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POSITIVE SOLUTIONS OF BOUNDARY VALUE PROBLEMS
WITH p-LAPLACIAN

QINGKAI KONG, MIN WANG

ABSTRACT. In this article, we study a class of boundary value problems with
p-Laplacian. By using a “Green-like” functional and applying the fixed point
index theory, we obtain eigenvalue criteria for the existence of positive so-
lutions. Several explicit conditions are derived as consequences, and further
results are established for the multiplicity and nonexistence of positive solu-
tions. Extensions are also given to partial differential BVPs with p-Laplacian
defined on annular domains.

1. INTRODUCTION

In this article, we study the following boundary value problem (BVP) that in-
cludes the equation with p-Laplacian

—(¢(g(®)u)) =w(®)f(t,u), 0<t<L, (L.1)
and the boundary condition (BC)
(qu')(0) =0, u(l)+a(qu')(1) =0, (1.2)

where ¢(u) = |ulP~lu with p > 0, a > 0, f : [0,1] x Ry — R, is continuous,
g € L[0,1] with ¢(t) > § > 0 on [0,1], and w € L[0,1] with w(t) > 0 a.e. on [0,1],
and [ w(t)dt > 0.

BVPs with p-Laplacian have been investigated for decades. Results are obtained
for the existence of positive solutions for different BCs. To name a few, see [Il, 12]
for Dirichlet BCs, [6l [3T] for periodic BCs, and [32] for the general separated BCs.
For the work on m-point p-Laplacian BVPs, see [10] 1T}, 13}, 28] and the references
therein. As a special case with p = 1, the BVPs consisting of and various
BCs have been extensively studied. We refer to the reader [2] [3] 8, [15] 19, 20} 21,
22), [24), [25], 26], [30] and references therein.

Among various criteria for the existence of positive solutions, some were estab-
lished using the first eigenvalue of an associated Sturm-Liouville problem (SLP),
see, for example [8] [T6] 23] 24 26], 29]. Such eigenvalue criteria are usually sharper
than criteria obtained in some other ways especially when they involve the behavior
of f as w near 0 and co. Therefore, a natural question arises: Are there parallel
eigenvalue criteria for the p-Laplacian BVP 7 using the first eigenvalue of
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an associated half-linear SLP? To the best knowledge of the authors, no answers
can be found in the literature although the spectral theory for half-linear SLPs has
been well developed, see [4, [7, [17, 18, [27]. The main difficulties for the extension lie
in the facts that no Green’s functions can be found for equations with p-Laplacian
since the solutions of half-linear equations do not form a linear space and the im-
portant Lagrange bracket property for linear SLPs is not satisfied by the half-linear
SLPs.

In this paper, by constructing a “Green-like” functional and applying a different
fixed point index theory, we obtain eigenvalue criteria for the p-Laplacian BVP
, . More specifically, we show that BVP , has at least one posi-
tive solution if the first eigenvalue of an associated half-linear SLP satisfies certain
relations with the behavior of the function f as u near 0 and co. Some explicit
conditions are derived as consequences, and further results are also given for the
multiplicity and nonexistence of positive solutions. Our work is new and improves
most existing results on BVPs with p-Laplacian when restricted to problem ,
2.

Finally, we extend our results to partial differential BVPs with p-Laplacian on
annular domains and hence obtain criteria for the existence, multiplicity, and nonex-
istence of positive radial solutions.

This paper is organized as follows: after this introduction, we state our main
results in Section 2. The proofs are given in Section 3. Extensions to p-Laplacian
partial differential equations are given in Section 4. Several examples are presented
in Section 5 as applications.

2. MAIN RESULTS
For the function f given in (1.1)), define

fo= limilif min]f(t,u)/up, f° = limsup max f(t,u)/u?,
u—~0 s

telo,1 u—0+ t€[0,1] (2.1)
« = liminf min f(¢, Pofe =] t, P, ’
foo = limin Jéféf}]f( u)/uP, f lflso%pt?[g“f]f( u)/u

Consider the half-linear SLP consisting of the equation
= (@la(t)u”))" = Aw(t)p(u), 0 <t <1, (2.2)

and BC (1.2). SLP (2.2), (1.2) is called the SLP associated with BVP (1.1)), (1.2)). It
is well known that SLP (2.2)), (1.2) has infinite number of real eigenvalues {\,,}22

satisfying
—0 < A< A << A <---, and A\, — 00
and the eigenfunction v,, associated with \,, has exactly n zeros in (0,1). We refer

to the reader Binding and Drabek [4] and Kong and Kong [I7] for the details.
Moreover, we have the following result.

Lemma 2.1. The first eigenvalue \g of SLP (2.2)), (L.2]) is positive.

