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EXISTENCE OF SOLUTIONS TO P-LAPLACE EQUATIONS
WITH LOGARITHMIC NONLINEARITY

JING MO, ZUODONG YANG

ABSTRACT. This article concerns the the nonlinear elliptic equation
—div(|Vu|P~2Vu) = loguP ™! 4+ Af(z, u)

in a bounded domain Q C RN with N > 1 and u = 0 on 9. By means of a
double perturbation argument, we obtain a nonnegative solution.

1. INTRODUCTION

In this paper we consider the existence of solutions to the problem
—div(|Vu[P72Vu) = logu? ™' + \f(x,u), in Q,
u>0, inQ, (1.1)
u =0, on 01,

where 2 is a bounded C? domain in RY, N > 2, 1 < p < oo, A is a positive
parameter. Equations of this form are mathematical models occurring in studies of
the p-Laplace equation, generalized reaction-diffusion theory [12], non-Newtonian
fluid theory [1,13], non-Newtonian filtration [11,21] and the turbulent flow of a
gas in a porous medium [6]. In the non-Newtonian fluid theory, the quantity p
is characteristic of the medium. Media with p > 2 are called dilatant fluids and
those with p < 2 are called pseudo-plastics. If p = 2, they are Newtonian fluids.
When p = 2, the existence of bounded positive solutions were proved by Deng [3].
When p # 2, the problem becomes more complicated since certain nice properties
inherent to the case p = 2 seem to be lost or at least difficult to be verified. The
main differences between p = 2 and p # 2 can be found in [8,9]. In recent years,
the existence and uniqueness of the positive solutions for the quasilinear eigenvalue
problem

div(|VuP~2Vu) + Af(z,u) =0 in Q,

u(z) =0 on 09, (1.2)
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with A > 0, p > 1 on a bounded domain Q C RN, N > 2 have been studied by
many authors see [9,10,19] and the references therein when f is strictly increasing
on RT, £(0) = 0,lim,_,o+ f(s)/sP"1 =0and f(s) <a;+as*, 0 < pu<p—1, a
and ag > 0. It was shown in [10] that there exists at least two positive solutions
for equation (1.2) when A > 0 is sufficiently large. If liminf, o+ (f(s)/(s?71)) >
0, £(0) = 0 and the monotonicity hypothesis (f(s)/(s?~!))" < 0 holds for all s > 0,
it was proved in [9] that the problem (1.2) has a unique positive solution when A
is sufficiently large.
For p = 2, some results to a semilinear elliptic equation with logarithmic nonlin-
earity
—Au =logu+ h(x)u?, in Bg,
u >0, in Bg, (1.3)
u =0, on 0Bg;

and
—Au = X{u>0}(10gu +A f(a:,u)), in Q:
u=0, on 9Jf,

have been extensively studied. (See, for example, [15,19] and their references.) In
[19], the authors obtained a positive radial solution u € C?(Br\{0}) (N C(Br) of
(1.3) by means of a double perturbation argument. In [15], the authors study the
problem (1.4), which obtain a maximal solution uy > 0 for every A > 0 and prove
its global regularity C17(Q). Motivated by the results of the above cited papers, we
shall attempt to treat such equation , the results of the semilinear equations
are extended to the quasilinear ones. We can find the related results for p = 2 in
[15]. In this paper, the authors obtained the maximal solution uy > 0 for every
A > 0 and proved its global regularity C''7(Q2). Our strategy in the study of (1.1)
is to use the sub-super solution method and the mountain pass lemma.

The paper is organized as follows. In section 2, we obtain a subsolution of (1.1)
by adopting a double perturbation argument. Section 3 is dedicated to prove the
existence of a supersolution of (1.1) by the mountain pass lemma. In section 4, we
shall use the results of Section 2 and 3 to obtain a solution for the problem (1.1) by
using the sub-super solution method which proves our main result. Some regularity
properties of the solution of (1.1) are studied in section 5.

