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NONLINEAR BOUNDARY DISSIPATION FOR A COUPLED
SYSTEM OF KLEIN-GORDON EQUATIONS

ALDO T. LOUREDO, M. MILLA MIRANDA

ABSTRACT. This article concerns the existence of solutions and the decay of the
energy of the mixed problem for the coupled system of Klein-Gordon equations

v’ —Au+av?u=0 in Q x (0,00),
v" — Av+au?v =0 in Q x (0,00),

with the nonlinear boundary conditions,

0

au +hi(,u')=0 onT; x (0,00),
ov

0]

Ly ha(,v')=0 onT1 x (0,00),
ov

and boundary conditions v = v = 0 on (I'\T'1) X (0, 00), where Q is a bounded
open set of R™ (n < 3), @ > 0 a real number, I'; a subset of the boundary I’
of Q and h; a real function defined on I'y X (0, 00).

Assuming that each h; is strongly monotone in the second variable, the
existence of global solutions of the mixed problem is obtained. For that it is
used the Galerkin method, the Strauss’ approximations of real functions and
trace theorems for non-smooth functions. The exponential decay of the energy
for a particular stabilizer is derived by application of a Lyapunov functional.

1. INTRODUCTION

A mathematical model that describes the interaction of two electromagnetic
fields v and v with masses a and b, respectively, and with interaction constant
a > 0 is given by the following Klein-Gordon system

up(x,t) — Au(z, t) + a*u(z, t) + av?(z, t)u(x,t) =0, = €Q, t>0,

1.1
vt (2, 1) — Av(z,t) + b0 (z, t) + au?(z, t)v(z,t) =0, € Q, t >0, 1)

where © is a bounded open set of R3. This model was proposed by Segal [18].

As the interest of this paper is to make the mathematical analysis of the model
, we can assume, without loss of generality, that a = b = 0.

Let 2 be a bounded open set of the R™ with boundary I". The existence
and uniqueness of solutions of the mixed problem with null Dirichlet boundary
conditions on I' for system with coupled nonlinear terms a|v|?™2|u|u and
alu|oT2|v|7v was studied by Medeiros and second author, in the cases a > 0 and
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a <0, in [I4] and [I5], respectively. Here o > 0 is related with the dimension n of
the R™ and the embedding of Sobolev spaces.

Let {u,v} be a solution of system (1.1)) with null Dirichlet boundary conditions
on I' and

B(t) = ||u' ()1 Z2(q) + 19" OlIF2(0) + IVu®) 220y
HIVo)fr2 )y + allut)ot)]z2q)
the energy associated to the problem. Then
E(t)=E(0), Vt>D0.

Thus, to obtain a decay of the energy, we need to introduce a dissipation in the
problem, on the boundary I, for instance. In what follows we describe this problem.
Let Q be a bounded open domain of R™ where n < 3 with boundary I' of class
C2. Assume that I is constituted by two disjoint closed parts 'y and I'y both with
positive Lebesgue measures (Thus T is not connected). By v(z) is represented the
unit outward normal at z € I';. Consider two real valued functions h;(x,s) and
ha(z,s) defined in z € I'; and s € R. With these notations we have the problem

v — Au+av?u =0 in Q x (0,00),
v — Av+autv =0 in Q x (0,00),
u=0 on Iy x (0,00),

v=0 on Ty x (0,00),
7—|—h1(.,u’):O on I'y X(0,00),

— + ha(.,v") =0 on Ty x (0,00),
u(0) =wug, v(0)=1vy in Q,
w'(0)=wu; o' (0)=wv; in Q.

In the case of one equation (that is, when a = 0), Q a bounded open set of
R™, h(x, s) = 6(x)s, Komornik and Zuazua [§], using the semigroup theory, showed
the existence of solutions. Under the same hypotheses, but applying the Galerkin
method with a special basis, the second author and Medeiros [16], obtained a similar
result. The second method, furthermore to be constructive, has the advantage of
showing the Sobolev space where lies %. Applying this second method to a wave
equation with a nonlinear term, Araruna and Maciel [I], derived an analogous
result.

The existence of solutions of the wave equation with a nonlinear dissipation on
I'y has been obtained, using the theory of monotone operators, among others, by
Zuazua [21], Lasiecka and Tataru [9], Komornik [6], and applying the method of
Galerkin, by Vitillaro [20] and Cavalcanti et al. [4].

In Alabau-Boussouira [2], as in all above works, the exponential decay of the
energy associated to the wave equation is obtained by applying functionals of Lya-
punov and the technique of multipliers.

It is worth emphasizing that the known results on the exponential decay of the
energy associated to the wave equation with a nonlinear boundary dissipation were
obtained by supposing that h(s) has a linear behavior in the infinite; that is,

dols| < h(s)] < duls|, Vls| > R, (13)
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where R sufficiently large (dp and d; positiveconstants). See Komornik [6] and the
references therein.

Returning to system we can mention the work of Cousin et al. [5] where the
conditions on the boundary are linear. We will also mention the work of Komornik
and Rao [7] where the coupled terms are the form a(u —v) and a(v — u) and the
boundary conditions are similar to (L.2). More precisely, in this work under the
hypotheses

acl>*(Q),a>0
h is continuous, nondecreasing, h(s) =0 if s = 0;
[h(s)| <14 cl|s|, for all s € R where ¢ is a positive constant;

and using results of maximum monotone operators, they showed the existence of
solutions. With h satisfying for all s € R and applying the technique of the
multipliers, they obtained the exponential decay of the energy associated to the
problem.

