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A PARABOLIC-HYPERBOLIC FREE BOUNDARY PROBLEM
MODELING TUMOR GROWTH WITH DRUG APPLICATION

JI-HONG ZHAO

ABSTRACT. In this article, we study a free boundary problem modeling the
growth of tumors with drug application. The model consists of two nonlinear
second-order parabolic equations describing the diffusion of nutrient and drug
concentration, and three nonlinear first-order hyperbolic equations describing
the evolution of proliferative cells, quiescent cells and dead cells. We deal with
the radially symmetric case of this free boundary problem, and prove that it
has a unique global solution. The proof is based on the LP theory of parabolic
equations, the characteristic theory of hyperbolic equations and the Banach
fixed point theorem.

1. INTRODUCTION

In this article we study a free boundary problem modeling the tumor growth
with drug application, the mathematical model which neglect the drug application
was proposed by A. Friedman (cf. [I3]) in 2004. This model consists of three
types of cells: proliferative cells; quiescent cells and dead cells, which we denote
the corresponding cell densities by P, Q and D, respectively. C' and W represent
the concentration of nutrient and drug, respectively. We assume Kpg(C) is the
mitosis rate of proliferative cells when the nutrient supply is at the level C, K4(C)
and Kp(C) are death rates of proliferative cells (apoptosis) and quiescent cells
(necrosis), respectively, Kp(C) and Kq(C) are the transferring rate of quiescent
cells to proliferative cells and the transferring rate of proliferative cells to quiescent
cells, respectively, Kr denotes the constant rate of dead cells are removed from the
tumor.

Fick’s law is assumed to describe the diffusion of the nutrient, for reasons stated
in [26] [27], the nutrient is consumed at a rate proportional to the rate of cell mitosis,
ie., (k1 Kp(C)P + ko Kg(C)Q)C. Hence, C satisfies the following equation:

%f — DIAC — (pr(C)P + HQKQ(C)Q>C’ in Q1), (1.1)
C(z,t)=C on 00t), C(z,0)=Coh(z) in Q(0), (1.2)
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where €(t) represents the tumor domain at time ¢, Dy is the diffusion coefficient
of nutrient which is supposed to be a positive constant, x; and k5 are two positive
constants, C' is a positive constant reflecting the constant nutrient supply that the
tumor receives from its host tissue or the solution in which it is cultivated.

Fick’s law is also assumed to describe the diffusion of the drug, we assume
(11 GL(W)P + pesGo(W)Q)W is the drug consumption rate function, py, ps are
two positive constants can be viewed as a measure of the drug effectiveness. Hence,
W satisfies

%’ — DoAW — (ulGl(W)P + u2G2(W)Q)W in Q(1), (1.3)
W(x,t) =W on 0Q(t), W(x,0)=Wy(z) in Q(0), (1.4)

where Dy is the diffusion coefficient of drug which is supposed to be a positive
constant, W is a positive constant reflecting the constant drug supply that the
tumor receives from its boundary.

Due to the proliferation and removal of cells, there is a continuous motion of
cells within the tumor, we denote this movement by the velocity fields v. We shall
assume that the tumor tissue is a porous medium so that by Darcy’s law, we have

T=-Vo inQt), t>0, (1.5)

where o is the pressure in the tumor.
We also assume that all cells to be mixed together in the tumor which have the
same size, and the tumor is uniformly packed with cells, so that

P+Q+D=N inQt),t>0, (1.6)

where N is a total number of cells per unit volume.
The mass conservation law for the densities of the proliferative cells, quiescent
cells and dead cells in Q(t) take the following form:

aa*f +div(PT) = [Kp(C) = Ko(C) = Ka(C)IP + Kp(O)Q =uGi(W)P ) )
in Q(t), t >0,
20 1 (@D = KqlC)P ~ [Kp(C) + Kp(O)]Q — 1nCa(W)Q (18)
in Q(t), t> 07
68713 +div(D7) = Ka(C)P + Kp(C)Q =~ KrD + uGi(W)P +12G2(W)Q |
in Q(t), t >0,

where ¢1G1(W) is a rate of the proliferative cells become dead cells due to the
drug, 1oG2(W) is a rate of the quiescent cells become dead cells due to the drug,
the positive constant ¢; and to are the maximum possible rate of drug induced
proliferative cells and quiescent cells dead, respectively.

We take the boundary conditions for ¢ to be

oc=0k ondNt), t>0, (1.10)
g—; =-V, ondQ(t), t >0, (1.11)

and the initial data
P(z,0) = Py(z), Q(x,0)=Qo(z), D(x,0) = Dy(z) forzecQ0), (1.12)
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where 2(0) is given, 0 is the surface tension, & is the mean curvature of the tumor
surface, % is the derivatives in the direction n of the outward normal, and V,, is
the velocity of the free boundary 9Q(t) in the direction n. Equation is based
on the assumption that the pressure o on the surface of the tumor is proportional
to the surface tension (cf. Greenspan [I8| [19]), and is a standard kinetic
condition.

The model f without drug application was proposed by A. Friedman
(cf. [13]) in 2004. In [I2], the authors studied this model, under the case of where
the initial data and the solution are spherically symmetric, they proved that there
exists a unique global solution. However, for three dimensional model 7,
as to our knowledge, the global existence is still an open problem. In [9], based on
the well-known theory of Hele-Shaw problem, the authors proved the local existence
and uniqueness of solution to the system (L.1)-(1.12) without drug application.