In this problem, the function f satisfies the following hypothesis:

(H1) f: 8 x[0,+00) is measurable in = €  with f is continuous;

(H2) f is nondecreasing, f # 0;

(H3) limg_—oo f(z,8)/s? =0, f(x,s)/s” is decreasing where 0 < 3 < p — 1 (with
respect to $) uniformly in = € Q.

2. SUBSOLUTIONS FOR (1.1)

In this section we obtain a subsolution of (1.1). We begin by considering the
family of perturbed problems

e\p 5
—div(|Vuf |P72Vu®) = log (W) e +e
us +¢

u® =0, on Jf.

+ Af(x,u®), inQ, (2.1)
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We show that solutions to these problems converge to a subsolution of (1.1). For
0 < e < 1, the solutions u® of (2.1) are a priori bounded, independently of e. From
[14], we give the following comparison principle which will be used to obtain a
subsolution. (the proof can be found in [14,16])

Lemma 2.1. Let g(z,t) : Q x R — R be measurable for x and nondecreasing for t,
let u,v € WHP(Q) satisfy

—Apu+ g(z,u) < —Apv +g(z,v)(x € Q).
If u<wv on 99, then u < v on .

Lemma 2.2. Suppose [ satisfies (H1), (H3). For 0 < e < 1, let u® be a solution
of (2.1), then there exists a constant Cy > 0, such that supg..q |[|u®]|r~ < Ci.

Proof. We denote
sP +es+e
s+e
Assume by contradiction that there exists a sequence €; — 0 as j — oo, and
[|us?]|pee — 00 as j — oo, where u®? solves (2.1), for each j € N, we set

aj = u||pe, B = inf hej(s), Q5= 1010 7 =1/l

he(s) = log

and define
U9 (2) = u(2)/aj, ey,
clearly, |[U/|| Lo (q,) = 1 for all j € N. On the other hand
hej (u (T)) + Mf(Z, u™ (2))
(aj )P4 B[P~

As a result, ||U€J'||C(§j) — 0 as j — 0o, which contradicts ||U || L (q,) = 1. O

— div(|VU (Z)[P2VU= (7)) =

We shall prove that (2.1) has a solution. First we find a supersolution which
is independent on €. Clearly u = 0 is a subsolution of (2.1). Then our solution
uf > 0.

Lemma 2.3. Suppose [ satisfies (H1)—-(H3), then for each A > 0, there is a super-
solution @ of (2.1) for 0 <e < 1.

Proof. First consider the solution Y of the problem

—div(]VYP72VY) =1, inQ,

2.2
Y =0, on 09, (22)

Since Y is bounded in Q, we choose § > 0 such that 6||Y||r~ < 1, next we fix
M >0 and ¢; > 0 in a such way that (see (H3)), f(z,u) < 0uP for all w > M and
flz,u) < ¢ for all u < M. In fact we may choose 6 < 2;705\/%' We fix k> 0
such that
Pt —log(RP MY 17 +1) = A0RPH[Y (|7
and
kP~ —log(MP™! 1) > e,
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setting u® = @ = kY, we obtain a supersolution of (2.1) for all 0 < £ < 1. Indeed,
recall the definition of h., if u > M, we have

—Apt — he(u) = kP~ — h.(a)
> kP71 —log(a?~! + 1)
= kP71 —log(kP~tYPTl 1)
> kP~ = log(K 7YY | +1)
> 0k |Y |17
> NP~ > \0a”
> Af(x,a).
Whenever u < M, we obtain
—A,t — he(@) = kP~ — he(w) > kP~ —log(aP~ ' + 1)
> kPt —log(MP™1 41) > ¢
> MNf(z,a).
Consequently, a° = kY is a supersolution of for all ¢ > 0. (]

Lemma 2.4. Let 0 < € < g9 and A > 0 be fized. Then the problem (2.1) has a
solution u® > 0.
Proof. Let € > 0 be fixed and
uP +eu+e
FE ’ =1 - . - A ) €
(z,u) =log e + Af(z,u) + a:u
where the constant a. is fixed in such a way that v — F.(z,u) is increasing on
[u, @°] uniformly in = € Q. Starting with ug = @, we define the sequence {u,} of
(unique) solution of the problem
— div(|Vu, P72 Vu,) + aeun = Fo(z,u,_1), in Q,
(2.3)
u, =0, on 0,

