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PERIODIC SOLUTIONS OF NON-AUTONOMOUS SECOND
ORDER SYSTEMS WITH p-LAPLACIAN

ZHIYONG WANG, JIHUI ZHANG

ABSTRACT. We prove the existence of periodic solutions for non-autonomous
second order systems with p-Laplacian. Our main tools are the minimax meth-
ods in critical point theory. Our results are new, even when p = 2.

1. INTRODUCTION

In this article concerns the existence of periodic solutions for the problem
d

£(|u(t)|p—2u(t)) =VF(t,u(t)) ae. tel0,T],

u(0) — uw(T) = 2(0) —(T) =0,
where p > 1, T > 0, F : [0,T] x RN — R satisfies the following assumption:
(A) F(t,z) is measurable in ¢ for every x € RY and continuously differentiable

in z for a.e. t € [0,7], and there exist a € C(R*,R*),b € LY(0,T;R"),
such that

[E(t,2)] < alz)b(t), |[VE(t )| < allz))b(t)
for all z € RN and a.e. ¢t € [0, 7).

Considerable attention has been paid to the periodic solutions of problem
for p = 2, in recent years. The firsts to consider this problem when p = 2 were
Berger and Schechter [12] in 1977, they proved the existence of solutions to problem
for p = 2 under the condition that F(¢,z) — oo as |z| — oo uniformly for
a.e. t € [0, T]. Subsequently, using the variational methods, many existence results
are obtained, we refer the readers to [II [4, 51 [6] [7} [8, @), 10, IT], 13| 14, 15] and the
references therein. However, there are few papers discussing periodic solutions for
second order systems with p-Laplacian. In [2], Tian has established the existence
results for problem by the dual least action principle. Moreover, if problem
with nonlinear boundary conditions, the existence of periodic solutions has
also been proved in [3] by means of the least action principle and the mountain
pass lemma.

For p = 2, under the assumptions that there exists h(t) € L'(0,T;R") such that

IVE(t, )| < h(t)

(1.1)
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for all z € RY and a.e. t € [0,T], and that
T
/ F(t,z)dt — oo as |z| — oo,
0

Mawhin and Willem in [I] have shown that problem admitted a periodic
solution. After that, Tang in [4] generalized these results to the sublinear case.
Concertely speaking, it is assumed that the nonlinearity satisfied the following
restrictions

|VF(t,z)| < k(t)|z|* 4+ p(t) for all z € RN and a.e. t € [0,T], (1.2)
1 T
W/ F(t,x)dt — oo as |z| — oo, (1.3)
x 0

here, k(t),p(t) € L*(0,T;R*) and a € [0,1). Under these conditions, periodic
solutions of problem with p = 2 have been obtained. In addition, Tang
in [5] first introduced the local a-coercive conditions, that is, there exists ¢(t) €
LY(0,T;R") and a subset E of [0,T] with meas(E) > 0 such that

F(t,x)
|x|2a

<q(?) (1.4)

for all x € RY and a.e. ¢t € [0,T], and that
F(t,x)

‘x|2a

— —00  as |z| — oo (1.5)

for a.e. t € F, to deal with the generalized Josephson-type systems.

An interesting question naturally arises: In all the results [T, [l [5] discussed
above, the nonlinearity is required to grow at infinity at most like |z|%, is it possible
to handle nonlinearity with faster increase at infinity and get the similar results of
[1, 4, [5]. In the present paper, we will focus on this problem and give a positive
answer. Here, we emphasize that our results are new even for p = 2.

We now state our main theorems.

Theorem 1.1. Suppose that F satisfies assumption (A) and the following condi-
tions:

(H1) There exists a bounded nonincreasing positive function w € C((0,00);RT)
with the properties:
(i) liminfs_ s % >0 for some~y € (0,1),
(ii) w(t) = 0, w(t)t—o00 ast— oo.

Moreover, there exist f € L*(0,T;RT) and g € L*(0,T;R") such that
IVE(t,x)| < f®)w(|z)]eP~! + g(t)

for all x € RY and a.e. t € [0,T);
(H2) There exists a bounded non-increasing positive function w € C((0,00); RT)
which satisfies the conditions (i), (ii) and

1 T
WDx”p/O F(t,x)de — —oco as |z| — oo.
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Then problem (1.1)) has at least one solution in the set
W%’p = {u [0, T] — RY, u is absolutely continuous,
w(0) = u(T), 4 € LP(0,T;RY)} .

