—p\s—pBv) s—p\B(v) B(v)




8 N. E. SIDIROPOULOS EJDE-2010/162

If a*(-) is large enough then

p2—-qrq—pA) 2-p —a)/(s— Vo2 \(@—p)/(s—q)
pRd(122 20 220y yeoven T Y Aw) > Vo,
q2-p\s—pB(v) s—p B(v)=it

(2.39)
implying that v € Gs.

Suppose now that (suppa™)\supp b))o # (. Then there exists v € S' with
B(v) = 0. From (2.18)) we see that

_ (1=p Alv) \VE9
w0 () =

and so

P24, (i a@) = P21 (q —p A(v) )<q—p)/<2—q>A(

q2— Cq2-p\2—p[[Vul}
Consequently, if a*(+) is large enough,
p2—q<q—p>%A 2=r 2(2-p)/(2-0)
Lk Y G V)T > ||V , 2.41
2 p\a =, (v) Vol (2.41)

implying that G, # 0.
Case 3: p < s < g < 2. In this case we define

Q(r,v) :=rTPA(v) —r*"PB(v) — r27p||VvH§.
Let v € G1 and assume that B(v) > 0. For r > 0 let
F(r,v) :=rP75Q(r,v) = r7*A(v) — B(v) — || Vv||3r*~*. (2.42)

Then, F(0,v) = —B(v) < 0 and lim, ;o F(r,v) = —oco. It is easy to see that
F(-,v) attains its maximum at

_ qg—s Av) \V/2-9)
(v) = (2 — ”W”%) (2.43)
with
F(7(v),v) = ;%‘Sffq—m(u) — B(v). (2.44)

Consequently, Q(r,v) > 0 for some r > 0 if and only if F(7(v),v) > 0, and this

holds if
2 — s B(v)

P(v) > #(v) = (5= p M)U(H)' (2.45)

Suppose that (2.45) holds. Then it is easy to see that the function
1= P Qu(rv) = (g = p)r T A(v) = (2 = p)lIVul3r(v)* T = (s = p)B(v),

has two positive roots r1,(v) and ro.(v) with ri.(v) < re.(v). Clearly, r1.(v) is
a point of local minimum of Q(.,v) while ro.(v) is a point of global maximum of
Q(.,v). Define r,(v) := ra.(v). We claim that

7(v) < ry(v). (2.46)

Indeed,

r*PE.(r,v) = Qr(r,v) + (p — S)Q(:U)’
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and since F,.(7(v),v) =0 and Q(7(v),v) = 7(v)* " PF(F(v),v) > 0 we get

Q(r(v),v)
(v)

>0,

Qr(F(v),v) = (s = p)

=3

proving the claim.
Next, let v € G and assume that B(v) = 0. Clearly Q(-,v) attains its maximum

at
qg—p A(v) \1/(2-a)
re(v) = —— 2.47
© =Gy wr) 247
with
9 _
Qr.(v),v) = 5= Zr*(u)q—m(u). (2.48)
Since 7. (v) satisfies the equation Q,(-,v) = 0, that is
(¢ = p)A@W)re(v)?™° = (s = p) B(v) + (2 = p) | Vol5r. (v)* %, (2.49)
we have that
qg—p A(v) \1/2-9
re(v) < ( — . 2.50
© = (55 TouR) (250

If v € G5 and the condition is satisfied, then has two positive solutions
r1(v), r2(v) with r1(v) < r.(v) < ra(v). Define r(v) := ra(v). Since Q,(r,v) < 0
for all 7 > r,(v), by the implicit function theorem, r € C*(Gz). We will assume
that the set

Gii={veG:||VulE < §§j;<§§ —r(u)" T A®) — B)F(v)* "} (2:51)

is not empty. Thus,

B q2—sB(U)>1/(q—3)
> =
() (s 2—qA(v)
We will show that G4 C Gz. Indeed, let v € G5 and assume first that B(v) > 0.
’]ilhen7 since 2, g:; and £ are less than 1, (2.42), (2.44), (2.46) and (2.51)) imply
that

[Vollb < (ggf(v)q%/l(u) - B(U))f(v)sfp
- (; —17(W)"" W) ~ B) ()

= F(r(v),v)7(v)*™" = Q(F(v), v)
< Q(T*(U)7U),
and so v € G3. Next, let v € G4 and assume B(v) = 0. Then, from (2.46)),

Vol < 3270y Aw) < 5= (01" Av) = Q). 0).