There are many mathematical tumor models involving drug therapies (cf. [20,
211, 23], 125], 28] ). We know the drug can penetrate tumor tissue mainly by the mech-
anism of diffusion. In [28], the authors advanced the model which only considered
living cells and dead cells with drug application, under the condition of spherical
symmetry of the solution. In [23] 25], the authors proved that there exists a unique
global solution of the model in [28]. Since the living cells include the proliferative
cells and quiescent cells, the model in this article is more reasonable than that of
[28]. Some other tumor models and rigorous mathematical analysis of these models
we refer the reader to see [I]-[11], [14]-[17], [24] and [26]-[28], and the references
there in.

In this article, we consider the drug application, also spherically symmetric so-
lution for the system 7. It is clear that, under the condition of spherical
symmetry, for given ¥ and R(t), o can easily solved from and . The
major difficulty lies in that there is a clear coupling between the evolution of the
cells and the nutrient (drug) diffusion-consumption process. By applying the LP
theory of parabolic equations, the characteristic theory of hyperbolic equations and
the Banach fixed point theorem, we prove that there exists a unique global solution
of ([C1)-(L12).

It is obvious that if we make an addition to 7, then we can get the
following equation for 7,

1
div(?) = N[KB(C)P — KgrD] for x € Q(t), t > 0. (1.13)
Conversely, from ([1.13]) and Egs. (1.7)—(1.9) we have
O(P+Q+ D)

+OV(P+Q+D) = —[Kp(C)P— KpD|[N — (P+Q+D)] (1.14)

ot N

for x € Q(t), t > 0. By uniqueness, we can deduce that is equivalent to ,
later on we shall use (1.13]) instead of .

The model GVJEBD is a three-dimensional tumor model, in this article we
consider the well-posedness of this problem under the case where the initial data
and the solution are spherically symmetric. Hence, we assume that C, W, P, @
and D are spherical symmetric in the space variable, let » = |z| we denote

C:C(T,t), W:W(T‘,t), P:P(T,t), Q:Q(Tat)’ D:D(T’t)
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for 0 <r < R(t), t >0, and
Co = Co(r), Wo=Wy(r), FPo=PF(r), Qo=Qu(r), Do= Do(r)
for 0 < r < Ry = R(0). We also assume that there is a scalar function v = v(r,t)

such that ¢ = wv(r,t)%. Since o is spherically symmetric in the space variable,
as we mentioned before, we could eliminate the pressure o and derive the model

(1.1)—(1.12) as follows:

oc 10,6 ,0C
C{;—C(r,t) =0 atr=0, C(rit)=C at r=R(t) fort>0, (1.16)
,
C(r,0) = Co(r) for 0 <r < Ry, (1.17)
ow 1 0, ,0W
%—W(r, t)=0 atr=0, W(rt)=W atr=R(t)fort>0, (1.19)
.
W(r,0) = Wy(r) for 0 <r < Ry, (1.20)
oP oP
E—’—UW_gll(Cvm/aP?QvD)P+912<CaVVaPaQ?D)Q (121)
+ g13(C, W, P,Q,D)D for 0 <r < R(t), t >0,
0 0
7Q +U£ :g?l(cavaQaD)P+922(07WaP7Q7D)Q

ot or (1.22)
+ g23(C, W, P,Q,D)D for 0 <r < R(t), t >0,

%1; H%f = 951(C,W, P,Q, D)P + g52(C, W, P,Q, D)Q (1.23)
+933(C, W, P,Q,D)D for 0<r < R(t), t >0,

712%(7”21)) = h(C,W,P,Q,D) for0<r<R(t), t>0, (1.24)

v(0,8) =0 for t >0, (1.25)

%}Eﬂ =v(R(t),t) fort >0, (1.26)

P(r,0) = Py(r), Q(r,0)=Qo(r), D(r,0)=Do(r) for0<r< Ry, (1.27)

R(0) = Ry is prescribed,
where
F(C,P,Q) =rk1Kp(C)P + kaKgo(C)Q,
G(W, P, Q) = mG1(W)P + j2G2(W)Q,
911 (C,W, P,Q, D)

= [K5(C) ~ Ko(C) ~ Ka(€) ~ nGy(W)] ~ < [Kn(C)P ~ KpD]
912(C7WP7Q7D) = KP(C)v
ng(CaVvaanD) = 07

921(07WP7Q7D) = KQ(C)’

922(C, W, P,Q, D) = ~[Kp(C) + Kp(C) + Ga(W)] — - [Kn(C)P ~ KD,
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923(OaVV7P7QaD) = 07
931(C, W, P,Q, D) = Ka(C) + uulG1(W),
932(Cu mRQaD) = KD(C) + LQGZ(W)a

1
933(C7VV7P’Q7D) = _KR - N[

Kgp(C)P — KrD],

Remark 1.1. The following facts will play an important role in our subsequent
analysis:
3
2911(07VV7P7Q7D)P+gZQ(CaW7P7QaD)Q+913(05VV7P7Q5D)D
i=1

= h(C,W,P,Q,D)[N — (P +Q+ D)].