Then we have v® < ..., < Uupy1 < Up ... < ug = @°. In fact, it follows by the

comparison principle in lemma 2.1 applied to the problem

— div(|Vuo|[P2Vug) + acug > — div(|Vur [P72Vuy) + acuy,  in Q,
(2.4)
ug > uy, on 0f),

that ug > uy > 0. Similarly, u® < wuy in 2. There is a function u® defined by
pointwise limit
u®(z) = lim wu,(x),2 € Q.
n—oo

By a standard bootstrap argument, we may take the limn — oo, so we conclude
that u satisfies (2.1). O

Lemma 2.5. The pointwise u(z) = lim._,o u®(x)(x € Q) is the subsolution of (1.1),
in other words

/|Vu|p*2Vquodx—l—/(—logup*l)(pdxg/)\f(x,u)godx (2.5)
Q Q Q

for all p € C§° (L) with ¢ >0 in Q.
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Proof. Let ¢ € C§°(Q2) with ¢ > 0in £, A > 0 and recall the definition of h.. For
each 0 < € < g¢, we have

/ |Vuf[P2Vuf Vipdr = / h(u®)p —|—/ M (z, u®)pdx (2.6)
Q Q Q
The dominated convergence theorem implies
lim [ Af(z,u®)Yde = / A (z, u)pdx (2.7)
e—=0 Jo Q
Analogously,
1111%/ |Vuf|P2VufVipdr = / |Vu|P~2VuVods (2.8)
=0 Jq Q
Since

limiéaf—hg(us) > —log(u®)P™t,
E—

from the Fatou’s Lemma, it follows that

liminf | —h(u®)pdz > / —log(u®)P~tpdx (2.9)
e—0 Q Q
Letting € — 0 in (2.6) and using (2.7)-(2.8), we obtain (2.5). O

3. SUPERSOLUTIONS FOR (1.1)

In this section we use that that
(F1) loguP=! <w9=! for all u>0,q > p.
As in lemma 2.3, we only consider the case v > M and f(z,u) < 6u®,0 < 8 < p—1.
In fact, when u < M and Af(z,u) < ¢1, we can easily show that the problem
—div(|Vu[P72Vu) = u?t + Cy, inQ, (3.1)
u=0, on 9Jf, ’

has a solution fy(z). Obviously, Bo(z) is the supersolution of (1.1). Next we
consider a supersolution of (1.1) which comes from the mountain pass lemma. We
consider the problem

— div(|Vul[P72Vu) = uf™! + X0u®,  in Q,

3.2
u=0, on 9df, (32)

Lemma 3.1 (Mountain pass lemma). Let E be a Banach space and I € C*(E, R)
satisfy the Palais-Smale condition. Assume also that:

(1) 1(0) =0;

(2) There exists constant r,a > 0 such that I(u) > a if ||u]| = r;

(3) There exists an element v € H with ||v| > r,I(v) <0.
Define

T:={geC[0,1];H : g(0) =0,9(1) = 1}.

Then ¢ = inf jer maxo<i<1 I[g(t)] is a critical value of I.

In the following, we define the space D1?(f2) as the closure of the set C°(Q)

with the norm y
P
Jul ooy = ( [ (vupaz) "
Q

Lemma 3.2. There exists a solution u of the problem (3.2).
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To prove the existence of a solution of (3.2), we will apply the mountain pass
lemma to the energy functional

1 1 A0
J(u :7/ Vupdzf*/uqu—i/uwrldx 3.3
W P Q| | q.Ja B+1Ja 33

The facts that D1P(Q) is a Banach space (reflexive) and that J € C1(DYP(Q),R)
satisfies the Palais-Smale condition are basic results (see [2]). It remains to see the
two following points to prove that the functional J has a mountain pass geometry:

(C1) There exists R > 0 and a > 0 such that ||u| p1.r(q) = R implies J(u) > a;
(C2) There exists ug € D"P(Q) such that [|ug||prro) > R and J(ug) < a.