which shows that v € G. Notice also that G4 NSt # ). Since 7#(v) < r.(v) < r(v)
for any v € G4, we get

pP2—s5/s2—q _ B
p & Z q—s _ s—p
IVollz < SQ_p(qQ_Sr(U) A(v) = B))r()*,
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which, in view of (2.8), implies that ®(v) < 0 for v € G4, On the other hand, if
v € Go N SL, then (2.10) implies that

A(v) )1/(2—Q)

r(v) < <W : (2.52)

and so 7(-) is bounded on Gy N S'. Therefore ®(v) is bounded on Gy N S, Let

M:= inf &) <0.
veEG2NS?T

Suppose that {v,}nen is a minimizing sequence for @() in Go N S'. Then, there
exist 0 € E such that, at least for a subsequence, A(v,,) — A(D), B(vy,) — B(0).
We must have 0 # 0 because, otherwise, 0 = ®(0) < liminf,, . ®(r(v,)v,) = M,
a contradiction. Since {r(v,)}nen is bounded we get r(v,) — 7, and r.(v,) — 7.
On the other hand, 7 > 0 because M = liminf,_ i)(vn) < 0. If we assume that
A(D) = 0, then, by (2.52)), we should have 7 = 0, a contradiction. Thus, 0 € G;.
Also, by and ([2.46|), we have

P> > (0) = (E:Zig)l/@—”. (2.53)

We will show that © € G5. Indeed, if not, then, as in proof of the previous Theorem,
7 = T« = r(0) where 7, (0) is the point of global maximum of Q(-, ¥) which satisfies

(a = p)A(©)r.(0)77° = (s = p) B(D) + (2~ p)||VOl[37.(0)* "

Consequently, by passing to the limit in (2.49)), where we have replaced v by vy,
n € N, we get ||Vu,||3 — ||VD|%, where

(¢ = P)A(D)F1™° — (s = p) B(0) = (2 — p)||VO|[37*". (2.54)
This, however, leads to a contradiction since, (2.5)), (2.54]) and (2.53)),

M = lim &(v,) = (q_l;)p(;_q) (fq‘sA(f)) - g8;——)7:514(@) > 0.

Therefore, 0 € G2 as claimed. A similar reasoning as in Case 2 shows that 7 = (7).
Finally, by passing to the limit in we conclude that © € S' and Cf’(@) =M.
Lemma [2.1] implies that u := r(0)0 > 0 is a solution to (L.5)-(L.6). Therefore, we
have the following result.

Theorem 2.5. Assume that (HO0)-(H2) are satisfied, p < s < g < 2 and the set G4

defined in (2.51) is not empty. Then (1.5) -(L.6)) admits a non-negative solution
u € CH9(Q) for some 6 € (0,1).

Remark 2.6. We will now give some conditions which guarantee that G4 # 0.
Suppose that suppa®™ C suppb. Then there exists v € S such that B(v) > 0.



EJDE-2010/162 EXISTENCE OF SOLUTIONS 11

From (2.43) we obtain
P2—4q_ . \4p p2—s s
Ll Aw) = £ B P
L AW — L =2 Bw)r(w)
_ ]327(1(1173 A(v)2>(q—p)/(2—Q)A B EQ—sB(U)(qfs A(v)z)(s—p)/(Q—Q)
q2-p\2—s5||Vv|3 s2-p 2—s|Vul3
:QZ—q(q—s 1 )(qu)/(qu)A v)%“
q2-p\2—s|Vul3
p2—s q—s 1 (s—p)/(2—q) s=p
-2 —Bw)( ) v)F,
s2—p 2—s||Vv|3

If we assume that
2 — — 1 (¢—p)/(2—q) a—p
q2-p\2-s|Vv|3
p2—s g—s 1 (s—p)/(2—q)
- s( o)
sa—p TSl
then v € Gy4. Tt is easy to see that if a™(-) is large enough then (2.55)) is true.

(2.55)
A(w)oP/ =0 > Vo,

On the other hand, suppose that (suppa®)\suppb))” # 0. Then there exists
v € Gp with B(v) = 0. From (2.43) we obtain

p2— qF(/U>q—pA(/U) _p2—g (q —s A(v) )(qu)/(2*q)A(U)

q2—p T q2-p\2—s|Vol3
:32—q<q—s 1 2)(q—p)/(2—q)AU e
q2-p\2—s|Vu|3
If we assume that
p2—gq (q -5 1 )(q—P)/(Q—Q) a=p 41
- A(v)2=aT > ||Vu|?, 2.56
ol Cam (v) 170l (2:56)

then v € G4. Note that if a*(-) is large enough then ([2.56) holds.
Case 4: p < 2 < g < s. In this case we make the additional assumption:

(H3) b(z) > bo >0 a.e. in Q.

