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CONSTANT INVARIANT SOLUTIONS OF THE POINCARE
CENTER-FOCUS PROBLEM

GARY R. NICKLASON

ABSTRACT. We consider the classical Poincaré problem
%:_y_p(xvy)v %:x"'Q(xvy)

where p, ¢ are homogeneous polynomials of degree n > 2. Associated with this
system is an Abel differential equation

;Lg =1h3p® + 1h2p”

in which the coefficients are trigonometric polynomials. We investigate two
separate conditions which produce a constant first absolute invariant of this
equation. Onme of these conditions leads to a new class of integrable, center
conditions for the Poincaré problem if n > 9 is an odd integer. We also show
that both classes of solutions produce polynomial solutions to the problem.

1. INTRODUCTION

We consider the problem of finding center conditions for the critical point (0, 0)
for the system
dx d
o =Ply), = =Qy)
where P and @ are polynomials satisfying P(0,0) = Q(0,0) = 0. That is, we seek
to find conditions on P and @ such that all trajectories within a sufficiently small
neighborhood of the origin will be closed. In this work we look at the particular
system
% = —y—p(l‘,y), % =m+q(x,y) (1'1)
where p and ¢ are homogeneous polynomials of degree n > 2. This problem has
been the focus of much research since it was first formulated by Poincaré [10].
Corresponding to is the first order differential equation

dy _ z+q(z,y)

dx y+p(z,y) (1-2)
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Using a polar coordinate transformation, this is transformed into

dr EO)rO™

a6 1+ n0)r@) T (13)

where £,n are trigonometric polynomials of degree n + 1. This can be further
transformed [5] to an Abel equation of the first kind

d
d% = —(n—=1)EO)n0)p° + ((n — 1)EO) —1'(0))p”. (1.4)
Standard center conditions for a general n are given in terms of , by
£(0) = Kn'(0) (1.5)

and by r(6g—0) = r(0—6p) (the symmetric or time reversible centers). In these K #
0 and 6y are constants. In a recent paper [9] the author was able to demonstrate
a class of centers of 7 by appealing to certain parity properties of the
solution of .

More generally, if has a solution expressible in the form U(z,y) = C where
U is analytic on a neighborhood of the origin and C' is a constant, the origin will
be a center. The search for integrability conditions for , usually in the form of
an integrating factor, is one method of determining center conditions.

In this article we consider solutions of , . The work is motivated by
the fact that if the first absolute invariant I; of the Abel equation is con-
stant, then the equation is solvable. If the coefficient functions &, 7 satisfy ,
it is straightforward to show that the invariant is constant. We mention this case
for completeness purposes. Beyond this, we knew from previous work that other
constant invariant conditions for exist. In particular, the complete symmetric
case for n = 3, which does not generally satisfy the condition , is integrable
in terms of a constant invariant Abel equation. Also, the symmetric cases for
n = 5,7,9,11, while not generally having constant invariant I;, contain subcases
that are. It is our purpose here to give a more compete description of these cases,
and in so doing, give new, integrable center conditions for (1.1))—(1.2).

In the next section we review the derivation of egs. well as some
aspects of the Abel differential equation. In particular, we define the relative invari-
ants of an Abel equation and indicate that if the first absolute invariant I; obtained
from these is constant, then the equation can be transformed to a separable equa-
tion. We mention a particular form for which a constant I; can always be obtained
and indicate how this would apply to the form obtained from 7. We next
look at an integrating factor for and use the previously obtained results to
give a precise form for it.

In section 4 we show that we obtain a constant invariant form for which
does not satisfy (1.5). This form occurs only when n > 5 is an odd integer. Using
the integrating factor, we obtain the solutions of and show that they are
analytic on a neighborhood of the origin. These solutions are seen to generalize, to
any odd integer, previously given solutions for the symmetric case of n = 3. In the
next section we develop families of polynomial solutions from each of the constant
invariant cases of discussed in this paper. In the last section we discuss some
of the reasons which led us to assume the particular form of the integrating factor

of .
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2. ASPECTS OF THE ABEL DIFFERENTIAL EQUATION

If we set x = rcosf, y = rsinf in (1.2]), we obtain the polar form ([1.3)) where

£(0) = sinf g(cos b,sin ) — cos O p(cos 0, sin ), 01
1(6) = sin @ p(cos 0, sin 0) + cos b g(cos b, sin 6) (2.1)
are homogeneous trigonometric polynomials of degree n+1 in cos 8, sin . Through-
out the remainder of the paper we shall refer to the degree of a homogeneous,
trigonometric polynomial as the total degree of cosf,sin @ in each term. Following
[5], we can further transform (1.3]) by setting

r(@)"t
)= ——F——.
PO = @
This gives (|1.4))

