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EXISTENCE AND UNIQUENESS FOR
MAGNETOHYDRODYNAMIC FLOWS IN PIPES WITH
VISCOSITY DEPENDENT ON THE TEMPERATURE

GIOVANNI CIMATTI

ABSTRACT. The steady motion of a viscous fluid in pipes of arbitrary cross-
sections under a transverse magnetic field is studied, assuming that the vis-
cosity and the electric and thermal conductivity are given functions of the
temperature. Theorems of existence and uniqueness for the nonlinear elliptic
system governing the problem are presented.

1. INTRODUCTION

In this paper we study a class of steady, incompressible rectilinear flows of viscous
electrically and thermally conducting fluids along cylindrical channels of arbitrary
cross-section in the framework of the equations of magnetohydrodynamics. The
open and bounded subset Q of R? representing the cross-section of the pipe is
referred to the orthogonal frame Ozy with unit vectors i and j. Oz is the axis of
the channel with k as unit vector. The magnetic field H is assumed of the form

where M is a vector constant and parallel to 2. Rotating the Oxy frame we can
write
H = Mi+ h(z,y)k. (1.1)
Since the flow is laminar and rectilinear,
v =v(z,y)k (1.2)

is the velocity of the fluid and p = p(z) the pressure. In the steady state, Maxwell’s
equations reads

VxE=0, (1.3)
VxH=1J, (1.4)

where E is the electric field and J the current density. Taking the curl of Ohm’s
law
pJ=E+vxH
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where p is the resistivity and recalling (1.1)), (1.2), (1.3) and (1.4]), we have

0
V~(pVh)+Ma—; =0. (1.5)
Moreover, in view of (1.1) and (1.2)) the equation of motion reduces to
oh
V- (nV M—=—-k 1.6
(190) + Mg (1.6

where k is the constant pressure gradient and 7 the viscosity. The system of partial
differential equations (L.5)), has been studied in [3] and [4] for its relevance
in applications, as e.g. in electromagnetic flow-measurements [5]. Crucial in this
treatment is the hypothesis of a constant viscosity and resistivity. In this paper we
study a non-linear version of the system , in which viscosity and resistivity
are given functions of the temperature 6. In practical cases this dependence can be
quite strong. Thus we need to add the energy equation

—V - (kV0) = n|Vv|* + p|Vh|? (1.7)

to the system. In k is the thermal conductivity, also a function of the temper-
ature. The first term on the right hand side of reflects the viscous attrition
and the second the Joule heating. Let I" be the boundary of 2. Assuming the walls
of the pipe to be a perfect electrical insulant we have

J-n=0 onl. (1.8)
Moreover, (1.4) reads
oh oh
Jo =7, Jy=—7, 1.9

thus (1.8)) and (1.9) imply that A is constant on I (with possibly different values if
Q is not simply connected). We shall study two different boundary value problems

for the system (|1.5)), (1.6)), (1.7), more precisely a “Poiseuille” case Pbp
oh

V- (n(0)Vov) + Ma— =—k in Q v=0 onl, (1.10)
X
V~(p(9)Vh)+M? =0 in Q h=0 onT, (1.11)
X
~V - (k(0)VO) = n(0)|Vv|? + p(0)|VRh|* inQ
(1.12)
=0, onl,

and a “Couette” case in which 2 is doubly-connected with boundary consisting of
two curves I'y and I'y with ' = T';y U3, and T'y NI’y = (). The external wall of the
pipe, of cross-section I'y, moves with respect to the internal one with cross-section
I'y with constant velocity V' and with absence of pressure gradient. This implies
k=0 in (L.6). In this way we obtain problem Pbc
oh .
V- (n(8)Vv) —&—M% =0 inQ
v=0 only, v=V only,

V- (p(6)Vh) + Mg“

— =0 inQ
X
h=0 onIliy, h=H onlsy,
—V - (k(0)VO) = n(0)|Vv|? + p(0)|Vh|> inQ
0=0, onl,
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where H is a given constant. The boundary value of the temperature is supposed
to be the trace of a function © € H?(Q) harmonic in 2. Moreover we assume I" to
be of class C2. In Section 2 we prove, using an elliptic regularization, that problems
Pbp and Pbc have at least one weak solution. A result of uniqueness for problem
Pbe is presented in Section 3.

2. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS
We assume I to be regular (e.g. C?). For later use we recall the following results.
Lemma 2.1. Let a(x), b(x) € L>=(Q), x = (z,y) and
a(x) > ag >0, b(x)>by>0. (2.1)

Then the system
v e Hy(Q), / [a(x)Vv - Vo — MhypldX = k/ wdX, Vo€ Hy(Q), (2.2)
Q Q
h € H&(Q), / [b(x)Vh -V — Muzw] dX =0, Y¢e Hé(Q), (2.3)
Q

has one and only one solution. Moreover,

vl a2y + 1ol H20) < C, (2.4)
max |v| + max || < C,
Q Q

where the constant C' depends only on ag, by, k, M and ).

Proof. The bilinear form
oh v

a(v, h), (¢, 4)) = /Q [a(x)w Ve + b(x)Vh- Vi) — M<£ap + %w)]dx

is bounded and coercive in H(Q2) x H}(Q), as easily verified. Therefore, by the
Lax-Milgram lemma, the system (2.2)), (2.3) has one and only one solution which
satisfies (2.4]). By standard elliptic regularity (see [2]), (2.5) follows. |

The main difficulty in problem Pbp lies in the quadratic growth in the right

hand side of equation ([1.12]). However, from (1.10)) and (1.11)) we have

) oh
n(0)|Vv|?+p(0)|Vh|* = V-(hp(H)Vh)+V-(vn(@)VU)—&-Mha—Z—i—Mv%—i—kv. (2.6)

This suggests the following weak formulation:
h
v e Hy(Q), / [n(@)VU -V — Ma—cp} dX = / kodX, Yo HJ(Q), (2.7)
Q Ox Q

0

h € Hi(Q), / [p(e)Vh V(- Ma—;g] dX =0, V(e Hj(Q), (2.8)
Q
0—0c HQ), / k(0)VEO - VEdX
Q

0

= —/ hp(0)Vh-VEAX + M/ h—vde — / vn(0)Vu - VEAX (2.9)
Q o Oz Q

+/Qv<MgZ+k)§dX, Ve € HH(Q),
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where we assume n(u), p(u), £(u) to be continuous and to satisfy
m>nu) >n0 >0, p1>pu)>po>0, k1 >k(u)>kKg>D0. (2.10)

To prove existence of a weak solution we consider the following sequence of approx-
imating problems Pb,:

ve € H (), / n(0) Vv - VipdX — M/
Q

= k/ wdX, Y€ H} Q)
(2.11)
v,

he € HY(9), / p(0.)Vh, - VCAX — M/ CdX =0,¥C € HEY(Q)  (2.12)
Q
6. — © c H2(Q / A9 Ang+/ K(0)V0, - VEDX
v,
——/Qhep(Ge)VhE-Vde+M/Qh6%£dX—/Qven(05)Vve~V£dX (2.13)

+/Qu€(

Lemma 2.2. Let (v, he,0) be a solution to Pb.. Then the following “a priori
estimates hold:

)de, Ve € H2(Q).

»

[vell 3y ) < C, (2.14)
hell ) < C, (2.15)

16. = ©ls30 < C, (2.16)
€l|Abc |72 0 < C, (2.17)

max lve] < C, ms%tx|h6| <C (2.18)

where the C’s denote constants, generally different, depending on ng, po, ko, 2, M
and k, but not on €

Proof. Setting ¢ = v, in (2.11)) and ¢ = h, in (2.12)), we have

/n(9€)|Vv€|2dX—M/ oh dX:k;/vedX,
Q Q

/ p(0)|Vhe |2dX+M/ —v.dX = 0.
Q

Adding and using the Poincare inequality we obtain (2.14) and (2.15) by (2.10]).
Applying Lemma we get ([2.18]). Choosing £ = 6. — © in (2.13) we have

e/ AO A0, — ©)dX —|—/ k(0)VO. - V(0. — ©)dX
Ov,

- /hep(ﬂ )Vhe - V(0. f@)dXJrM/ (0 — ©)dX
Q

_/Qven(ge)vve.V(GE—@)dX—i—/Qve( %h )(6. ~ ©)dx.