This set is a Banach space with the norm

T T 1/
I ::(/O |u(t)|pdt+/0 alFdt) " forue Wi,

Remark 1.2. Obviously, Theorem does not satisfy the corresponding condi-
tions in [6] [7, 8] [9} 10l [1T), 12} T3] 14} 15]. Furthermore, there are functions F'(t, x)
that satisfy our Theorem and do not satisfy the corresponding results in [I} 4} [5]
even for p = 2. For example, let

p—2
VF(t,z)=— o~ 1+ d(t), Vtel0,T],zcRY,

(In(2 + [2?)]
where d(t) € L*(0,T;R). Let w(|z]) = 1/In(2 + |z|?),7 = 1/2, a straightforward
computation shows that F(t,z) satisfies all the conditions of our Theorem

However, it is clear that F'(t, ) neither satisfies (1.2), (1.3]) nor (1.4), (1.5) for any

a € [0,1) even for p = 2.

Theorem 1.3. Suppose that F satisfies assumption (A) and (H1). Moreover as-
sume F satisfies the following conditions:

(H2*) (1) There exists a bounded nonincreasing and positive function w in

C((0,00); R™) and constant C > 0 such that
(iil) limsup;_, % < 400 for some «y € (0,1);
(iv) t < Cw?(t)t? ast — oo;

(2) There exists r(t) € L*(0, T;RY) such that

F(tvx) N
—————— < r(t) forallz e R" and a.e. t € [0,T];
el =" o1
(3) There exists a subset E of [0,T] with meas(E) > 0 such that for a.e.
teE

F(t,z)
—_
[w(lz )]
Then problem (1) has at least one solution in WP,

Remark 1.4. There are functions F(t,z) that satisfy our Theorem [I.3]and not do
not satisfy the corresponding results in [II 4 [5l [6] [7, [8] @ 10 11 12} 13| 14} [15].

For example, let

-0 as |x| — oo.

||”

B T

vt €[0,T),z € RY,

where

0, te[T/2,T).

Take w(|z]) = 1/In(2 + |z|?), v = 1/2, E = [T/6,T/4], by simple computation,
F(t,z) satisfies our Theorem [I.3] However, here F(t, ) also neither satisfies (1.2)),
(1.3) nor (L.4), (1.5)) for any a € [0,1) even for p = 2.

o(0) = {sinzT”t, te0,7/2],
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2. PRELIMINARIES

For convenience, we will denote various positive constants as C;, i = 0,1,2,....
. 1
Define functional ¢ on W by

1 T ) , T
o(u) = 7/0 la(t)| dt+/0 F(t,u(t))dt (2.1)

p

for u € W%’p . It follows from assumption (A) that functional ¢ is continuously
differentiable on W%’p , moreover, one has

T
(¢ (u),v) = /0 [(Ja(®)[P~a(t), o(t)) + (VF(t, u(t), v(t))ldt

for all u,v € W%’p . It is well known that the solutions to problem correspond
to the critical points of the functional .
For u € WP, let @ := 4+ fOTu(t)dt and @(t) := u(t) — @, then we have
la]loo < Coll@]|zr (Sobolev’s inequality),
lallLr < Collu|lLr (Wirtinger’s inequality),

where ||4]| s = maxo<i<r |G(¢)].
To proof of our main theorems, we need the following auxiliary results.

Lemma 2.1 ([6]). Suppose that G satisfies assumption (A) and E is a measurable
subset of [0, T]. Assume that

G(t,z) — +o0  as |x| — o0
fora.e. t € E. Then for every d > 0, there exists subset E5 of E with meas(E\Es) <
0 such that

G(t,z) — +o00 as |x| — o0
uniformly for all t € Ey.
Lemma 2.2 ([5]). For every constant 5 > 0, there exists a constant mg > 0 such
that

meas{t € [0,T)||a] < mg|la|]|} <G for allw # 0.

The proof of the above lemma follows from the first part in [5, Lemma 3], we
omit the details.

