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EFFECT OF HYPERVISCOSITY ON THE NAVIER-STOKES
TURBULENCE

ABDELHAFID YOUNSI

ABSTRACT. In this article, we modified the Navier-Stokes equations by adding
a higher order artificial viscosity term to the conventional system. We first
show that the solution of the regularized system converges strongly to the
solution of the conventional system as the regularization parameter approaches
zero, for each dimension d < 4. Then we show that the use of this artificial
viscosity term leads to truncated the number of degrees of freedom in the
long-time behavior of the solutions to these equations. This result suggests
that the hyperviscous Navier-Stokes system is an interesting model for three-
dimensional fluid turbulence.

1. INTRODUCTION

We regularize the Navier-Stokes equations by adding a higher-order viscosity
term to the conventional system. In this paper we will restrict ourselves to periodic
boundary conditions.

dug

i +e(=A)ue — vAu + (ue.Vue + Vp = f(z), in Q x (0,00)

divu. =0 in Q x (0, 00), (1.1)
p(x + Le;, t) = p(x,t), u(z+ Leyt) =u(z,t) i=1,...,dt e (0,00)
Ue(2,0) = ugy(z) in Q,

Where 2 = (0,L)? and (ey,...,eq) is the natural basis of R?. Here ¢ > 0 is the
artificial dissipation parameter and v > 0 is the kinematic viscosity of the fluid,
I > 1. The function wu. is the velocity vector field, p is the pressure, and f is a given
force field. For € = 0, the model is reduced to the Navier-Stokes system.

In Lions [25], the existence and uniqueness of weak solutions of the modified
Navier-Stokes equations were established for all [ > 0 if [ > (d+2)/4, d is the space
dimension.

This type of regularization was proposed by Ladyzhenskaya [20] and Lions [20]
who added the artificial hyperviscosity (—A)!2, 1 > 2 to the Navier-Stokes system.

Mathematical model for such fluid motion play an important role in theoretical
and computational studies of bipolar fluids [7] and in the regularized Navier-Stokes
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equations (see [7, 26l 28] and the references therein). Hyperviscosity is introduced
in the works [28] 30] to demonstrate global unique solvability of the Navier-Stokes
equations in three dimensions. Hyperviscosity has been widely used for numerical
simulations of turbulence [1I, 8] 5] [6] and in computer simulations for oceanic and
atmospheric flows (see [4, 23]) or to control the Navier—Stokes equations [31].

A well known example of such a result is the viscosity solution method for the
Hamilton-Jacobi equations [26].

In this paper, we will study the effect of hyperviscosity on the Navier-Stokes
turbulence. First, we show that the solutions of converge strongly to the
corresponding solutions of the Navier—Stokes equations for d < 4. This result can
extend to each domain €2 with one finite size.

In this result, we show that the conjecture of Lions [25] Remarque 8.2. SecIl]
is true, for d < 4. In addition, it is an extension of a result due to Lions [20]
(where only the weak convergence is proved). The results in this article can be
seen as an improved version of the convergence results announced by Yuh-Roung
and Sritharan [28] 29], in two different ways: On the one hand, we consider here a
dimension d < 4, on the other hand the order viscosity term here is | > sup(g7 %)

Next, we consider the system with [ = 2; i.e., we modified the 3D Navier-
Stokes system by adding a fourth order artificial viscosity term (Laplacian square)
and we show the existence of absorbing sets. This fact implies that the system
(I = 2) possesses a global attractor ..

Finally, we obtain scale-invariant estimates on the Hausdorff and fractal dimen-
sions of the global attractor 2. independent of ¢ in terms of the Landau—Lifschitz
theory [22] of the number of degrees of freedom in turbulent flow [II), B2]. In
fact such an estimate that improves on the Landau-Lifschitz estimates has already
been done by Avrin [I] in which hyperviscous terms are spectrally added to the
Navier-Stokes equations.

Thus we recover the improvement on the cubic power; i.e., get a bound propor-
tional to G% for p < 3. The latter should be a possibility, as the attractor results
in [I] were not intended to be optimal in this direction. We would then represent
an overlapping result that is new as far as we know, although readers familiar with
the attractor techniques used may anticipate that such a result is possible in the
hyperviscous case given the existing results in [I] and the expected improvement in
the Sobolev-space estimates in the fixed uniform hyperviscous case at hand.

In Section 2, we present the relevant mathematical framework for the paper. In
Section 3, we show the convergence of the system to the conventional Navier—
Stokes equations. In Section 4, we consider the hyperviscous system (I = 2), we
show the existence of a global attractor. In Section 5, we estimate the dimension
of the attractor. Finally, we provide in Section 6, explicit upper bounds for the
dimension of the global attractor of the modified Navier-Stokes in terms of the
relevant physical parameters.

2. NOTATION AND PRELIMINARIES

In this section we introduce notations and the definitions of standard functional
spaces that will be used throughout the paper. We denote by H™(f2), the Sobolev
space of L-periodic functions. These spaces are endowed with the inner product

(u,v) = Z (Dﬁu, Dﬁv)Lz(Q)
1B1<m
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and the norm

[ullm = (1D )3 20"
|B]<m

H~™(Q) Denote the dual space of H™({2).
We denote by H™(£2) the subspace of H™ () with, zero average

B™(9Q) = {u e B™(Q); /Q w(w)dz = 0}.