(1.29)

Throughout the whole article we make use of the following notations:
(i) Given an open set Q C R3, we denote W2P(Q) := {u : D% € LP(Q2),0 < |o] <
2} is the usual Sobolev space with norm ||ullw2.»(0) = > g<|aj<2 DUl Lr (0), Where
1<p<oo. o
(ii) For ' > 0, given a positive continuous function R = R(t) (0 <t < T), we
denote QF = {(x,t) e R¥x R : 2| < R(t), 0 <t < T} and QF denotes the closure
of QE.
(iii) For R = R(t) as in (i) and 1 < p < oo, we denote by W2 (QF) the usual
non-isotropic Sobolev spaces on the parabolic domain Q% i.e.,
Wil Q) = {u e I(QF) : 970fu € L(QF) for |o| +2k <2},
with the norm
lllyziom = 3o 1020FullLogn.
o +2k<2
(iv) Given an open set  C R? and for some number p > 5/2, we denote by D, (1)
the trace space of W>'(Q x (0,T)) at t = 0, i.e., ¢ € Dy(Q) if and only if there
exists u € W2 (€2 x (0,T)) such that u(-,0) = ¢. The norm equipped in D, () is
defined as follows:

. _1
lllp, @) = H{T > [ullyzr o1y @ € W (2% (0,T), u(-,0) = ¢}

It is well known that if p > 5/2, then W2 (2 x (0,T)) € C(x[0,T]) is continuous
by the embedding theorem (see [22]). Furthermore, if ¢ € W2P(Q), then ¢ € D, ()
and |l¢llp, @) < l¢llw2r() since we can take u(z,t) = ¢(x) for all 0 <t < T
Since the functional dependence of K 4(C), Kg(C), Kp(C), Kp(C) and Kq(C)
with respect to C' and G1(W), Go(W) with respect to W are not critical to our
results, we only need a very simple assumption as follows:
(A1) K4(C), Kp(C), Kp(C), Kp(C) and Kg(C) are non-negative C''-smooth
functions;
(A2) G1(W) and G2(W) are non-negative Cl-smooth functions;
(A3) Py, Qo and Dg are non-negative C''-smooth functions on [0, Ry;
(A4) Co(|z]), Wo(|z|) € Dp(Br,) for some p > 5, where Br, = {z € R?: |z| <
Ry}.
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The first three conditions are clearly very natural from biological point of view.
We also assume that the initial data satisfy the following compatible conditions:
0<Co(r)<C, 0<Wy(r)<W for0<r< Ry,
Cy(0) =0, Co(Ry)=C, W{0)=0, Wy(Ry)=W,
Py(r) >0, Qo(r) >0, Do(r)>0 for0<r< Ry,
Py(r) + Qo(r) + Do(r) = N for 0 <r < Ry.

(1.30)

Remark 1.2. Under the assumptions (A1)—(A4), we can easily deduce the follow-
ing facts:
e '>0,G>0.
e F. G and h are C'-functions.
e gi; (i,j=1,2,3) are C'-functions.
Now we give our main results.

Theorem 1.3. Under the assumptions (A1)—(A4) and initial condition (1.30), the
free boundary problem (1.15) - ) has a unique solution (R,C, W, P, Q, D) for all
t > 0. In addition, for any T >0, R(t) € C'[0,T], C, W € VV2 LQE) and P, Q,
D € CHQE). Furthermore, the following estimates hold:

R(t)>0 fort>0,

0<CO(rt)<C, 0<W(rt)<W for0<r<R(t),t>0, 131
P(r,t) >0, Q(r,t)>0, D(r,t)>0 for0<r<R(t),t>0 (1.31)
P(r,t) +Q(r,t) + D(r,t) =N for0<r < R(t), t > 0.

This article is organized as follows. In Section 2, we transform the problem
f for a moving domain into an equivalent one which defined on a fixed
domain. Section 3 is devoted to presenting some preliminary lemmas that will be
used in the later analysis. In section 4 we prove local existence and uniqueness
of the transformed problem by applying Banach fixed point theorem. We prove
Theorem [[3]in Section 5.

2. REFORMULATION OF THE PROBLEM

To transform the varying domain {(z,t) : |z| = r < R(t), t > 0} into a fixed
domain, let we assume (R, C, W, P, @, D) is a solution of (1.15)—(1.27) and R(t) > 0
(t > 0), and make the following change of variables,

T t o ds

= 50 = Do/ N\ :Rtv ) :Cat7 ) :W 7ta
=g 7= | e MO =RO. ) =CO0, w(p) = W)
(2.1)
then the free boundary problem ([1.15)—(1.27) is transformed into the following
initial-boundary value problem on the fixed domain {(p,7):0<p <1, 7 > 0}:
Oc 10

5 0c Jc 4
5= 23p(p o ——) +u(l, T)pa -0 flep,g)e for 0<p<1,7>0, (22)
g—p(o,r) =0, c¢(1,7)=¢ forT >0, (2.3)

c(p,0) =co(p) for0<p<1, (2.4)
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ow 10 ow ow
e D Y2 1 2
forO<p<1, 7>0,
%L:(O,T) =0, w(l,7)=w forT >0, (2.6)
w(p,0) =wo(p) for 0<p<1, (2.7)
dp dp 2
— —_— = d d d)d
67’ + V@p n [911(0,71),]77 q, )p + 912(03w7p7 q, )q + 913(03 w,p,q, ) } (28)
for 0<p<1,7>0,
@ + V@ = 772 [921 (C, w,p,dq, d)p + g22(ca w,p,dq, d)q + g23(c7 w,p,dq, d>d}
or ap (2.9)
for0<p<1,7>0,
od od 9
— — = d d d)d
o7 + Va,() n [g3l(cvwap7qv )p+932(cvwap7Q7 )q+g33(cawap,q7 ) ] (210)
for 0 <p<1,7>0,
v(p,7) =ulp,7) —pu(l,7) for0<p<1, 7>0, (2.11)
1
S = PO wpad) for0<p<1r0 (212)
u(0,7) =0 for T >0, (2.13)
dZ(T) =n(r)u(l,7) for T >0, (2.14)
-
p(p,0) =po(p), q(p,0) =qo(p), d(p,0)=do(p) for0<p<1, (2.15)
n(0) = 1o, (2.16)
where
fle,p,q) = F(e,p,q),  g(w,p,q) = G(w,p,q),
e=C, w=W, co(p)=Co(pRo), wolp)=Wo(pRo),
po(p) = Po(pRo), qo(p) = Qo(pRo), do(p) = Do(pRo),

no = Ro.

