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STABILITY AND BIFURCATION IN A DELAYED
PREDATOR-PREY SYSTEM WITH STAGE STRUCTURE AND
FUNCTIONAL RESPONSE

XIAO ZHANG, RUI XU, QINTAO GAN

ABSTRACT. In this paper, a delayed predator-prey system with stage structure
and Holling type-II functional response is investigated. The local stability of
a positive equilibrium and the existence of Hopf bifurcations are established.
By using the normal form theory and center manifold reduction, explicit for-
mulae determining the stability, direction of the bifurcating periodic solutions
are derived. Finally, numerical simulations are carried out to illustrate the
theoretical results.

1. INTRODUCTION

In the natural world, almost all animals have the stage structure of immature and
mature. And the vital rates (rates of survival, development and reproduction and so
on) are often quite different in these two stage. Hence, it is of ecological importance
to investigate the effects of such a subdivision on the interaction of species. Chen [I]
introduced the following stage-structured single-species population model without
time delay

Ni(t) = B(t) - Dy(t) - W(0),

. (1.1)
Non(t) = aW(t) — Dpu(8),

where N;(t) and N,,(t) denote the immature and mature population densities at
time t; B(¢) is the birth rate of the immature population at time t; D;(¢) and
D, (t) are the death rates of the immature and mature at time t; W (t) represents
the transformation rate of the immature into the mature; « is the probability of
the successful transformation of the immature into the mature. If the birth rate of
model obeys the Malthus rule, i.e., B(t) = alN,,; and the death rates of the
immature and mature populations are logistic; i.e.,

D;(t) = 7 Ni(t) + b;NZ(t),  Dun(t) = 7 Npn(t) + b N2, (1),
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and the transformation rate of the immature into mature is proportional the im-
mature population, i.e., W(t) = bN;(t). Then we rewrite model (1.1)) as

Ni(t) = aNy, — s Ni(t) — b;N2(t) — bN;(t),

. (1.2)
Ny (t) = bN;(t) — 70 Ny (t) — by N2 (1).

Based on the idea above, many authors studied different kinds of stage-structured
models and a significant body of work has been carried out (see, for example,
2, 3, @, 5, B, 10, 9, 12]).

Xu and Ma [II] considered the following model, where prey population have
stage structure and immature individuals are consumed by their predator

#1(t) = axy — riwy (t) — apz?(t) — by (t) — a1z, (V) y(t),
Ig(t) = b(El(t) — TQLEQ(t), (13)
y(t) = ag1(t — Tyt — 1) — ry(t) — By>(1),

where a > 0 is the birth rate of immature population; 1 > 0 is the death rate of the
immature population; a;; > 0 is the intra-specific competition rate of the immature
population; b > 0 is the transformation rate from the immature individuals to
mature individuals; a; > 0 is the capturing rate of the predator population; ro > 0
is the death rate of the mature population; as/a; is the conversion rate of nutrients
into the reproduction of the predator; r > 0 is the death rate of the predator; g > 0
is the intra-specific competition rate of the predator, 7 > 0 is a constant delay
due to the gestation of the predator. In [II], the global stability of the positive
equilibrium and the two boundary equilibria of the model is discussed.

In system , the capture ability of the predator population is proportional
the number of prey population. That is to say if the number of prey population
is large, then predator will capture more prey in unit time. Obviously, this is
reasonless. The predator always have a handling time. In 1965, Holling proposed
three types of functional response, proved that the functional response plays an
important role in predator-prey systems. Based on the work developed in [11], in
the present paper, we are concerned with the effect of functional response on the
dynamics of a predator-prey model. To this end, we consider the following delay
differential equations

#1(t) = azs — r121(t) — an123(t) — by (t) — ‘m
.’i‘g(t) = ba:l(t) — 7'2.%'2(25), (14)
(1) = asx1(t — )yt — 1) —

1+ mai(t—r7)

where the positive a,r1,a11,b,72,7,a1,a2 are meanings to same as system ;
the parameter m stands for half capturing saturation; H-:I;nli;(;)(t) is Holling type-11
functional response, which reflects the capture ability of predator. In the system
we ignore the intra-specific competition rate of the predator population.