Our major result below is on the existence of positive solutions of BVP ([1.1)),
(1.2) using the relationships among Ao, fo, and feo.

Theorem 2.2. Let Ay be the first eigenvalue of SLP (2.2)), (1.2). Then BVP (1.1)),
(1.2) has at least one positive solution if either fO < \g < foo o7 & < Ao < fo.
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Let
1
¢ = sw 1/g0), a=ofarq), B=o7( [ wir), (23
te[0,1] 0

where ¢! is the inverse function of ¢. It is easy to see that 0 < o < 1. The
following corollary, which gives explicit conditions without using \q, follows directly
from Theorem 2.2

Corollary 2.3. BVP (1.1)), (1.2) has at least one positive solution if either of the
following holds:

(a) fO<((a+¢q)B)P and foo > (aB)7P;
() fo> (a0B)7 and = < ((a + 4°)5)".

Next, we derive criteria for the existence of positive solutions based on the be-
havior of f(¢,u) for u in two disjoint closed intervals. Below we use the notation

[[ull = max;eo,1) [u(t)].
Theorem 2.4. Assume there exist 0 < Iy <l (respectively, 0 < ly <1y ), such that
ftu) <B((a+¢")B)7P  for all (t,u) € [0,1] X [ady, 1], (2.4)
f(tu) > 1E@B)™  for all (t,u) € [0,1] X [aldz, l2]. (2.5)
Then BVP , has at least one positive solution u with l; < |lu| < Iy
(respectively, lo < ||ul| <1y).
As extensions of Theorems and we have the following results.
Theorem 2.5. Assume there exists l; > 0 such that holds. Then
(a) BVP (LI), has at least one positive solution u with ||u|| <1y if fo >
(b) BO{/P (L), has at least one positive solution w with ||u|| > 1y if foo >
Ao-

Theorem 2.6. Assume there exists la > 0 such that (2.5) holds. Then
(a) BVP (1.1), (1.2)) has at least one positive solution u with |lu|| < Iy if f© <

05
(b) BVP (L.1)), (1.2) has at least one positive solution u with ||u|| > Iz if f>* <
Ao-

Combining Theorems [2.5 and we obtain a result on the existence of at least
two positive solutions.

Theorem 2.7. Assume either

(a) fo > Ao and foo > Ao, and there exists | > 0 such that

flt,u) <P((a+¢")B)7P for all (t,u) € [0,1] x [ad,l]; 0r (2.6)
(b) £ < Ao and f° < Ao, and there exists | > 0 such that
ft,u) > P(aB)P for all (t,u) € [0,1] x [ad,]. (2.7)

Then BVP (L.1), (1.2) has at least two positive solutions uy and ug with |uy] <
I < |uzll-
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Note that in Theorem [2.7] the inequalities in and are strict and hence
are different from those in (2.4]) and in Theorem This is to guarantee that
the two solutions u; and uy are different.

By applying Theorem [2.4] repeatedly, we obtain criteria for the existence of
multiple positive solutions.

Theorem 2.8. Let {li}ﬁvzl CR such that 0 <y <lp < --- <ly. Assume either
(a) f satisfies (2.6) with r = l; when i is odd, and satisfies (2.7) with r = 1;

when 1 is even; or

(b) f satisfies (2.6) with r = I; when i is even, and satisfies (2.7) with r =1,

when ¢ is odd.
Then BVP (L.1)), (1.2)) has at least N —1 positive solutions u; with l; < ||u;|| < liy1,
i=1,2,...,N—1.

Theorem 2.9. Let {1;}5°; C R such that 0 < 1y <ly < ... and lim;_, l; = 0.
Assume either

(a) f satisfies (2.4) with Iy = 1; when i is odd, and satisfies (2.5) with lo =1;
when i is even; or

(b) f satisfies (2.4) with 1 = 1; when i is even, and satisfies (2.5)) with lo =1;

when ¢ is odd.
Then BVP (L.1), (1.2) has an infinite number of positive solutions.

The following is an immediate consequence of Theorem

Corollary 2.10. Let {1;}5°; C R such that 0 <1y <ly < ... and lim; o l; = 00.
Let El = Ug‘il[algi_l,l%_l} and E2 = Ufil[algi, lgl] Assume

. f(t’u) * —p : : : f(tvu) —p
A ) Ter < (ar AT fmint i, T > (eaf)

Then BVP (1.1)), (1.2) has an infinite number of positive solutions.

Finally, we present a result on the nonexistence of positive solutions of BVP
(2.1), (1.2).
Theorem 2.11. BVP (1.1)), (1.2)) has no positive solutions if

(a) f(t,u)/uP < ((a+¢*)B)~P for all (t,u) € [0,1] x (0,00), or
(b) f(t,u)/uP > (aaB)~P for all (t,u) € [0, 1] x (0,00).