Conversely, if (n,c,w,p, q,d,u) is a solution of (2.2)—(2.16]) such that n(7) > 0 for
7 > 0, then by making the change of variables

r:mm,tafﬁ@w,szmm C(r 1) = e(p.7),

W(Ta t) - w(p, T)a P(Ta t) :P(P7 7—)7 Q(T, t) = Q(pa 7_)7 (217)
r,t) = 7), w(rt)= ulp:7)
D(rt) = dlp.r). o) = 02,

One can easily verify that (R, C, W, P, @, D, v) is a solution to (1.15)—(1.27). Hence,
we summarize the above result in the following lemma.

Lemma 2.1. Under the change of variables (2.1) or its inverse (2.17), the free
boundary problem (1.15)—(1.27) is equivalent to the initial-boundary value problem

22 £,
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Remark 2.2. Note that from the (2.12)), we obtain

205\ [P
u(p, ) = 77/)(2 ) /0 h(c(s,T),w(s,T),p(s,7),q(s,7),d(s,T))s*ds. (2.18)
Then, using ) and - we have
dz(f’ =) [ b 7)o, )bl ol P, (219

At first glance, we can not expect the solution of (2.2)—(2.16]) exists for all 7 > 0,
but since we make the change of variables t = fOT n?(s)ds and 7 = fg Rg—@? we can
prove the solution of (2.2)—(2.16)) exists actually for all 7 > 0.

3. PRELIMINARY LEMMAS

In this section we present some preliminary lemmas which can be found in [12].
Let Qr = {(z,7) e R3 xR : |z| <1, 0 <7 < T} and Q7 denotes the closure of
Qr. For a vector-valued function (p, ¢, d) we denote

1
1P, @ Dz = (Pl T + lalZoe + Ndll7)?

Without confusion we do not point out the explicit domain in the L°°-norm in the
whole article.

Lemma 3.1. Let ¢(7), ¢(p,7) and ¥(p,7) be bounded continuous functions on
[0,T] and [0,1] x [0,T] (T > 0), respectively. Let & be a constant, and oo be a
function on [0,1] such that oo(|z|) € Dy(By) for some p > 2, where By denotes the
unit ball in R3. Then the initial value problem

do 1 0 230
5*;3/}( )+¢() +<P(p, Jo + (o, p) (3.1)
f0r0<p<1,O<T§T,
%(077):07 o(l,r)=0 for0<7<T, (3.2)
o(p,0) =0oo(p) for0<p<1, (3.3)

has a unique solution o(p, ) such that o(|z|,7) € W2 (Qr). Moreover, there exists
a positive constant A depending only on p, T, ||¢||L~ and ||¢||L<, such that

oz, Dllwz1qp) < Aol + lloo(lzlip, 51y + [¥llzr), (3-4)
where A is bounded for T in any bounded set. Furthermore, the following estimate
holds:

o]l < max{|], loo]| L} + Tet™ |9 L, (3.5)
where Ao =0 if ¢ <0 and Ay = maxg ¢ otherwise.

Proof. The proof of Lemma relies on the standard LP theory for parabolic
equations and maximum principle. See [12] for more details. (I

Lemma 3.2. Assume that v(p,7), gi;(p,7) (3,5 =1,2,3) and fi(p,7) (i =1,2,3)
are bounded functions defined on [0,1] x [0,T], v(p, T) is continuously differentiable
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with respect to p and v(0,7) = v(1,7) = 0. Then for any agp, Bo, Yo € C[0,1], the
initial value problem

oo oo
5 T v(p, r)a—p = gu(p, )+ g12(p, 7)B + g13(p, )y + f1(p, )

(3.6)
for0<p<1, 0<7<T,
a8 98
o7 +v(p, T)('Tp = g21(p, T)x + go2(p, 7)B + g23(p, 7)Y + f2(p, T) (3.7)
for0<p<1l, 0<7<T,
oy oy
5 + v(p, T)87p = g31(p, T)x + g32(p, 7)B + g33(p, 7)Y + f3(p, T) (3.8)

for0<p<1, 0<7<T,
a(p,0) = ao(p), B(p,0)=PLolp), (p,0) =r(p) for0<p<1, (3.9)

has a unique weak solution o, B, v € C([0,1] x [0,T]) and the following estimate
holds:

(@ Bl < 4D (a0, 8o, 20) = + TU(frs f fo)le=), (3.10)

where Ao(T) = 2max{||g;j|lr~ : i,5 = 1,2,3}. If we assume further that g;;(p,T)

(i, = 1,2,3) and fi(p,7) (1 = 1,2,3) are also continuously differentiable with

respect to p, and g, Bo, v0 € C0,1], then the weak solution of 7 s a
classical solution, and the following estimate holds:

da 08 Oy

|| (%a 87p’ aip

< T A (| (0, 55,71+ TAL(T)ETAD (0, B, 70) 2 (3.11)

Mz

ofv 0f2 0fs
TeTAM) ) (911 O12 OFsy,
FTEAD) (G F2 S ),
where Ag(T) is as before, and
0 09i;

A(T) = ||37;||Lw, Ay(T) :max{naipﬂum L0 j=1,2,3}.
If in addition, gi; > 0 for i # j, and

ao(p) 207 /BO(P) 207 ’VO(P) 207 fl(paT) 20(7/:17273)’
then we have

alp,7) 20, B(p,7) >0, ~(p,7) >0 for0<p<1, 0<t<T.