In this work we are interested in studying the existence of solutions of Problem
under very general conditions on h;, ¢ = 1,2. In fact, assuming that

h; € C°(R; L>°(T1)), hi(x,0)=0, ae ze€l
and h; is strongly monotone in the second variable; that is,
[hi(z,8) — hi(x,r)](s —7r) > di(s —7)?, Vs,r €R,

where d; are positive constant for ¢ = 1,2. We obtain the existence of global
solutions for . In our approach, we apply the Galerkin method with a special
basis, an appropriate Strauss’ Lipschitz approximation of h; and results on the trace
of non-smooth functions. In the passage to the limit in the nonlinear boundary term
hii(.,u}) ((hq) are the Strauss’ approximations of h; and (u;), approximate solutions
of (1.2)), we use the compactness method (In what follows i = 1,2). For that we
need to obtain estimates for (u;) and (u}). It is possible thanks to the strong
monotonicity of h;. These estimates allow us to obtain the strong convergence

uy — ' in L*(0,T;L*(T'y)),¥T > 0.

This, Strauss’ Theorem [19] and results on trace of non-smooth functions (Lemma
give
ha(.u)) — hi(, /) in LY0,T; LY (Ty)), VT > 0.

As consequence of the mentioned estimates, we are driven to obtain global strong
solutions of . The existence of global weak solution for with the general
hypotheses on h; is an open problem.

The exponential decay of the energy of is derived for the particular case

hi(z, 5) = m(x).v(x)gi(s),

gi € C°(R), g; satisfying and m(x) = z — 2%, 2° € R". In this part we
use a functional of Lyapunov (see Komornik and Zuazua [§]) and the technique of
multipliers (see [I7]). The exponential decay for more general stabilizers is an open
problem.

In Section 2 we state our main results and in Section 3, we prove these results.
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2. NOTATION AND MAIN RESULTS

Let Q be a bounded open set of R with boundary I of class C? and T, Ty, v(x)
as in the Introduction. The scalar product and norm of L?(Q) are represented,
respectively, by (u,v) and |u|. By V is denoted the Hilbert space

V={ve H(Q);v=0o0nTo}
equipped with the scalar product

" ou v 5 x| Ou 2
((u,v)) = ; (sz, a—xz) and norm  ||ul|* = ; }87331
To state our results, we introduce some hypotheses. Consider real functions h;(x, s)
and ha(x,s) defined on T'; x R satisfying the following hypotheses:
(H1) h; € C%(R; L>=(T4));
h;(x, s) is nondecreasing in s for a.e. x in I'y;
hi(z,0) =0 a.e. x €T'y;
[hi(x,8) — hi(x,7)](s — 1) > di(s —r)?, for all s,7 € R and a.e. x in Ty,
where ¢ = 1,2. Here d; and dy are positive constants and we use the
notation (h;(s))(z) = hi(z, s).
(H2) n <3 and a > 0
(H3) {u®,2°} € [D(—A)]? and {u',v'} € [H(2)]? where
0
D(—A) = {u € V N HX(Q); ai: =0onTy}
Theorem 2.1. Assume (H1)—(H3). Then there exist a pair of functions {u,v} in
the class
(C) {u, v} € [L=(0,00;V)]?, {u, v} € [Lf5,(0,00; V]2,
{u”, 0"} € [Li5, (0,00, L2(Q))]%,

satisfying the equations

U — Au+4auv? =0 in L0, 00; L*()),

2.1
v — Av+avu? =0 in L,(0,00; L)), @1)
the boundary conditions
% +hi(,u') =0 in LL_(0,00; L} (T'})),
aZ (2.2)
T ho(,v") =0 in L. (0,00; L}(T'1)),
and the initial conditions
w(0) =u®, v(0)=1" inQ,
(0) (0) (2:3)

' (0) =ul, '(0) =o' inQ.
Theorem 2.2. If in addition to the hypotheses of Theorem [2.1 we have
(H4) there are positive constant ky, ke such that
[l (z,8)] < afsl,  |ha(z, 5)] < kols]
for all s € R and a.e. x inT.
Then the solution {u,v} given by Theorem belongs to the class
(C*) {u,v} € [L2°(0,00; V) N L3, (0, 00; H (Q))]%;

loc
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this solution is unique in the classes (C), (C*), and satisfies the boundary conditions

%—&-hl(.,u’)zo in L?(0,00; L*(T1)),
v

v / : 2 2
$+h2(.,v):0 in L=(0,00; L=(T'y)).

Remark 2.3. By (H3), we have %LVO =0, %—”: =0on Iy, and u! =0, v! =0 on
I'y. Therefore, since h;(.,0) =0,

W+hl(.,u1)=o on Iy,
80
afq;—i-hQ(.,vl):O on I'y.