3. PROOFS

Proof of Lemma[2.1] To prove this lemma, we need to normalize BC (1.2) using
the generalized sine and cosine functions established by Elbert, see [7] for the detail.
It can be shown that (1.2]) is equivalent to the BC

(qu')(0) =0, C(67)u(l) = S(O7)(qu')(1) = 0, (3.1)

where C(6) and S(6) are the generalized sine and cosine functions, 6* € (m,/2, 7))
with 7, = 27 ((p + 1) sin(7/(p + 1))) ™! such that S(6*)/C(0*) = —a.

Now we treat (3.1) as a function of 8 and let Ag(f) be the first eigenvalue of SLP

(2.2), (3.1) for 6 € [m,/2,m,). By [T, Corollary 3.9], A¢ is strictly increasing. Note
that (3.1]) with = m,/2 becomes

(qu')(0) =0, (qu')(1) =0. (3.2)
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In this case, A\o(mp/2) = 0 is the first eigenvalue of SLP (2.2), (3.2) with an associ-
ated eigenfunction vy = 1. As a result, A\g(6) > 0 for 0 € (m,/2,m,). In particular,
Ao(0%) > 0, i.e., the first eigenvalue of SLP (2.2)), (1.2) is positive. O

With [Jul| = max;e,17 [u(t)], it is clear that (C[0, 1], | -||) is a Banach space. Let
C.10,1] ={u e C[0,1] | w > 0 on [0,1]}. Define I' : C,[0,1] — C0,1] by
1 1
T = [ Gutwo ([ winfutmdr)as, te©1),  @3)
0 0

where ¢! is the inverse function of ¢, and

Cult.5) {a, 0<s<t, (3.0
u t,S = 1 1 f(f w(r) f(ru(r))dr .
B Tt <s<
at 75 (folw(T)f(T,u(‘r))dT)’ tsssl
Remark 3.1. We observe that the operator I" defined by (3.3)) is the same as
1 1 S
Co) = [ 507 ([ wsrum)ar)s
¢ q(s) 0
1 (3.5)
+ aqé_l(/ w(7‘)f(7‘,u(7’))d7’>.
0
Remark 3.2. It is easy to see that for any v € C4[0,1]
a < Gy(t,s) <a+q* on[0,1] x [0, 1], (3.6)

where ¢* is defined by (2.3).

Lemma 3.3. A function u(t) is a solution of (L.1), (1.2)) if and only if u is a fived
point of T'.

Proof. Assume u(t) is a solution of BVP (1.1, (1.2). From (1.1)) and the first BC
in (1.2) we see that for any ¢ € (0,1)

(@)t =07 ([ ()t

u(t) = u(0) - /Ot o (/O w(r) (7, u(r))dr ) ds. (3.7)
Then by the second BC in , we have
u(0) = /01 q(ls)qﬁ_l(/Osw(T)f(T,u(T))dT>ds—|—a¢_1</01w(7)f(7,u(7'))d7'>.
By and ,

u(t) = /tl q(ls)d)1</os w(T)f(T,U(T))dT)dS
tas( /0 () S alm)dr) = (Tu)).

Thus, v is a fixed point of the operator I'. The opposite direction can be verified
by reversing the argument. We omit the details. (]
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Let

K= {ueCl0.1]] min u(t) > oljul} (3.8)

where o is defined by (2.3)). Clearly, K is a cone contained in C4[0,1]. For [ > 0,
define

K, ={ue K||u|| <1}, 0K,={ueK]||u|| =1}, (3.9)
and let i(T, K, K) be the fixed point index of T" on K with respect to K.

Lemma 3.4. T is completely continuous and TK C K.
Proof. By (3.5), it is easy to see that I' is completely continuous on C[0,1]. For

any u € K, by (| ., ., and (| .
min (T'w)(t) = min / Gy (t,s) / w(T)f(T,u(T))dT) ds

t€[0,1] fe[o 1]

> oo ( [ w s utryan)as

= a/ol(a + q*)gb_l(/ol ’lU(T)f(T,U(T))dT)dS (3.10)
> atren[g,}l(] /01 G, (t, s)qbl(/ol w(T)f(T,u(T))dT)ds
— o|Tul.

Therefore, 'K C K. O

Our proofs for the existence of positive solutions are based on the following fixed
point index theorem, see [33] page 529, A2, A3] for the detail.