W — (= VEOO) + (0~ EE) — 1 (6))0

Now that we have obtained the form of the equation being considered, we
briefly review certain properties of Abel equations. For a general Abel equation
of the first kind y' = g3(2)y> + g2(2)y® + g1(x)y + go(x), it is possible to define
recursively an infinite sequence of relative invariants by [4]

55(2) = 00(2) () + 5208 (2) 3 (95(2)9h () — 922165 2) — 0 (2) 2 (2) s () (22)

and

sakt1(2) = g3(2) sy, (2) + (2k — 1)(%95(96) — g3(x) — g1()gs(z))s2k-1(x) (23)

for k > 2. From these, a sequence of absolute invariants can be formed. If the first
invariant I; = s3/s3 is constant, the Abel equation can be transformed to a sepa-
rable equation. This is the only general class of Abel equations which is integrable
by quadrature. We note that if s3(x) = 0, the Abel equation is transformable to
Bernoulli equation. The values of the parameters for which this will occur will be
obvious in what follows, so we do not specifically consider this possibility in this
paper.

A sufficient condition that an Abel equation of the form has a constant
first invariant I is that the coefficient functions satisfy a relation of the form

g3(7)
=Cgs(x 2.4
() = Conla) (2.4)
where C' is a constant. This gives
729(1 — 30)3
= ———-: 2.
= ey (2.5)

It is clearly evident that if the coefficient functions of satisfy , the invari-
ant is constant. It should be noted however, that K and 7 in cannot be chosen
in an arbitrary fashion. We must have either K = —1/(n + 1) (the Hamiltonian
condition) or 7 such that terms of the form e**("*+1% are absent. Otherwise, in the
latter case, the functions p, ¢ defined from will not be polynomials.

The constant invariant condition associated with is well known and the
condition itself can be derived in a number of different ways. In the following we
seek a more complete characterization of other conditions which produce a constant
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invariant I; but for which (2.4) is not satisfied. The basis for carrying out this work
is prior knowledge of certain conditions of this type.

3. AN INTEGRATING FACTOR

The constant invariant case defined by is valid for any integer n > 2. For
the next case we require that n > 5 be an odd integer. This is necessitated by the
fact that the expressions for £, that we shall obtain involve even powers and this
can occur only if n is odd. We begin by considering an integrating factor for the
symmetric n = 3 case defined by

p(z,y) = a2’y + aosy®,  q(z,y) = bsox® + brazy®.

Such an expression for the polar coordinate form (1.3)) is given by
r

w(r, 0) = T 2R @) 5 1 (0) (3.1)

where
2 2a03b30 — b12a21 + agzbi2 — b3y — apszas
f1 (9) = (a;21 — b12) cos” 0 +

ap3 — az1 — bia + bap

and
+ b12 — 2a03
0) = (aosbso — asnb R — 29
f2(0) = (ao3bso — a2 12)(008 + s — o1 — s+ b 0s
aop3 )
ap3 — a1 — bia +b3g/’
In particular, we find that
s —bia 4 b
n(p) = W L0 g ) (32)

aozbso — az1b12
where 7 is given by .

Based on earlier work involving the constant invariant cases for n = 5,7,9,11,
we modify the form given by to

,,,2oz+1

wlr,0) = L+ 7rm=1f1(0) 4+ r2(=1 f5(6) .

where « is a value dependent on n and fi, fo are trigonometric polynomials of
degree n — 1 and 2(n — 1) respectively. (As we shall see, the actual degrees of f1, fa
are less than these values.) The form is not particularly suitable for finding
conditions for f1, fo so we set V = 1/u in the general condition for exactness

A" = = (1 + 57 )

to obtain oV oV
ne-" 1 n—=1\7" . n-1 /V:()
e+ (L) S = (g 1)
Substituting the appropriate form of (3.3]) in this and collecting powers of r yields
the system of equations

(n+2a+1)E+n"—f1=0 (3.4)
2a+1)Efi—fo—nfi+nfr=0
(n—2a=3)fa+nfs—1'fa=0

which the functions &, n, f1, fo must satisfy.
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In the process of solving (3.4)—(3.6)), we shall introduce two assumptions which
will produce sufficient conditions for a solution to be found. They are both based
on the known forms of for previously obtained integrating factors. The first
of these is to assume that we can write

=XM1 E=vf (3.7)

where A, are trigonometric polynomials to be determined. The coefficient func-

tions in (3.1) and &, n for the symmetric n = 3 case also satisfy (3.7)).
The conditions (3.7) may seem rather artificial, however we have found by

studying other integrating factors for integrable forms of (1.2))—(1.3) that they fre-
quently satisfy relations of a similar type. For example, the functions f1(0) =
2a(cos )"~ — 2b(sin§)" ! and 7 for the system
pla,y) = az" "ty = 2bay" "+ by",  q(x,y) = ax” — 2az" " 2y® + by
obtained in [I] satisfy a relation of the form n = Af; where A = (1/2) cos26. An
integrating factor for this system is given by
M(% y) _ (1 4 2(&1'"_1 + byn—l) + (amn—l _ byn—1)2)—(n+3)/(2n—2).