Using repeatedly the Holder inequality and (2.10)), ( [2.14]), (2.15) we obtain
e[lAO[I72 () + VO T2y < C (1A L2y + Vel 2() + 1) (2.19)

from which (2.16)) and (2.17)) follow. O




EJDE-2009/59 MAGNETOHYDRODYNAMIC FLOWS IN PIPES 5

We recall the classical Leray-Schauder fixed point theorem.

Theorem 2.3. Let B be a Banach space and T a continuous and compact mapping
from B x [0,1] into B such that T (w;0) = @ for all w € B. If all solutions of the
equation
w="T(w;\), webB, Ael0,1]
are bounded in B by a constant not depending on X, then T (w,1) has a fized point
in B.
Lemma 2.4. For every € > 0 there exists at least one solution to Pb.
Proof. We omit the dependence of € in v, h. and 6.. Let B = HZ(2) and define
0=T(w,N), T:Bx][0,1]—B

via the linear problem

ve HYQ), V- (Ow)Vo)+ M% S (2.20)
he H(Q), V-(p(Aw)Vh)+ M% =0, (2.21)

6—0cHXQ), eAAI+V-(k(Mw)VH)
9 oh (2.22)
=V (hp(Aw)Vh) + Mha—; + V- (vn(Aw)Vv) + kv + M’U%.
Given w € B the system (2.20)), (2.21) is solvable by Lemma Moreover,
the right hand side of (2.22)) defines a bounded linear functional in H?(£2). Hence
is solvable with respect to § and the mapping (w, \) — 6 is well-defined. Let

(0, h, 8) solve

PEHYQ), V- (O)VD) + MO =
he HYQ), V- (p(O)VA)+ Mow =0
6-0cHQ), eAAG+ V- (k(0)V)
7 7 - Jv B B ~ Oh

We have 7 (w,0) =  for all w € B. To prove the continuity of 7 (w, \), suppose
(wi, Aj) — (w*, \*) in B x [0,1] and

Let (v;, h;) € HE(Q) x HE () be solution of the system

/ n(Aiw; ) Vu; - VdX — M/ ahigodX = k/ edX, forall p € H}(Q), (2.23)
Q Q ox Q
/ p(\w;)Vh; - V¢dX — M/ g”i ¢dX =0, forall (e H} (), (2.24)
Q o 0T
and (v*, h*) of the system
7]

/ n(N'w*)Vo* - VedX —M/ h pdX = k;/ @wdX, forall ¢ € H3(Q),
Q Q &r Q

(2.25)
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/ p(Nw )V - VCAX — M / W cax =0, forallC€ HAQ).  (2.26)
Q

Choosing ¢ = v; — v* in and (| and ( = h; — h* in and - we

have, after simple calculatlons
[|vi — U*H?qg(g) + i — h*”%é(g)
< C{Hn(ww\z’) — (N w") [ @) lvill 3 @) llvi = 0" [ 2 @) (2.27)

+ lp(widi) — p(N 0" || Lo (@) 1 hill mp ) l1he — B | oy |-

Hence
v; — v*, h; — h* in HJ(Q). (2.28)
Let 6; and 6* be given respectively by
0; —© € H (D / AO;AEdX +/ k(0;)V0,; - VEIX
- /th(x w;)Vh; - vng+k/ 'szdXJrM/ a“ng (2.29)
Q

+M [ vin(Nw;)Vu; - VEAX, for all € € H3(Q),
Q Q
0* —0 c H3(Q / AO*AEDX +/ K(BF)VO* - VEIX
Q