For m = 0, we have H™(Q) = L?(Q).
We introduce the following solenoidal subspaces Vs, s € RT which are important
to our analysis

Vo(Q) = {u e L3(Q) : divu = 07u.n|2i = —u.n{ZHS, i=1,2,3}
Q) ={ue Hl(Q) cdivu = 0,’you|2i = ’70u|zi+3’ 1=1,2,3}
Vo(Q) = {u e H*(Q) : divu = 0,'70u|2i = '70“|2H37

'ylu|2i = ffylu|zi+3, i=1,2,3}

see [32, Chapter III, Section 2]. We refer the reader to Temam [33] for details on
these spaces. Here the faces of {2 are numbered as

Ei :890{%:0} and 2i+3 :3QQ{CE1 :L}, 1= 1,2,3.

Here ~q, 1 are the trace operators and n is the unit outward normal on 0f).
e The space Vj is endowed with the inner product (u,v)r2(q) and norm |[ul| =

1/2
(u7 u)L2(Q) .
e V] Is the Hilbert space with the norm ||ully = ||u||v;. The norm induced by
H'(Q) and the norm ||Vu||are equivalent in V;.
e V5, Is the Hilbert space with the norm |lu|ls = |Jully,. In V4 the norm induced

by HZ2() is equivalent to the norm ||Auw|.
Let V! denote the dual space of V;. We denote by A the Stokes operator

Au = —Au for u € D(A).

We recall that the operator A is a closed positive self-adjoint unbounded operator,
with D(A) = {u € Vo, Au € Vp}. We have in fact,

D(A) = H*(Q)NVp = Va.

The eigenvalues of A are {/\]};:lx’, 0 < A1 < X < ... and the corresponding

J=00

orthonormal set of eigenfunctions {w;} i—1 1s complete in Vj

ij = )\jwj, w; € D(Al)

The spectral theory of A allows us to define the powers A! of A for [ > 1, Al is an
unbounded self-adjoint operator in Vi with a domain D(A!) dense in Vo C V;. We
set here

Aly = (=A)u for u € D(AY) = Vo N V4.
The space D(A!) is endowed with the scalar product and the norm

(uvv)D(Al) = (AluaAl”U), HUHD(AZ) = {(uvu)D(Al)}1/2'
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Let us now define the trilinear form b(-,-,-) associated with the inertia terms

3
b(u,v,w) = Z /Qui%wjdx.

4,5=1

The continuity property of the trilinear form enables us to define (using Riesz
representation Theorem) a bilinear continuous operator B(u,v); Vo x Vo — Vi will
be defined by

(B(u,v),w) = blu,v,w), Yw € Va. (2.1)
Recall that for u satisfying V.u = 0, we have
b(u,u,u) =0, blu,v,w) = —b(u,w,v). (2.2)

Hereafter, ¢; for ¢ € N, will denote a dimensionless scale invariant positive constant
which might depend on the shape of the domain. Similarly, the trilinear form
b(u,v,w) satisfies the well-known inequalities (see, for instance, [30, Lemma 61.1]
and [8], 33])

V21|32 |v)ly  for all u,v € V- (2.3)

We recall some well known inequalities that we will be using in what follows.
The Ladyzhenskaya inequality (cf.[I9]) in R3

[b(u, v, w)| < erfulZlu]

6—6 3(0—2)
lull oy < callull By lull i, (2.4)
for every u € HY(Q), 2 < 6 <6.
Agmon inequality (see, e.g., [§])

Julloo < esllulli/*[Aul*/? for all u € Vq (2.5)

Young’s inequality
a/bg ga/p“‘ lg bqa Cl,b,0'>0, p> 17 q= L (26)

P qo P p—1

Poincaré inequality

A lul? < ||AY?ul?  for all u € V. (2.7)

To prove uniform bounds on different norms we use the uniform Gronwall Lemma;
for a proof see [32, Lemma IIT 1.1].

Lemma 2.1 (The Uniform Gronwall Lemma). Let g, h, y be three positive locally
integrable functions on (to, + 00) which satisfy

d
d—iggym fort > to,

t+r t+r t+r
/ g(s)ds < aq, / h(s)ds < aq, / y(s)ds < as fort > to,
t t t
where a1, az, ag are positive constants. Then
a
yt+r) < (73 +az)exp(ay) fort > to.

Denoting by G the dimensionless Grashoff number [10], this number measures
the relative strength of the forcing and viscosity.
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3. STRONG CONVERGENCE FOR THE HYPERVISCOUS SYSTEM

In this Section, we give a new Theorem which ensures the strong convergence of
the solutions of the system to the corresponding solutions of the Navier—Stokes
equations for d < 4. This result can extend to each domain €2 with one finite size.
Moreover, we show that u. € C(0,T;Vp).

Using the operators defined above, we can write the modified system in the
evolution form
d;: +eAlu, + vAu, + Blue,u:) = f(z), in Q x (0,00) (3.1)

Uey (T) = Uy, in Q. (3.2)

The existence and uniqueness results for initial value problem (1.1]) can be found
in [25], |26, Chap.1, Remarque 6.11]. The following theorem collects the main result
in this work

Theorem 3.1. For | > (d + 2)/4, d is the space dimension, for € > 0 fized,
f € L?(0,T; Vo) and u., € Vi be given. There exists a unique weak solution of
(1.1) which satisfies

us € L2(0,T; V)N L*(0,T;Vy), VT > 0.

Note that the conventional Navier-Stokes system can be written in the evolution
form

At Bluw) = f(a) 0 Qx (0,00) (33)
u(0) =up in Q. (3.4)

Theorem 3.2. For d <4, for f € L*(0,T;Vy) and ug € Vi be given. There exists
a weak solution of (3.3)-(3.4) which satisfies u € L°>(0,T;Vy) N L2(0,T; V), for
T >0. Ford=2, u is unique (Lions [25]).

We will establish various estimates uniform in ¢ for the solutions of the modified
Navier Stokes. These bounds will be used to establish the limit of these solutions
to the conventional Navier Stokes equations.