In the general case, that is, when {u%,v°} € [V N H?(Q)]? and {u!,v'} € V2
satisfying the compatibility conditions

oud

EJrhl(.,ul):O on Fl,
0
%%‘th(.,vl):o on F17

the existence of global solutions of ([1.2)) with initial data {u° v°} and {u!,v'} is
an open problem. In our approach, when u°, u! € V N H?(Q2), the condition

) 0
a—uy +hi(,u')=0 onTy,

does not imply necessarily

o 0
a—uy—i—hll(.,ul)zo onI'y, Vi

Thus in this case, we cannot to construct a special basis of V N H2({) in order to
apply the Galerkin method.

Next we state the result on the decay of solutions of Problem (1.2]). We assume
that there exists a point 2% € R™ such that

Ip={z el :m(x)vx) <0}, T'i={zel:m(z)v(z)>0}

where m(z) = r — 2%, x € R", and 7.£ denotes the scalar product of R™ of the
vectors 17, € R™. Consider the particular functions

hi(z,s) =m(z).v(x)gi(s), ha(z,s) =m(z)v(z)ga(s), x€Tli, seR, (2.4)

where g;(s) and go(s) are continuous real functions with g;(0) = 0, i = 1,2 and
satisfy

(H5) [gi(s) — gi(1)](s —7) > di(s—r)% forall s,r € R, i =1,2;

(H6) |gi(s)| < kf|s]|, for all s € R, where d} and k are positive constants, i = 1, 2.
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Introduce the following constants (K, K* positive) such that

[wllzs) < Kllwll,  Nwllfer,) < K*w]?, VweV; (2.5)
R = max [[m(z)||;
zEQ
N(a,u 0% ul,v') = N = [ul 2+ [+ [[a®)? + [[°)]* + afu®|?]|0°)* + 1,
with o > 0; (2.7)
3

L; = 1(n ~1)2kIR(K*)?, i=1,2; (2.8)

2 3 *\2 2 3 *\ 2
L =max {R (5141) +Li+1, R (Ekz) + Ly +1}; (2.9)

n—1 n-—1

M = 2(3 ) 2.10
Ty Ty (2.10)

where \; is the first eigenvalue of the Laplacian operator associated to the triplet
{V,L2(Q), ((u,v))} (see [10]). Define the energy

E(t) = % [l 01 + ' (OF + [lu@]* + lv@* + alu)o®)?], >0,

where | - | is the L? norm.
Theorem 2.4. Consider

{u”, 0"} € [D(=D)]* and {u',v'} € [Hy(Q))*
and a positive real number ag such that

(H7) agN < 1/(8RK3).

Let {u,v} be the solution obtained in Theorem [2.1) with hypotheses (H4)~(H6) and
0<a<ay Then

E(t) < 3E(0)e 23 vt > 0. (2.11)
where
dsody o1
w = min{fl7f2,m .

We make some comments. The open sets 2 of R™ satisfying the geometrical
condition given above (existence of 20 € R™ which permits to determine I'y and
I'; satisfying conditions of Theorem [2.1)) were introduced by Lions [I2]. The decay
of solutions of Problem for more general €, for example, when € satisfy the
geometrical control condition of Bardos, Lebeau and Rauch (see [12]), is an open
problem.

Hypothesis (H6) says that our feedback is between two linear feedbacks. This,
hypothesis (H5) and «p small state that Problem (1.2)) of Theorem is a small
perturbation of the linear problems associated to ([L.2)), that is, a = 0 and h;(z, )
linear in s.

When o = 0, all our results can be applied to the equation given by . In
this case €2 is an open bounded domain of R".

Consider the equation

u(z,t) — Au(z,t) + f(u(z,t)) =0, 2€Q,t>0
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with
feWLXR), f(s)s>0, VseR,

loc

(f(8) = f(r) <a(l +|sP~ 4+ |rP" (s —7), Vs,r€R, a>0,

where 1 <p < 5 if n > 3, and p > 1 if n = 1, 2; and the nonlinear dissipation of
(1.2). Then our results can be applied to obtain the existence of solutions of this

problem. This result is a nonlinear boundary version of the work of Araruna and
Maciel [1].

3. PROOF OF RESULTS

To prove Theorem we need the following two lemmas.

Lemma 3.1. Let h(x,s) be a real function defined on Ty x R satisfying (H1) with
strongly monotone constant dy. Then there exists a sequence (hy) in CO(R; L*°(T1))
satisfying

(i) hi(2,0) =0 for a.e. x inTy;

(i) [hi(z,s) — hi(z,r)](s —7) > do(s — )2, for all s,7 € R, for a.e. x inTy;

(iii) there exists a function ¢; € L>=°(I'y) such that

|hi(z,8) — hi(x,r)| < c(x)|ls—r|, Vs,r€R, forae xinTy;
(iv) (h) converges to h uniformly on bounded sets of R, for a.e.x in T';.

Proof. For each | € N we define

Chi(x)s, fo<s< %,
L b, r)dr, i1 <s<l,
if l
hi(x,s) = Cau(@)s, e >1 7
Csi(x)s, if —7<s<0,
[ 1 h(z,r)dr, if —1<s<—7,
1
Cu(z)s, if s < —I,
where
: +
Cy(z) =17 hz,7)dr, Cy = / h(z,T)dT,
T l
_% —1
Cy(x) = —12/ hz,7)dr, Cy(z)= —/ h(x, T)dr.
-3 ~i-4
The sequence (h;) satisfies the conditions of the lemma. (]

Lemma 3.2. Let T > 0 be a real number. Consider a sequence (w;) of vectors of
L?(0,T; H-Y2(T1)) N LY (0, T; L*(T)) and vectors w € L*(0,T; H-'/%(T'1)), x €
LY0,T; LY(T'y)) such that

(i) w; — w weak in L*(0,T; H=Y/?(T)),

(i) w; — x in LY(0,T; LY(Ty)).
Then w = x.
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Proof. The preceding lemma follows by noting that convergence (i) and (i¢) imply
w, —w in D'(0,T;D'(I'y)),
w; — x in D'(0,T;D'(I'y)).

