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DISSIPATIVE BOUSSINESQ EQUATIONS ON
NON-CYLINDRICAL DOMAINS IN R"

HAROLDO R. CLARK, ALFREDO T. COUSIN, CICERO L. FROTA, JUAN LIMACO

ABSTRACT. This article concerns the initial-boundary value problem for the
nonlinear Boussinesq equations on time dependent domains in R™ with 1 <
n < 4. Global solvability, uniqueness of solutions and the exponential decay
to the energy are established provided the initial data are bounded in some
sense.

1. INTRODUCTION

Let Q C R™ be an open bounded set with smooth boundary I By Q. =
Q% (0,00) and ¥, = I'x (0, 00) we denote the cylindrical domain and its boundary,
respectively. Given k = k(¢) a real function defined on [0, 00), for each ¢ > 0 we
denote € the transformed sets by the number k(t); that is,

O = {z € R" such that = = k(t)y for all y € Q},
and I'y is the boundary of £2;. Then the time dependent domain
Qoo = U0 (9 x {t}),
is a subset of R"*!, with lateral boundary
S = Upso (T x {t}).

In this article, we study the initial-boundary value problem for the dissipative
Boussinesq equation

wer(z,1) — A(u(z, t) + ue(z, t) + u?(2,t)) + A%u(z,t) =0 in Ox, (1.1)
Ou a

u:azo on Yoo, (1.2)

u(z,0) = up(x); ur(x,0) =ui(x) for x € Q. (1.3)

The theory of water waves for the case of shallow water and waves of small ampli-
tude, idealized by Scott-Russell in 1834, had one of the first mathematical analysis
established in 1872 by Boussinesq [3]. His work derived a nonlinear dissipative wave
system which is now known as the Boussinesq equations. See also Boussinesq [4].
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A nice survey on the history of the derivation of models of Boussinesq type can be
found in Miles [10].

Initial-boundary value problem in a cylindrical domain with small initial data has
been considered by Varlamov [I3], 14} 5] in both 1-dimensional and 2-dimensional
cases. As results, classical solutions were constructed, uniqueness of solutions and
the long-time asymptotic were obtained explicitly. For more information about
problems associated with Boussinesq equation, see Varlamov [I6] and references
therein. Liu-Russell [9] studied the existence and uniqueness of solutions to initial-
boundary value problems on a 1-d periodic domain. There have an internal
weak damping kju, and a linear feedback ko (u — [u]).

For the one-dimensional case, we mention the works of Bona-Sachs [2] and
Tsutsumi-Matahshi [I2]; where the authors studied the existence, uniqueness and
stability of solutions for Cauchy problems. Cauchy problem related to in
an abstract framework on a Hilbert space H has also been studied by other au-
thors; Biler [I] and Pereira [I1] established results on existence, uniqueness and
asymptotic stability of solutions.

This article is motivated by the article [5] where a 1-d version of (L.1)-(1.3) is
investigated. Our proof is a slight modification of the one in [5]. However we had
to overcome some technically difficulties when considering this problem in @oo.

The paper is organized as follows: In section 2, we give some assumptions to be
used later, and state the main results. Subsequently, sections 3 and 4 are devoted
to prove the main results: Theorems [2.1] and 2.2]

2. ASSUMPTIONS AND MAIN RESULTS

For the functional spaces we use standard notation as in Lions [7] and Lions-
Magenes [§]. The inner product and norm in L?(Q) and H}(Q) are, respectively,

denoted by
1/2
9= /Q (&) g(e)de. |f] = / rePde)”,

V=3 [ egledw. - Z/% @ dc)”

For the rest of this article we consider n < 4, which implies that H}(€2) is contin-
uously imbedded in L*(2). Let Cy be such that || - || 1) < Col| - ||. Moreover, let
C1 and Cy be positive real constants satisfying the inequalities || f||z2(q) < C1|Af]
and || f|| < Ca|Af| for all f € HZ(Q). Since Q is bounded there exists C3 such
that |y;| < |lyllgn < Cs, for all y = (y1,...yn) € Q. From Poincaré inequality