Proposition 3.3. For d < 4 and for € > 0 fived, f € L*(0,T;Vy) and ue, € Vp.
The weak solution uc(t) of the modified Navier-Stokes equations satisfy

(i) we is uniformly bounded in L*°(0,T; V),
(ii) we is uniformly bounded in L*(0,T; V).

We need the following Lemma proved in Temam [33] Lemma 4.1.ChIII,Sec4].
Lemma 3.4. The form b is trilinear continuous on V. x V x Vy if s > d/2 and
[16(u, v, w) || < eaflulll[ollfwls.
Applying Lemma [3.4] we obtain the following result.

Lemma 3.5. Let u.(t) be a weak solution of the modified Navier-Stokes system.
Then B(u.) belongs to L*(0,T;V/) forl > d/2.

Proof. By the definition of the operator B and the above Lemma, we obtain
[(B(u(t),v))] = [b(u(t), u(t),v)| < callu®)[[lu@®)[1]|v]lv;, Vo e V.
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Thus,
[B(u(t)llvy < callu(@)|lu()]y for 0<t<T.
O

Lemma 3.6. If f € L?(0,T; V), then, for any solution uc(t) of problem (L.1)) the

time derivative dd“ts is uniformly bounded in L*(0,T; V).

Proof. Due to Lemma B(u.) belongs to L2(0,T;V/), since f —cAlu. — vAu,
belongs to L*(0,T; V), thls implies that %% belongs to L*(0,T;V}). O

Lemma 3.7. The function u. is almost everywhere equal to a continuous function
from [0,T] to the space V.

Proof. Since u. € L2(0,T;V1) N L>=(0,T;Vp) and “e € L%(0,T;VY), the weak
continuity in Vp is a direct consequence of [33] Lemma 1.4.ChIII,Secl].
Similarly, it follows that u.(0) converges to u(0) in Vp, and since u., converges

to ug in V//, we conclude that u(0) = ug. O

Now we prove the strong convergence. It follows from (ii) of Proposition and
from Lemma that

d
ue, € X ={u., € L*0,T;Vy), “n ¢ [2(0,T; V})}
with bounds independent of e,,. Hence (i) u., — u in L*(0,T;V}) weakly; and (ii)
dqfﬁ" — d—" in L?(0,T;V;) weakly; These two properties allow us to establish the
strong convergence result.
The proof of the following theorem can be found in Temam [33], Theorem 2.1,

Chapter III, Sec 2].

Theorem 3.8. The injection of X = {u € L*(0,T; V), % € L*(0,T;V/)} into
Y ={ue L*0,T;Vy)} is compact.

By virtue of the above estimates and the compactness Theorem[3.8] We can now
state our first result.

Theorem 3.9. Forl > sup(d d2) and for d < 4, the weak solution u. of the
modified Navier-Stokes equations (1.1f) given by Theorem converges strongly in
L%(0,T;Vy) ase — 0 to u the weak‘ solution of the system (3.1)-(3.2).

Proof. Theorem [3.1| and Lemma are satisfied for | > sup(%, 4F2). We use
part ii) of Proposmon and Lemma we can deduce that the weak solutions

ue, € X ={u., € L2(0,T; Vi), % € L2(0,T; V/)}. Hence, the compactness

Theorem implies the strong convergence in L2(0,T; Vp). O

The following proposition is a consequence of Proposition
Proposition 3.10. For all w € LQ(O T; V1), V& e L2(0,T; V)

(a) limp oo fy (P58, w)d fo (S v >dt
(b) limy, oo fy (Vae, (£),V ( fo (Vu(t ())dt
() limp oo fy blue, (£),uc, (t), = [ b(u(t), u(t), w(t))dt.
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Let us now establish the limit of the equations (3.1]) as €, — 0. Taking the inner
product of (3.1)) with a test function ¢ € D(0,T;D(AY?)) then integrate by parts
and using the convergence Proposition we can pass to the limit as ¢, — 0, we

T T T T
get —fo (u, p')dt + Vfo (Vu, V)dt + fo b(u, u, p)dt = fo (f, )dt.

Here the term ¢, fOT(Al/ngn (t), AY2(t))dt approaches 0 as &, — 0. Since the
weak solution u., is in L?(0,7T; V) with a uniform bound in ,, and we obtain

T T
En/ (A ?ue,,, A2 p)|dt < En/ |(ue,,, Alp)|dt < cep.
0 0

Since u € L%(0,T; V1) N L*(0,T;V;), we can conclude that u is indeed the weak
solution for the conventional Navier-Stokes equations.

4. THE HYPERVISCOUS NAVIER-STOKES SYSTEM AND ATTRACTORS

Now, we consider modifications of the 3D Navier-Stokes system by adding a
fourth order artificial viscosity term (Laplacian square) depending on a small pa-
rameter € to the conventional system.

du,
dt
divue, =0, in Q2 x (0,00),us(2,0) = ug, (z) in £, (4.1)
p(x + Le;, t) = p(x,t), u(x+ Le;,t) =u(z,t) i=1,2,3.t€ (0,00)

+ eA%u. + vAu. + B(ue,u.) = f(z), in Q x (0,00)

where 2 = (0, L)3. In this section we will show the existence of the compact global
attractor 2. associated with the semigroup S:(t) generated by the problem (4.1)).
For the theory of global attractors see [2l 8 [14] [I8], 27, 30, [32].

For ¢ = 0 weak solutions of problem are known to exist by a basic result by
Leray from 1934 [24], only the uniqueness of weak solutions remains as an open
problem. Then the known theory of global attractors of infinite dimensional dy-
namical systems is not applicable to the 3D Navier—Stokes system.