Therefore, w = x. O

Proof of Theorem[21]. Let (hy;) and (hg;) be two sequences of real functions in the
conditions of Lemma that approximate hy and hs, respectively. Also let (ull)
and (v}) be two sequences of vectors of D(£2) such that

uf —u' in H}(Q) and vl — o' in Hj(Q). (3.1)
Note that
ou’ 1
W—Fhu(.,ul)zo on Fl, VZ,
since uj = 0 and %—“f/o =0 on I'y. Analogously
o’
E + hgl(.,vll) =0 on Fl, vi.

Fix | € N. We apply the Faedo-Galerkin’s method with a special basis. In fact,
consider the basis

{wh, wh, wy, wi, ..},
of VNH?(Q) where u’, v°, ul1 and vll belong to the subspace generated by w!, wh, w}
and w}. Note that u} and v} belong to V' N H?(£2). With this basis we determine
approximate solutions w, () and vy, (t) of Problem (1.2); that is,

U (t) = Zgjlm(t)w§ and vy, (t) = Z hjlm(t)wé,
j=1 j=1

when gjim (t) and hjim, (t) are defined by the system:

(i () w) + (i (£), wr)) + (i (807, (¢), wi) +/F hai (s g, () wpdl = 0,

(Wl (8), wp) + (Vi (t), wp)) + (vt ()ufy, (1), wp) + /F ha (-, Vg (1) Jwpdl = 0,
ulm(o) = uO’ Ulm(o) = UO in Q,

U (0) = b, 0} (0) =0} 2
(3.2)
forall k=1,2,...,mand all p=1,2,...,m.

The above finite-dimensional system has a solution {w,(t), vim(t)} defined on
[0,%1m]. The following estimate allows us to extend this solution to the interval
[0, oo
First Estimate. Considering 2uj,,, (¢) instead of wy, in (8.2); and 2vj,,(t) instead
of w, in (3.2)2 and adding these results, we obtain

& [ () + et )P + [ (P + 1 (2]
o [ ) baO)e + o [ a5 0h0)ds

+2AJWCW%@W%AWF+QAjmuﬁmwmeMF&
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Noting that

[ ot Gttrdn + [ w0 Gotn(0dn = [ Gl o) da.
By the two preceding expressions, after integrate on [0,¢[, 0 < t < t;,,, we obtain
[ (017 + [t ()11 + [0 (8) 1 + 00 ()1 + @ttt () 01 (£)
+ 2/t/r hay (., up,, (8))up,, (s)dlds + 2/t/F hoi (., vy, (8))v),, (s)dlds — (3.3)
1 1
= lug [ + [a®)* + o] 12 + 10" + afu® .
By Part (ii) of Lemma [3.1} we have
hi(x,s)s > d;s®>, VseRandae zinly, VI, i=1,2.

Note that [uv°| < oo because n < 3 and u®,v° € HE(Q). Taking into account
these two considerations and convergence (3.1)), in , we obtain

[ () + [ttt B2 + [0 (B + 101 ()1 + fttin ()0 (£)]?

+2d1/ / N dI‘d8+2d2/ / ), (s)]?dl'ds
Fl l—‘1

< [l P 1l + ot 001 + au®?* + ] Ny, V>,
where the constant N is independent of ¢, m and [ > lyp. Thus
(ugm)is bounded in L>(0,00; V), VI >ly, Vm
(u},,)is bounded in L>(0,00; L*(R)), VI >ly, Ym (3.4)
(u},,,)is bounded in L*(0,00; L*(T)), VI >lo, Ym
Analogous boundedness holds for (v;,,) and (vj,,). Also
(U Vim )is bounded in L°°(0, 00; L*(2)), VI > Iy, ¥m

As we are in a finite dimensional setting, the above estimates allows us to prolong
the approximate solutions {uy, (t), vym (t)} to the interval [0, ool.

Second Estimate. Derive with respect to ¢ equations (3.2)); and (3.2))2 and con-
sider 2w’ (t) and 2v;. (t) instead wy, and w, in (3.2); and (3.2)9, respectively. We
obtain

Ll (O + SO + 20l ()07, (0) 0 (1)