H}(Q) — L?(Q) and we put Cy such that |- | < Cy - ||. Henceforth we take for
simplicity
C = max Cj. (2.1)
0<j<4

We now state some assumptions on the function k:
ke C?([0,00)) with k(0) =1, (2.2)
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Let €y be a real number such that

4
—_— 24
©Z T gce 24
and for each pair of functions (ug,u1) € H3(2) x L?(Q2) we denote
3 14 C?k} 1
a(uo, u1) = 1|Ul|2 + TWUOHQ + %MUOF- (2.5)
We also introduce the following tree polynomials:
1 9
p(\ ) = [(24 9InC?k1)C?ky + k—] A+ [1 ((2n 4+ 1)* + n*C%k7) C*N?
0 (2.6)
9 9
n [§n204} A [§n204]€%]772;
3
gA) = X (2.7)
0
2
r(\mn) = [k—o + C?k (2n + n*C?) A + (2nCYEDN? + [nC K. (2.8)

Now that the notation and assumptions have been set, we state the main results.

Theorem 2.1 (Existence and exponential decay). Suppose n < 4 and (2.2))—(2.3)
hold. If

1 1 1
p(FOLIF"@®N < 7. alF O < 7, r(FOLKO) <7, (29
for allt > 0. Then for each (ug,u1) € HZ(2) x L?(Q) such that
1
2e0C8 kS v, ur) + 8C3 k3 v/ aug, uy) < 1 (2.10)

there exists at least one global weak solution, u, to the problem (1.1))-(1.3), such
that

u e Lﬁf’C(O,oo;Hg(Qt)), Uy € L12()C(O7<>O;Hé(§2t))7 (2.11)

and it satisfies ([1.1) in the sense of L*(0,T; H=2()). Moreover, there exist posi-
tive real constants kg, k1, ko, such that the energy

1
E(u,t) = §{|Ul(t)|%2(n,,) + |Vu(t)|%2(9t) + |Au(t)|%2(9t)}
of system (1.1))-(1.3) satisfies

Blut) < raa(to, 1) 47w,

forallt >0, (2.12)
K1

where Ko, K1, ke, are defined in (3.40)), (3.43), (3.51)), respectively.

Theorem 2.2 (Uniqueness of Solutions). Under the assumption of Theorem (2.1
if k' and k" satisfy

1 1 }
4K, 4Ky’
where K1, Ko are real constants defined by (4.18]), then the global weak solution of
(1.1)-(1.3) s unique on [0,T], for all T > 0.

|k/|L1(O,+oo) + |k‘H|L1(O’+OO) < min{ (2.13)
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3. PrROOF OF THEOREM 271
The idea is to transform the non-cylindrical mixed problem (1.1))-(1.3]) into to a
problem on a cylindrical domain, by using a suitable change of variables. Whence
let us introduce the function F : R™ x [0,00) — R™ x [0, 00) defined by
F(y,t) = (k(t)y,t) = (k(O)y1, ..., k() Yn,t), fory=(y1,...,yn) € R". (3.1)

It is not difficult to see that F is a diffeomorphism of class C? which satisfies:

F(Qu) = Ouy F(Q) =0, F(Sx)=Sa, Fl(a,8) = (rom,t).

Given a function w : @Oo — R, using the diffeomorphism F', we define v = (uo F) :
Qoo — R; that is, v(y,t) = u(k(t)y,t). Then we get

u(z,t) = v(y,t) where y = .