Let
Q(r,v) := rq_QA(U) — rs_QB(v) — Tp_2HVU||g. (2.57)
Then ([2.4)) is equivalent to
Q(r,v) = || Vv|j3. (2.58)
For every v € G; the function Q(-,v) has a unique critical point r. := r.(v)
which corresponds to a global maximum with
(¢ —=2)rIPA(v) + 2 = p)l| Vol = (s = 2)rI " B(v). (2.59)
Thus,
q—2AW),
«(v) > s=a, 2.60
ni) 2 (g 5™ (260)
On combining (2.57) with (2.59)) we get
QUra(v),v) = 5= re (V)" A(w) = 5= ra(v)*B(v) (2:61)
s—q _ 5—p _
== 2r*(v)q 2A(v) — — 2r*(v)p 2||Vv||§. (2.62)
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Let ~
Gy :={v e Gy :[[Vu]3 < Q(r(v),v)}.
Clearly, if v € Ga, then (2.4) has exactly two positive solutions r;(v) and ro(v)
with 71 (v) < r«(v) < ra2(v). As before, let 7 := ry(v). Since
r?IQ(rv) = (4= 2)A(v) — (s = 2)r* T B(v) — (p — 2)r" 7| Vo,

in view of (2.59)), we obtain
P TIQu(r ) = (s = 2)Bu) (7T — 79 + (2= p) [ Vol (P = 177) <0,
which implies that r(-) is continuously differentiable. We now define

2s—q

2 —
G5::{UGG1:||VUH§<§ A)r, (v)2 = 22 7P

s —2 ps—2
and assume that G5 # 0. Since % < 1 and ]% > 1 we see that G5 C ég, and so

Gy # 0 as well. Furthermore, G5 NSt # @ because r satisfies (2.35). If v € G35,
then by (2.63),

IVllpr.(v)'=2}, (2.63)

2s-p

2s5s—q
e — | a-2 b P2, 2.64
Vol < Z2—FA)r)? - 2 2B vulzro) (264
On the other hand, (2.7) and (2.64) show that
1 1 1 1 1 1
p(Z _ P 2(Z _ 2 9= _ VA
(5 = DIVulp+ 72 = DIVel+ 176 = DAw) <o,

and so ®(v) < 0. We claim that 7(-) is bounded above on G N S'. Indeed, from

(2.10) we have

(o) < (e, (2:65)

while hypothesis (H3) implies
A(v) < eB(v)4/® (2.66)
for every v € E and some ¢ > 0. At the same time if v € G, then for some 6 > 0,
0 < ||Vl < g:gr*(y)HA(v) < ;’%pr(u)ﬂA(v). (2.67)

From (2.65)) and (2.67) we deduce

q—7p/A)\@=2)/(s=9)
A 2.68
2—p (B(v)) (2.68)
Next, by using (2.66]) and (2.68)), we have
0 < g:pci%iB(v)%, (2.69)

and so B(-) is bounded away from 0. The claim is proved by reverting to ([2.65)).
Accordingly, ®(v) is also bounded on Go N St. Consider the variational problem
M= inf ®(v) <0
Gaonst
and assume that {v,}nen IS @ minimizing sequence in Gy N S!. Since {Un}nen is
bounded, there exists © € F such that, at least for a subsequence, A(v,) — A(0) >
0 and B(v,) — B(0). By (2.69), 0 # 0. We may also assume that r.(v,) — 7«
and r(v,) — 7. Clearly, 7 > 0 since M = liminf, o ®(v,) < 0. On the other
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hand, A(0) > 0 because, otherwise, this would imply 7 = 0. Furthermore 7. > 0
by (2.60). We claim that 0 € G5. Since

Vo3 < hmsup V0,13 < limsup Q(r«(vn), vn)

n—o0

< hmsup{r*(vn)q 2A(vy) = 14 (vn)*2B(vn)}
- (2.70)
—lim inf 7, (v,)P 72| Voy|?

< FTA®D) - B T2B(0) — 772 VO )R = Q7. ©),

we see that

Va3 < Q(re(9), ). (2.71)
We shall show that strict inequality holds. Indeed, let us suppose

Va3 = Q(r.(9), ). (2.72)

Since 7 > 0, by applying (2.58]) for v = v,, and passing to the limit, we also obtain
IVol3 < limsup [|Vo,[|3 < limsup Q(r(vn), vn)
n—oo n—oo

< limsup{r(v,)? 2 A(vy) — r(v,)* 2 B(v,)}
— lim infr(vn)”*zl\anIIZ
< FI2A(D) — 7 T2B(0) — 72| VoL = Q(F, D).