(3.5)
40 Ot O0f (0,05 () +2 [ (O Wi ()T = 0,

d d ! / 1

b (O 4 S [0t (]2 + 20(0], (B, (0), 010 () -

+ 4o (V1 ()t (), (£), V1, (£)) + 2/F (Vi (£))* Py (-, V1, (1)) dL” = 0.
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e Analysis of the term: (u], (t)v3, (t),u} (t)). Using the Holder inequality7 the
Sobolev embedding V < L5(€2) (note that n < 3) and estimates (3.4), we obtain

| (Wl ()01 (1) uf (1)) < /Q [t () e [V () e 1, (£) [l

< N (Ol o) 00 ) ooyl ] (3.7)
< Ol (1) 1)
< Ot () + (D)),

where C' denotes the several constants independent of [ and m.
o Analysis of the term (wpm, (¢)vim (t)v],, (), ujr,(t)). Applying the same argu-
ments used fo (3.7]), we obtain

|ttt (801 ()07, (8) 0, ()| < C (|07, () |1, () < C [0, (DI + |UE§n(t)|(2)~ |
3.8

In a similar way, we obtain estimates for
(U ()il (), 070 (1)) and (V1 ()t (), (1), V17, (1)) (3.9)
Integrating (3.5)) and (3.6) on [0, ¢], adding these results, using estimates (3.7)-(3.9)

and noting that

ghg[(ﬂ?,s) >dy >0

0
—hu(a:,s) >dy >0, s

Os

for a.e. x in I'y and a.e s in R, we derive

|ul7n( ‘2 + |Ul7n( )‘2 + ||ulm( )”2 + ||vl/m( )H2

—|—2d1/ / (up,, (s dI‘ds+2d2/ / (v) (s))?dl'ds
Fl l—‘1

< [l (0) + 013, () + [t ()| + [0, ()]

t
+/0 Cllugrn ($)* + [0 ()7 + [t ()7 + 0] (5) 7] ds
The Gronwall’s Lemma implies that there exists C(t), t > 0, such that
[ () + 015, (O + [l (D)1 + ([0 (8)]1?

+2d1/ / (up, (s dFd8+2d2/ / vyl (s))%dlds
Ty Iy

< CO)(ufpm (O + [v77 (0)] + g, (0 )||2+||vzm( )0?).

We need to bound |, (0)]* and v}, (0)|* by a constant independent of [ and m.
This is one of the key points of the proof. These bounds are obtained thanks to
the choice of the special basis of V N H2(f2). It is showed in the next estimate.

Third Estimate Note that 1, (0) = u® e vy, (0) = v°, respectively, for all [,m,

and 6 ° 4 hi(.,ui) =0 onT;. Taket =0 in (3.2);. Then these two results and

Green formulae give

(U (0), ) + (—Au’, ) + a(u’(v°)?, ¢) = 0
Taking ¢ = uj,,(0) in this equality, we derive

[l (0)] < [AU] + a|u®(0°)?| < O, VIm

(3.10)
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Thus (u,,(0)) is bounded in L?(£2), for all I,m. Analogously (v}’ (0)) is bounded
in L2(Q), for all [, m. Taking into account these last two boundness in (3.10]), we

obtain
(u,,) is bounded in L% (0,00; V), VI > 1o, m;

(ui,) s bounded in Lis (0,005 L*(2)), VI > lo, Ym; (3.11)
(u))) is bounded in LZ _(0,00; L*(T'1)), VI >ly, Vm.

Analogous boundedness hold for (v},,) and (v}.,).
Fourth Estimate. By the Holder inequality, the embedding V — L%(Q) and
estimate ([3.4), we obtain

[t () Vi () < Nttt (8) [0 ) 00 (8) [ 60y < C-

Thus

(umv?,) s bounded in L*(0,00; L3(Q)), VI >lo, Ym. (3.12)
Analogously,

(vimu?,,) is bounded in L>°(0,00; L3(Q)), VI > ly, Ym. (3.13)

As the estimates obtained are independent of [ and m, it is natural to take the
limit in [ and m in , but there are a difficulty in the passage to the limit in the
nonlinear term on the boundary I'y. For that, first we take the limit in m in
and then in [.

Passage to the Limit in m. The index [ is fixed. Estimates and
allow us, by induction and diagonal process (in order to have sequences converging
on all [0,00)), to obtain a subsequences of (uy,,) and (vyy,), still denoted by (wy,)
and (vy,), and functions u;, vy : 2x]0, co[— R satisfying:

U, — ug, m — 00, weak star in L°°(0, 00; V),

uy, — uj,m — oo, weak star in Li.(0,00; V),
ujh, — uj',m — oo, weak star in Lg% (0, 00; L*(£2)), (3.14)
up,, — uj,m — oo, weak in L*(0,00;L*(T1)),

up, — uj/,m — oo, weak in L2 (0, 00; L*(T';)).

Analogous convergence holds for (v;,,), (v,,) and (v},,) to vy, v; and v’, respectively.
In what follows we work with subsequence of (), always denoted by (),
obtained by induction and diagonal process. We analyze the nonlinear terms. By

(3.14])2 we have

uj, — u) weak star in LS (0,00; HY/?(I'1)) as m — oc.
This convergence, (3.14))5 and Compactness Aubin-Lions’ Theorem give
up,, — uj in L2 _(0,00; L*(T)) as m — oo. (3.15)

By part (iii) of Lemma we have

T
/ / (w1t (@, 8)) — bt (a, (. )] dTdt
0 I

< llewllZoe oy 1m = will 22 0,75L2 (01 ))-
Applying the above convergence in this inequality, we obtain
Ry (o uy,) — hy(,u))  in L3 (0, 00; L2(T'1)) as m — oc. (3.16)

loc
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Analogously,
hoi (o, 0),) — hai(,v]) in LE (0, 00; L*(T1))as ,m — oo. (3.17)
Convergence 1, (3.14])2, and Compactness Aubin-Lions’ Theorem imply
U — ug,  in L2 (0, 00; L*(Q)) as m — oo,
Vi — v in L2 (0, 00; L*()) as m — oo,
which implies
UmvE, — woi  ae. in Q = Qx]0,T[ as m — oo,
Vi, — vu? a. e, in Q = Qx]0,T[ as m — oo.
This convergence, the fourth estimate and Lions’ Lemma [IT], give
Ui, — wvi  weak in L (0, 00; L*(Q)) as m — oo, (3.18)

VimUi, — vui  weak in L2 (0, 00; L*(Q)) as m — oo.