Proof. Using the characteristic theory of hyperbolic equations, we can transform
(13.6)—(3.9) into an ordinary differential equations, the desired results readily follow
from a simple analysis of this transformed equations. See [I2] for more details. O

Lemma 3.3. Let fi(p,7,a, 8,7) (i =1,2,3) be functions defined in [0,1] x [0, T] x
R3 are continuous in all arguments and continuously differentiable in (p, c, 3,7).
Let v(p, ) be as in Lemma consider the following initial value problem:

e} e}

—_— — < < < .
87‘+V(p’7)8p fl(P,T,Oé,ﬁ7’Y) fOTO_P_1»0<T_T» (312)
%f + V(PaT)%f folpsmy0,8,7) for0<p<1,0<7<T, (3.13)
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glﬂ/(p, )gl=f3(p,7,a7ﬁm) for0<p<1,0<7<T, (3.14)
D

a(p,0) = ao(p), B(p.0) =Polp), Y(p,0) =70(p) for0<p<1.  (3.15)

If oo, Bo, Yo € C[0,1], then there exists 0 < Ty < T depending only on My =
(o, Bo, Yolleo and supremum norms of f;, %{;, %];i, %];L (i = 1,2,3) on the set
[0,1] x [0,T] x [—2My,2My] x [—2My, 2My] x [—2My,2My] such that the above
problem has a unique weak solution in [0,1] x [0,T1] satisfying
||(a767’7)||L°° < 2]\4'0 (316)
Furthermore, if ag, Bo, Yo € C1[0,1], then this weak solution is actually a classical
solution, and the following estimate holds
Ooa JB 0Oy
(5= )L
dp’ dp’ Bp
0fi 0f2 (9f3
T(A(T)+Bo( TA(T
< AT (j i, 5,20 + T A (2 T2 G )
Ofi

(3.17)

of;
Lo, Hf

Lo}

Proof. Using the same argument as that of Lemma [3.2] and via a standard con-
traction argument, we can prove Lemma See [12] for more details. (]

where A(T) = H ||Loo, and Bo(T) = max;<;<3 max{| 5| Lo, H%J;

4. EXISTENCE OF A LOCAL SOLUTION
From the assumptions (A1)—(A4) in Section 1 and transformation (2.1]) in Section
2, we can readily verify the following conditions hold:

(B1) f, g and h are C'-smooth functions;
(B2) gi; (4,5 =1,2,3) are C'-smooth functions;
(B3) po, go and do are Cl-smooth functions;
(B4) co(|z]), wo(|z|) € Dp(B1) for some p > 5.

We shall prove the local existence and uniqueness of solution to - 2.16]) by
using Banach fixed point theorem and then prove it is actually a global one in
Section 5. To this purpose, let

Mo = ||(Po; g0, do) || L
Ap = 2max{|g;j(c,w,p,¢,d)| : 0<c<¢ 0<w<w,
lp| < 2Mo, g < 2Mo, |d| < 2My, i,j =1,2,3};
By = max{|h(c,w,p,q,d)| : 0< ¢ <¢ 0<w<w,
[pl < 2Mo, |q| < 2Mo, |d| < 2Mo}.

Now, given T > 0, we introduce a metric space (Xr,d) as
Xp = {(?7(7)76(07 7),w(p,7),p(p,7),a(p;7),d(p,7)) (0<p<1, 0<7<T):
(n, ¢, w, p, q,d) satisfying the following conditions ((31)7((34)}7

(C1) n € C[0,1], n(0) = no and 3m0 < (1) < 20 (0 <7 < T);
(C2) ¢ € C([0,1] x [0,T7]), c(p,0) = co(p), c(1,7) = ¢ and 0 < ¢(p,7) < € for

(C3) we C([0,1] x 0.]), w(p, 0) = wolp), w(l,7) = and 0 < wp,7) < w for
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(C4) p(p,7), a(p,7), d(p,7) € C([0,1] x [0,T7), p(p,0) = po(p), a(p,0) = qo(p),
d(p,0) = do(p) and |p(p,7)| < 2My, |q(p,7)| < 2My, |d(p,7)| < 2M, for
0<p<LL,0<7<T.

The metric d in X7 is defined by

d((m,clywhph(h,dl)v(772762,w2,p2,Q27d2)>
= |lm = m2llL= + [ler — c2llL= + [[w1 — wal[ L=

+ lpr — P2l + l|a1 — q2llz + [|d1 — da[ -

It is easy to see (Xr,d) is a complete metric space.
Given any (n,c,w,p,q,d) € Xr, set

c(s,7),w(s,7),p(s,7),q(s,7),d(s, 7))s*ds,

u(p
,7) =ulp,7) — pu(l,7),
o (p, )= 2(m) fe(s, ), p(s,7),a(s5, 7)),
e(p,7) =17 (1)g(w(s,7), p(s,7), q(s,7)).
Consider the following problem for (7, ¢, w, p, g, d)
dq
d—zn(T)u(l,T) for0 <7 <T, (4.1)
-
7(0) = 10, (4.2)
9 Dy, ,0¢ 9c _
— = ——(p" = 1 e fi 1 <T 4.
87' p2 ap( ap)+u(ﬂT)pap ¢’(pa7)c 0r0<p< 30<7—_ I ( 3)
%(O 7)=0, ¢&l,7)=¢ for0<7<T, (4.4)
0
&(p,0) =colp) for0<p<1, (4.5)
0w Dy 0, ,0w ow ~
< .
a2 ap( 8p)+u(1 7')p8 (pyr)w for0<p<l1l, 0<7<T, (4.6)
g—w(o,T):o, w(l,7) =@ for0<r<T, (4.7)
0
w(p,0) =wo(p) for0<p<T1, (4.8)
op op 5 T T TR
87’ +l/ap n [gll(cuw7p7Q7 )p+912(67w7p q, )Q+913(Caw7pa% ) } (49)
for0<p<1,0<7<T,
aq 0q 9 S - e e e W
g4 huk: S d d d
o Vo, [921(&, @, B, G, )P + 922(E, @, B, G, d)§ + ga3 (&, D, P, 4, d)d] (4.10)
for0<p<1,0<7<T,
od — ad 5, . .
ar TV, 931 (&, @, , G, d)p + g32(¢, D, p, ¢, d)q + gss(é, @, P, ¢, d)d] (4.11)