Lemma 3.5. Let 0 <l <o satisfy
iTK;,,K)=0 and i(T,K,,K)=1;
or
i(0,Ky,, K) =1 and i(T, Ky, K) = 0.
Then T has a fized point in K, \ K, .
To prove Theorem we also need the lemma below, see [14, Lemma 2.3.1 and
Corollary 2.3.1] for details.
Lemma 3.6. Letl > 0. Then
(a) (T, K, K) =1 if u# ulu for allu € OK; and p € [0,1];
(b) i(T, K;, K) = 0 if there exists vg € K \ {0} such that u — Tu # pvg for all
u € 0K and 1 > 0.
Proof of Theorem [2.3, Assume f° < \g < foo. Let Ao be the first eigenvalue of SLP

(2.2), (1.2) with an associated positive eigenfunction vg. Define I'y : C1[0,1] —
C110,1] as

(Fru)(?)
:/t q(ls)¢_1(/osw(7')¢(u(7'))dr)ds+a¢_1(/0 w(s)6(u(s))ds). (311

It is easy to verify that A, 1/p

is an eigenvalue of I'y with vy as an associated
. . . —1 1
eigenfunction, i.e., I'yvg = A /pvo. Hence vy = )\O/pflvo.
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Since f° < Mg, there exists [ > 0 such that f(t,u) < MuP = \o¢(u) for any

(t,u) €10,1] x [0,1]. For any u € 0K, al < wu(t) <lon [0,1]. By (3.5) and (3.11)),
for ¢t € [0,1]

(T'u)(t)
Ly

= —— ! (/OS w(T) f(7, U,(T))dT) ds +a¢p~! ( /01 w(T) f(7, u(T))dT)

¢ q(s)
1/p bl a7 -1 '
<Ay [/ —¢ (/ w(r)(u(r))dr )ds + ad (/ w(r)(u(r))dr )]
¢ q(s) 0 0
= /P (Dyu)(b).
(3.12)
Without loss of generality, we assume that I'u has no fixed point on 0K;. For
otherwise, the proof is done. We show that u # uI'u for all v € 9K, and p € [0,1].
Obviously, it is true for p = 0,1. So we only consider u € (0,1). Assume the
contrary, i.e., there exist uy € 9K and po € (0,1) such that ug(t) = po(T'uo)(t).

By (3.12), for t € [0,1]
uo(t) = po(Tuo) (t) < poAy” (Trug) (2). (3.13)

In view of the fact that uo(t) > 0 and vo(t) > 0 on [0,1], the set {p | uo(t) <
pwo(t) for t € [0,1]} is not empty. Define 3 = min{u | ug(t) < pwvo(t) for t € [0,1]}.
Then g > 0, and from and by the nondecreasing property of I'; we have
that for t € [0, 1]

AP (Truo) (1) < AP (D1 (1100)) (1) = pdg! P (Trv0) (£) = prvo(?).

Thus by uo(t) < pop1vo(t) < pivo(t) on [0,1], which contradicts the defini-
tion of ;. Therefore, u # ul'u for all u € 0K, and p € [0,1]. By Lemma (a),
i(0, Ky, K) = 1.

Since fso > Ao, there exists [ > [ such that f(¢,u) > Agu? = Aoo(u) for all
(t,u) € [0,1] x (I,00). Choose [ > a~'l. Then for any u € dK7, u(t) > ol = [ on

[0,1]. By (3.5) and (3.11)), for ¢ € [0, 1]
(T'u)(t)

_ /tl q;@¢1(/osw(7)f(7,u(7))d7)ds + a¢1(/()1w(7)f(T,u(T))dT)

N A}/”[/tl q(ls)(b—l(/ogw(rm(u(r))df)ds+a¢—1(/01w(r)¢(u(r))d7)}

= AP (Dyu)(b).
(3.14)
Without loss of generality, we assume that I'u has no fixed point on 0Kj. For
otherwise, the proof is done. We show that u — I'u # pwvy for any v € dK; and
u > 0. Obviously, it is true for 4 = 0. so we only consider g > 0. Assume the
contrary, i.e., there exist u® € OKj and p® > 0 such that u® — Tw® = %vg. Then
on [0,1] we have

W (1) = (Tu)(t) + pPuo(t) > 1 vo(d).
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Define pp = max{pu | u®(t) > pvo(t) for t € [0,1]}. Then pp > u® and u°(t) >
p2v0(t) on [0,1]. From (3.14)) we see that for ¢ € [0,1]
uO(t) = Tul(t) + 1Ovo(t) > AYP(T1u®) () + pluo(t)
> A (Crpiav) (8) + 1o (1) = 12" (Tavo) () + pvo(#)
= p2vo(t) + pPvo(t) = (na + p°)vo(t),

which contradicts the definition of us. Therefore, u — T'u # pwvg for any u € aK l
and u > 0. By Lemma (b), (T, K7, K) = 0. By Lemmam7 3.5, BVP ,

has at least one positive solution.
The case for f*° < Ay < fy can be proved similarly. We omit the details. O