We believe that this or similar structure is inherent in most (if not all) integrating
factors and that it can be used to facilitate the development other integrable forms

of ([2).
If (3.7) is satisfied then (3.4) reduces to the algebraic condition
(n+2a+ 1)+ Ar=1 (3.8)

The second condition is to note that

1
o= §(n -3) (3.9
for these integrating factors. With this (3.6]) becomes elementary and furnishes the

relation
f2 = An (3.10)
which corresponds to . Here A # 0 is a constant. Now substituting ,
and in we obtain the relation
n=((n—1Y+A)f1— A\
Differentiating this and using , with gives a differential equation for

fi
(1= NV + Nfr = 24N

This can be solved to give
fi=2BA—-1)+24 (3.11)
where B # 0 (the 2 is added for later convenience) is a constant.

From the preceding we can see that all functions can be expressed in terms of A
which can be chosen in an arbitrary fashion. Let

1
N = [z(n -1)] (3.12)
where [...] is the greatest integer function and define
N
AO) =ao+ Z(agk cos 2k6 + by, sin 2k6) (3.13)

k=1
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where ag and asog, bog, are arbitrary real numbers such that A is not constant. In
terms of this function we find that
B
£= —1(1—A)A’, n=DB\N+A-B. (3.14)
n—
As we noted earlier the degree of f; given by (3.11) is only 2N rather than the
maximal value n — 1 that it could have in more general circumstances.

4. THE ABEL EQUATION AND RELATED INTEGRALS

With &, n given by (3.14)) we can now show that the trigonometric form (1.4]) has
constant invariant. Using A as independent variable, it becomes

dp
ax
This equation is quite simple and is rather unusual in that both relative invariants

53, 85 defined by (2.2)), (2.3)) are constant. Denoting the coefficients of p2, p? in (4.1
by g2, g3 respectively, we find

_2
Y

B(A—1)(BX2 + A — B)p® + B(1 — 3)\)p°. (4.1)

1 2
95 + % (9395 — g2gh) = --B*(9A — 8B)

%3 3 27

and
2
s5 = (g5 — 3g%)s3 = 2733(43 —3A4)(9A — 8B).

where the primes denote differentiation with respect to A. From these we have
£7@(4373A)3 (4.2)
s3 4 B(9A-8B)?’ '

Now that we have established that (1.4) is solvable if (3.14) is satisfied, we
proceed to show that these conditions do produce new center conditions for (|L.1)—
(1.2). To do this we shall obtain the solution of (|1.3) using the integrating factor
(3.3). Since the cartesian form of y is not positive on a neighborhood of the origin,
we will need to establish that the solutions themselves are analytic there.

Substituting for f1, fo in terms of A\ and again using A as independent variable,
we have

U(r,0) = /u(r, 0)¢(0)r™ do + F(r)

_ / B(1 — \)r2n—2 d)
) 1+2(BO—1) + Ay + A(BA2 + A— B)r2n?

2" 2z dx

- _B
/ ABr2n=222 4 2B(Arm=1 4+ 1)rn—1lx 4 (Arn—1 4 1)2

where x = A — 1 and F is a suitably chosen function of . The discriminant of the
denominator is given by

A =4B(B— A)(Ar" ! + 1) 22,

Within the context of the center—focus problem, we require that a solution of (1.3))
satisfy 14+7r""1n > 0. Based on this, we can assume that the sign of A is determined

by the sign of B(B — A). This leads to three separate forms for the solution
U(r,0) =C.