The initial conditions for system take the form
z1(0) = ¢1(0), x2(0) = 2(0), y(0) =1(0),
¢1(9) > 07 ¢2(9) > 07 w(e) > 07 0 e [_Tv 0]7 (15)
d)l(o) > 0) ¢2(O) > 07 ¢(0) > 0)
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where (¢1(0), 2(0),1(0)) € C([—7,0],R3,), the Banach space of continuous func-
tions mapping the interval [—,0] into R3 ), where R3 ) = {(z1,22,23) : 2; > 0,i =
1,2,3}.

This paper is organized as follows. In Section 2, we discuss the local stability
of a positive equilibrium and the existence of Hopf bifurcations of system .
In Section 3, we study the stability of the bifurcating periodic solutions and the
direction of the Hopf bifurcation in system by using the normal form theory
and center manifold reduction. Finally, some numerical examples are given to
illustrate the results above.

2. STABILITY AND HOPF BIFURCATIONS

In this section, we discuss the local stability of a positive equilibrium and the
existence of Hopf bifurcations of system (|1.4)).
It is easy to show that if the following holds:

(H1) ag —rm >0 ab _ _aur_ _ . ph >0,

? rg as—rm
system (|1.4) has a unique positive equilibrium E* = (z7, 23, y*), where

r br

. as ab ailr
x5 = = _

*

y:

—Tl—b).

Linearizing system at E*, we derive
#1(t) = p1e1(t) + paza(t) + p3y(t),
& (t) = paz1(t) + psaa(t), (2.1)

y(t) = pew1(t — 7) + pry(t — 7) + psy(t).

ai(ag —rm) roy  ag—rm

where
N ary* ar
p1=—r1—b—2anz] T A mae PTG T
1
azy”
pa=b, ps=-—rg, p6:m7 pr=7r, pg=-—T
1
The characteristic equation of system (2.1]) takes the form
N4+ AN 4 BA+C + (DN + EX+ F)e™ =0, (2.2)
where

A= —(p1+ps+ps), B=pips+pips+psps —paps, C = ps(paps — pips),
D = —p7, E =pip7 +pspr — psbe, F = p2pap7 + pspsps — P1pspr-
If iw(w > 0) is a root of (2.2, then
—iw® — Aw?® 4 Biw + C + (—=Dw? 4 Eiw + F)e ™7 = (. (2.3)
Separating the real and imaginary parts, we obtain

C — w? = Dw?coswt — Fwsinwr — F coswr,

5 5 . . (2.4)
—w® + Bw = —Dw*sinwt — Bw coswt + F'sin wT.
It follows from (2.4)) that
w® + Qrw! + Q2w? + Q3 =0, (2.5)

where
Q,=A%>-2B—-D? Qy=DB>+2DF—-2AC - E? (Q3=C*—-F2
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It is easy to show that
Q1 = A? — D* — 2B = p? + p? + 2pops > 0,
Q2 = (P1ps — P2pa)? + pape(2p1p7 — P3P6)-

Noting that if Q3 > 0, we have 2(p1ps — papa)pr > P3psps, it is easy to see Qg > 0.
Hence, the stability of positive equilibrium E* of system is unchanged for all
7 > 0. When 7 = 0, by Routh-Hurwitz Criterion we obtain that all roots of
have negative real parts only if

(H2) pipaps > (p1 + ps)(P1p5 — p2pa).
Therefore if (H2) holds, the positive equilibrium E* of system is local asymp-
totically stable for all 7 > 0; or else the positive equilibrium E* of system is
unstable for all 7 > 0.

