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L,-REGULARITY OF SOLUTIONS TO FIRST
INITIAL-BOUNDARY VALUE PROBLEM FOR HYPERBOLIC
EQUATIONS IN CUSP DOMAINS

NGUYEN MANH HUNG, VU TRONG LUONG

ABSTRACT. In this article, we establish well-posedness and Lp-regularity of
solutions to the first initial-boundary value problem for general higher order
hyperbolic equations in cylinders whose base is a cusp domain.

1. INTRODUCTION

Initial boundary-value problems for hyperbolic and parabolic type equations in
a cylinder with base containing conical point have been studied by many authors
[8, O 10, M3, M4]. The main results are about the uniqueness and existence of
the solutions, and asymptotic expansions of the solution near a neighborhood of
conical point. Those results are mainly based on Galerkin’s approximate method
and Lo-theory.

Boundary-value problems for elliptic type equations and systems have also well
studied. The main results, presented in [0} [I5] 19} [20], established estimates in L,
for solutions of elliptic boundary value problems in domains with singular points
on the boundary.

The question is whether similar results can be obtained based on these results
for initial boundary-value problems for non-stationary equations. In this paper, we
find the answer for this question.

Firstly, we show the existence of a sequence of smooth domains {Q2¢}.~o such
that Q¢ C Q and lim,_,g 2¢ = Q. Furthermore, we proved existence, uniqueness and
smoothness, with respect to time variable, of the generalized solution by approx-
imating boundary method, which can be applied for non-linear equations. Next,
by modifying the arguments in [19], we take the term containing the derivative in
time of the unknown function to the right-hand side of the equation, such that the
problem can be considered as an elliptic problem. With the help of some auxiliary
results, we apply the estimates in L, for solution of the elliptic boundary value
problem and our previous estimates to deal with the L,-regularity with respect to
both of time and spatial variables of the solution. Finally, in order to illustrate the
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results above we show an example for the Cauchy-Dirichlet problem for the beam
equation in cylinder with base containing a cuspidal point.

2. PRELIMINARIES

Let © be bounded domain in R™, n > 2, with boundary 0f2. Let p,q be real
numbers with 1 < p,q < 400 and zlv + % =1.

We denote by W;"(Q2) the space of all u = u(z),r €  that have generalized
derivatives D*u € L,(2), |a| < m. The norm in this space is defined as

/p
(|| (/ Z |Dau\pdx> .
lor]=0
In particular, V°V£ (Q) = L,(2). The space W;”(Q) is the completion of C§°(2) in
norm of the space W, ().
Setting Qr = Q x (0,T), 0 < T < +oo. We introduce the partial differential
operator of order 2m,

L= L(z,t; D,) Z De (a(,gzt)D) (2.1)
la,|8]=0
where DY = i*0%, aqp are s x s— matrices of functions with complex values, and

aqp are infinitely differentiable in Qr and an,g = a*.p, where a*,3 denotes the
transposed conjugate matrix of a,3. We have the following Green’s formula

/ Luvdx = Blu,v;t
Q

which is valid for all u,v € C§°(2) and a.e. ¢t € [0,T), where

Blu,v;t] = Z /aag t)DPuDov dz.

lae],181=0

We also assume the Garding’s inequality,
Blu,u;t] > vollulfig o (2:2)

which is valid for all u € W(Q) and a.e. ¢ € [0,T), where 7 is a positive constant
independent of u and t.

Now we introduce spaces on Q7. Let W;n’l(QT) be the space consisting of func-
tions u = u(z,t), (x,t) € Qr having generalized derivatives D*u € L,(Qr),|a| <
m, and u; € Lp(Qr), with norm

ol = ([ 32 10z acars [ o acar)”

QT Jal=0

The space W;’“l (Qr) is the closure in W™ (Qr) of the set consisting of all functions
in C*(Qr), which vanish near St denoting by C§°(Qr) for convenience.

We introduce the space W, m=1(Qr) of generalized functions on Qr; it means
that if f € V[/p”"*’l(QT)7 the f admits the representation

f=3 Daf@ 4 gV (2.3)

lo|<m
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where (@), f) € L,(Qr), p € (1,+0c). The norm in W, ™~ HQr) can also be
defined by

£l -1 = inf > 1F Nz, 0 + 15712, @n)-

loe|<m
Here the infimum is taken over the set of all representations ([2.3). It is known that
W, ™= HQr) and W (Qr),q = 527, are dual to one another. We also define

<f7 ’7> = fﬁdil’ dtv f € Wp_m7_1(QT)7 ne W(;WJ(QT)‘
It is clear that
[fll=m,—13p = sup{[{f,m)| : m € W;n71(QT)v [Mllm,15q = 1}

[1llm,150 = sup{|(f, )| = £ € W™ HQT), [ fl|-m,—1p = 1}-
In this paper, we consider the problem

Lu —uy = f in Qr, (2.4)
u=0,u; =0 on (, (2.5)
du=0o0nSr,j=0,1,...,m—1, (2.6)

where f : Qr — C is a given function and 9Ju are derivatives with respect to the
outer unit normal of S = 9dQ x (0,T). Setting

Biu,n] = Z / aagDﬁuDand:cdtJr/ T d dt.
la],|8]=0" T T

for all u € VOVII”’I(QT),U € qu’l(QT)-

Definition 2.1. Let f € W, ™ '(Qr); a function u is called a generalized L,-

solution of problem (2.4)—(2.6) if and only if u belongs to Wﬁ’l(QT),u(x,O) =
ug(2z,0) = 0, and the equality

Bifu,n} = (f,m) (2.7)
holds for all n € VT/(;"J(QT).