Lemma 2.3. Suppose that (H1) holds, then there exists a non-increasing positive
function ©(t) € C((0,00); RY) which satisfies the following conditions:

(a) ©(t) = 0, O(t)t — 0o ast — oo;
(b) IVE(E,u)llze < I fllz2@ul)lul]P~" + gl ;
(¢) If (H2) holds, then

1 /T ~ _
— F(t,u)dt — —oco as ||u|| — oc;
GaaTal® |
[I]]

(d) If (H2*) holds, moreover assume that lim supjj,| STl < 00, then

1 T
[a)(HUDUH]p/o F(t,u(t))dt - —oco as ||Jul]| — oo.
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Proof. Let A := {t € [0,T]||u(t)] > (T~'/?||ul|)*/?}, for u(t) # 0, by (H;) and the
Hoélder’s inequality, we have

[V Eu() 1
< [ BO@uDoh + gl
0
_ T 1
3 A ) e e 1

< e [ [ D@ PoVaes [ uDlu e e gl

[0,T\A

- T 2(p—1
<l [ (ot oy ) ar

2 1 r 1 1 1/2
+Gupwle)Pr ) [t gl
s 0

2(

—1/ 1/2 p=1) -1 1z
< flzx | (@l )™ + Calll | + gl

< f e [Cs (2@ Pl )l + )| 7+ llglea.

1/2

Take &(t) := [C(w(T~VP)1/2) + 1)] /7, ¢ > 0, then

IVE u))llze < I fllzal@ulD ]~ + llgllze-

Obviously, w(t) satisfies (a) due to the properties of w(t).
Next, we come to check condition (c). Note that liminf, ., w(t)/w(t”) > 0 for
~v € (0,1), we define

. w?(T~1/Pt)
SR L (e

if (H2) holds, for any M > 0, we get

>0,

T
/0 F(t,u(t))dt < —Mw(lu(t)])|u(®)]]” + Ca, (2.2)
which implies that for o # 0

o)t _ —M [w(|a|)|al]” + C4
[all” = [cy (w2 (Ve al)2) a)? + Jall) ]
_ M (T Ve|a))T 7 a))” + Cy

[Cs (w2 (Vw1 /2) a2 + al))”"*

(2.3)

By the definition of &, there exists R > 0 such that

w(T~YPt)t? 13
> 2 t>R. 2.4
w? (T-1/Pt)t/2) 12 +¢ — 2 wh= 24)
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Therefore,
1 T
T T F(t,u)dt
[mwwwmé (t,%)
_ _ _ _ _ 2
o —MT S (WA@Y lal) ) al? + flal) ] + O (2.5)

- _ _ 2
[Cs (w2((T=V/7 @) /2)|al|? + ||all)] ™
< —CsM as ||u|]| — oo,

condition (¢) holds.
Finally, we show that (d) is true. From Lemma [2.2] for all @ # 0, we have

meas {t € [0, T]lw(al)|al < mpw(|al)l|a] = maw(T~7|la])|al} < 8.
Consequently, for all @ # 0, let B := {t € [0, T]|w(|a|)|a| > msw(T~/7||a|)|all},
then we have meas([0,T]\B) < (.

By (H2*)(3) and Lemma there exists subset Es of E with meas(E\FEs) < ¢
such that
F(t, x)
[w(l[) []?

uniformly for all ¢ € F5. Then, we find

— —00  as |z| — oo (2.6)

meas(B N Es) > meas(Es) — meas([0, T|\B) > meas(E) — 6 — 3> 0 (2.7)
for § and § small enough. By (2.6, for every n > 0, there exists L > 0 such that

F(t,x) B
(e = "

for all |z| > L and a.e. t € E5. Furthermore, applying assumption (Hj)(2) yields
F(t,z) < —nlw(lz)|z]]” + ()

for all z € RY and a.e. t € Es, where 7*(t) := (sup,-ow(s))?LPr(t). Noting the

definition of @(t), 0 < liminf; . % < limsup,_, % < +00 and assumption

(H3)(1)(iv), we deduce that there exist Cg,C7 > 0 such that
Cow(T /7|l lall < &)l
= [Cs(@* (TP [al) ) all? + [lal))
< Cro(T~Y7)|al)all - as [|a]l — oo,

which implies

/B Pl < o /B  lotiabiar + /B Ry

<on [ e almalalrae+ [ e
BNEs , BNEs (2.8)
mpg® - —I\P *
<oo [ TE@alialrdrs [ e
BNEs 7 BNEs
< —nCsa(lalal? + [ e @t s fal - oo