I =

+ F(r)

+ F(r)
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We have
U(r,0) = (B— K)In|AB\M"' — KAr" ' + B - K| i3
— (B+ K)In|ABNM" ' + KA ' + B+ K| if A >0, (4.3)
where K = y/B(B — A);
U(r,0) = In (ABr®"=2X2 4 2Br"~'A + A(A - B)r®~2
_ 4.4)
Arn=in 41 (
n—1 —1 .
where K = /B/(A — B); and
Arn=t 41
=In(Ar" A+ 1)+ ——— ifA=0. 4.
U(r,0) =In(Ar" A+ )+Ar”*1)\—|—1 i 0 (4.5)

We can easily see that each of these solutions is analytic at » = 0, so its corre-
sponding cartesian form is analytic on a neighborhood of the critical point (0,0)
of (1.1). This means that the functions &, 7 defined in do produce centers
of for any odd integer n > 5. Also, these solutions generalize to any
odd value of n the solutions for the symmetric case for n = 3 given in [§] for the
cartesian case and in [2] for the polar case.

The centers defined for the cases n = 5,7 (N = 1) are symmetric centers because
there always exists a transformation 8§ — 6 + 6 for some constant 6y such that A
will become an even function. The functions &, 7 in will then be respectively
odd, even which are exactly the conditions for the symmetric case. For n > 9 it is
no longer generally possible to transform A in this fashion, so the center conditions
defined in this way are of a type not previously recorded.

We note for future reference that the A = 0 case of is satisfied by the
parameter choice A = B. Substituting this in the invariant , we find that
I = 729/4. From this it is easy to sce that (4.3), give Iy > 729/4, I < 729/4
respectively.

We summarize the results of the last 2 sections in the following proposition.

Proposition 4.1. Let £,n be given by (3.14]) where A is defined by (3.12)), (3.13).
Then the trigonometric Abel differential equation (1.4) has constant first absolute

invariant Iy = s3/s3 given by ([4.2)).

Corollary 4.2. Let £, be given by (3.14]) where X\ is defined by (3.12)), (3.13]).
Then the system (1.1)—(1.2) has a center at the origin for odd integers n > 5. For

n = 5,7 the centers are symmetric centers and for n > 9 the centers are new. Fach
of these center conditions is integrable and integrals for them are given in polar

form by —.

5. POLYNOMIAL SOLUTIONS

The usual Poincaré solution of (|1.2)) can be expressed in the form

U(z,y) = Us(z,y) + Y Us(z,y) = C, (5.1)

k=3
where Us(x,y) = 3(2? + y?) and Ug(x,y) are homogeneous polynomials of degree
k(n — 1) + 2. If the series terminates for some positive integer k = M > 2, the
solution is a polynomial P(z,y). We can further note that any integral power
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Ny > 2 of P will again be a polynomial solution, but PVt will not satisfy a relation
of the basic form . Polynomial solutions have been discussed by other authors
[3, 6], but they have restricted their discussion to the case for which N; = 1.
However, in the course of this and other related work, we have found a number
of families of solutions whose series solutions terminate if we take some power
UMt Ny > 2 of the form (B.1)), but do not if the requirement Ny = 1 is imposed.
Both constant invariant forms of which are discussed in this paper include
polynomial solutions of this type.

Suppose &, n satisfy . Then has an elementary integrating factor of the
form p(r) = r® where

1
a:—?(l—i—nK). (5.2)
The solution is easily given by
14+«
atlry f)r"1 =cC 5.3
P L Sy (53)

where C' is a constant. If terms of degree n 4+ 1 are absent in 7, the term in the
square bracket apart from the 1 is a homogeneous polynomial of degree n — 1 in
x,y. So if @ + 1 is a positive rational number, is a polynomial in z,y or is
easily converted to one by taking a suitable power of the expression. In the case
a=1(K=-1/(n+1)), n can be chosen to have degree n + 1 and gives the
Hamiltonian solution. An integral of the type was given in [7].

The second class of polynomial solutions can be obtained directly from .
The maximal degree of A in the arguments of the logarithmic terms is 2N where
N is given by (3.12). So we can write r"~'A = r" 172N (2N \) From this it
is obvious that these terms, apart from the constants (B 4+ K), are homogeneous
polynomials of degree n — 1 in z,y. If the coefficients of the logarithmic terms
are negative rational numbers, —R;, —R5, the solution can be transformed to a
polynomial. Setting B— K = —Ry,—(B+ K) = —Ry where K = \/B(B — A) and

solving gives

2R1 Ry 1 1
A=——" B==-(R;—R K= -(R1+ Ry). 5.4
R Ry 5 (fl2 = Ra), 5 (1 + R (5.4)
If Ry = P1/Q1, R2 = P2/Q> for positive integers P, ..., Q2 are given in reduced
form, the polynomial solution is

U(r,0) = |[ABN" ' = KAr" ' 4+ B— K|M|ABXM "' + KAr" ' + B+ K|™ (5.5)

where A, B, K are given by . In this Ny = PiQ2/M, Ny = P21 /M where M
is the greatest common divisor of P;Q2, PoQ;.