If Q3 < 0, we know that has only one unique positive root wqy. Define

(E — DA)w§ + (CD + AF — BE)w§ — FC
D2wg + (E? — 2FD)w3 + F?
for j =0,1,.... Then (7, wp) solves (2.3). This means that when 7 = 7;, Equation

(2.2) has a pair of purely imaginary roots +iwg.
Denote A = A\(7), from (2.2]) we have

<d)\(7))—1__ 3\2+ 24X+ B 2D+ E T
Y

dr M+ AN + B +C)  ANDNX+EXN+F) X
which leads to

1
;= — ( arccos
wo

+ 2j7r), (2.6)

d\
-

= sign { Re (%);:17]} (2.7)

= sign {3w{ + (24% — 4B — 2D*)wi + B® + 2DF — 2AC — E?}
= sign {3w§ +2Q 1 wi + Qg}.
Because @1 > 0, so if the following holds
(H3) Q2 >0,

then 3w§ + 2Q1w3 + Q2 > 0, sign { Re (%) _ } > 0. And system (12.1)) undergoes
T=Tj
a Hopf bifurcation.
Applying [0, Theorem 11.1], we obtain the following results.

sign { Re (

Theorem 2.1. Let (H1) hold, and

(i) If Q3 > 0 and (H2) holds, then the positive equilibrium E* of system
is local asymptotically stable for all T > 0; or else the positive equilibrium
E* of system is unstable for all T > 0.

(ii) If Q3 < 0 and (H2), (H3) hold, the positive equilibrium E* of system
is asymptotically stable for 7 € [0,79), and E* is unstable for T > 19; and
the system undergoes a Hopf Bifurcation at the positive equilibrium
E* when 7 =1;(j =0,1,...).

Xu and Ma [11] obtained the following results:
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(i) T
2asa118lab — ro(r1 + b)] + ayrar
+ (allﬁ — alag)ag[ab — T‘Q(’I“l + b)} —aq1rer > 0,

the positive equilibrium E* of system (|1.3) is local asymptotically stable
for all 7 > 0.

(i) I
2asa118lab — ro(r1 + b)] + ayrar
+ (0,116 — a1a2)a2[ab — 7“2(7“1 + b)} —aq17rer < 0,

the positive equilibrium E* of system (1.3) is asymptotically stable for

7€ [0,79), and E* is unstable for 7 > 79.
In system (1.3]), we let 3 = 0, then we know that if 3a;17ry > as(ab—ro(r; +5)),
the system (1.3)) is local asymptotically stable for all 7 > 0; if 3a1177r2 < ag(ab —
ro(ry + b)), the system (1.3]) is asymptotically stable for 7 € [0,7p), and unstable

for 7 > 9.
If we let m = 0 in system (1.4]), then Q3 > 0 means that 3aj;1rre > ag(ab —

ro(r1 +b)), same to the results of system (1.3). So we know that system (1.3))(when
1.4)

B = 0) is the special situation of system (|1.4

3. DIRECTION OF HOPF BIFURCATION

In this section, we derive explicit formulae to determine the properties of the
Hopf bifurcation at critical values 7; by using the normal form theory and center
manifold reduction (see, for example, Hassard et al. [7]).

Without loss of generality, denote the critical values 7; by 7, and set 7 = 7 4 p.
Then p = 0 is a Hopf bifurcation value of system . Thus, we can work in the
phase space C' = C([-7,0],R?). Let

ur(t) = z1(t) — a1, ua(t) = 2o(t) — w3, ws(t) = y(t) —y"
Then system (1.4]) is transformed into

L ey 0y (1),

Uy (t) = prui(t) + paua(t) + psus(t) + Z R

itjri>2
Uo(t) = paus (t) + psua(t),
u3(t) =peur(t —7) +p7u3(t —7) + psus(t)

+ > i lll 1331) 1t = T)uj(t — T)us(t),

i+j+1>2

(3.1)

Pititl (1) @) Piti+l§(3)

0z (t— 7)oy (t — )OIy ety )

f(l) _
G 9wt 0ad oyt

for 4,4,1 > 0, and

(1,255

arz1()y(t)