Consequently, by (2.70), (2.72]) and (2.73)), we should have 7 = 7, = 7,.(0). On the
other hand, by replacing v by v,, in (2.59) and passing to the limit we obtain

(¢ =2)r(0)7PA(0) + (2 = p) VO[] < (s = 2)r.(0)" " B(0).
Since 7. (0) satisfies

(¢ =2)r (V)7 A(0) + (2 - P)HVUHP— (s = 2)r.(0)* P B(0),
we deduce that [[Vu,|[h — [[V3||P where, by (2 [2:59),
—2

-2 2 —
L=FA®) + | Vol =

Then, ) and - 2.74]) yield

Coao v 2=p)=D) piomp, @—2) (=) 4,0
M = nh_)rréo d(vy,) = TT‘ VoD + TT A(D) >0

7 B(D). (2.74)

which is a contradiction. Therefore, & € Go as claimed. A similar reasoning as in
Case 2 shows that 7 < r(0). If we assume that 7 < r(0), then, since the function

0
P(z) = 5@(«2@) = {|IVol; - Q(z,0)}, (2.75)
is strictly negative for z € ( ), by (2.35) we obtain
M = lim inf@(r(vn)vn) > <I>(ff1) > ®(r(0)0) = ®(r(t0)td) = d(t0),

n—oo

contradicting the definition of M. Consequently, © € S* and () = M. Therefore

u = r(0)0 is a solution of (1.5])-(1.6).

Thus, we have proved the following result.
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Theorem 2.7. Assume that conditions (HO)—(H3) are satisfied, p < 2 < ¢ < s and

the set G5 defined in (2.63)) is not empty. Then (1.5))-(1.6)) admits a non-negative
solution u € C1°(Q) for some § € (0,1).

Remark 2.8. We will present a condition which guarantees that G5 # (). From

259,

(ﬂ A(v) YD < (o),

s—2 B(v)
and so
2 Ay (w) = 2229w,
qs—2 - ps—2 pr
2s—q qg—2A(w)\@=2/(s—a) 2s5—p q—2A(v)\ =0
= A= LT
“gs—2 () s —2B(v) ps—2” vl s—2B(v)
25—q/q—2\(a-2)/(s-9) B B 3 3
== A(0) 572/ (5=0) B(,))2—2)/(s—q)
qsz(sz) (v) (v)
2s5—p q—2)§%§ » 2-p p=2
_ = B(v)s=d A(v)s—a.
s (53) T Ivel B A)
Since ‘;:3 > ’S’:z, G5 # 0 for a™ () large enough.

Case 5: s < p < g < 2. In this case we define
Q(r,v) :=r7PA(v) — r* PB(v) — r27P||Vul|2.

For v € G1, Q(-,v) has a unique critical point r, := r.(v) which corresponds to a
global maximum and satisfies

(q=p)ri*A(v) + (p = ) B(v) = (2 = p)ri*||Voll3 (2.76)

and
2—s

2—p

Qra(v),v) = 2 L ()17 AW) - 3 (o) T B().

2
From ([2.76)) we get

—-p A 1/(2—q)
ra(v) > (u (v)z)
2-p|IVoull3
Clearly, if v € Gy then (2.16) has exactly two positive solutions r(v), r2(v) with
r1(v) < re(v) < ro(v). We set r := r(v) to be the greater solution. We have

rP7Qu(r,0) = (g = p)A(W)rT™ — (s = p)r* ?B(v) — (2 — p)[| Vw3,
which, on account of (2.76), yields
P71 Qr(rv) = (¢ = p)AW)(r"? = r87?) + (p— 5)B(v)(r*? —ri7%) < 0.

Therefore, r(+) is continuously differentiable. Let

(2.77)

p2—s

Goi= {ve Gy Vol < L2 r oy a) r(OBL) (273)

q2
and assume that Gg # 0. We immediately see that Gg C G, since % < 1 and so
Gy # 0 as well. Moreover, Gg NSt # () and <i>(v) < 0 for any v € Gg. Indeed, since
r(v) > re(v), by (2.78) we get
p2—s

p2—gq _
Vol < =2—Zr(v)? P A(v) — =
[Vollp qz_pr(v) (v) s3-p

;2fp

r(v)*"PB(v). (2.79)
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At the same time, (2.8) and ([2.79) yield

2 - -2 2 —
qupHVng + TQ%A(U) +r 2 B(v) <0,
which proves the assertion. Next, because 2 > ¢, (2.26)) shows that r(-) is bounded
above on G N S*. Consequently, ®(v) is also bounded on G N S!. Consider the
variational problem

M= inf ®(v)<0.
vEGaNS?T

If {vy }nen is a minimizing sequence in Go N S! then, there exist © € E such that,
at least for a subsequence, A(v,) — A(D) > 0 and B(v,) — B(0) > 0, while by
(2.9) we get

0 < [|[V9]3 < liminf | Vu,[|3 < 1.