The theory of trajectory attractors for evolution partial differential equations was
developed in [30], which the uniqueness theorem of solutions of the corresponding
initial-value problem is not proved yet, e.g. for the 3D Navier—Stokes system (see,
for instance,[T4], [30]). Such trajectory attractor is a classical global attractor but
in the space of weak solutions.

The problem of upper semicontinuity of global attractors for the 2D with periodic
boundary conditions was discussed by Yuh-Roung Ou and S. S. Sritharan in [2§].
For related results which use the theory has been introduced by Foias, Sell, and
Temam in [12] [32] to show that the system possesses an inertial manifold (see
1, 29, 32]).

The existence and uniqueness results for initial value problem are conse-
quence of Theorem [3.9for [ = 2 and d = 3.

Theorem 4.1. Let Q C R3, and let f € L?(0,T;V3) and u., € Vo be given. Then
there exists a unique weak solution of which satisfies ue € C([0,T; Vo) N
L2(0,T;Va), for all T > 0. Then as ¢ — 0, the solution u. converges to the weak
solution of the Navier-Stokes equations.

Now, we show that the semigroup Sc(t) has an absorbing ball in V and an
absorbing ball in V3. Then we show that S.(t) admits a compact attractor in Vj
for each € > 0.
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We take the inner product of (4.1) with ue, we obtain the energy equality
d
S uel? 4+ 22l A+ 20| Vel = 20 ).

Here we have used the fact that b(ue,ue,u:) = 0. By applying Young’s inequality
and the Poincaré Lemma, we get

d 2 2 2 IfIP
gy lluell” + 2ellAuc|” + v Ve ||” < Y (4.2)
we drop the term 2¢| Au.||?, we obtain
o luel? + ol < I
by integrating the above inequality from 0 to t,we get
[ue ()1 < JlueoPe™ M + p3(1 — e721), >0, (4.3)

where py = %/\1||f|| Hence for any ball Br, = {us, € Vo;|lue,|| < Ro} there is a
ball B(0,dp) in Vp centered at origin with radius dg > po (Ro > ) such that

1., R—pj
Se(t)Br, C By, fort>ty(Bg,) = log —5— (4.4)
AL (50 -
The ball Bs, is said to be absorbing and invariant under the action of S, (¢).
Taking the limit in (4.3)) we obtain
lim sup fJue (£)]| < po. (4.5)
We integrate (4.2) from ¢ to ¢ + r, we obtain for u.g € Bg,,
o Lrlf ||
[ s < (UL @) v > 0, vtz 0B, (40
t
With the use of (4.5) we conclude that
t+r 2
. 2 r 2, Il
tmsup [ uelfds < TP+ 4 (47)
from which we obtain
||f H2
hm sup ; ||u5|| ds < (4.8)

this verifies that the left-hand side is finite.
To show that the semigroup S.(¢) has an absorbing set in V;, we consider the
strong solutions and take the inner product of (4.1)) with Au., we obtain

2dt”A1/2u5”2 +5||A3/2UEH2 +I/||Au€|| —b(ue, us, Auc) + (f, Aue). (4.9)

By applying Young’s inequality, we obtain

v 1
(f; Aue) < ([l Aue]l < leAusll2 + ;Hf||2~



EJDE-2010/110 EFFECT OF HYPERVISCOSITY ON TURBULENCE 9

By using the Agmon’s inequality (2.5) and Young’s inequality we can estimate the
last term in the left-hand side of (4.9) as follows

1b(te, e, Aug)| < [fueloo e |1 | Aue |
3/2
< callue|3?]| Au||*/2

v
< leAuell2 + calluc |3

Hence we obtain from ({4.9))

d 2
7l lF + 2 A% 2|+ v Aue] | < S|P + 2e5 e .
Dropping the positive terms associated with € we have
d 2|1 f||?
D et + v vl < 200 4 o g (4.10)
we apply the uniform Gronwall Lemma to (4.10) with
2| £112
g=2eiuelt, n=200 0y g,

Thanks to (4.3))-(4.7) we estimate the quantities ai, az, asz in Gronwall Lemma by
ol £12 Fl N2 2
_ 2rlf]l A= 1]

2
a1 = 2caa as as =
¥ v ZD VRN 7Dt

and we obtain
a .
lue(®)]? < (73 +ag)exp(ar) = R? for t > to, to as in ([@Z).

Hence, for any ball Bg,, there exists a ball Bs,, in V; centered at origin with radius
Ry > 61 > py such that

2 2
Se(t)Br, C Bs, fort>t1(Bgr,)=to(Br,)+1+ L log M
2 o7 — 1
The ball By, is said to be absorbing and invariant for the semigroup S.(t).
Furthermore, if B is any bounded set of Vj, then S.(t)B C By, for t > ¢1(B, Ro),
this shows the existence of an absorbing set in V;. Since the embedding of V; in Vj
is compact, we deduce that S.(t) maps a bounded set in V) into a compact set in
V. In addition, the operators S (t) are uniformly compact for ¢t > (B, Rp). That
is,

UtZtl Se (t, 0, BRO)
is relatively compact in V.
Due to a the standard procedure (cf., for example, [32] Theorem I.1.1] for details),
one can prove that there is a global compact attractor . for the operators S¢(t)

for € > 0. Note that the global attractor 2. must be contained in the absorbing
balls Vy and V;

Q‘E = mtIZOUtZtIBgl (t) C B§0 n B51' (411)

Notice that all the above bounds are independent of &.
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5. ESTIMATES OF DIMENSIONS OF THE GLOBAL ATTRACTOR

Our aim in this section is to study the finite dimensionality of the global attrac-
tor. In the first part we will prove the differentiability property of Se(¢) and in the
second part we will provide estimates of the fractal and Hausdorff dimensions of
their global attractors 2.