for0<p<1,0<7<T,
B(p.0) = pol(p), d(p,0) =qo(p), d(p,0)=do(p) for0<p<1. (4.12)
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Next we shall prove that F' is a contraction mapping from X to Xp provided T
is sufficiently small.

Step 1 First we prove F' maps X into itself. It is obvious that f has
a unique solution 7 € C'*[0, T] and

T

n(t) =mnoexp{ | u(l,s)ds} for0<7<T. (4.13)
0

From the fact that ||h(c(p, ), w(p,7),p(p,7),q(p,7),d(p,T))||L> < Bo and %770 <
n(t) < 2ng, we know [[u(1,7)||L~ < 5Bong, then we have

4 4
Mo exp{ngOngT} <7(r) <no exp{gBongT} for0<r<T. (4.14)

So if we choose T sufficiently small such that exp{%BongT} < 2, we have 31y <
71 < 219, that implies 7 satisfies the condition (C1).

Next we consider (4.3])-(4.5) and (4.6)(4.8). Since co(|z|), wo(|z|) € Dp(By) for
some p > 5, then from Lemmawe know (4.3)—(4.5)) and (4.6))—(4.8) has a unique
solution ¢&(|z|,7) € W2 (Qr) and w(|z|,7) € W2 (Qr), respectively. According to

the embedding theorem, W2 (Qr) — C*2(Qy), where A = 2 — g (see [22]), then
we know é(|z|, 7), w(|z|,7) € C([0,1] x [0,T]). By applying the maximum principle
we have 0 < ¢ < ¢ and 0 < @ < w. Furthermore, by (3.4) and the embedding

W2(Qr) — CH)"#(@T) with A=1— % (see [22]), we have

0é ow
—||pe < A(T — |l < A(T).
5ol <A@, 155w < AT)

From above results, we know ¢ satisfies the condition (C2) and w satisfies the
condition (C3).

Finally we consider (4.9)—(4.12). Since v(p,7), é(p,7) and w(p,T) are continu-
ously differentiable, then from Lemma[3.3 we obtain that if we take T small enough,

[@.9) - ([#.12) has a unique classical solution (p,q,d) € C*([0,1] x [0, T]) satisfying

Ip| < 2My, |G| <2My, |d| <2My for0<p<1,0<7<T. (4.15)
Furthermore, by (3.17)) in Lemma if T is small enough, then we have
op 0G od
s o <2M; for0<p<1,0<7<T, 4.16
1(5, 5, 5,12 1 for0<p r (4.16)

where M, = ||(ph, qb, d})|| L. This implies p, § and d satisfy the condition (C4).

Now we can see that for a sufficiently small T, F : Xy — Xp is well-defined.
To obtain the desired result we only need to prove F' : X7 +— Xrp is a contraction
mapping if T is further small enough.

Step 2 Let (n;, ¢i, wi, pi, ¢i,di) € Xt (i =1,2), set

wi(p,7) = n’p(;—) /Op h(ci(s,T),wi(s,7),pi(s,7),qi(s,7),di(s,7))s>ds,

Vi(p7 T) = ui(p7 T) - pui(lvT)a

(ﬁi?éhwhﬁia (j?hd’i) = F(ni7 Ciy Wi, Pis qi, di)a

d= d((nlaclwlapla q1,d1), (12, c2, w2, P2, QQ,dz))
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Firstly from [[A(ci(p, ), wi(p, 7),pi(p,7), ai(p, ), di(p, 7))l < By and 3mo <
1:(1) < 2n0, we can easily calculate that

‘ul (P, T) - ’LL2(p7 T)l < A(T)d (417)
Then by (4.13) we get
1~ ol < max Jin(7) — ()] < TAT), (4.18)

Next, let ¢, = ¢; — ¢ and W, = Wy — Wa, we have

9¢, Dy 0, ,00, e, N
5yt T LT~ 6.+ Flp.7)

or  p2? Op (4.19)
forO0<p<1, 0<7<T,
0¢,
8—(;(077) —0, &(1,7)=0 for0<7<T, (4.20)
Ex(p,0) =0 for0<p<1, (4.21)
0w, Do 9, 50w, Ow, .
=== 1 —_— — « + G(p,
forO0<p<1, 0<7<T,
O, -
5 (0.7) =0, @.(1,7)=0 for0<7<T, (4.23)
P
Wi(p,0) =0 for0<p<1, (4.24)

where

¢(P; T) = n%(T)f(Cl(&T)?pl(&T)?ql(sﬂ-))a

o(p,7) = ni(r)g(wi(s,7),p1(s,7), q1(s, 7)),
F(p,7) =[w(l,7) - uz(laT)]P%c; + m3(7) f(c2,p2, a2) — m3(7) f (c1, p1, @1)] 2,

G(p,7) = [ur(1,7) — uz(1,7)] 6(% + 03 (7)g(w2, p2, g2) — 73 (7)g (w1, 1, q1)] 2.