We now give without proof a cartesian form of the polynomials given by .
This second form was derived using a somewhat different approach (a different
integrating factor is involved), but the two sets are equivalent in that they both
can be shown to produce an integrating factor of the form . We believe that
this form is more useful than that given by and it is also valid for n = 3.
All parameters in this new form are unrelated to those previously used except that
n > 3 is still an odd integer.
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Let m = (n — 1)/2 and define

%m if m is even
B=4%(m+1) ifmisoddandn#3
0 if n =3.
Let
n—1-23

rle,y) = D apa TR
k=0

be a homogeneous polynomial of degree n — 1 — 23. The polynomial solution is
given by
P(z,y) = ((2° + ) r(a,y) + DK@ +y°)" = a(2® + %) r(z,y) +1)° (5.6)

where a = a/b for positive integers a,b and K # 0 is a constant. Differentiating

(5.6), we find that P(z,y) satisfies (1.2]) where
aB+m

1o or
y(@® + ) r(z,y) + ——(@® + ) T —

plz,y) = 5 a9

(5.7)

ala+1)
2m

AL @2 1227 (@ ) 5 4 28y (o))

Ay
and
af+m g1 07
oz

S0t D (@2 4 ) O 2B (e y)r(e,y)
are homogeneous polynomials of degree n. We note that these forms remain valid
for the case n =3 (8 =0,m =1).

Polynomials of the types discussed here have appeared previously. Case(IV)
of [6, Theorem 7] (when suitably corrected) and Case (I) of [6] Theorem 6] are
examples of the constant invariant case defined by . For n = 3 the polynomial

solution (5.6) is
P(z,y) = (a0x” +arzy+azy® +1)*(K (2 +y*) —a(aoz® + arzy +asy®) +1)°. (5.9)
We believe that the expression given in the Appendix of [3] should be of this type.

a
z(x? 4+ y?)Pr(z,y) + — (22 + y?)

q(z,y) = 5

(5.8)

6. DiscussioN

In this section we briefly discuss the motivation which led to the results given in
this paper. It has primarily to do with the values which the first absolute invariant
I, of a constant invariant Abel equation can take on. If an Abel equation is of type
constant invariant, the solution must have a particular structure: essentially that
given by —.

We start with the constant invariant form given by ,. This leads to a
form of for which the value C in is given by C = —(n—1)K/(Kn—K—1)2.

Solving (5.2) for K and substituting in the value for C, we find that
729 19683 (n—1)*(a+1)*(a +n)?
T4 T T4 2n—1+a)2n+1+20)%(n—a—2)2

which is obviously nonnegative (o = n — 2 leads to a Bernoulli equation) for the
range of parameter values, n > 2, > —1, necessary for a polynomial solution.
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Moreover, since « = —1, —n are not allowed values in the solution (/5.3]) this expres-
sion is always positive. So, within the constraints of the Poincaré problem defined

by (1.3)—(L.5), it is not possible to obtain solutions of the form (4.4), (4.5). We

conclude the discussion of these centers by mentioning (although not central to
the theme of this paper) that many of the solutions (5.3) for the Bernoulli form
a = n—2 are isochronic. That is, all trajectories of ithin a sufficiently small
neighborhood of the origin have the same minimal period.

The second class of constant invariant centers arose by extending conditions for
n = 3 symmetric centers. We had learned that this case is solvable in terms of a
constant invariant Abel equation whose invariant can take on any value. This led
us to search for other constant invariant conditions of this type. By using Maple
to solve an extensive system of nonlinear equations, we found constant invariant
conditions for n = 5,7,9,11. In these, even though restricted to the symmetric
case, the invariant could take any value, unlike the case of the previous class of
centers. It was the solution of these cases along with the integrating factor
and the solutions which produced the form of the integrating factor , the
conditions and the value of a (3.9).

The polynomial solutions defined by , lead to an Abel equation
whose first invariant I; satisfies

729 19683 o?(a+1)?
4 4 (a—=1)2Q2a+1)2(a+2)?

This is similar to the case of the polynomials defined by . Furthermore, these
solutions do not generally belong to the symmetric class of centers for n > 9. So,
because of this and the discussion in previous paragraph, we felt that there were
likely constant invariant forms of a non—symmetric type for the odd integers which
would produce invariant values I < 729/4.

The results of this paper give sufficient conditions for to have a constant
first invariant. We do not know if there are other constant invariant conditions, but
we think it unlikely. We do believe, however, that it is probable that the conditions
defined by are special cases of more general, integrable center conditions.
We hope to consider this and other applications of conditions like those in (3.7)) in
upcoming work.

I
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