Proof of Corollary[2.3 1t suffices to show that

((a+¢")B)7" < Ao < (aaf)7?,
and then the conclusion follows from Theorem Let )¢ be the first eigenvalue
of SLP (2.2), (L.2) with an associated positive eigenfunction vg. Let I'; be defined

by (3.11). Then as shown in the proof of Theorem we have vy = )\é/ T vp.
Moreover, for ¢ € [0,1],

(T1v0)( / G1(t,s) / w(T)qﬁ(vo(T))dT)ds, (3.15)
where
Git.s) {a, 0<s<t,
1(t,s) = w(T)¢(vo(7))dr
a(s )¢ (fo w(7)¢(vo(r))dr) tss=<1l
Clearly, a < G1(t,s) < a+q¢*. By .
= t) = /\ Tr t
[[voll e vo(t) = nax A P(T1v0)(t)
1 1
= max \/” Gl(t,s)qu( / w(T)qs(vo(T))dT)ds
t€(0,1] 0 0

< )\(1J/P /01(a+q*)¢_1(/03 w(T)dT)HUOHdS

= 2/" (@ +4")Bllvoll
Therefore, Ag > ((a+q )B)~P.
Similar to we have that vy (t) > a||v|| for ¢ € [0,1]. Thus

[lvoll > A /p(Flvo 1/p/ Gi(t, s) / w(r)qb(vo(T))dT)ds

=37 [0 ([ wirrar)aluolas

= A/Pacf|vo;

i.e., Ao < (aa)~P. This completes the proof. O

To prove Theorem [2:4] we need the following well-known lemma on fixed point
indices. See [5, [14] for details.

Lemma 3.7. Let > 0 and assume I'u # u for u € 0K;. Then
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(a) (T, Ky, K) = 1 4f [[Tul < [[u| for u € K.
(b) i(T, Ky, K) = 0 if |[Tul| > ||ul| for u € 9K,.

Proof of Theorem [2.]]. Without loss of generality, we assume I'u # w on 0K, U

0K,. For otherwise, I" has a positive fixed point.
For any u € 0K, al; < u( ) <l on [0,1]. From @4), f(t,u(t)) < H((a+

q*)B)7? on [0,1]. Then by (2.3) and (3.6),
ITull = max / Gu(t7s)¢_1</0 w(r) (. u(r))dr ) ds

max/ Gy(t,s)¢ /
~ telo,1]
iyr
[0

T dT)ll((a + q*)ﬁ)_lds <.

w(T)
7Kl17 ) 1.

Thus ||[Tu| < |Juf. By Lemma[3.7) (a),
;1] From (2.3), f(t,u(t)) > I5(af)~" on

For any u € Kj,, als < u( ) <ls on

[0,1]. Then by and
I 2/0 Gu(t,s)¢_1(/0 w(r) (7, u(r))dr) ds

> /OlGu(t,s)ng1(/01w(7)d7>12(aﬂ)lds > Iy,

Thus [|T'u|| > ||u]. By Lemma[3.7] (b), i(T, Ki,, K) = 0.

By Lemma I has a fixed point v € K;, \ K;, if i < l, and T has a
fixed point v € K;, \ K, if [; > l. In each case, u is a positive function with
min{ly, lo} < |Ju|| < max{ly,l2}. O

The proofs of Theorems [2.5] and [2.6] are in the same way and hence we only give
the proof of Theorem 2.5

Proof of Theorem[2.5. (a) If there exists [; > 0 such that . ) holds, then by the
proof of Theorem n, i( I‘ ,K;,,K) = 1. By the proof of Theorem n fo > Ao
implies there exists 0 < I < I3 with i(I', Kj,, K) = 0. Then the conclusion follows
from Lemma Part (b) can be proved similarly. d

Proof of Theorem[2.7. (a) Assume there exists [ > 0 such that (2.6) holds. Then
there exist 1 and Io such that I; < 1 < Iy and f(t,u) < (lp((a + q )/6’) P on

[0,1] x [ad;,l;], @ = 1,2. By Theorem [2.5] (a) and (b), BVP (L.1), (1.2) has two
positive solutions u; and ug satisfying ||u1|| < I3 and |luq|| > lg
Part (b) can be proved similarly. O

Theorems [2.8] and [2.9] can be obtained by applying Theorem [2.4] repeatedly. We
omit the details.