Using the trace formula [32, Chapters V and VI], we estimate the Hausdorff and
the fractal dimensions of the global attractor 2. in V.

For a solution u.(t) = Sc(t)ue,, t > 0, lying on the attractor u., € 2., we see
from that the linearized flow around wu. is given by the equation

Ul +eA%*U. + vAU. + B(u.,U.) + B(Uz,u) =0, inV’
UE(O) =¢§ inV.

We show the differentiability of the semigroup S. with respect to the initial data
in the space V.

(5.1)

Theorem 5.1. For any t > 0, the function us, — us(t) = Se(t)ue, is Fréchet
differentiable on the attractor .. Its differential is the linear operator

D(S:(t)uey) = L(t,ue,) : E€V = UL(t) €V, t €[0,T],
where U.(t) is the solution of (5.1).
Proof. Let
n(t) = ve(t) —ue(t) = Ue(t), U:(0) =& = vy — e
Clearly, n satisfies
e+ A%+ vAn + B(n,ve) + B(ve, ) — B(we,w:) =0, 7(0) =0

where w. = v, —u.. Taking the inner product of the last equation with 7 and using
the identity B(ve,n,7) = 0 we obtain

d||nl|?
% + 2| A1 + 2v||n2 = 206(n, ve, ) — 2b(w., w2, 7). (5.2)

By (2.3) the first term in the right-hand side of (5.2]) has the estimate

/20113
12600, ve, m)| < 2e1 V2 InE lloe 1
3/2
< 2¢, Ry ||l 2|3/
4 p4
iRy 9, SV 2
< L Il + = Il

Employing the inequalities (2.3]) we estimate the second term in the right hand side
of (5.2)) as follows

2 20% 4V 2
2b(we, we, ) < 2ea|nllalwelly < —=llwely + 3 lInlly-

Hence, we obtain from ({5.2))

d|[n|* o BV, o _ iRl o 26 4
T 2¢e||Anl|® + IH77||1 <=3 Iml* + 7”%“1
we drop the positive terms 2¢||An||? and 3£(|n||3 we get
d|nll?> _ iR} 2c2
= < Il 4 =l (5.3)

dt — v
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From the classical Gronwall Lemma (see [33]), (5.3]) gives
2c2 bR}
ol < 25 [ el ess( [ Ut aryas.

Thus , , -
Il < Co [ Nuclfds, - o= 22 exp(50), (54)
The difference
We (1) = v=(t) — ue(t) = Se(t)vey — Se(t)ue,
satisfies the equation

dw,
dt

+eA%w, + vAw. + B(we,ve) + B(ve, we) — B(we, we) = 0,
we(0) = Uy — Uey = Wey-

Taking the inner product of the last equation with w., we obtain

d

%”wsw + 2€\|Aw5||2 + 2””“’8”% = 2b(we, we, ve). (5.5)
By using inequalities (2.3), and Young’s inequality we obtain

3/2 ciR*
2b(0e, v, )| < 2ealfoel e 3/ 12 < S o 2 + 5 e

Substituting the above result into (5.5)), we obtain

d 512 AR

@ oel? 4 22l Aue 4 2 el < S0 o2 (56)

We drop the positive terms 2e||Aw,||? and 22||w. ||} to obtain the following differ-
ential inequality

d iR
@IlwaH2 < gl (5.7)
Using the classical Gronwall Lemma we deduce from (5.7) that
TciR
lwell < flwe ()| exp(— =) (5.8)

From (.8) we deduce that
4R4

/||u5 ) — 0 (8)2dt < Crllueo — vay |2, Ch = T exp(

with (5.4) we conclude that
H77H2 < CoCF fluco — ve, ||,
then we deduce from and (5.9) that
262772 Tc*(2R* + R}
Il < Callo. O, where € = 2T exp( TR (50

v3

this shows that

[[ve () — ue(t) — U= (1)

HUEO - u60||2

The differentiability of S.(t) is proved. O

< Cyljve, — u50||2 — 0 as ||ve, — ueoll1 — 0 on 2.
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From Theorem [5.1] the function S.(t) is Fréchet differentiable on A, for ¢ > 0.
For £ € Vj, there exists a unique solution U, of (5.1]) satisfies

U. € C([0,T); Vo) N L*(0,T;Va) VT > 0.

With the differentiability ensured in Theorem we can then define a linear
map L(t;u.,) : £ € Vo — U.(t) € Vo where U, is the solution of (5.1]).

We can apply the trace formula (see [§] and [32] Section V. 3]) to find a bound
on the dimension of the global attractor .. We consider the trace TrF’(uc) of the
linear operator F’(u.) and for m € N, the number

t
Gm = limsup sup sup 1/ TrF' (S:(T)ue,) © Qm(T)dT
t—00 wue, €A £1EVD, [61]<1 t 0
i=1,...,m

where Qum(7) = Qm(T,ues; &1, - -+, &m) s the orthogonal projector in V; onto the
space spanned by UX(7),...,U™ (7). where UJ(1) = L(1,uc,).&5, j = 1,...,m,
t > 0, are m solutions of , corresponding to & = &1,...,&, € V1. Let
(1), j = 1,...,m, 7 > 0, be an orthonormal basis of for Qum(7)Vy =span
{UL(7),...,U™(1)}, ¢;(t) € Vi for j = 1,...,m, since Ul(7),...,U™(7) € Vi,
T €RT.