Y = azy — rxi(t) — apa?(t) — bxy(t) — T+ man (1)’
3) _ asz1(t — )yt —7) _
== 14+ mzy(t—7) ry(®).
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We rewrite (3.1)) as

where u(t) = (ui(t),uz(t),us(t))” € R3, u,(0) € C is defined by us(0) = u(t + 0),
and L, : C = R3, f: R x C € R? are given by

p1 P2 P3 0 0 0
Lup=1|ps ps 0 |0(0)+ [0 0 0 ]ao(-7), (3.3)
0 0 ps pe 0 pr

and
1) 4 ]
St jerz2 mm i 61 (0)83(0)65(0)
Fo.m) = K (3.4
Zi+j+122 ﬁ i(jl ‘#1(77—)‘1%(77—)@%(0)
respectively. By Riesz representation theorem, there exists a function 7(6, u) of
bounded variation for § € [—7, 0] such that

0
Lup= [ dn(6,0)¢(8) for ¢ € C. (3.5)

—T

In fact, we can choose

P1 D2 D3 0 0 0
n@,p)=1ps ps 0 ]06()—| 0 0 0]56+7), (3.6)
0 0 ps ps 0 pr
where § is the Dirac delta function. For ¢ € C1([—7,0],R3), define
de6) 0 c[-7,0),
A(p)o = 0 .
JZ; dn(us s)é(s), 6 =0.
and
Oa NS [_Tv O)a
R(p)¢ =
f(¢), 0=0.
Then system (3.2)) is equivalent to
= A(p)ur + R(p)ug. (3.7)
For ¢ € C1([0, 7], (R?)*), define
—dvl) s € (0,71],
Al =1 0 €T
f_;— d77 (t70)¢(_t)a s = 07

and a bilinear inner product

0 0
(¥(s), 6(9)) = ¥ (0)$(0) — /_ 52015(5— 0) dn(0)p(£)de, (3-8)

where n(0) = n(0,0). Then A(0) and A* are adjoint operators. By discussions in
Section 2 and foregoing assumption, we know that +iwg are eigenvalues of A(0).
Thus, they are also eigenvalues of A*. We first need to compute the eigenvector of
A(0) and A* corresponding to iwg and —iwy, respectively.
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Suppose that ¢(6) = (1, a, 3)Te™0? is the eigenvector of A(0) corresponding to
W0 en = 1w . It follows from the definition o 9| an
jwg. Then A(0)q(0) iwpq(6). Tt foll f he definiti f A(0), (3.5) d

(3.6) that

P1 — W D2 D3 0
pa ps—iwp 0 q(0)= (0
pﬁe—zon 0 Ps + p7e—zUJoT _ ,L'wo 0

‘We therefore derive that

P4 pee”woT T
1,-—P _ : ) .
( D5 —wwo  pg + pre” o7 —awg

9(0) = (L, 8)" =

On the other hand, suppose that ¢*(s) = D(1,« ,ﬂ*) iwos is the eigenvector of A*
corresponding to —iwp. From the definition of A*, (3.5) and . we have

T

P1 + iwp D2 D3 0
pa ps+iwo 0 (¢ ()" =|0],
pee’” 0 pg + pre’¥°T +iwg 0
then
D2 D3
*(0) = D(1,a*, 8" :D(l,— _ : : )
() ( ) Ps +iwwg ps + pre’oT +1wg

To assure that (¢g*(s),q(f)) = 1, we need to determine the value of D. From (3.8]),
we can choose
1

= 1+ ao* + Bﬁ* + (psﬂ* +p7Bﬁ*)T€inT .
In the remainder of this section, we use the same notations as in Hassard et al.