k(t)
Ou _ i Ov fori=1 n
Ox;  k(t) Oy A (3.2)
E'(t) o~ Ov
k(t) ; dy; ™’
For the second order derivatives we find
0%u 1 0%v for i —
oz?  k2(t) 0y? R
Pu 0% E(t) <~ 0% Et) 2x=w= 0%
o2 k(1) ; atoy; +(k(t)) FU; ooy,
2(K' (1)) — k()K" (t) v
+] k2(t) ] ; dy; Yis (3.3)
Pu K@) zn: 0%v - K(t) ov n 1 0%v
w0t~ K(t) = Oydy,; YT R20) oy T k() oyot
9% 0Ou E(t) e~ 0% K'(t) 0%*v 1 9
D2 927 o) = k3 (t) ; ay2oy; 2k3(t) a2 T W00 ogZor
Taking into account these computations, we have
Au = L Av, A?u= ! A%y (3.4)
k2 ()" k) '
8u "(t) & k’(t) 1 v,
Al 0 ;A 253 ()Av—i— kQ(t)A(a), (3.5)
A(u?) = L A(v?). (3.6)
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From (3.3))-(3.6)), a function w is a solution to the problem ([1.1))-(1.3) if and only if
v is a solution to the problem

v 01:1) = T A0+ 0(010) +0%(0.0) s A% (0.
st S a2 2
+ (]Z((;))fgg aj;}yj (¥, )y o
i (K'( ))k;(s(t)kﬂ(t)]gf?;(y’ Wi =0 in Qe
u:%:o on Yo, (3.8)
v(y,0) = voly) = uo(y), ve(y,0) =wvily) =wly) foryeQ.  (3.9)

According to the above statements, it suffices to prove that under the assump-
tions of Theorem [2.1] there exists at least a weak solution v to (3.7)-(3.9) satisfying

v € L. (0,00, HF (), vr € Li(0,00; Hy(€2)). (3.10)
Let (wj)jen be a basis to the Sobolev space HZ(f2), and let V,, be the fi-
nite dimensional subspace of HZ({)) spanned by the vectors {wi,ws,...,wy}.

The theory of ordinary differential equations yields a local solution v,,(z,t) =
Z;.n:l gim (H)w;(z) in V;,, defined in [0, T},] for each m € N. This solution is a local
solution to the approximate initial value problem

1

(v (8),w) + (Avp (1), Aw)

2 (V0 0+ 0 (0) +5,0). V) +

o
N
—
~+
~—

(3.11)

N [Q(k’(t )% — k‘(t)k;”(t)} Z (?ym (t)yj,w) =0 for all w € Vi,

Vm(0) = Vom — up  in HZ(Q) and v,(0) = vy — uwy  in L2(Q).  (3.12)

Now we need estimates independent of m and ¢ which will allow us to extend the
solutions v, to the whole interval [0, 00) and take to the limit in v, as m — oco.

A priori estimates. First we take w = v/, in (3.11) to obtain

td oo, 1 d )
1 2k (t)

d ) /
W@IAvm(t)I ~ B0 (Vom(t), Vol (1))

1 , 1 ,
+ %va(t)lﬁ + kT(t)(Vviq(t), Vo, ()

_|_
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Z (v aay V(50 (1)) (3.13)
n k(¢ ) n n 621}m /
Z; ( ay] t)y;,v m(t)) +( k((t))) Z; Z; (m(t)yiyj 7'Um(t))
+ [ 2(K'(t )k2< )( )k//(t)} Z: (%1;” (t)yjﬂ};n(t)) =0.
Now we study each term in (3:13)):
1 d 1||lvm 2 K (t
g O = Z G + om0l 5.11)
1

[z (Vo0 Vo )

2 = OV ovl,
< kg(t ZHUM(t)||L4(Q) “Ti(t)“L‘l(Q) | s )l

Hm ||Z||a”’” (0] | <>|

I /\

(3.15)
02 )
;2( )va(t)ll [[om ()| 2 (0) [[vm ()]

IN

4
< 2o AumOF I (0]
BRI R AT

k2(t) e k2(t)
here we have used the imbedding H{(Q) — L*(£2) and the constants C' and ¢
given in (2.1)) and (2.4] ., respectively. We also find

iz i1 Ao OF = & (g8 OP) + Frlam P @10)
2k K (B2 | TAOIE
| k3((;)) (Vom(t), Vo ()], < | k(;” I k2((i))” n | k(ot)| | k2((i))|| . (3.17)

Taking 67 = 0 if i = j and 1 if 4 # j, we have

K n Ovyy, /
5 3 (VG20 T )