Convergence ((3.14]), (3.16])-(3.18) allow us to take the limit in m in (3.2]); and (3.2))2.
Thus by these convergence and the density of V N H2(f2) in V, we obtain

/ "l (), 9)0(s)ds + / " (u(s). 9)0(s)ds + a / " (wn(s)02 (5), )0(s)ds

+/ / ha (., up(s))f(s)dlds =0, Ve €V, V0 € D(0, 00)
o Jr,

(3.19)
and

/ " (o (5),)0(s)ds + / " (), 9))8(s)ds + o / " (s (), 0)0(s)ds

+ /00/ hay(.,v;(8))¥0(s)dlds = 0, Vi € V, V0 € D(0, ).
o Jr,

(3.20)
Now counsidering ¢, % € D(Q2) and 6 € D(0, 00) in the last two equalities and taking

into account that u}’, v}’,u;v? and v;u? belong to L (0, 00; L?(£2)), we get

u) — Auyp + aupw =0 in LE (0, 00; L*(Q)),
v — Avp +avul =0 in LE (0, 00; L3(Q)).

loc

(3.21)

The above equalities give Auy, Av; € L2 (0,00; L*(Q)). As ug, v € L2 _(0,00; V),
we obtain

aul 61}1 2 . —1/2
57 E S LIOC(()? (e o H (Fl)) (322)

(see [13] and [10]).
Multiplying both sides of equation (3.21); by ¢8 with ¢ € V and 6 € D(0, 00),
integrating on [0, oo, using Green formulae and regularity (3.22)), we obtain

/0 (), 0)0(s)ds + / " (u(s), ))0(s)ds + a / " (u(s)03(s), 0)0(s)ds

[ 0w(s) S\ds —
|5 o —o,
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where (;) represents the duality pairing between H~/2(I';) and HY/?(T';). Com-
paring this result with equation (3.19)), we deduce

aul

5 hi(,u)) =0 in L (0,00; L*(T1)). (3.23)
By similar arguments, we obtain

0

S ha(ev) =0 in L3 (0,00 L2(T)). (3.24)

Passage to the Limit in [. As estimates (3.4), (3.11), (3.12) and (3.13)) are

independent of I and m, we obtain with (u;) and (v;) similar convergence to (3.14)
and (3.18)), that is, we have functions u, v : Q2x]0, co[— R such that

u; — u  weak star in L>(0, oo; V),

u; — u'  weak star in LS. (0, 00; V),
u)f — " weak star in L. (0, 00; L2(Q)), (3.25)
up — v’ weak in L*(0,00; L*(T'y)),

uf — v’ weak in L3 (0, 00; L*(T'1)),

analogous convergence holds for (v;), (v]) and (v}’) to v,v" and v respectively. Also

wvi — uwv?  weak in L (0, 00; L*()),

vu — vu?  weak in L (0, 00; L2(Q)).

Considering ¢ € D(2) and § € D(0,00) in (3.19), using convergence (3.25)), (3.26))
and applying similar arguments as in (3.21)), we obtain

v — Au+ouv® =0 in L (0, 00; L*(Q)) (3.27)

loc

(3.26)

Similarly
v — Av+avu® =0 in L (0,00; L3(Q)) (3.28)
We analyze the convergence in (3.23). As in (3.15]), we get the convergence
ujp — v in L. (0,00; L*(Ty))
Fix T > 0. The preceding convergence implies
uj(x,t) — v/ (z,t) ae. in X; =T x]0,T] (3.29)

Fix (z,t) € ¥1. Then by (3.29)) the set {uj(x,t);! € N} is bounded. Part (iv) of
Lemma, says that (hy;) converges to hy uniformly on bounded sets of R, a.e. x
in I'y. These two results and (3.29) imply

hyy(z,uj(z,t)) — hy(z,u'(x,t)) a.ein ;. (3.30)
Analogously,
hoy(z,v)(x,t)) — ha(z,v'(x,t)) a.e. in X;. (3.31)
On the other hand, by (3.21)); we obtain
(] (1), wi (1)) + ((w(t), wi(t))) + alw(t)vf (£)), (1)) +/ hu (- up(t))u(t)dl = 0,
Iy

or

/F O = 5 PO = 5 ()]~ ()07 (1) (1)),
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By analogous arguments used to obtain (3.7]), we deduce
|(w ()07 (), up (1)) < Cllw (@) + [ ()]

Note that v, € C°([0,T]; V), u; € C°([0,T]; L%(Q)) and that (v (T)) and (u}(T))
are bounded in V and L2(f2), respectively (see similar estimates (3.4) and (3.11)
for (u;)). By the last two expressions and preceding considerations, we have