[7]. We first compute the coordinates to describe the center manifold Cy at u = 0.
Let u; be the solution of (3.2) with g = 0. Define

2(t) = (q" w), W(t,0) =u () — 2Re{z(t)q(6)}. (3.9)
On the center manifold Cy we have
W(E.0) = W(=(0).20).0) = Wan(0) + Wia (0):5 + Woa(0) 5 + .-,

z and Z are local coordinates for center manifold Cg in the direction of ¢* and g*.
Note that W is real if u; is real, we consider only real solutions. For the solution
ug € Cq of (3.2), since u = 0, we have

2 =(q" ) = (", Alp)ue) + (q", R(p)ue)

=iwoz + (¢" (0 ) (0, (Z z 9) +2Re{2q(0)}))

=iwoz + " (0) £(0, W (2, )+2Re{2(1( )}) (3.10)
=iwoz + q"(0)f(0,W(z, 2,0) + 2Re{2q(0)})

=iwoz + 4" (0) fo(z, 2).

We rewrite (3.10)) as 2 = iwgz + g(z, 2), with
52 52 2

z°Z
5 +01122+go2— + 91—+ .. (3.11)

9(2,2) = ¢°(0) fo(2,2) = gao— 5 3
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Noting that u;(0) = (u14(0), u2:(0),us:(0)) = W(t,0) + 2q(0) + zq(0) and ¢(f) =
(1,0, B)Te*0?  we have

52

2
u(0) = 2 + 2 + Wég)(o)% + W (0)2z + WO(;)(O)E T
2
uat(0) :az+@2+Wé§)(O)i+Wff)( )zz—i—WO(Z)( )%—i—...,
2
wn(0) = Bz + Bz 4 W0 + WOz + WP 05 +....

U (—F) = e 0Ty 4 eiw0Tz 4 W§3>(—%)— + WD (—7)2z + Wg;(_a? T,

~—
|

2
uge(—F) = BeT 0Tz + B0 s + WiD (—F) S + W (—7)22 + W (7

Thus, it follows from (3.4) and (3.11) that

9(2,2) = ¢°(0) fo(z, 2)
Sipgpiza o Figd e (00, (0)uhy (0)

= D(1,a*, 3%) 0
3) i ~ j ~
S ime ol (=7 )uz,t(—ﬂuét(m

= {2 (78 + 1B) + 52 (G 1o 07 + f3pe 0"
+ 25 530 + 23 Re{ 8} ) + 572 (£53) + 273 Re{5})

+z (; A o) ‘) +5*Zz(% (3)62iwo%+f1(i"())ﬂ‘e2iw0%)

+2 Z(; éé%+ fééi(6+26)+ SISOV ) + 2w (D 0))

+ ol (WP (0) + W“’( 0)a+ W0 + Y 0)9))

_ 1 L _ L
+5*Z25(§ ég%e—zwo‘r 2(1132) (256—10.107' +ﬂe—zw07)

N |

+ finn (3 (- weww Wéé”(— )i

+ W (—7)Be T 4 W >( Femom)) + ... }.
Comparing the coefficients in (3.11)), we get

920 = D( 2((1)2) + 2f1015 + 3* <f200 —2iwoT | 2f110 —2iw0f>),
g1 = D( S0+ 2f10) Re{B} + B* ( &) 4258 Re{g}>),

s = D143 + 24008 + 7 (A" + 210567,
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gor = D(fioh + £561 (B +28) + Fiab (W) (0) + 2w (P (0))
+ Flot (W17 (0) + Wiy (0)a + W (0) + 2,7 (0)8)
B (f5ohe 0 + Ji7) (2B 07 4 B0 (3.12)
+ {6 (Wao) (=7)Be™™ + W) (—F)et”
+2W (P (=) Be 0T 4 2W P (~F)em0T) ) ).
We now compute Wao(0) and Wi;(0). It follows from and that
W =1, —2q— G
B {AW — 2Re{7*(0) foq(0)}, 6 € (0,7, (3.13)
AW —2Re{q*(0) foq(0)} + fo, 6=0,

where
22 z?
H(Z,Z, 9) = HQO(G)E + Hu(ﬁ)zi + HOQ(H)E + ... (314)
On the other hand, on Cy near the origin
W =W.%+ Wz (3.15)
We derive from ((3.13))-(3.15) that
(A — QiWQ)W20<9) = —Hgo(e), AWH(H) = —Hll(e), e (316)
It follows from (3.11) and (3.13) that for 8 € [-7,0),
H(z,%,0) = =" (0) foa(8) — ¢*(0) foa(8) = —ga(8) — ga(6). (3.17)
Comparing the coefficients in (3.14) gives that for 6§ € [—7,0),
Hao(0) = —9g20q(0) — go2q(0), (3.18)
H11(0) = —g114(0) — §11q(0). (3.19)