Since r(-) is bounded on Ga N S we may assume that 7, (v,) — 7. and r(v,) — 7.

Again 7 > 0 because, otherwise, M = liminf, ., ®(v,) = 0, a contradiction. We
also have that A(0) > 0, because, if we assume the contrary, (2.17) yields

r(0a)* 7| Vunll3 < Avn),
and by passing to the limit,
779 Vo|)3 < Hminf(r(v,)* || Vo,|3) < lim A(v,) = A(D).
Thus, 7 = 0, a contradiction. Furthermore 7, > 0 due to (2.77). We claim that
U € Gg. Indeed, if not, then, by applying the same arguments as in the proof of Case

2, we would have 7 = 7, = r,(0), while, along a subsequence, ||[Vv,||3 — ||[V0|3

where, by (2.76)

— 9 _
P35 p(o) = —ppf2||Vf;H§. (2.80)

2p
Then (2.5) and (2.80) yield

M= lim d(vy,) = (q_";)pf_q)fmw) + (p_‘;)p(j_S)fSB(@) > 0.

Therefore, 0 € G as claimed. A similar reasoning as in Case 2 shows that 7 = r(0).
Finally, by passing to the limit in we rederive @ which implies that v €
S' and ®(0) = M. Thus u := ()0 is a solution to (L5)-(T.6).

Therefore we have proved the following result.

Theorem 2.9. Assume that conditions (HO0)—(H2) are satisfied, s < p < ¢ < 2 and

the set G defined in (2.78) is not empty. Then (L.5)-(1.6) admits a non-negative
solution u € C1°(Q) for some 6 € (0,1).

Remark 2.10. We will give some conditions which guarantee that Gg # 0. Sup-
pose that suppa™) C suppb). Then there exists v € S! such that B(v) > 0. From

([276)
/(2—5)
p—s B(v) )1
< re(v), 2.81

<2—p||w|3 < lv) (281)
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and so, in view of (2.81]),

2 — 92 _
Loty Aw) - B ) B
- prq(qu A(v) )(q—p)/(2—s)A prs(pfs B(v) >(s—p)/(2—s)
q e v
T q2-p\2-p|Vu|3 s2—p\2—p |Vl
2—qrq—p 1 \@—p)/@2=9) L
> () AW
q2—p\2—p|Vvl3
__22-—S(p——s 1 >@_m/@_ﬂfﬁv)@fM/@fﬂ.
s2—p\2—p| Vo3
Note that if
p2—q(q—p 1 >(q—p)/<2—s) )%,H
g2 —p\2—p| Vo3 v o)
p2—s/p—s 1 (s—p)/(2—s) 2-p :
ol ||w||%) B(v)#= > [V,

then Gg # 0. It is clear that if a™(+) is large compared to b(-) then (2.82)) is satisfied.

Suppose now that (suppa®)\suppb))® # 0. Then there exists v € S! with

B(v) = 0. From (2.76) we have

q—p A(v) 1/(2—Q)_r v
G @ 2

and so, in view of (2.83]),

P2—q _ p2—qrq—p Av) \(a—p)/(2-9)
Bty wyrra() = 2222 (12 ;) A(v)
42— p 42— p\2—p[Vol3
p2—qrq—p 1 (q—p)/(2—q) 2-p
=il ;) ().
q2=p\2-p|Vul3
If we assume that
prq(qu 1 )(q—p)/(Q—q) 2-p 9
- A(v)z=d > ||Vv||3,
i Gy ) F > Vi3
we have
2=p  q2—p/q—p\P-D/(2-9) 9
Av)z=a > —o—(— 2.84
()= > T (5—) IVol3, (2.84)

and so if a™(-) large enough the condition ([2.84) is valid implying that Gg # 0.
Case 6: s < ¢ < p < 2. In this case we assume that the following condition
holds:

(H4) V := (suppa™\ suppb)® # 0.
We define
Q(r,v) :=rTPA(v) — r* PB(v) — r*7P||Vul|3. (2.85)
Let v € Gy. If B(v) = 0, the equation has a unique solution r(v) > 0,

while if B(v) > 0, the function Q(-,v) has a unique critical point 7. := r,(v) which
corresponds to a global maximum and satisfies

(p—35)B(v) = (p — Q)ri>A(v) + (2 = p)rZ~*|Vl3. (2.86)
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Clearly, if v € Ga, then (2.4) has exactly two positive solutions r1(v) and r9(v)
with r1(v) < re(v) < ro(v). Let r := r(v) be the unique solution of (2.4) in case
B(v) = 0 or the greater solution 74 in case B(v) > 0. Note that, if B(v) > 0 then

P Q(rv) = (g = p)A()rTT — (s = p)B(v) — (2 = p)r* ¥ Vo3
and so, in view of , we obtain
P Q(rv) = (p— ) AW) (1T = rT70) = (p = 2)|Vu|3(rE 70 = 2 7) <0,
while if B(v) = 0, then
rPQr(r,v) = (g = p)A(v)r? = (2= p)[[Vol3r® < 0.