+ii5 (82vm (t),yja;y;: (t))”R (3.18)

aylay]

5 20+ D |lor, ()] | Avn (2)]

9(2n+1) 2t 2l I 1]Avm (1)
ST WORTEG TR
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= = \Owidy;
<080 ;Z o 0
< o O 1 o 13m0
< 2 WP o) + 52Ok,
B S (G ),
< 2("“/“”2;)’“(“’“;@' ey L2220
s A NS Gy

2(K'())* = k(K" (1)
Inserting (|3.14|)-(|3.21|) in (3.13) we obtain

B9 KA)

_|_

4 s o O (Ao ®F, 2
7 1o (B + 20 T ]+ k2()
5+ 2w ledl [ e+ D

4 842
+ X (( “ch ) ey + 2

m 2 | Avm (8)]?
(1) +(§+1?0| ®)) ()

9Cn

kQ(t)
Now we go back to and take w = v,,(¢t). Hence
i(vw),vm(t)) ~ o) + Ll o s Lo ol?
U, 2 /
TR L T

(V(om ()2, Vo () +

n

> (VG20 ¥l 0m09) ~ 2 S (S0 0 0)
j=1

(3.19)

(3.20)

(3.21)

(3.22)
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]: )) Z Z ( aaylg’; yzijvm(t)> (3.23)

o (k'(t))kz(tf;< LAy >) ; (%yz" (93 vm(8)) = 0.

We work with each term of (3.23)):

1 5 d 1 ) k' (t ,
2k2(t )dt” em(®I” = Z {2/42@)”””“)” } + kg((t))vm(t)ll ; (3.24)

s
= Z/ |vm (2, )] 5’Um t)|R|%(I’t)|Rdy

= kz Z [[vm (t ||L4 8vm( )| La 4(Q) |%( t)] (3.25)

10,0 |Z|a”m 01+ Y v oy 5

j=11:=1

(3.26)

2K'(t v, 200K/ (¢ ol
20 5™ (Bt om0) ], < 2GS 0

j=1 J

[om N 20011 ,
=25m LAON MO (3.27)

2
< OnCHK (1) 2o 1) 2 4+ 2 12m DI

9 K2(1)

(2(k’(t));_(£(t)k”(t)) i (85'1;: (t)y;, vm(t)) )R

Jj=1

2|k'(t )\2 + k(t)|K" ()] 3vm

( peres )Clom(0) § :| o (3.28)
2|k'(t )\2+k‘(t)\k”(t)\ 4

( pares )G Aun (1)

IN

IN
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Since 0 < ko < k(t) < k1, taking into account (3.23))-(3.28) we find

dro, Lvm@)*7 | 8llom@OI? | [Avi(t)?
%[(Um(t) ( )) + 5 kz( ) ] § k‘2(t) k4(t)

/ 2
0

=0 () a0
+2nC%k]| (t)||7|Avm(t)|2+[(2 +n’C?)CPR}|K (1) |
n Tlvm R(t) n+n ]
+nCHRE (2K () + kK (1)])] 'Aij(g” .
This inequality and yields
dH 2r2_ N[0 @I | Tllvm @12 7 [Avm (6
o OOk = ) e Ty R0 T M
v’ 2 U, 2
< pK 011 0D + age o) !
o B0 el )
+r([E @ K O) —Fm— T + el O
+2nc31c§|\vm()ll|A (i)” ,
where
1) = gl + Ll SISl ). B3

From (2.3) and (2.4) we can see that (1 — k7C? — &) > 3/4. Therefore, we rewrite

(H0) o

’U/ 2
o+ G- s o Lt
+ (Z - q(z<;'(1s)|))””]:;((’?)|| + (2 — (K (t)], Ik”(t)l>>|AZZ‘(g)| (3.32)
et B0 OE e, i 20O <

k2(t)
This inequality and (2.9)) yield

d ) Lo O L llon @12 1 |Ava (@) (1 ())IAvm(t)\2

a3 K2(t) T2 K2(t) 4 k() k(1)

ki)~

< .
;i <0, (3.33)

where
Y(t) = €oC8E2 | Avy, (1) |2 + 2nC3 k1 ||um (1)) -
On the other hand,

(ne), om0 < 10 + €203 Lo (3.31)
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), and (3.34)), for all ¢t > 0 we find
*|1)/ (t)‘Q 1||Um(t)H2 1|A’Um( )|2
4 m 2 k2(t) 2