__/Qh*(* “)Wh* - vng+k/u§dX+M/h* (2.30)

+M/ v*aah EdX—/v*n(/\*w*)Vv*-ngX, for all £ € HZ(Q).
Q € Q

By difference from ([2.29) and (2.30)), setting & = 6; — 6* in the resulting equation,

using the Poincare inequality and the Sobolev imbedding theorem we have
el A — 01720y + 1V (0 = 07) 1720
< C[th’ = P o) + i = v gy o) + [lp(Aiwi) = oA w)[[Le)  (2.31)
+ nOwn) = 50" ey | 186 = %)l 2oy

From the continuity of 7 (w, A) easily follows. The mapping 7 (w, A) is also
compact, since in dimension 2 bounded subsets of HZ(f2) are compact in H} ().
Finally, repeating with minor changes the proof of Lemma [2.2] we can prove that
all solutions of the equation

0=T(6,)\
are bounded in the B-norm by a constant not depending on A. Hence problem Pb,
has at least one solution by the Leray-Schauder principle. ]

Theorem 2.5. There exists at least one weak solution to problem Pbp.

Proof. By (12.14), (2.15) and (2.16) we can extract from {v.}, {h.} and {6.} subse-
quences (not relabelled) such that

ve » v weakly in HY(Q), he —h weakly in H}(Q),
0. — 6 weakly in H' ()

(2.32)
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and
0. — 0 in L*(Q), r(6.) — x(0) in LP(Q),
p(fe) — p(0) in LP(Q), n(6c) —n(f) in LP(Q2), 1<p<oo.

Letting € — 0 in (2.11)) and (2.12]), we have (2.7) and (2.8). It remains to pass to
the limit for € — 0 in (2.13)). By (2.17)), the first term in the left hand side of (2.13])

vanishes when ¢ — 0. Moreover, by (2.32)), (2.33)),

(2.33)

/Q K0V, - VELX — /Q K(0)VO - VEAX,
To pass to the limit in the first term in the right hand side of we write
/Q [hep(GE)Vhe - hp(@)Vh} VEAX =1 + I, + I
where
I = /Q [(he — B)p(0)Vh,]-VEdX, I = /Q [h(p(@e) - p(o)) Vhe} . VEdX,
Iy = /Q hp(0)(Vhe — Vh) - VEdX.

We have

1] < prllhe = 2@ I Vhel L2 I VE] L ()
[Lo| < |2llze@)llp(0c) — p(O) o) IV RellL2)[IVEl Lo (), 1/p+1/q+1/2=1.

Moreover, by (2.32) and (2.33),
I; = / hp(0)(Vhe — Vh) - VEAX — 0, ase— 0.
Q

The remaining terms in the right hand side of (2.13)) can be dealt with similarly.
In the end we obtain (2.9)). Thus problem Pbp has a weak solution. O

3. THE COUETTE CASE

Only minor changes are needed to prove that also problem Pbc has a solution.
Uniqueness seems to be, in general, an open question for both problems Pbp and
Pbeo. However, in special cases existence, non-existence and uniqueness can be
proved for problem Pb¢, even suppressing the hypothesis of ellipticity .

Theorem 3.1. Suppose that in problem Pbc: M =0, ©, =0, k(0) > 0, p(0) > 0,
n(0) > 0, p(0) = yn(0), v > 0. Assume that

* k(t
/ @dt =[< o0 (3.1)
o pt)
Then, if 1 + VI‘{/; < I problem Pbc has one and only one solution. If | <1+ 7;1/22

problem Pbc has no solution. If, on the contrary,

oo@ e
/o o) =

then problem Pbc has one and only one solution.
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The proof is based on the transformation

0
m:é#+g#+l;§2@ (3.2)
which gives the equations
V- (p(0)VT) =0, (3.3)
V- (p(0)Vo) = 0,
V- (p(0)Vh) =0,
and the boundary conditions
U=0 onTy, W:%H2+gv20nb,

v=0 onIly, v=V only,
h=0 onIy, h=H onls.

The system of the three equations (3.3)), (3.4), (3.5)), together with the functional
relation (3.2)), can be reduced, quite surprisingly, to the linear Dirichlet problem

AP=0 inQ, ®=0 onT;, ®=1 onTs.

For more details, we refer the reader to [I.
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