Thus r(+) is continuously differentiable by the implicit function theorem. We now
define

Gr={veG,:Bw)=0}U{veG:B)>0and [[Vu|} < Q(r.(v),v)}.

In view of (H1) and (H4), we see that G7 # 0 since for any v € E with suppv C V
there holds A(v) > 0 and B(v) = 0. We claim that G7 is open. Indeed, let 0 € Gy
and assume that there exists a sequence {v,}neny C E\G7 with v,, — 0 strongly
in E. Suppose, without loss of generality, that B(?) = 0 while B(0) > 0 for every
n € N. Therefore,

[Vup b > Q(r«(vn), vn) for every n € N. (2.87)
Since A(0) > 0, on account of (2.86)), «(v,) — 0. Combining (2.86) and (2.85) we

obtain )
S q_pA B - S 2—p 2
e (i A

q—
Q(ri(v),v) = oo
and so lim, o Q(r«(vy),v,) = 400, contradicting (2.87). It follows from (2.4)

that r(-) is bounded and so ®(:) is also bounded on G7 N S1. On account of (2.5)
and (H4), M < 0.
Consider the variational problem

M= inf &)<0
veEG2NS?T

and assume that {v,},en is a minimizing sequence in Gy N S'. Then there exists
U € E so that A(v,) — A(0) >0, B(v,) — B(0) > 0 and

0 < [|[Vo|2 < liminf |V, || < 1.

Furthermore, r(v,) — 7 for a new subsequence. In particular, ¥ > 0 because if
7 = 0 then, by (2.5)), M = lim,_. ®(v,) = 0; a contradiction. We claim that
A(D) > 0. Indeed, from (2.10) we have

||an\|§7”(vn)p_q < A(vn),
and by passing to the limit,
IV8(2r(0) % < limin [ Vo, [2r(0,)7~7 < i A(va) = A().
Thus, if A(0) = 0 then 0 = 0. However, this leads to a contradiction because by

(2.2)), we should have 0 = ®(0) < liminf, .. ®(r(v,)v,) = M.
We shall show next that 0 € G7. Let us assume that B(0) > 0. Since

(p—8)B(va) = (p — @)ri " A(vn) + (2 — p)ri™*|| Va3,



18 N. E. SIDIROPOULOS EJDE-2010/162

we see that the sequence {r.(v,)}nen is bounded. Thus, up to a further subse-
quence, 74(v,) — 7. > 0. As before, 7 = 7. = r.(0). On the other hand, by
passing to the limit in (2.86) we see that ||Vv,[|3 — ||[V||3 and

NPT gmsi a1 2T s o2
B(%) = a A =2 .
(0) P (0) (v)+p_8m (@)IVol3
Thus,

. 2 _5)(2 — _ _
M= lim b)) = E7IC TP oyg2 4 jag) U0 =)
n—oo 2ps psq
which is a contradiction. Therefore, © € G7 as claimed. On the other hand, if
B(0) = 0 then it is obvious that ¥ € G7. Working as in Case 2 we are lead to the

following result.

Theorem 2.11. Assume that conditions (HO0)-(H2), (H4) are satisfied and s <
q<p<2 Then ([LE)-(1.6) admits a non-negative solution u € C*(Q) for some
6 €(0,1).

Case 7: p < g < s < 2. In this case we define
Q(r,v) :=rTPA(v) — r* PB(v) — r*7P||Vul|3.