Taking into account the definition of H (¢

a0
< H(t) (3.35)
< S0 + o, 01 + 1A, (0

which in particular for t = 0 gives H(0) < a(ug,u1). Simple computations then
lead to

v(t) < 2eC3kSH (t) 4+ 2nC3k2HY2(t) Yt >0, (3.36)

and from (2.10), we obtain v(0) < 2eoC%kSa(ug,u1) + 2nC3k3 /a(ug,u1) < 1/4.
Now we claim that )

~(t) < 1 for all ¢t > 0. (3.37)

By contradiction let us suppose that (3.37)) does not hold. The continuity gives
t* > 0 such that

1
T (3.38)
Integrating (3.32)) from 0 to t* we come to H(t*) < H(0) < a(uo uq ). This inequal-
ity, (3.36) and (2.10) yield v(t*) < 1/4, which contradicts and our claim is

proved.
Since we have (3.32)), (3.35)) and (3.37)) one can easily gets a constant A > 0 such
that

1
(t) < 1 for all t € [0,t") and ~(t*) =

o7 (8)]% + IIUm(t)IIZJrIAvm(t)IQJr/O lon (s)II* ds < A. (3.39)

Hence for all T > 0 we have (v,,)men bounded in L*(0,T; H3(2)) and (v),)men
bounded in L>(0,T; L*(2)) N L?(0,T; Hi(R)). From standard compactness argu-
ments we are able to get the existence of global solutions.

To complete the proof of Theorem we must to establish a rate decay estimate

to the total energy of the problem (1.1)-(1.3). In fact, from (3.33)) and (3.37)), we

get
dH( Btk lom O, 1lvm@®]* | 1Avwm@ _ -
dt 2 k2(t) 2 k2(t) 4 k*(t)
From this inequality, (2.1) and E, we obtain
ﬂ@+LMW2UMWPgwmw
dt 2C k2 2 k2 4 ki
From this inequality there exists a positive real constant kg such that

dH ’ , (1 +C2k%) 2 1 2
A <
It ——(t) “0( |V (1) kg [[vm (£l 2k§| Um (t)] ) <0,

<0.

where )
3Ck?’ 2k3(1 + C2k3)’ } (340)
Therefore, by using ((3.35) 2 in this 1nequahty we get
dH
dt

Ko = min{

()—|— H()<O for all £ > 0,
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which gives
H(t) < H(0)e™ "% for all t > 0. (3.41)

The total energy of the approximate system ([3.11))-(3.12) comes from identity (3.13]);
that is,

(3.42)

E(vp,, t

_ L+ LonO | 180ator

k2(t) kA(t)
From (3.42]) and (3.35] 1 there exists 0 < k1 < 1/2 such that k1 E,,(t) < H(¢). Also
we have that H(O) S a(ug,u1). Therefore, from (3.41) we get

E(vp,t) < Me_t/"‘o forall t>0. (3.43)
R1

The estimate (3.39) gives enough convergence to take to the limit m — oo in E,,,
via Banach-Steinhauss theorem, which implies

BE(v,t) < We*t/ﬁo for all t > 0, (3.44)
where , ,
Sor KD e

is the total energy associated with the system . Fmally, We have to
compare the terms of E(u,t) with those of E(v,t). In fact, from (3.2 we have
the identities

ou 1 Ov for i — 1

— = ri=1,...,m;

axi k‘(t) ayl ’ B
Ou E'(t) Zn: ov ov A 1 A (3.46)
- = — ——Th —_— U = —— AV
ot k(t) = 0y 7ot k2(t)