Proof of Corollary[2.10, From the assumption we see that for sufficiently large i

% <((a4+¢")p)™P forall (t,u) €[0,1] X [adai—1,l2i—1]
and
f(i;)u) > (aaB)™P for all (t,u) € [0,1] X [ada;, 2]

This shows that for sufficiently large 1,
fltu) <uP((a+q")B) " <ly_1((a+q")B)" on [0,1] x [adai—1,l2i-1]
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and
f(t,u) > uP(aaB)™P > (adoi)P(aaB)™P =15,(aB)™P on [0,1] x [ada;, l24].
Therefore, the conclusion follows from Theorem O

Proof of Theorem[2.11] (a) Assume BVP (1.1)), (1.2) has a positive solution u with
|lu]| = 1 for some I > 0. Then u is a fixed point of the operator I' defined by

(3-3). From the assumption, for any t € [0,1], f(¢,u(t)) < uP(t)((a + ¢*)B)7P <
P((a+ ¢*)3)~P. Hence

1 1
u(t) = (Tw)(t) :/ Gu(t,s)(b_l(/ w(T)f(T,u(T))dT)dS
0 0
1 1
< l/((a+q*)ﬂ)/ Gu(t,s)gzrl(/ w(r)dr )ds <1,
0 0
which contradicts ||u|| = I. Therefore, BVP (1.1)), (1.2) has no positive solutions.
(b) Assume BVP (1.1)), (1.2) has a positive solution u with |Ju|| = I for some

I > 0. Then ol < u(t) <1 on [0,1]. From the assumption, for any ¢ € [0,1],
f(t,u(t)) > uP(t)(aaB)~P > IP(af)~P. Hence

u(t) = (Cu)(t) = /O 1 Gult, s)dfl( /O 1 w(r) f(T,u(T))dT) ds

> 1/(af) /01 Gu(t1,3)¢—1(/01 w(T)dT)dS >,

which contradicts ||u|| = I. Therefore, BVP ([1.1), (1.2) has no positive solutions.
(]

4. PARTIAL BVPS WITH p-LAPLACIAN

In this section, we extend our results in Section 2 to BVPs for partial differential
equations with p-Laplacian defined on annular domains. Let 0 < r; < 79, n € N,
and denote Q = B(0,r2) \ B(0,71), where B(0,r) is the ball in R™ centered at 0
with radius r. Consider the scalar BVP

—div(|Vu|P~ Vo) = h(|z|) f(v) in Q, (4.1)

% =0 ondB(0,m1), v+ b% =0 on dB(0,72), (4.2)

where = (z1,...,2,) € R", div(y) is the divergence of y : R* - R, b € R, Vv is

the gradient of v, and dv/9v is the outward normal derivative of v along dB(0, r;),
i =1,2. We assume that h € L[ry,r2], h > 0 a.e. on (r1,72), and f:f h(s)ds > 0.

The next lemma shows the relation between the partial BVP , and the

ordinary BVP (1.1)), (1.2).
Lemma 4.1. Let r = [z|, t = t(r) := [ s(t=m)/rds/ [ s(=m)/pds, and r = r(t)
be its inverse function. Then BVP (4.1), (4.2) has a positive radial solution v(|z|)
if and only if BVP (L.1)), (1.2) with ¢ =1,

1—-n

b P p+1)(n—1 T2 —n +1
a= %7 and w(t) = h(r(t))r%(t)(/ 57 ds)p (4.3)
[ s ds ™1

T1

has a positive solution u(t).
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Proof. We first claim that the existence of a positive radial solution of BVP (4.1)),
(4.2) is equivalent to the existence of positive solution of BVP consisting of the
equation

d dv
= ) = TR f(D), T <<y, (44)
and the BC i i
() =0, () + b () =0, (45)

where 9(r) = v(|z|). In fact, the proof for the case when p = 1 is given in many
books such as [9] which can be easily extended to the general case.

Let o(r) be a positive solution of BVP ({.4), and u(t) = 9(r(t)). Then
di — dudt \We note from the definition of ¢(r) that

1—n
dt roe
T T 1-n .
dr [2sTP ds
T1

By (4.4),

) dr i dt dr’) dr
([ o) o)
[ el

= (/:2 s%ds) —p—I% <¢(f;;)) .

1

(o) = -5 (MG ) &
(

Therefore,

f% (aﬁ(f;)) - h(r(t))rW(t)(/” 55 ds)"" flu) = w(v)f(w),

T1

which means that u(t) is a positive solution of under ([4.3)). It is also easy to
see that u(t) satisfies BC (T1.2).