As for ¢, from the Lemmawe know ||%—5;|\Loo < A(T) and 0 < é(p,7) < € by
maximum principle. Note that f is continuously differentiable and n;, p;, ¢; are
bounded, so we can deduce that

[F[lzee < A(T)|lur —uzl| o + |93 f (c2, 2, g2) =i f(er, p1, @)= < A(T)d. (4.25)
Then from Lemma [3.1] again we obtain that
[e1 = é2llzoe = [léxllLe < T F[lp~ < TA(T)d. (4.26)
Similarly, for @, we obtain
IGllLee < A(T)|lur — uzllpe + A(T)d < A(T)d. (4.27)
Then from Lemma [3.1] again we obtain
[0y — Wz oo =[x e < TG~ < TA(T)d. (4.28)
Finally, letting p. = p1 — D2, G« = G1 — G2, dy, = dy — do, we have:
0P+ OPs
5 T 82;

= Ai1(p, )P + A12(p, 7) @ + A13(p, 7)ds + Fi(p, 7)

for0<p<1,0<7<T,

(4.29)
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0qy oum N _ -

7+V7:)\ )T *+)\ )T *+>\ 7Td>k+F aT

or 1 op 21(p, T)D 22(p, 7)q 23(p; T) 2(p, 7) (4.30)
for0<p<1, 0<7<T,

ad, ad, N 3 -

5, TU oy A31(p, T)Ps + A32(p, T)Gx + A33(p, T)di + F3(p, 7) (4.31)
for0<p<1,0<7<T,

5:(p,0) =0, G(p,0)=0, dy(p,0)=0 for0<p<1, (4.32)
where

)\l] = 77%(7')91‘]‘(51,@171517@1,&1) (7",7 = 1a253)7

wlvﬁlv(jla dl) - U%gij(émw%ﬁ% qudQ)]gjv

Fi(p,7) = (
j=1

and & = pa, & = Go, &3 = dy. Then from (4.15)—(4.16)) we know that
IBillze < 2Mo, - iz < 20, ldill e <2Mo, i=1,2,

8,0 8/)

and since g;; (4,7 = 1,2,3) are contmuously differentiable, we deduce that

)”L‘x’ <2M15 i:1527

3

| Fillpoe < A(T)|1r = vallpoe + A(T) > Intgi(é1, 1, P1, 41, da)
Jj=1

- n%gij(627w27ﬁ2762a d2)||Lm S A(T)d’ 1= 17 27 3.

(4.33)

It is easy to see A\;; (4,5 = 1,2,3) are bounded by a constant independent of the

choice of (n;, ¢i, pi, Gi, d;), so from (3.17) in Lemma and (4.33]) we have
1(B1 = P2y @1 — Gor dr — do)l| 2 = || (Bas Gy )| Lo < TA(T)d. (4.34)
By (4.16)), (4.26]), (4.28) and (4.34) we conclude that

d((ﬁ17517@17ﬁ1,d1, dy), (fiz, G2, W2, P2, G2, C’l~2)) < TA(T)d.

Hence, if we choose T sufficiently small such that TA(T') < 1, then F is a contraction
mapping from X7 into Xrp.

According to the Banach fixed point theorem we know that if T" is small enough
then F' has a unique fixed point (7, ¢, w,p,q,d) for 0 < 7 < T. By the definition
of the mapping F, it is clearly that (n,c,w,p,q,d) is the unique solution of the

problem ([2.2) - ) for 0 <7 <T.
Theorem 4.1. Under the assumptions of Theorem[1.3, there exists T > 0 depend-

ing only on |co(|z|)|p, (BRO [wo(|2)l| D, (Bry)» I(Po: 40, o)l Lo 1I(PD; G0, do)ll o=
such that the problem (2.2 - ) has a unique solution for 0 < 7 <T.

5. EXISTENCE OF GLOBAL SOLUTIONS

Note that from Theorem [4.1] we know (2.2)—(2.16) has a unique local solution,

then by Lemma we know the problem ((1.15)—(1.27) has also a unique local
solution for 0 < 7 < T, where T' is some positive constant which may depend on
the bound of Ry, [|Co(|2|)lIp,(Br,), Wollz)lp,(Bry): |(Fo, R0, Do)l (Bs,) and
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[(Fo: Qo> Do)l (Br,)- To get the global result of Theorem we establish the

following two preliminary lemmas.
Lemma 5.1. Under the assumptions of Theorem[1.3, if
(R(0). Clr,0), W (r, ), P(r,0),Q(r, ), D(r,1))
is a solution of 7 for0 <t <T, then
0<C(rt)<C for0<r<R(t),0<t<T, (
0<W(rt)<W for0<r<R(t),0<t<T, (
P(r,t) >0, Q(r,t)>0, D(rt)>0 for0<r<R(t),0<t<T, (
P(r,t)+Q(r,t) + D(r,t) =N  for0<r<R(t), 0<t<T, (
(

1 1
Ry exp{—gBOt} < R(t) < Ro exp{gBot} for0<t<T,

1 dR(t 1
R(t) BoR(t) for0<t<T, (5.6)

where

By = max{|h(C,W,P,Q,D)|:0<C<C,0<W<W,0<P,Q, DN}
Proof. Note that (5.1) and (5.2) are immediate results by applying the maximum
principle. From (L.28) in Remark[I.1]and Lemma[3.3|we know (5.3) holds. To prove
5.4) we represent M(r,t) = P(r,t) + Q(r,t) + D(r,t), then summing up (1.21)—
1.23)) and using (1.29) in Remark we can get M (r,t) satisfies the following
equation:

oM oM 1
= — — <r< <
" +wv " N[KB(C) KgD](N - M) for0<r<R(t),0<t<T, (57)

M(r,0) = Py(r) + Qo(r) + Do(r) = N for 0 <r < Ry. (5.8)

It is clear that M(r,t) = N is a solution of (5.7)—(5.8)), by uniqueness we obtain
that M(r,t) = N for all 0 < r < R(t), 0 <t < T, this completes the proof of (5.4)).