From the first identity above, we have
1
2 _ 2
IVu(e, Ol = 72190 Ol

Integrating this over €, using x = k(t)y and dz = k™(t)dy we get, thanks to
hypothesis (2.3), that

k’l’L
IVu(t)72q,) < k—lng(t)@z(m. (3.47)
From the second identity of (3.46|), we obtain
ou ko ov

Squaring both sides, yields
2k202

‘E z,t ’R = ||V’U(y, )HR” +2’ ot ya |]R

Integrating this over ; and observing that dz = k™(t)dy, we get

) 2kIC2kp L
' ()] 120, < 70 [Vu(t )|2L2(Q) + 2k |V (1) |12 (0 - (3.48)
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Repeating the same arguments as above in the third identity of (3.46)), we find
k.’I’L
|Au(t)F2(q,) < k—%mv(t)@z(m. (3.49)
Now, to compare the function F(u,t) with the function E(v,t) it will be used the

equivalences of the norms: ||z| and |Vz| in Hg (). Thus, from (3.47)-(3.49) we get

1
E(u,t) = §{|U/(f)|2L2(Qt) + [Vu(t)F2(q,) + [Ault)F20,) )

kM 2k2C2KT k7
k% %)W”(t”%%n) + ?11|Av(t)|%2(ﬂ)'
0 0 0

(3.50)

Thus, choosing

kP 2k2C2KY . 2KkY

Ky 2O 24y
0 0 0

we get from (3.45)) and (3.50) that F(u,t) < kaFE(v,t) for all t > 0. Therefore, from

(3.44) we obtain the desired estimate (2.12)) and consequently the proof of Theorem
[2.1]is finished

Ko = max {4k, 2k ( (3.51)

4. PROOF OF THEOREM [2.2]

Problems ([1.1)-(1.3)) and (3.7)-(3.9) are equivalent, then it is sufficient to show
3.7)- (3.9

the uniqueness of solutions to | 9). Suppose v and U two solutions of (3.7)-
(13.9). Thus, ¢ = v — v satisfies

1

A0+ 6:5:0) + 5 A0 t) + 24505 A1)

(btt(yat) - k?’(t)

1
=0
K (t) «— ¢ E(t) o 0%
+ oo >80, w00 2 o = oy 0

(4.1)
/ n 2 / 2 _ " n
+ (]Z:((Z)))Z ajlaq; .ty + (25 (t))iﬁ(t];(t)k 9y %(y’t)‘%
J,1=1 J =1 Y3
=~y A1)~ AP(.D) in Qe
¢ = % =0 on Y, (4.2)
?(y,0) = ¢4(y,0) =0 for ye . (4.3)

Equation (4.1) is given in the sense of L2(0,T; H2(Q2)) and ¢, € L?(0,T; H}(Q)),
then the duality <¢“(t)7¢t(t)>H*2(Q)><Hé(Q) does not make sense. To overcome
this difficulty, the uniqueness will be obtained following the argument contained in
Ladyzhenskaya-Visik [6]. In fact, for each s € (0,T) let ¢ (¢), be a real function
defined for all ¢, in ]0, T'[, by

Y(y,t) =

{(;];S o(y,r)dr if0<t<s, (4.4)

ifs<t<T,
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where ¢, is a solution of (4.1)-(4.3). Since ¢ is in L°°(0,T; HZ(Q)) and % in
L>(0,T; H3(2)), the duality <¢tt(t)’¢(t)>H—2(Q)><H2(Q) makes sense. Moreover,
0

Pi(y,t) = P(y,t) and ¢(y,s) =0. (4.5)
Setting 11 (y, t fo r)dr, we have
w(lh t) = 1/)1 (y> t) - 1/]1 (y> S) and w(lh 0) = _1/}1 (y7 S) (46)

Taking the scalar product on L?(€2) of ¥ with both sides of (4.1)) and integrating
from 0, to s, yields

S S 1 S 1 9
| tonttrvnit— [ o + o). vmh+ [ e, v

+2 / U A g(e), pie)) e + / ) ,’ji?) (YA 09, (1) s 6(8)

k3(t) oy,
_2/08 ]Z((Z))<Z£3zj (t)yj’w(t»dH/OS f Z ay ayj (Omy;, $(¢))dt
S 9k (t 2*ktk//t na¢
+/0 20) k?(t)() ()]<;yj(t)yj,¢(t)>dt wn
= _/OS k%(t)«AUQ(t) — AB2(t)), (1)) dt.