The opposite direction can be verified by reversing the argument. We omit the
details. 0

Clearly, all the assumptions of BVP (L.1)), (1.2)) are guaranteed by (4.3]). In this
case, since ¢ = 1, from (2.3)) we have

o= — (4.6)

Wy l=m
v ry Azn
bro” + [ 7s v ds

g=o( o ) [ s as) ar)

n (4.7)

= ([ a5 as) ).

Let fo, f, foo, £ be defined by (2.1)), Ao the first eigenvalue of SLP (2.2)), (1.2)
associated with BVP (T.1)), (T.2) with ¢ = 1, and a and w defined by (4.3]). Denote
|lv]| = maxgeq |v(x)| for v € C(Q,R).
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Now we apply the results in Section 2 to derive criteria for the existence, mul-
tiplicity, and nonexistence of positive radial solutions of BVP (4.1), (4.2). In the
theorems below, a, a, and [ are defined by (4.3)), (4.6]), and (4.7)), respectively.

Theorem 4.2. BVP (4.1), (4.2) has at least one positive radial solution if either
f0<)\0<foo O’I“f(><J <)\0<f0.
Corollary 4.3. BVP (4.1), (4.2) has at least one positive radial solution if either
(a) f°<((a+1)B)"" and foo > (ac})~P; or
(b) fo > (aaB)™F and f> < ((a+1)3)7".

Theorem 4.4. Assume there exist 0 < l; < ly (respectively, 0 < ly < l1) such that
f) <E((a+1)B)7P for all v € [aly, 1], (4.8)
f(v) > (aB)™P for all v € [als, l3]. (4.9)
Then BVP (4.1)), has at least one positive radial solution v with I < |Jv|| <l
(respectively, lo < ||v|| <11).
Theorem 4.5. Assume there exists l1 > 0 such that holds. Then
(a) BVP (1), has at least one positive radial solution v with ||v|| <1y if

fO > AO;
(b) BVP (4.1), (4.2) has at least one positive radial solution v with ||v|| > Iy if
foo > >\0-

Theorem 4.6. Assume there exists la > 0 such that (4.9) holds. Then
(a) BVP (4.1)), (4.2) has at least one positive radial solution v with ||v| < Iy if

fO < Xos
(b) BVP (4.1), (4.2) has at least one positive radial solution v with ||v|| > Iz if
< Ao

Theorem 4.7. Assume either
(a) fo > Ao, foo > Ao, and there exists | > 0 such that

f) <lP((a+1)B)7P for all v € [al,l];or (4.10)
(b) f° < Xo, f> < Xo, and there exists | > 0 such that
f) > 1P(aB)7P for allv € [ad,l]. (4.11)

Then BVP (4.1), (4.2) has at least two positive radial solutions v1 and vy with
o] < &< [vz]]-

Theorem 4.8. Let {I;} | CR such that 0 <y <ly < --- < ly. Assume either

(a) f satisfies (4.10) with r = 1; when i is odd, and satisfies (4.11]) with r =1,

when i is even; or

(b) f satisfies (4.10) with r = I; when i is even, and satisfies (4.11) with r =1;

when i is odd.
Then BVP (.1), (4.2) has at least N — 1 positive radial solutions v, with l; <
lvill < liz1,i=1,2,...,N—1.

Theorem 4.9. Let {I;}3°, C R such that 0 < 1y <ly < ... and lim;_, l; = o0.
Assume either

(a) f satisfies (4.8) with Iy = I; when i is odd, and satisfies (4.9)) with lo = 1;

when 1 is even; or
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(b) f satisfies (4.8) with 1 = l; when i is even, and satisfies (4.9) with lo =1;

when ¢ s odd.
Then BVP (4.1), (4.2) has an infinite number of positive radial solutions.

Corollary 4.10. Let {I;}32; C R such that 0 <1y <ls < ... and lim; . l; = c©.
Let E1 = U;’il[algi_l, lgi_ﬂ and E2 = Uioil[()élgi, lgz] Assume
lim sup &:) <((a+1B)"? and liminf L:) >

Eidv—o00 U E>3v—00 U

Then BVP (4.1)), (4.2) has an infinite number of positive radial solutions.

Theorem 4.11. BVP (4.1)), (4.2)) has no positive radial solutions if

(a) f(v)/vP < ((a+1)B)7P for allv € (0,00), or
(b) f(v)/vP > (aaB)™P for all v € (0,00).

Remark 4.12. Note that when ry — 0+, the annulus 2 for the domain of (4.1))
approaches a disk centered at the origin with radius ro, and the first BC in
reduces to %h:o = 0 which is automatically satisfied by radial solutions. Hence,
the p-Laplacian partial BVP defined on the disk

(aaf3)7P.