From the general result in [32] Section V.3.41], we have that if ¢,, < 0 for
some m € N then the global attractor has finite Hausdorff and fractal dimensions
estimated respectively as

dimg () < m, (5.11)

dimp(2.) < m(1+ max (qm). (5.12)

1<j<m=1 ||gm |

Then we have

TTF/(SE (T)UEO) °Qm (T) (TTF/(UE (T)) © QW(T)QOJ' (T)a Lj (T))

M

<.
Il
-

(F" (ue(7)) i (1), 05(7)),

p”qs

<.
Il
-

Recall that (-, ) denotes the scalar product in Vj, we write using and .,
Tr(F'(us(1)) 5 (1), ¢5(T))

(—eA%p; —vAp; — B(pj,uc) — Blue, 9;), ;)

U

<
Il
_

1
(—ellAg;|I? = v]|AZ @;]1* = blue, 05, ;) — b(@j, ue, ¢;5));

M-

.
Il
_

thus

m

Tr(F'(us(r))e; (7 Z (—ellesll = vliwi Il —blej ue, 95)).  (5.13)

We estimate the nonlinear term as follows

|Zb (50, 07)] = |Z/ 3 ot ()

k,i=1
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whence for almost every x € 2 we have

m 3
1> einn—(@pude] < ulipl

j=1k,l=1
where
m 3
1
Ju(@)]l = Z | Diun(2)[?)? and p(x) = > > (pji(x))*.
k=1 j=1i=1
Therefore,

> M) < [ pla)luta) s (5.14)

with the Schwarz inequality
1Y b 05)] < @)l ]lp()]. (5.15)
j=1

Applying the weighted Sobolev-Lieb-Thirring inequality [32, Theorem A.3.1], there
exists cs5 independent of the family ¢;, m and of € such that

m

lol* < es ) llps(@)I3. (5.16)

j=1
Insert (5.16)) into ([5.15) to find
m m 1/2
1> (s, u,05)] < Jlulli(es Y lles(@)117)

j=1 j=1

using the Young inequality we obtain

Izb ®r U $5)| < ZH% ||1+*|| I3

By using the Sobolev embedding Theorem V5 C V7, we have

colloill < llpj (@)l (5.17)
for an absolute constant cg. Using the inequalities above (5.13]) gives

TrF (ue(7)) 0 Qu(7) < —ece Y _ llpslI7 — Z i (@)1 + *II I3
=1

We now use the estimate for p. In fact it is A ~ cA1m?/3 in 3D, which can be
found for example in [II] or [32, Lemma VI.2.1], there exists a constant c; such
that

Z g (@)} = A1+ -+ A = ez hym®®

use (5.17) to estimate TrF’(u-(7)) o Qum(7) as follows

TrF (us(7)) 0 Qu(r) < —(eer + 3 )erham® + 22 e . (5.18)
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Kolmogorov’s mean rate of dissipation of energy in turbulent flow (see e.g. [11I, [I6],
32, VI.(3.20)]) is defined as

e—A/thsup sup / l|ue ()3 d (5.19)
t—oo uEOE e

the maximal mean rate of dissipation of energy on the attractor, which is finite
thanks to (4.8). Hence

%/0 Tr(F' (Se(T)uey) 0 Qum(7))dT < —(ec7 + ;)07)\11713 +ff/ l|lue ()3 dr.

Using (5.19) we can estimate the quantities g,
m < —r1m®? + kg,

with
cs

v
k1= (ecg + =)erA1 and kg = ——=«.
2 e

Therefore, if m’ € N is defined by

m —1<

2K2.\3/5 _ 2¢5 3/5_3/5
( ) - 5/2 ) €
k1 2\ (2ec6 + v)er
then g,y < 0, setting c§ = (WP/%O that from (5.11)-(5.12)) this m’ is
v ECeTV)CT
an upper bound for the dimenslion of the global attractor,
dimg () < dimp(2Ae) < g/,

Using (4.8) we can estimate the energy dissipation flux e by
1/2

< NI

B v

<m,

€ (5.20)

To make the dimension estimate more explicit, we can estimate the energy dissipa-
tion flux € in terms of G by

e < \NVPG2 (5.21)
Therefore, using ([5.21)) we prove the following Proposition.

Proposition 5.2. The global attractor 2. of the reqularized 3D Navier-Stokes
(4.1), is finite dimensional, in Vi has finite Hausdorff and fractal dimensions, which
can be estimated in terms of the Grashoff number by

dimpy (2.) < dimp(2A.) < ¢oGY/°

6/5
where cg = 5/ \] /

We can estimate cg as follow

205
e 3/5 _ 0
= < 315/2 ) = Cg-
3 Ter

Then there exists a constant cjo = cg 0,9/ 5/\ 6/5 independent of . Hence

Theorem 5.3. The Hausdorff and fractal dimensions of the global attractor 2.
of the regularized 3D Navier-Stokes ([4.1), dimp(2.) and dimpy(2.) respectively,
satisfy

dimH(ng) < dlmF(Qle) < 010G6/5.
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6. NUMBERS OF DEGREES OF FREEDOM IN TURBULENT FLOWS

In this Section, we estimate the effects of hyperviscosity on the turbulent flow.
An argument from the classical theory of turbulence (see, L. Landau and Lifshitz
[22]) suggests that there are finitely many degrees of freedom in turbulent flows.
Heuristic physical arguments are used to justify this assertion and to provide an
estimate for this number of degrees of freedom by dividing a typical length scale
of the flow, Iy = )\1_1/2, by the Kolmogorov dissipation length scale I.; i.e., [ = "?3
where € is Kolmogorov’s mean rate of dissipation of energy in turbulent flow and
taking the third power in 3D.