Proof of Lemma 3.2. Let € = [, [Vul[Pdz < 1,

e 1 / MO /
Jw)==-= [ wide — —— [ «**tdz.
@) P qJa B+1Jq

By Holder inequality and Sobolev embeddings, we arrive to

1 Y.
— ~C(N,p)ie? — ———C(N,p)’T1eft1
p (N, p)ie 11 (N, p)""e

where C(N,p) is the Sobolev constant. We can also choose € as small as we want
such that

Ju) > =

b

q
C(J\;,p) o ﬁflc(N’p)ﬁJrlgﬁJrl (g>p>B+1). (3.4)

So

_ C’(N, p)ﬁﬂsﬁﬂ

~ 2= C(N,p)™te

SR ORI RO]

— (s — S C(N )™,

Finally, when
6 < (B+1)(2pC(N,p)"+)~"

if we take two constant R = ¢ > 0 and a = 5(% - %C(N,p)ﬁﬂ) > 0, the
functional J satisfies the condition (C1).
Let u € C§°(R) fixed such that v > 0in ©, u > 0 on .

P q B+1
J(ku) = k—/ |VulPdx — k—/ uldx — AOk / uPtda (3.5)
P Ja q Ja B+1 Jo

for all k > 0. As ¢ > p > 1, we obtain J(ku) — —oo when k — oo. So putting
u® = ku, there exists some k great enough that [|[u’||prrq) > R and J(u°) < a
which are exactly satisfying the condition (C2). Thus we have a solution ((z) of
the problem (3.2) by the mountain pass lemma. It is easy to show that it is the
supersolution of (1.1). O
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4. SOLUTION FOR (1.1)

We have obtained a solution for problem (3.2), noted 5(z) = @, but affirming that
solution is the corresponding supersolution of the subsolution of (1.1), it remains
to prove that it is greater than the subsolution w.

Lemma 4.1 (A comparison principle, [14, Thm 4.1]). Suppose 11 and 12 satisfies
Y1z, 2) < ha(x, 2) and let 11 (or 2) satisfy
(F2) For each x € Q, the function t — f(z,t)t'=P is decreasing on (0,00).
Furthermore, let u,v € WHP(Q) with u € L>®(Q),u > 0,v > 0 on Q be such that
—Apu < P1(z,u) and — Apv > ho(x,v)  on
If u < v on O and V1 (x,u) (or PYa(x,u)) belongs to L1 (Q), then u < v on .

Lemma 4.2. u <@ in .

Proof. From section 2 and section 3, we know that

—Apu <loguP™ ' + Af(z,u)
and

—Apu > logu? ™t + \f(z,u)
in weak sense. From (F1) and (F2), we know that

loguP ™! + \f(x,u) < u?™! 4 AuP
and
—A,T >l + N

Furthermore, W is decreasing on u € (0, c0) uniformly in z € Q and
u < @ on 0L, by lemma 4.1, we get u < @ on 2, but we clearly know that u # w,
sou < on €.

Next we use the sub and super solution from section 2 and section 3 (v and @
respectively) to obtain a solution for (1.1). Define the function

G(x,u) =logu?™ + \f(z,u) + b(z)u,u >0

where we choose b in such a way that the function u — G(z,u) is increasing in u
on [u, @] for all z € Q. O

Theorem 4.3. There exists a solution for (1.1).

Proof. As noted above we start with ug = u. We define the sequence {uy} of
(unique) solution of the problems

— div(|Vu, [P"2Vu,) + bu, = G(z,u,_1), inQ

(4.1)
u, =0, on 00
we apply the comparison principle in lemma 2.1 to the problem
— div(|Vug|[P2Vug) 4 bug > — div(|Vui[P~2Vuy) + bug, in Q (4.2)

ug > uy, on If2

it follows that ug > uy > 0, similarly, u < wu; in Q. Sou < ..., <uUpy1 < Up... <
ug = 4. There is a function u defined by pointwise limits

u(z) = nh_)n;o up (), z € Q.