Now, we modify each terms of (4 |-i by usmg several times integration by parts
the Green formula, the 1dent1tles (4.5), , the null initial condition , the

hypotheses . . 2.12) and usual 1nequaht1es like: Cauchy—Schwartz Young
so on. In fact, The first term can be changed as

S

[ et 000 = 6000 - [ @000 = —3loG)7 (49
0 0

0

The second term of (4.7)) is modified as

5 1
;/0 g VPO~ 25 Voo P

F (O o o
O)wl( 9= [ Ve e

1 1
2 k2(
The last integral above is bounded from above as follows:

(1 K (0)
- [ g eral, <2 [ v pa s Fvner Kol
(t

t)
|K'(t) /
- 2/0 k3(t) Vi (8)dt + Fg|vwl(3)\2|k |22(0,00)-
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Therefore, as k(0) = 1, see (2.2)), we obtain

- | et vy

[K'(8)]

(4.9)
> 5V =2 [ TElvun 0P - 1K 0. [T 02

The third term of (4.7) is modified as

s s 1 ,
- [ dat v = - [ (960, [ vv])
__ [ 2 o [T K
- /0 kg(t)lvcb(t)l dt —2 /O k3(t)(¢(t),Aw(t))dt.

The last integral above is the same that the fifth term of (4.7) with positive sign.
Thus, we have

_/OS kQ( )<A¢t( ) ¢(t)>dt+ 2/0S ]I:;;((i)) <A¢(t),¢(t)>dt = —/OS k%(tﬂV(é(t)'th

(4.10)

Now, we estimate the fourth term of (4.7):

S k/ (t)
t)

|Aw(t)*dt

/05 kj(t) (A2(t), ¥(t))dt = _1 Ay (3)] +2/

0

>~z lane - [

- E|A¢1(S)| |k’ |L1(o,oo)~
0

1 ()2t (4.11)

The sixth term of (4.7) is estimated as

B
|/ i o AGE )y vt
61/)
k:’ (1

=2/ l (())||V¢>()IW1( )|dt + i " (())||V¢()|||y||Rn|Az/;(t)|dt (4.12)

S 3 /
S/O [2k§zt)|v¢(t)|2+ﬁ|v¢l( )| }dt+7|v¢1( 2K |1 (0.00)

k3C% [° 2, Chy -

+ 261k§/0 | Ay (t)dt + 261k3|A¢1(5)\ |k |L1(0,oo),

where ks is a constant that comes from the hypothesis (2.2)). That is, |k'(¢)| < ko.
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The seventh term of ([4.7)) is estimated as

n

yis (t))dt
-2 / Sf (if’ o0,
I/ = )é({; %)t
:|/ nk’t t|2dt’R
< D / o(t)2dt.

The eighth term of (4.7)) is estimated as
Oy10y;

(t)yzyj,w(t»dt‘R

:)_/OS(

];;/((:))) Z <(§Z(fl( )5 [005y5 + b (t) + ylyj%(t))dt‘ﬂg

7, 1=1
S K ()2 = . 00 99 oY
<[ G 3 Pl OO+ [l |

s k/(t) 9 )
< / (o) 2vaCIvo) (o) + nC? Vo) V(o)
L ()Pt

51 o2n3C2kE [*
<o L vempd+ 2/
N 62/0 k2(t )| o) € o K2(t)

20202k} n’Cky [
+ Z P P o + 2

204k3

Ve e

€2

+ \V%( )P IE | L1 (0,00)-

The ninth term of (4.7) is estimated as

’/ HE(t Zayj Vi, t)>dt’R
- | [ 2O MO S (o000 + 05 0) ],

=1

<.