We derive from ([3.16)), (3.18) and the definition of A that
Wao(0) = 2iwoWao(0) + g204(0) + o2(0).
Noting that ¢(#) = q(0)e’°?, it follows that

wgo(o)::%ﬁ?q«ne“m9+-%giq«ne*“ma4-ﬁae”“0ﬂ (3.20)

where Ey = (EF), E§2), E%g)) € R? is a constant vector. Similarly, from (3.16)) and
(3.19)), we obtain

) ; g )
Wi (6) = =7 q(0)c™ + T q(0)e " 4 B, (3.21)

where Ey = (Eél), E;Q), Eég)) € R? is also a constant vector.
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In what follows, we seek appropriate F1 and Fs. From the definition of A and

(3.16)), we obtain

0
| ano)Wan(6) = 2ic0Wn(0) - Hao(0), (3.22)

O~ dU(G)Wn(e) = —H;1(0), (3.23)

-7

where 7(0) = 1(0,6). From (3.13)), it follows that

1 1
f2(02) + 2f1(o%
Hs0(0) = —g20q(0) — Go24(0) + 0 : (3.24)

3) —2iwoF 3 —2iwoT
2(0())6 2o +2f1(1())56 Ziwo

3+ 27 net )
H11(0) = —9119(0) — g114(0) + 0 : (3.25)
3 3
200 + 2f{7 Re{B)
Substituting (3.20)) and (3.24) into (3.22)) and noticing that

(iwol - /_i glwot dn(@))q(O) =0,

(ot [ e an®)a0) =0,

—F
we obtain

1 1
2(0()) + 2f1(oi

0
(Ziwol —/ eZiwo? dn(@))El = 0 )
-7 2(32)6—2iw0% + foi'())ﬂe_%“’of

which leads to

QiWO —P1 —p2 —p3
7p4‘ ~ 220}0 — Ps 0 o El
_p6ef2zwor 0 QiWO —pg — p7ef2uu07
1 1
f2(02J + 2ffoi
= 0
fighe 0™ 4 23 o207
It follows that
Y
1 1
1 Fion +2f{01 —Dpo —p3
- A det 0 2iwg — ps 0 )
fighe 20T 4 2f(Be B0 0 2w — py — pre it
EP
. 1 L
1 2iwo — p1 f2(0()) + 2f1(01 “ps
= A det —P4 0 0 ’

7p6672iw0% fQ(S())efzin% + 2f1(i>())5672m0% Qiwy — pg — p7e*2i‘*’°*
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o 1 2iwo — p1 —D2 00 + 2£{0)
EW = - det —pa Qiwo — ps 0
7p6672m0% 0 fQ(S())efzmg% + foi’%ﬁe*%“"*
where _
2iwy — p1 —p2 —Ps3
A = det —Pa 2in — Ps 0
_p6e—2iwo7~' 0 2in —pg — p7e—2iw07~'
Similarly, we can get
—p1 —DP2 —P3 2%()) + 2f1(éi Re{3}
—Ps4a —Ds 0 Ey, = 0 ,
—ps 00 So0 + 2£{50 Re {8}
and hence,
3 3 3 3
20 _ S+ 2f0 RefB) o) _ palfsng + 2130 Re(})
2 = ) 2 - ’
Ps PsPe
, 1 —p1 —P2 figh +2f{0) Re{B}
Eé ) — det | —ps  —ps 0