From ([5.3) and (5.4) we get
0< P(rt), Q(rt), R(r,t) <N for0<r<R(t),0<t<T.
It is obvious that |h(C, W, P,Q, D)| < By, then by (1.24]), we have

1 1
—gBor <wo(rt) < gBQT for 0<r<R(t),0<t<T. (5.9)
From (|1.26)) we can see
1 dR(t) 1
——BoR(t) < ——= < =ByR(1).
$BoR() < 00 < BoR()
Hence, we complete the proof of (5.6). (5.5) is an immediate consequence of (5.6]).
O

Lemma 5.2. Under the assumptions of Theorem[1.3, if
(R(t). Clr,0), W (r, ), P(r,0),Q(r. ), D(r,1))
is a solution of 7 for0 <t <T, then
ICE Dl gm < A, (WDl gn < AT)

5.10
foro<r<R(), 0<t<T, ( )
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oP 0Q 0D
_——, — o < <r< < . A1
1892 9Dy <a@) pro<r<r®) 0<t<T.  (511)
An immediate consequence from (5.10) we obtain that for any tg € [0,T),
1C(r,to)lp, Bty < AT, [[W(r,to)llp,(B(t0)) < A(T). (5.12)

Proof. From Lemma |5.1|we know R(t) has a positive lower bound Ry exp{—%BoT}
and a finite upper bound Ry exp{%BoT}, C“th) is also bound for 0 < ¢t < T, by

(5.3) and (5.4) we know P, @ and D are also bound. Let
c(z,t) = C(|z|R(t),t), w(z,t)=W(|z|R(t),t) for|z| <1, 0<t<T,

and we denote R(t) = d}flgt). Then from (|1.15)—(1.17) and (L.18)—(1.20) we can see

that ¢ is a solution of the following problem:

dc Dy R(t)
— = A —(z- — t f 1 t<T d
A0 c+ R (x-Ve) = f(z,t)e for|z] <1, 0<t < T, (5.13)
c(z,t)=C for|z|=1,0<t<T, (5.14)
c(z,0) = Co(|x|Rp) for |z| <1, (5.15)

and w is a solution of the following problem:

i R0 Aw + RO (z-Vw) —g(z,t)w for |z] <1, 0<t < T, (5.16)
w(x,t) =W for|z|=1,0<t<T, (5.17)
w(z,0) = Wo(|z|Rp) for |z| < 1. (5.18)

Here

flz,t) = F(C(|z|R(t), 1), P(lz|R(t), 1), Q(|z|R(¢), 1)),
g(@,t) = GW(|z|R(t), 1), P(|=|R(t),1), Q(|z[R(t), 1)).
Since all coefficients in (5.13) and (5.16|) are bounded continuous functions, then
from Lemma [3.1] we get
lellwzrqpy < AT, Nwllyz1 gy < AT).
Now transforming back to the original variables we know
ICal, Ollwz g < AT, IW (2l Dllyzs op < AT).
Besides, since all coefficients in ([1.21)—(1.23) are bounded continuously differen-
tiable functions, so from Lemma [3.3] we get
(2P 99 oD
or’ or’ or
We complete the proof of Lemma O

M~ < A(T) for 0<r<R(t), 0<t<T.

From a priori estimates established in Lemma [5.1] and Lemma [5.2] now we can

extend the local solution of (1.15)—(1.27)) to the global one.

Theorem 5.3. Under the assumptions of Theorem[I.3, there exists a unique global
solution (R(t); C(T7 t)7 W(Ta t)v P(Ta t)7 Q(Tv t)a D(Ta t)) Of " " .
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Proof. From Section 4 we know that (L.15)—(1.27) has a unique local (in time)
solution, we can extend this local solution step by step to get a solution defined
in a maximal time interval [0,7") with either T = oo or 0 < T' < co. In what
follows we show, by using the method of reducing into absurdity, that the second

case cannot occur. Hence we assume that T' < oo, then for any 0 < t,ty < T, from
Lemma [5.1] and Lemma [5.2] we have

1€, O)llwzm < AT, Wl Dllwz1gn < AT,

1C (2, to)lp,(B(te)) < A(T), (W (|2, )l D, (B(te)) < A(T),
(P, Q, D)|[L~ < A(T),

oP 0Q 0D
o < A(T
16 55 S e < AT),
1
RO exp{—gBot} < R(t) < Ro eXp{*Bot},
1 dR(t)
——BoR(t) < ——~ < =ByR(t

SBoR() < ©0 _30<>
Hence if we consider the initial value problem (1.15| - ) with initial data given
at to for every ty € [0,T), then by Theorem - there exists a common constant
6 > 0 such that the problem 11.27) always has a solution on the time interval
[to, to+0). It follows that the solutlon R(t W (r,t), P(r,t),Q(r,t), D(r, t))
is extended to the time 1nterval 0 T+ (5 Wthh contradlcts the definition of T'.
Hence the solution of - exists for all ¢ > 0. O

By Lemma [2.I] and Theorem [52[, we accomplish the proof of Theorem [I.3]
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