<[ [(2’“;2@)’“) (K (0] + I OD] o 0] [0(0)] + d@)lo(B)] V(1) e

TL2(2/€2 + /ﬁ) 02 (2k2 + k‘l
S [ k‘é 4]4)4 / |¢ th

+2<C2+1>/0 (K ()] + K (02T ()Pt

15

(4.13)

(4.14)

(4.15)
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+4(C% + 1) (ka2 + k3) VU1 () P (1K' 11 0,00) + 1B [ L1(0,00))-

where k3 is a constant due to (2.2)) defined by |k (t)| < ks.
The last term of (4.7) is estimated as

= [ s (@20 — 8920, w0t
0
=|- / k%(t)uv(t) P60, ()]
< (Il ormsion + 1l ommon) | 7o VoOlIAv(0ld
<e / kztt)wqb(wﬁdt

ct V] Lo 0,712 (22)) + 10l Los (0,75 218 Q))
+ ( 5 / | Ay (t)2dt
2€3k0

C4(||”|\Loo(o i) T 10l Lee o THl(Q)))
+ - P - | Ay (s)[%. (4.16)
0
Inserting (4.8)-(4.16) in (4.7), we have
1 1
§|¢(5)|2 + [ﬁ — K1 [[K| L2 (0,00) + K| 1.0,00)]] V21 ()2
1

T — K|k | 11(0,00) — K38]| Aty (s) ]

+l5a

o (4.17)
+[1 — (261 + 2€2 + 63)}/0 kT(t)WGﬁ(t)th
<K, /S[|¢(t>\2+|vw1(t)\2+|Aw1(t)\2]dt,
0
where

2 ke PCK WPCUS s

Ki=— A(C2 4 1) (ks + ks
Ry

1 C%y

kg 261]433’

Ky =
ct R 2
W(HUHLx(&T;Hé(Q)) + HU”L‘X’(QT;H(}(Q))) ;
K4 o 4k2 kz 361 k2 1{3202

K3 =

nky e 2n3C%ky  n2CY%k;
=3t toz T 1t t o3 p
kO kO k 61]€ k ko kO €9 62]€0
ko + k C?(2ky + k1)?
a4 2 2 1) @hat k)’ & g
ko 4k kg

(4.18)
Thus, if €1, €2, €3, are taking such that 2e; + 2e5 + €3 < 1/2, and k', k", satisfying

the hypothesis (2.13)), we get

SO + IV + (; ~ Ko (s) + 5

1 2
ROl
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<Ko [ [0 + [Vr()P + 1av(5) ] dr
0
Now, if s < Ty = 1/8K3, then

S + V()P + [A0a(6)” < 8K [ (I8 + 90n (9 + A (6) ] .

From this and Gronwall’s inequality we find ¢(z,s) = 0 a. e. for all s € [0,Tp].
This gives the uniqueness of solutions over the interval [0, Tp].

The task now is to show the uniqueness of the solutions over the interval [Tp, 27].
In fact, being the solutions unique on [0, Ty] we obtain from that

o(y, To) = ¢e(y,To) =0 for y € Q.
Now, we consider in 1D the variable s € (Tp,T) and take 11 (y,t) = f:ﬁo oy, r)dr.
Thus, we get
w(ya t) = wl (y7 t) - ¢1 (y7 8) and w(ya TO) = _wl (y7 S)
Repeating the steps (4.7))-(4.17) on the whole interval (Tp,T") x Q we get

SO + IV + (§ = Kals = T0) |An )P + 5 [ vt Par

<Ko [ [l + [761(5) + [ Bun(s)] .
To
Now, if s < 2Ty = 1/4K3 then we will have
)+ F0a(5) + Avn () < 854 [ [l6(5)7 + [V (5)? + A (o)

From this and Gronwall’s inequality we have ¢(z,s) = 0 a. e. for all s € [T}, 2Tp).
This gives the uniqueness of solutions over the interval [0,27p]. Repeating the
precedent process N times until that N1y > T we will obtain the uniqueness of
solutions over the interval [0, T, and thus the proof of the Theorem is complete
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