T
/ / hay (. up(t))uy (t)dldt
0o Jr,

1 1 1 1 T
< —§IUE(T)I2 + §Iu}| - §IIUz(T)||2 + §IIUOII2 + aC/O (@)1 + Jup () [*)dt < C

for all t € [0,T] for all I > ly. As hqy;(z,s)s > 0, we obtain

T
/ / ha (-, up())uy(£)dldt < C, Yt € [0,T], VI > . (3.32)
0 Iy

where C' > 0 is a constant independent of [ > Iy and ¢t € [0,7]. By (3.30), (3.32)
and Strauss’ Theorem [19], we have

hu (. u)) — hi(.,u') in LYy x]0, TY). (3.33)
By similar considerations,

hai(.,v]) — ha(.,v") in L*(T'y x]0, T]). (3.34)
On the other hand, by convergence , we find u; — u weak in L2(0,T; V) and
by and convergence 7

Au; — Au  weak in L*(0,T : L*(Q)).
These two convergences imply

o o
% . a% weak in L2(0,T; H™/2(T'y))

(see [I3]). As 24 = —hy(.,uj) in L2(0,T : L*(T'y)) (see [3.23) we have that 24
LY(0,7 : LY(T'1)). Then convergence (3.33)) gives

% — hi(,ut) in LY0, T; LY (TY)).
These two last convergences and Lemma [3.2] provide
% +hi(,u') =0 in L*(0,T; LY (T)).
By induction and diagonal process we obtain
% +hi(,u') =0 in L} (0,00; L}(T'1)). (3.35)
Similarly,
% + ha(.,v") =0 in Lj(0,00; L' (I'y)). (3.36)

Convergence (3.25]) shows that {u, v} belongs to class (C), expressions (3.27) and
(3.28) are equations (2.1) and (3.35)), (3.36) are the boundary conditions (2.2) of

the theorem. The verification of the initial conditions (2.3|) follows by convergence
(3-19);. O
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Proof of Theorem[2.3. Hypothesis (H4); and estimate (3.4)3 give
(h1(.,u})) is bounded in L?(0, 00; L2(T1)).
Hence there exists y in L?(0, 00; L2(£2)) such that
hy(.,up) — x  weak in L*(0, 00; L*(T';)).
By , we have
hi (. u)) — hi(, ') in Li (0, 00; L*(TY)).

Writing these two convergences in D’(0,00; L!(T'1)), we obtain by the uniqueness
of limits,
hy(.,up) — hi(.,u')  weak in L*(0, 00; L*(T'y)).

This and (3.35)) provides
0
8—“ +hi(,u) =0 in L%(0,00; L2(T1)).
v

In a similar way,

? +ha(0) =0 in L2(0, 00, L2(T1)):
v
The facts
0
u € L®(0,00; V), Auc LZ.(0,00; L*(Q)), 8—1: € L*(0,00; L*(T'))

give u € L2 _(0,00; H3/2(Q)) (see [13] and [10]).
Regularity of solutions {u,v} given by class (C) allows us to apply the energy
method in equations (2.1]) and to obtain the uniqueness of solutions (see [I1]) O

Proof of Theorem[2.7} Let (g1;) and (go;) be the sequences obtained in Lemma [3.1]
for the functions g; and g, respectively. By direct computations, we show

3. 3 .
9u() < kil lou(s) < Shzlsl, VseR (3.37)
Consider the approximate solutions {u;, v;} of {u, v} satisfying (3.21) and boundary
conditions (|3.23)) and (3.24]) constructed with
hu(sw) = (mv)gu(wy),  ha(., up) = (m.v)ga(up).

Introduce the energy

1
Eit) = 5 [P + i@ + [w®OI + [lw@* + elu@u@)], = 0.
(3.38)
We prove inequality (2.11)) for F;(¢). The theorem will follow by taking the lim in f
of both sides of this inequality. First of all, we note that
up, v € Lise(0,00;V N H?(Q)), VI > lo. (3.39)

In fact, fix I € N. Let (u;,) be the sequences obtained in Theorem that
approximates u;. As gy, is Lipschitzian and ¢1;(0) = 0, by [3], we have g1;(u},,,) € V.

This fact, (3.37) and estimate (3.11)); give
(911(u},,,)) is bounded in L§Z (0, 00; H/2(T))).

So
gu(uj,,) — xi weak star in LS (0, 00; HY/2(I'y)).
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As in we obtain
gu(upy,) — gu(u;) in Li,(0,00; L*(I'y)).
These two convergences imply
(m.v)gu(up) € Lig(0,00; H'/?(T')).
This result and boundary condition give

ouy
v

Also, noting that v} and awv? belong to L2 (0,00; L2(£2)) (see proof of Theorem

loc
2.1)), we obtain

e L2 (0, 00; HY2(T)).