BNEs
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and

/ F@@ﬁé/ r(t) lw(lal)|alPd
[0,T1\(BNEs) [0,TT\(BNEs)

T
r(O) (TP ||a —1/pyz111P
SA (O (T~ V/2||al)T~ /7 |a|]dt

T (2.9)
< | = (@alDllal)?r@)dt
o Cs
T
< C9[®(||ﬂ||)||’l_t\|]p/0 r(t)dt  as [lu]| — oo.
So, it follows from (2.8)) and (2.9) that
1 T T
lall—oo [@(l@DlIzl]P Jo 0
which implies that
1 T
i@l all)? /0
On the other hand, from (b) and the assumptions of (d), we get
T T T 1
| / Pt u(t))dt —/ F(t,a)d| < / / IV F(t, @+ si0)| 1] ds dt
0 0 o Jo (2.11)

< Nlallso [l llz2 @D lul)? = + llgll 2]
< Crol@(llulD P~ lall + Cralll-

As a consequence, note lim SUP||y || —o0 le\lul\ < +o00, we then have

1
Ciz :=limsup | ————
| —oo | @ ([[ul[)]|ull]?

T T

[ / Pt u(t))dt — / F(t,a)dt] | < oo, (2.12)
0 0

In addition, for ||u|| — oo, one knows

1= o = Ml () = (2.13)

This, in conjunction with (2.10)-(2.12)), gives

lluf|—o0

. 1 T
lmoup s Fb )
1 T

Slimsup%/ F(t,a)dt+C 914
full—oo (@[l llull]P Jo (t, ) 12 (2.14)

1 T
:]imsupf/ F(t,u dt+012—>—00,
imsup ZrEnmEmw f, TG

which completes the proof. (I
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3. PROOFS OF THEOREMS

Now, we give the proofs of the main results.

Proof of Theorem[1.1 First, we prove that ¢ satisfies the (PS) condition. Suppose
that {u,} is a (PS) sequence for ¢, that is, ¢'(u,) — 0 as n — oo and {p(un)} is
bounded. It follows from Wirtinger’s inequality that

linlzo < | < (Co +1)V/P|[4on]| o (3.1)
for all n. By virtue of the properties of @(t), one has
w(lla+ afl) < min{o(([af), o)}, (32)

which implies

|/ (VE(t, un(t)), n(t))dt|

)

< Nnlloo 17112 @)l 7~ + gl 2]

< Nainlloo (11122 @ (1 + in ) l1n + in ) + gl 21] (33)

< Nnlloo 17112 @)+ @Dl 7~ + llgllz]

< Cua | @01 1)1l + Crallinll G (in ) 1 ]I~ Cra ]
for all n. Thus, by (3.1)) and ( ., we get

liinl > (¢ utn). )
T T
- / i (B)Pdt + / (VF (b, wn (1)), (1))t o

> Cus i ||” — Chllin]| [&(]|2n |21
— Cuallinl| @(|@nl) 1G]]~ = Crallan]l.

Assume that {||@y||} is unbounded; that is, ||t,| — co as n — oo. Since ©(t) — 0
as t — 00, it follows from ([3.4)) that we can find a constant Cig > 0 such that

Cre@(||tn ) |tnll = lltnll, (3.5)
which implies
[Ca(@? (TP ||an ) |l + [[2n])]? = &(|@n|) | @n] — 00 as n — oo,
Since w is bounded, this leads to

lan|| = oo as n — oo. (3.6)
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On the other hand, ||@, + sy || > [|@x,]], s € [0,1], by Lemma [2.3] (b) and (3.5)), we
see that

T
| 1P 0) = Pt
§|/O /0(vp(t,un+san(t)),an(t))dsdt\

T 1
< iinlloe / / VF (., + sty (6))] ds dt

< fllez @l @n + stul)l@n + s@all”~" Nanlloo + gl 17]loo

< 1fllz2 @ )1l + G D 17 1 oo + gl 1]l

< Crellanll@(N@nl)@nlP~ + Crzllan | [@(|@n Dl [P~ + C1s 1@

< Crol@(l|n )11 + Cool@(|[n ) [n P &1 2 1P~ + Cor(][n]]) 1anll,

(3.7)
which implies that
1 T T
Plum) = il + / [F(t, un (t)) — F(t, n))dt + / F(t, ) dt
0 0
< Corl@([tin ) [ 17 + Caol@ ([t )1 17 [ 1P~
T
+Condlan Dl + [ Pt 58)
< @) [ Co2 + Caola ([P + = 2
EUEADIEAIE
1 T
+%/ F(t,t,)dt| — —00  as ||ty| — oc.
E ”
This contradicts the boundedness of ¢(u,). So
{||@n]|} is bounded. (3.9