We see that for v € G the function Q(-,v) has a unique critical point r, := r,(v)
satisfying

(4= p)A(v) = (s = p)r(v)* 1B(v) + (2 = p)ri(v)* 7| Vo3 (2.88)

It is clear that (2.4) has two positive solutions ri(v), ra(v) with 71 (v) < r.(v) <
ro(v) for every v € Gy. Let 1 := ra(v). Then

P Qu(r,v) = (g = p)A(V) = (s = p)r*TIB(v) — (2 = p)r® 77| Vll3,
which combined with (2.88)), gives
PQu(r,0) = (2= DIVOIBEE = ) (s B0 =17 <0

Therefore, the implicit function theorem implies that r(-) is continuously differen-
tiable. Assume that the set

Gy 1= {v e G Vol < 250, (0) P Alw))

is not empty. Since ¢ > p, and r(v)? P > r(v)?P, we see that Gg C G2 and so
Go 7é 0. fv e G, then

IVl < 22— r ()77 A(w) < 22 r(w)i 7 AQy)

and so ) 5
Ly vl + 2

Combining (2.89) with (2.7), we conclude that
A 1 1 1 1
& Pl _ = Pl _ = )
(v)y<r (p S)||VUHp +r (S q)A(v) <0

r(v)?A(v) < 0. (2.89)

On the other hand, if v € G5 N S, then (2.10)) implies

() < (|Av($)”)%)1/(2—®
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and so 7(-) is bounded on G5 NS, Consequently, ®(v) is also bounded on G5 N S*.
Let

M:= inf ®)<0
veEGaNST

and assume that {v,},ey is a minimizing sequence in Gy N S L. Then, there exist
© € E such that, at least for a subsequence, A(v,,) — A(0) > 0, B(v,) — B(0) > 0,

0 < [VOle < liminf |V, <1,
0 < [|Vd|, < liminf || Vo,|, < 1.

We must have ¥ # 0 because, otherwise, 0 = ®(0) < liminf,, o ®(r(vy)v,) = M,
a contradiction. Since {r(v,)}nen is bounded and r.(v,) < 7(v,), n € N, we may
assume that r,(v,) — 7 and r(v,) — 7. Since M = liminf,_ o ®(v,) < 0 we
obtain 7 > 0. We also have that A(0) > 0, because, if we assume the opposite,
then by

79| V9|3 < liminf(r(v,)? 79| Vu,|3) < lim A(v,) = A(D)
we would get 7 = 0, a contradiction. Therefore, 0 € Gy. Also, 7, > 0 by (2.88]).

We will show that 0 € Go.Working as in Case 2 we conclude that 7 = 7, = 7,(0).
On the other hand, replacing v by v,, in (2.88)) and passing to the limit leads to

(q = PJAD) = (s = p)r(0)*1B(0) + (2 — p)r(0)* || VD 3.
However, r.(0) satisfies

(q = P)A®) = (s = p)r(0)*"9B(0) + (2 = p)r.(0)* || VD3,
so we deduce that ||Vv,||3 — [|[VD|]3. From (2.31) we get

~ ST P s ~ 2-p_o ~112
A(D) = °TIB(0) + ——779||VO||5. 2.90
(0) - (0) - [Vollz (2.90)
Thus, (2.7) and (2.90) yield
. —q)(s— 2—p)(2—
M = lim &(v,) = w;sB(@) + wﬂ”v@”g >0,
n—oo Pgs 2pq

a contradiction, proving the claim. Working as in Case 2 we have # = r(0). Finally,
by passing to the limit in (2.17)) we have (2.15)), which implies © € S* and ®() = M.
Therefore, we have the following theorem.

Theorem 2.12. Assume that conditions (HO0)-(H2) are satisfied, p < g < s < 2 and

the set G defined in (2.23) is not empty. Then (1.5)-(1.6) admits a non-negative
solution u € C*°(Q) for some 6 € (0,1).

Remark 2.13. We will now give some conditions which guarantee that Gg # 0.
Suppose that suppa™) C suppb). Then there exists v € Gy such that B(v) > 0.

Since 7, (v)*77 < r(v)?79, yields
(4= p)A(v) < (s = p)r(v)*"1B(v) + (2 = p)r(v)* 1| Vol}3, (2.91)

and so
q—p A(U) _ 2 _pT(’U)Q_q HV’UH%

re()T > s—pBw) s—p B(v)
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Consequently,
ps—q q—p
- re(v A(v
b () A) o
S 23 sS—q (q —Pp A(U) . 2 - pT(U)Q—q ||VU%)(‘1P)/(S‘1)A(U) '
gs—p\s—pBv) s-p B(v)

On the other hand, (2.10]) implies

()

which combined with (2.92)) gives

ps—q(q—pA) 2-p 5 V|3 (@) (s=a)
o - Y A
qs—p(s—pB(U) s—pr(v) B(v) ) ()

ps—q(q—pA) 2-pA)\C0/=a) [Vol3 =5 .
>qs—p(s—pB(U) s—p(B(v)) B(v)) Av).

If a™(-) is large enough, then
_ —pA 92— Voul2 \(@=p)/(s=0)
Bs_q(Q_p (U) 7 _pA(U)(qu)/(sfq) || QLZ 1) A(’U) > ||VUH£,
gs—p\s—pBv) s—p B(v)=it
implying that v € Gg. Thus Gg # 0.