We will express our primary attractor results in terms of the Kolmogorov length-
scale [ and the Landau-Lifschitz estimates [22] of the number of degrees of freedom
in turbulent flow [11], [32] and we can easily observe such compatibility that exists
between these estimates and the number of degrees of freedom in turbulence (see
also [22]). Such estimates will give us useful information about the capability of
to approximate Navier-Stokes equations dynamics. We will show that the
corresponding number of degrees of freedom is proportional to the dimension of the
global attractor.

By Holder’s inequality the right hand side of can be estimated as follow

/Q lu(@)lllp(@)lldz < o)l Lsrs (o) A 2ue (@) 13720

< (es ) eI IA 2 uc(@) | oo,
j=1
By Young’s inequality we obtain
Vo 2 /2, 5/2
[ @) llp@lde < > Il + A @l ey 6

Using (5.17), (6.1) we can majorize T7F’(u.(7)) o Qpn(7) as follows
TrE (ue (1)) © Qu(7)

5/2 (6.2)
—ECGZH% IE - Zn% E + 55 14 20 @) -

Note that in the 3D case we have \; > ci1 L7325 3 for some positive universal constant
(see, for example [32, Lemma VI 2.1]). Therefore,

Z s @)1F = A+ + A > cadim™/3. (6.3)

Taking into account and (6.7]) then yields
TTF/(’U,E(T)) o0 Qum(T)dr

14 C
S —806612/\%7715/3 — 5612)\17715/3 + 75||A1/2U5(I)||5L/52/2(Q)

|AY 2 () |22

v
< (—ece — 5)012>\1ms/3 L5/2(Q)"

ol

IN

v 5/2
—(ecs + 5)012)\17”5/3 + W”Al/g @ )||L/5/2(Q
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Thanks to (2.4) with § =5/2, we have
1A e (2| 52 (@) < call AV 2ue (@)]|V/2 )| AY ue ()17
and hence

A 2ue (@)% < %A e ()5 A e () 32 (6.4)
(Q)

In fact, the norm |\A}/2u5||1 is equivalent to the norm ||uc|l2 in V5. This means
| Aue ()||d2 < [[AY?uc (@)1 < dil| Aue(2)]]. (6.5)

Notice that d; and d2 do not depend on €. Then, from the above and using Holder’s
inequality we obtain

limsup sup / |\A1/2us (7, $)||L5/2(Q

t—o00 Ueq EQLE

< Cslimsup sup /||A2u )%/ 4dr

t—00 u.0€E™Ue
5/2
where C3 = 02/ dy MY/2 and

M = sup sup || Auc(z)]| (6.7)
te[0,T] ueq €AND(A)

it is clear that M is finite.
On the other hand, using ([5.19) we have

sup (limsup — / |AY 2 ()| *dT)
Uey €A T—00
(6.8)
< sup (limsup— / ||Al/2 H2d7)5/8 < (%)5/8.
Uy €A t—00 )\1/ v
For u., € 2., we can estimate the quantities ¢, (t), qm
Gm = limsup ¢, (t) < —rk1m® + ko,
t—oo
where y
_ _ Cs € \5/8
k1 = (ece + 5)612>\1, Ko = C3m(m) .
1
Therefore, if m’ € N is defined by
2 4C! 3/5
m/ 1< (2)3/5 _ ( 36;’)71 - 63/8 < ’ITL/, (69)
k1 (2ece + V)A\S VS 10

Setting [, = ("—:)1/4 the dissipation length scale, and lop = A\{ 172 the macroscopical
length by setting. Then we can rewrite ( in the form

l
m—1< 613(l0)3/2 < m', (610)
where
4C3¢5 \3/5 . . 1 3/5
c13 = \—{7F—— Clgy Ciy= (77— . 6.11
13 ()\1(131/8612) 14 14 (2€C6+V) ( )

Thus, we have proved the following Proposition
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Proposition 6.1. The Hausdorff and fractal dimensions of the global attractor A,
of the reqularized 3D Navier-Stokes , dimp () and dimgy () respectively,
satisfy
dimy (A.) < dimp(2A.) < clg(éﬁ)g/z. (6.12)

The exponent on I/l is significantly less than the Landau—Lifschitz predicted
value of 3, less than the results in [9] for the 3D Camassa—Holm equations, or simply
NS-a model and less than the Avrin exponent (for o =1 = 2) [I, Theorem 1].

This, in a sense, suggests that in the absence of boundary effects (e.g., in the
case of periodic boundary conditions) the modified 3D Navier-Stokes represent,
very well, the averaged equation of motion of turbulent flows.

Since the Grashoff number G = ||f\|/(1/2/\i’/4) in 3D, (see e.g. [Il 11, B3]) is an
upper bound for (%)2, expressing the above estimates in terms of G is straightfor-
ward. The above Proposition becomes

Proposition 6.2. The Hausdorff and fractal dimensions of the global attractor 2.
of the regularized 3D Navier-Stokes (A1), dimp () and dimg(Ac) respectively,
satisfy

dimg () < dimp () < ¢13G34 (6.13)

Thus we recover the improvement on the cubic power; i.e., get a bound propor-
tional to GP/2 for p < 3, in p = 3/2. This improvement suggesting to very
good agreement with the conventional theory of turbulence.

For a = I = 2, motivated by the Chapman—Enskog expansion, we recover .
This result can be seen as an improved version of the results announced by Joel
Avrin [I, Theorem 2].

We can estimate (6.12) independent of e.