B P3Ps5P6
—ps O fioo+2f15 Re{3}

Thus, we can determine W (6) and Wi (6) from (3.20) and (3.21)). Furthermore,
we can determine ga1. Therefore, each g;; in (3.12) is determined by the parameters
and delay in system ({3.1). Thus, we can compute the following values:

c1(0) = ﬁ(gugzo —2|gu1|* — @) + g%,
_ Rela®) ,p
B2 = TR V)Y P2 = 2Re{c1(0)}, (3.26)
T = ~Im{e1(0)} + po Im{X(%)},

wo
which determine the quantities of bifurcating periodic solutions in the center mani-
fold at the critical value 7, i.e., uo determines the direction of the Hopf bifurcation:
if ug > 0(pe < 0), then the Hopf bifurcation is supercritical (subcritical); B2 de-
termines the stability of the bifurcating periodic solutions: the bifurcating periodic
solutions are stable (unstable) if B2 < 0(02 > 0); and T, determines the period of
the bifurcating periodic solutions: the period increase (decrease) if To > 0(T> < 0).

4. NUMERICAL EXAMPLES
In this section, we give some examples to illustrate the results above.

Example 4.1. In system , we let a = 4,01 = a3 = 2,a1; = 3,b = 3,r =
ry =ro = 1,m = 1, then system has a positive equilibrium E* = (1,3,5). It
is easy to show that wg = 0.2371,79 = 2.4144. By Theorem [2.1} we see that the
positive equilibrium E* is stable when 7 < 79 (see, Fig. 1); when 7 > 79 E* is
unstable (see, Fig. 2); and system undergoes a Hopf bifurcation at 7;. When
T =79, ¢1(0) = —0.0710 — 0.2882i. It follows from that gz > 0 and B, < 0.
Therefore, the Hopf bifurcation of system is supercritical, and the bifurcating
periodic solutions are stable.
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FIGURE 1. When 7 = 1 < 79, the positive equilibrium E* of sys-
tem ([1.4)) is asymptotically stable. The initial value is (0.5,2,4).

FIGURE 2. When 7 = 2.5,3,4 > 79, bifurcating periodic solutions
from E* occur. The initial value is (0.5,2,4).

Example 4.2. We consider the responding system without functional response.
In system , we let a =4,a1 =ay =2,a11 =3,b=3,r=r=r,=1,6=0.
It is easy to show that E* = (0.5,1.5,3.25), wg = 0.3722,79 = 2.5160. We know
that the positive equilibrium E* of system is stable when 7 < 7y (see, Fig.
3); when 7 > 79, E* is unstable (see, Fig. 4), and system undergoes a Hopf
bifurcation at 7;.

45

—x1

y
35¢ -

25

L e T T

05

0 100 200 300 400 500

F1GURE 3. When 7 = 1 < 79, the positive equilibrium E* of sys-
tem (1.3) is asymptotically stable. The initial value is (0.5,2,4).

Discussion. In this article, we considered a delayed predator-prey system with
stage structure and Holling type-II functional response. The conditions of the local
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FIGURE 4. When 7 = 4 > 79, bifurcating periodic solutions from
E* occur. The initial value is (0.5,2,4).

stability of system are obtained, and the direction of the bifurcating periodic
solutions are derived. From Theorem we know that when Q3 > 0 the delay
is harmless, and the local stability of system doesn’t change; when Q3 < 0,
system will lose stability and a Hopf bifurcation can occur as the delay 7
increases. From fig 2, we can see that the bifurcating periodic solutions of system
are different. The oscillatory extent of the bifurcating periodic solution of
system becomes more and more large as the delay 7 increases.

From the figs, we known that the rapidity of convergence to equilibrium of sys-
tem is slower than corresponding system without functional response. Fur-
thermore, the value of 7y obtained for the model is smaller than the cor-
responding value for a similar model without functional response. At the same
time stage-structured system with time delay and functional response has a similar
asymptotic behavior to that in the delayed system without functional response.
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