Suppose next that (suppa®)\suppb))® # 0. Then there exists v € S* with

B(v) = 0. By (2:55)

)

_(q—D A(’U) 1/(2—q)
n0) =G n)

and so

- - —-p A (a—p)/(2—q)
DI, (vyipa) = 2220 (122 210 ) 4
qs—0p qgs—p\2—p|Vu|3
Therefore, if a™(+) is large enough, then
ps—q (q —p A(v) )(q—P)/(Q—Q)A
- v) > ||Vul|?,
05— p\2p [Vl W= Vel

implying that G, # 0.
Case 8: ¢ > max{p, s,2}. In this case we shall use the mountain pass theorem.

V).

Lemma 2.14. ®(-) satisfies the Palais-Smale condition.

Proof. Let {un}2; be a sequence in E such that |®(u,)| < C for some C' > 0 and
every n € N and ®’(u,) — 0 in H1(Q). For e > 0 and v € E we have

(D' (uy),v)| = ‘/|Vun|p*2Vuandx+/Vuandx

—/a(m)unq_lvdac+/b(x)uns_1vdx‘ (2.93)

<elvlle-
If v = u, in (2.93)), then
/a(x)unqu < ellun|l1k +/|Vun|pdx—|—/\Vun|2dx+/b(x)unsd:v. (2.94)
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By hypothesis
1 1 , 1 1 .
IVl 51903 = 5 [ @l + | [balunlde <o (205)
On combining ([2.94) and (2.95) we obtain
1 1 1 1
DIVl 5103 + 5 [ bolunl*de — el

1 1 1
- 7/|Vun|pdx— f/|Vun|2das— f/b(x)unsdmg C,
q q q

and so

1 1 1 1 1 1 1
- — I)|Vun |2+ (= — = Vun2+f—f/bx Up|°de < C + —¢||lun || E.
(p q)ll >+ (5 q)ll 2+ (5 q) () unl . |unll&

Since g > max{p, 2, s}, we deduce that

1 1 1 1 1
= = I)IVun|? + (= = D||[Vun|? < C + =¢l|un 2.96
(p q)|| 7+ (5 q)ll 15 . unlle (2.96)

which implies that the sequence {u,}52 is bounded in E. By passing to a subse-
quence if necessary, we may assume that u,, — u weakly in E. Consequently,

nli_)rr;()(q)'(un) — &' (u),up, —u) = 0. (2.97)
By taking v = u,, — u in we have
/ (IVu, [P~*Vu, — |VulP~*Vu) (Vu, — Vu)dz + / (Vu, — Vu) (Vu, — Vu)dz
= (D' (up) — ' (u), up — u) — / |V, |P~2Vu, V(u, —u)dz
/Vun —u)dx + / |VulP~2VuV (u, — u)dz + / VuV (u, — u)dex
/ (@)l 20 — w)d +/b(x)|u,L|S*2un(un —u)dx
+ /a(x)\un|q*2un(un —u)dzr + /b(x)\u|572u(un —u)dz.

(2.98)
Since, at least for a subsequence, u,, — u in LP(Q) and L?(Q - 2.98)) yields

n—oo

lim {/ (V[P 2V, — |VulP2Vu) (Vu, — Vu)da

+ / (Vu, — Vu) (Vu, — Vu)dx} =0

We now use the inequality

o< {( [rotar)”™ — ( [rrar) " H{( [rovar)” — ( [ora)”)
< [ (el = 1F20) (o~ v)da

which holds for ¢, € L*¥(Q) and k' = k/(k — 1), see [10], to conclude that u, — u
in . g
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Lemma 2.15. (i) There exist p,a > 0 such that ®(u) > « if ||u||g = p.
(i) There exists w € E with ||ul| > p and ®(u) < 0.

Proof. (i) Fix u € E\{0}. Then
B(a) 2 3|Vl - = [ a(w)uds
By the Sobolev embedding and the fact that g > 2 we have
B(a) 2 - ully ~ Sl 2 o>

whenever ||ul|g = p and p > 0 is small enough. Now fix v € G;. Then for ¢ > 0
14

tS
—/a(x)|v\qu+ —/b(x)|v|sdx,
q s
and so limy_, o ®(tv) = —oco. Thus ®(tv) < 0 for large enough ¢. O

tP b 9
() = IVl + S IVvllz -

By an application of the mountain pass theorem we obtain the following result.

Theorem 2.16. Assume that conditions (H0)—(H4) hold with ¢ > max{p,s,2}.
Then (1.5)-(1.6)) admits a solution.
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