_Aul = — l — Oéul'Ul S LIOC(O7OO;L2(Q))'

Applying results of regularity of elliptic problems to there two expressions, we
obtain (3.39) for u;. Analogously for v;.
Regularity (3.39)) allows us to obtain Rellich’s identity for u;, that is,

2(Awy(t), m.Vuy(t))

==l - [ n) Va2 [ 2D pvujar O
(see [8] and [I7]).
By and boundary conditions , , we obtain
GE0=-[ (m i) ()~ / g 0)dr
and by hypothesis (H5),
%El( t) < —d} /F 1(m.y)ug2(t)dr —d /F 1 (m.v)v)*(t)dT. (3.41)
Introduce the perturbed energy
Ele(t) = El(t) + E’lﬁl(t% e>0 (342)
where
Yi(t) = pu(t) + 6:(2), (3.43)
pu(t) = 2(w(t), m.Vu(t)) + (n — 1) (up (t), wi (), (3.44)
0,(t) = 2(v)(t), m.Vou(t)) + (n — 1) (v](t), vi(t)). (3.45)

By direct computations, we have |i;(t)| < M E;(t), where M were defined in (2.10).
Then, for £ € (0, 357),
Lo < Bty < 3E@), 0<e< - (3.46)
9 1 > Lije =9 l ) = oM .
To facilitate the writing we omit the argument t in pi(t). By identity (3.40] -,
Green formulae, boundary condition and noting that u)’ = Au; — aulvl , it
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follows from (3.44))
ou
pi = (=2l = [ )V +2 [ G mu)ar
T 14

— 20(wvd, m.Vuy) + 2(u), m.Vup) + (n — 1) |uj|?

(3.47)
—(n=Dw)*~ (n—1) / (m.v)gu(up)udl — a(n — 1)|uv?
I
=hL+IL+-+ 1.
The idea is to obtain
o) < —nEy —nlww| +C | (maw)u?dr,
I'y
where n > 0, C' > 0 and
1
Eu(t) = 5 [l @) + [w(®)]?]
We have 5 5 5
Uuj Uy 2 U\ 2
e s = (== r 4
oz, Vig [V (8u) on Iy (3.48)

By (3.48)), we find
aul

I, = —/F(m.y)|Vul|2dF = —/Fo(m.u) <&/)2d1“ — /Fl(m.u)|Vul|2dF. (3.49)

. Analysns of Iy =2 [, 24 (m. Vul)dr
By (3.48) and boundary condltlon , we derive

0
Iy = 2/ (m.y)(aul) dF—Z/ (m.v)g1(up)(m.Vu,)dT.
Fo v F1
Recall R defined in (2.6). By (3.37)), we have

9 /F (mv)gu(ul)(m. Vi )dT < R / (m.)gu (ul)]2dT + / (m.v) [V [2dT

Iy Iy

3 \2
§R2(§kf) A(mu)ul2dF+A (m.v)|Vuy|?dl.

So
aul

I3 < 2/1“ (m.u)(ay

Simplifying similar terms in , and noting that fr m.v) (d“‘) dl’ <0,
we obtain

) dF+R2( )2/ (m. V)Ulzdr+/ (m.v)|Vu|*dl. (3.50)
'y I

L+1;< RQ(gki‘)2/F (m.v)u2dl
e Analysis of Iy = —2a(uv?, m.Vu;). We relcall N given by and the embed-
ding constant K given by . By , we have
w1 + [l () < N, ¥t >0, VI > lo. (3.51)
By and Holder inequality, we deduce
I < 2aRK3N |||
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e Analysis of I5 = 2(uj, m.Vu;). By Green formulae and noting that aaz_j =

and u; = 0 on Iy, we obtain
Is = —nju)|? —|—/ (m.v)udr.
Iy

e Analysis of Iy = —(n — 1) [ (m.v)gu(uj)wdl'. Recall the embedding con-

stant K* given by (2.5) and the constant L; given by (2.8]). By (3.37) and usual
inequalities, we get

s < 50— 17 (k) ROE)?

1
(m.v)uPdl + = ||lug]|?;
I 4

that is,
1
Ig S L1/ (mV)uFdF + ZHUIHZ
Iy

By (3.47)), using estimates for Iy + I3, I4, I5, Is and cancelling equal terms with
different sign, we obtain

1
pi < =[u]* = [l * + 20 REEN (@) fJur|* + o ]|

3
+ [Rg(ﬁk‘ff + Ly + 1] /r (m.v)urdl — a(n — 1) |ugvy|*.

Recall L defined by (2.9). Hypothesis (H7) implies

1 1 a
pi < —gluil = Sl = Fluo+ L [ (majufdr, 0<a<a
2 2 4 -

Similarly, 6; given by (3.45)), satisfies

1 1
0 < —5lofl? = Sl - %|um|2 + L/ (m)u2dl, 0<a < a.
I

Combining these two inequalities with (3.42)), (3.43])) and using inequality (3.41]),

we have

E| < —¢E —(d] — sL)/

(m.v)updl — (dy — 5L)/ (m.v)vjdr.
I

I
This implies
di* do*

E/_(t) < —eEi(t), Vt>0, 0<e<min {T’ T}’ 0<a<a. (3.52)

Take w given by the theorem. Then (3.46) and (3.52)) hold with ¢ = w. By ((3.46)
and (3.52]), we deduce

2
E_(t) < —gwElg(t), vVt >0, 0<a<ap.

This inequality and (3.46|) give (2.11)) with E;(¢). Inequality (2.11)) for the solution
{u, v} follows by taking the liminf of both sides of the preceding inequality. O
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