8 J. MO, Z. YANG EJDE-2009/87

We see that u < u < w,z € ). By a standard bootstrap argument, we may take
the limn — oco. The function u(z) is in fact a solution of (1.1). O

5. REGULARITY PROPERTIES OF THE SOLUTION

In this section, we study some regularity properties of the solution to (1.1).
Firstly, we state the following lemma, due to DiBenedetto [5], which is the local
regularity for the elliptic equation.

Lemma 5.1. Letu € Wﬁ)’f(ﬂ) N L2 (Q) be a local weak solution of —A,u = b(x,T)
in Q, an open domain in RN, where b(z,r) is measurable in x € Q and continuous in
r € R such that |b(z,r)| < v on QxR. Given a sub-domain compact ¥ CC Q, there
exists positive constants Cy,Cy and o € (0,1), depending only upon N,p,~v, M =
esssupq [u| and dist(Q', Q) such that [|Vu(z)||eo,or < Co and x +— Vu(z) is locally
Hoélder continuous in §; i.e.,

[ug, () — ug, (y)| < Cilz —y|*, z,yeQ,i=1,2,...,N (5.1)

Theorem 5.2. Assume f satisfies (H1-H2). For the solution u of (1.1) there
holds:
(1) ue CH*(Q) where 0 < a < 1;
(2) There exists A > 0 such that, for each A > A, the solution to (1.1) is positive
in
(3) Let \y be the first eigenvalue of —A, in Wy (Q). There exists 0 > 0 such
that, if \(2) < 6, then u > 0 for all A > 0.

Proof. (1) Since we have got the weak solution of (1.1), u € W, ?(Q). From the
interior C1® estimate in lemma 5.1, we conclude that |Vu| € C*(Q) for some
a € (0,1) and we find that u € C%(Q2) for a € (0,1).

(2) We just need to find a strictly positive subsolution. Let Y be the solution of
(2.2) and ¢ be the solution of the following problem

—div(|V¢[P~2Ve) = Af(x,6%(z)), in Q,

2
¢ =0, on 0, (5:2)

where §(z) = dist(z, ) is the distance function independently of A, and v > 1
will be fixed latter. Since f(x,d"(z)) is not identically zero in €2, there exists a
constant C' > 0 such that ¢ > 2C||Y||pe. We set v := ¢ — C||Y||r~ and u := kv,
where k > 0 to be fixed accordingly. We choose ' C © and 71,72 > 0 such that

[VolP >m >0, in Q\Q, v>n>0 inQ.

Since

log(kv” )P~ — (kv)P~Y (v — 1) (p — 1)~ DP=D=1gyp

< 10g(kv”)p71 _ (ky)pfl(y —1(p- 1)0(1/71)(1)71)—17’1

<0 inQ\Q.
we obtain u = kv” is strictly positive subsolution for A < (kv)P~1||u||*=D®=Y) |
which proves (2).

(3) Similarly as in the above proof, we need to find a positive subsolution for (1.1)

with A = 0. Thus, let Y be the solution of (2.2) and ¢; be the first eigenfunction
associated with A;. There exists a constant C' > 0 such that p; > 2C||Y||p~. We
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set v:=¢ — C||Y| L~ and u := kv, where k > 0 to be fixed accordingly. Then if
v > 1, we have
—Apu=—(kv)P " (v = 1)(p — DD Ty
+ (k)P @ TDEIN o 4 CY | o [P (0 + OY | o<
< (k)P (v = 1)(p — Dl DDy,
+ (k)P ETUN (0 4 O Y [ )P

i o B -1L(p—-1)m
< (k) Lo@=DE=D [, (o] g + C[Y )~ = & '
) Dl + Y [ = i o]

Suppose that
(v=1—-1m
[0ll(zee + ClIY][L )P’

A<

then

(v=1)(p—-1)m

(k)P @ =DEDIA (|fo]| oo + COJfY || 2)P 7 —
[vl[zoe + ClIY | oo

So
— div(|Vul|P~?Vu)
1, (v—1)(p— - - D—Lm
< (kP oD (ol + CY ) -
[vllLes + ClIY ||
< log(kv")
for some k > 0. The proof is complete. O
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