Suppose that {||t,||} is unbounded and {||@y||} is bounded. With the similar
manner above, we deduce that

T

L a2 g = a a
w(un)zlf)\lunllmnt/o [F(t,un,(t)) — F(t, n)]dt+/0 F(t,a,)dt

T
< Coslln|” + Cralln | [@(|@nlDll@nl]P~" + Cisllan|| +/O F(t, un)dt

T

< Cay + Cos[@(||tn )| 1P~ + Cos[@([|tn)]P +/ F(t, un)dt
0

Ca Cas Ca

Gl Dlan?  &(an)lanll - &)l
1

T
+ f/ F(t, ﬂn)dt — —00 as | Up || — 00,
Gl TP Jo ) [

< [oan ) @l |

(3.10)
which also contradicts the boundedness of ¢(u,,). Then

{||@. ]|} is also bounded. (3.11)
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From (3.9)) and (3.11)), we have {||u,|/} is bounded, thus ¢ satisfies the (PS) condi-
tion.

Since W = RN @ WP, where WP := {u € W7 fOTu(t)dt = 0}. Next, we
shall prove that
o(u) — +oo  as ||lu|| — oo in WpP. (3.12)
In fact, since @(¢) — 0 as t — oo, then there exists A > 0 such that &(A) < Tlc%.
In a similar way to , we have

T
| / (F (1, u(t)) — F(t, A)ldt]
< Crrllaf|[@(A) AP~ + Cira|| [@(A)||al|P~! + Cus|lal|
< Cor||a| + Crrw(A)|al|?
< Cogllt| r + Caow(A)||0l},

. 1 .
< Cogllt|| e + %Hu”im

which implies
1 T T
o) = S, + / F(t,u(t) — F(t, A)dt — / F(t, A)dt
p 0 0
! | . (3.13)
> —la|?, — =2, — Casllills — | F(t, A
> Jilly = 5o ol — Caslid / (t, A)dt

for all u € W, By Wirtinger’s inequality, one has

u] = 0o & |lillzs — 0o on WP,

Hence, (3.12)) follows from (3.13). On the other hand, by (H2),

o(u) — —oo as |u| — oo in RY, (3.14)
Combine (3.12)) and (3.14)), applying saddle point theorem, then problem (|1.1)) has
at least one solution in W}’p . d

Proof of Theorem[I.3 We commence by showing that ¢ satisfies (PS) condition.
Let {u,} be a sequence in W,” such that {¢(u,)} is bounded and ¢'(u,) — 0
as n — oo. If {u,} is unbounded, without loss of generality, we may assume that
|lun|| — oo as n — oco. It follows from Lemma (b) that

T
|/0 (VE(t un(t), @n(t)dt| < ool fll 2@ lun Dl ll]P~F + Gl 2]

(3.15)
< Caol@(flun ) [un [P~ @]l + Csilln -
Hence, we have
[ = (¢ (tn), tin)
T T
= / |, ()P dt +/ (VF(t,un(t)), Un(t))dt
0 0
> Cal[nl|” — Caol@(lun ) [unlllP~ 1@nll = Caillnl,
which implies
limsup — [ < 4o0. (3.16)

[ =00 @([|n ) [|2n |
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Therefore, by Lemma [2.3] (d), one has

T
W/ F(t,u,(t))dt —» —o0 as |juy| — oo. (3.17)

However, by the boundedness of ¢(u,) and (3.16), we get

1 i _ p(un) _%f [t (t) [Pt
BTy F ] = | s = T
M (3.18)
= BUanDTanll?
Cs3 ||ty ||
< Bllunl) funTP

which contradicts . So, ¢ satlsﬁes the (PS) condition.
As in the proof of Theorem we can obtain

< 400,

.l
— oo in WP

o(u) — +oo  as
Furthermore, from (2.10)), it is easy to see that
o(u) — —oo as |u| — oo in RN,

Thus, using the saddle point theorem, problem (1.1) has at least one solution in
WP, 0
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