—div(@(V0)) = h(j2])f() in B(0,r2), (4.12)
v+ b% =0 on dB(0,rs). (4.13)

can be treated as the limiting problem of BVP (4.1)), (4.2) as » — 0+. There-
fore, the results for BVP (4.1), (4.2) can be extended to BVP (4.12)), (4.13) with

the modification 7; = 0. The only problem in this extension is that the integral
f:f s1=")/Pds may become divergent as r, — 0+. However, this does not occur
under the additional assumption that p+1 —mn > 0.

5. EXAMPLES
In this section, we give several examples as applications of our results.

Example 5.1. Let S(0) denote the general sine function and let 6* € (m,/2, 7))
be a solution of S(6) + S’(f) = 0. Consider the BVP

(o) = f(u), 0 <t <1,
u/'(0) =0, u(1) + (0" — mp/2) " u'(1) = 0,

where f(u) = [p(0* — m,/2)PT + c(tan=t(u) — 7/4)|uP with 0 < || < p(0* —
7p/2)P14 /7. Then BVP (5.1)) has at least one positive solution.
In fact, S(#) is the unique solution of the initial value problem

—(¢(u))" = po(u),
uw(0) =0, ' (0)=1.
Note that S’(m,/2) = 0. Hence p is the first eigenvalue of the SLP
—(¢()" = A(u),
W (mp/2) = 0, u(*) +u'(6%) =0,

with the associated eigenfunction S(9).

(5.1)
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Make the transformation t = (6 —m,/2)/(6* —m,/2) in the above problem. Then
similar to the proof of Lemma we find that p(0* —m,/2)P*1 is the first eigenvalue
of the SLP

d du
—%(cﬁ(a)) = \p(u),
Moy =0, u(1)+ (@ - my2) L) =o.

dt dt

Note that
fo= [0 =p0" —mp/2PT —en /4, foo = [ =p(0" —7mp/2)P T 4 om /4

Then the conclusion follows from Theorem Note that in this example, ¢ can
be arbitrarily close to 0.

Example 5.2. Consider the ordinary BVP
—(p(uw)) = k(uP? +u®), 0<t<1,
u'(0) =0, u(l)+au'(1)=0.

Let | = 4710~ = (al)P/2((a+1)%/2 4 (al)?/?)~1, and v, = IP/%(a+1)Pa=2P(1+
1°P/2)=1. Then
(a) BVP (5.2) has at least one positive solution when k = 71;
(b) BVP (5.2) has at least two positive solutions u; and wue with |Jui]] <1 <
|lug|| when 0 < k < vq;
(c) BVP has no positive solutions when k > 7.

In fact, the equation in is of the form of with w(t) = 1 and f(u) =
k(uP/? 4 u?P). Clearly, fo = foo = 00, f(u)/uP is decreasing on (0,1], increasing on
[l,00), and hence reaches minimum value at [. By , a=a/(a+1), 8 =1. When
k=, f(al)/(al)? = (a+ 1)7P. Hence for u € [al,l], f(u)/uP < flad)/(ad)P =
(a + 1)7P, which follows that f(u) < uP(a 4+ 1)7P < [P(a + 1)~P. Therefore, by
Theorem [2.5] (a), BVP has a positive solution w; with ||uq| <. Similarly, by
Theorem (b) we can also show that BVP has a positive solution uy with
|luz|| > 1. However, u; and us may be the same when ||u1]| = ||uz|| = L.

When 0 < k < 71, by the similar argument as above and applying Theorem
(a), we obtain the conclusion.

When k > 7o, f(u)/uP > (aaB)™P = (a + 1)P(a®)"P on (0,00). Then the
conclusion follows from Theorem [2.11] (b).

Example 5.3. Consider the BVP
—div(|VoP~ Vo) = k(v P2 +072P)71 in Q,
5.3
%:O on 0B(0,ry), v—&—b%zo on 0B(0,7r9), (53)

where 0 < r; < 75. Let I = 4/GP) and a, a, 3 be defined by (&.3)), [@.6), (&@.7) with
h = 1. Denote

v3 = (a + 1)P/2((al)*/? + (a + 1)*/2)a 2177377,
a= (PP 4+ DI (a+1)77B77

(5.2)

Then

(a) BVP (5.3) has at least one positive solution when k = s;
(b) BVP (55.3) has at least two positive solutions when k > s;
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(¢) BVP (5.3) has no positive solutions when 0 < k < 74.

In fact, the equation in is of the form of with w(t) = 1 and f(v) =
E(v=P/2 4 v=2P)=1 Tt is clear that f© = > = 0 and f(v)/v? reaches maximum
at [. By a similar argument to Example [5.2] and applying Theorems [£.6] [I.7] and
4.11} we can prove the results. We omit the details.
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