From we have ¢, = 1/(2ecs + v)?/° < 1/v%/° = ,. Then there exists a
constant ci5, which is independent of ¢, such that

40305 3/5

C15 = (7
11/16
Al / v25/8¢,

The following estimates are independent of £ and with them we finish stating our
main results

Theorem 6.3. The Hausdorff and fractal dimensions of the global attractor 2.
of the regularized 3D Navier-Stokes , dimp () and dimgy () respectively,
satisfy
dimp (2.) < dimp(2A.) < 015(%0)3/2.
€

This upper bound is much smaller than what one would expect for three-di-
mensional models; i.e., (lp/l.)3. This improves significantly on previous bounds
have demonstrated that hyperviscosity can have profound effects on the number
of degree freedom. The modifying effects are well understood, which makes the
use of hyperviscosity an efficient tool for numerical studies and suggests that the
regularized 3D Navier-Stokes has a great potential to become a good sub-gridscale
large-eddy simulation model of turbulence. The results obtained agree very well
with those provided in numerical studies of turbulence; see [T}, 9} 13}, [I5] 21].

The present results explain some fundamental differences between the theory use
instead a hyper-viscous term to approximate Navier-Stokes equations and which



18

A. YOUNSI EJDE-2010/110

hyperviscous terms are added spectrally to the standard incompressible Navier-
Stokes equations [I]. It would be interesting to obtain estimates for (1.1)) in this
context in 3D and to see how the estimates depend on [ for [ > 3/2.
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20]
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23]
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7. ADDENDUM POSTED ON SEPTEMBER 27, 2011

The author wants to correct some misprints and present a new proof of the
estimates for the dimension of the attractor, using the Lieb-Thirring inequality.

p5, formula (3.3): Replace B by B.

p5, Lemma 3. 5' Define B(u) = B(u,u).

p6, Theorem [3.9} Replace ‘u is the weak solutlon by ‘u is a weak solution’; also
in the last line of Sectlon 3; and in Theorem

p6, Theorem [3.9} Replace (3.1)—(3.2) by . (3-4);

P9: We can just interpolate,
lull e < lullFpe [l 2. (7.1)

which then gives u. € L* (O,T; Hl(Q)) if u. € L? (O,T; HQ(Q)) N L (O,T; LQ(Q))
(and gives an explicit estimate on the norm), thus ay = L*(0,T; V1 (£2)).

pll, entire page: Replace R by R;.

P15, Section 6: We present a new and rigorous proof for estimates of the dimen-
sions of the attractors using Lieb-Thirring inequality [32, Theorem A4.1].

By Holder’s inequality the right hand side of can be estimated as

/Q [uc (@) 1 p(x)dz < [|p(@) ]| 78 (@) | A e (@)]| 17/ (0 (7.2)
Applying Young’s inequality with p = 7/3, ¢ = 7/4, 0 = 7¢/(6k), we obtain
7/4
/ ||u€ ||1p( )dZC < 7||p( )HL7/S(Q) +C5HA1/2U€(I)”L/7/4(Q)a (73)
where ¢5 = %(g—i)_w 4. Using the above inequality, we have the estimate

TrF' (ue(r)) o Q —VZH% )T~ 52\\% 3

7/3 1/2 7/4
+ %np(x)nm(m T el A2 (@) |2 -



20 A. YOUNSI EJDE-2010/110

Applying the 3D Lieb-Thirring inequality with m = [ as developed in [32, Theorem
A4.1] and using the Sobolev embedding V5 C Vi, we obtain

TrF (us(r)) o Q —c?Zu% I+ sl A 2uc@)| agye (T5)

where ¢c; = %ﬂ—ﬁ Therefore, Zj:l ||<)0] (1')”1 > Cg)\1m5/3 and we have by Holder’s
inequality

7/4
1A 2 (@) 55 ) < croll A Puc(@)|7/2, - ero = [0, (7.6)

Taking into account this inequality, we have
TrF (us(1)) 0 Qum(7)dr < —creghim®3 + csei0|| A ?uc ()% (7.7)
By Holder’s inequality,
limsup sup 1/t |AY 2ug (7, 2)||/4dr

t—00 wuco€R/Ue

(7.8)
< limsup sup / |AY 2u (7, z)|| dT)
t—o0 UeoERAe
On the other hand, using (5 we obtain
1t
limsup sup f/ |AY 2u (7, 2) ||/ *dr < ( 3;2 )7/8. (7.9)
t—oo u.o€. T Jo Ay
For u.g € 2., we can estimate the quantities ¢, (t) and ¢,:
Gm = limsup g, (t) < —r1m® + Ky, (7.10)
t—o0
where k1 = c7cg\1 and
Ko = escr0(—am)
Ximu
Therefore, if m’ € N is defined by
2K2\3/5 2csc10 3/5
1 ah2 — 21/40 1 11
m =< (S (—C p /\37/161/7/8) 110 <! (7.11)
Then we can rewrite in the form
l 2cs
m' —1< C11( 0)21/10 mI7 C11 = ( o )3/5(V63/40))‘?1/20~ (7'12)

le
Thus, Proposition and Proposition can be reformulated as follows.

37/16
6709)\1/ V7/8

Proposition 7.1. The Hausdorff and fractal dimensions of the global attractor

. of the regularized 3D Navier-Stokes (4.1), dimp ;) and dimp (2.) respectively,
satisfy

l

dimp (A.) < dimp(2Ae) < cn(lﬁ)ﬂ/lo. (7.13)

Proposition 7.2. The Hausdorff and fractal dimensions of the global attractor 2.

of the regularized 3D Navier-Stokes (4.1)), dimp(2:) and dimg () respectively,
satisfy

dimg (A.) < dimp () < e, G?Y2, (7.14)
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Thus we recover the improvement on the cubic power; i.e. get a bound propor-
tional to GP/2 for p < 3, in (7.14) p = 21/10.
End of addendum.
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