To prove uniqueness of the generalized L,-solution of (2.4) —, we need to
prove the following lemma.

Lemma 2.2. If1 < p < 2, then there exists a constant y2 = y2(p,n,m, |Q[,T) > 0,
such that

sup{[Bulu, ]| : 1 € Wy Q1) Inllm,1sq < 1} 2 2ltllm,1ip, (2.8)
for allu € W;”’l(QT).

Proof. We prove this result with v € C§°(Qr). Suppose that there is no v2 > 0
such that (2.8) holds. Then there is a sequence {uy} C C§°(Qr) with ||ug||m,1.,p =1
and

. 1
sup{|B1[uk,n]| : 1 € WNQr), Inllm,15q < 1} < o for every k> 1.  (2.9)
Using Garding’ inequality (2.2)), we obtain
[Balurs ] 2 s0lluslge + [ o dedez erlul, e (210)
Qr
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On the other hand, by using Holder’s inequality with 1 < p < 2, p* = %, = Qz—p,

we have

m
||u/€||fn,1;p = Z A |Dgu|p dx dt +/Q |ut|p dxdi S C2||uk‘|fn,1;2ﬂ (211)
jal=07 Q7 v

where Cy = Cs(p, |2, T) > 0. Combining (2.10) and (2.11]), we obtain

‘Bl [uka ukH > C||uk||12n,1;p?
where ¢ is a constant independent of k. From the above inequality and (2.9)), we
have

||uk||3n,l;p < R7 for k = 1,2,....

which contradicts ||ug|/m,1;p = 1. Therefore, there is a constant v > 0 such that

(2.8)) holds. Since u € C§°(Q7) which is dense in Wml Qr), this completes the
0 P
proof. ([l

Lemma @ implies the uniqueness of generalized L,-solution, according to the
following theorem.

Theorem 2.3. Assume that coefficients of operator (2.1)) satisfy (2.2) and f €
W, ™1 (Qr). Then R.4) -[2.6) has at most one generalized Ly,-solution.

Proof. Firstly, we prove the theorem in the case 1 < p < 2. Suppose that (2.4)-(2.6)
has two generalized L,-solutions w1, us. Put u = u; — ug, then (2.7) implies that

Bilu,n] = Z / aap(z,t) DS uDon dz dt + / w T, drdt =0
o], |1B]=0"=T T
holds for all n € qu*l(QT). Combining inequality (2.8) with the above equality,
we obtain

ellullm,ip < sup{|Bufu,n]] : n € WH(Qr), [nllm,1q < 1} =0.
Next, we prove the theorem in the case p > 2. Since p > 2, and Qr is bounded,
we have W1 (Qp) — W3 (Qr). Therefore, if u is a generalized L,-solution,
and then u is a generalized Ls-solution. We obtain the uniqueness of a generalized
L,-solution from the uniqueness of a generalized Ly-solution. Hence, u = 0 in Q.
This completes the proof of theorem. ([

Next, we prove the approximate boundary lemma, which is the essential tool in
solving (24) - 20)-

Lemma 2.4 ([12]). Let Q be a bounded domain in R™; then there exists a sequence
of smooth domains {Q°} such that Q° C Q and lim._,g Q° = Q.

Proof. For € > 0 arbitrary, set 5S¢ = {x € Q : dist(z,0Q) < €},0° = Q\ S° and
09F is the boundary of Q°. Denote by J(x) the characteristic function of Q¢ and
by Jp(z) the mollification of J(x); i.e.,

Jn(z) = - On(x —y)J (y)dy,

where 0, is a mollifier. If h < £/2, then J,(x) has following properties:
(1) Ju(z) =0if x ¢ Q3;
(2) 0< Jp(z) < 1,Vz €
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(3) Ju(z) =1 in Q2
(4) Jn € Cg°(R™).

We now fix a constant ¢ € (0,1), set Q2 = {x € Q: Jy(z) > c}. It is obvious
that Q2 D QF D Q2. Therefore, Q5 C Q and lim._,o Q5 = Q.

Assume that K is the critical set of Jj, i.e. K consisting of all point x, such
that the gradient of Jj, at x vanishes. A number ¢ € R such that J, !(¢) contains
at least one x € K is called a critical value. By Sard’s theorem then the set of
critical values of J, is of measure zero (see[2, Theorem 1.30]), it implies that there
exists a constant ¢g € (0,1) such that ¢y is not a critical value of J,. Denote
Qs ={z € Q: Ju(x) > co} and F(z) = Ju(z) — co. For all 2° € 9QF , then
F(2°) = J(2%) — co = 0 and vector gradJy, () # 0. This implies that there exists
a %T]’i"(xo) # 0, without loss of generality we can suppose that %ﬁ(mo) # 0. Using
the implicit function theorem, we obtain that there exists a neighborhood W of
(29,...,29_,) in R"~! a neighborhood V of 2 in R and an infinitely differentiable
function z : W — R such that x € Uyo N O, , where 90 = {z € Q : Ju(x) = c},
Ugpo =W x V), if and only if x = (x1,...,2,) € Upo, & = 2(21,...,25—1). Hence,
QF, is smooth and lim._, 2, = Q. The lemma proved. O

Suppose that {Q¢} is a smooth domain subsequence and lim._,o Q¢ = Q. Set
Q5 =Q° x (0,T),55% = 00° x (0,T). It is known that the problem

LU — Ut = f in Q%,
u=0,u; =0 on QF,
du=00nS%7=0,1,...,m—1,
has a unique function uf(z,t) € C™(Q%); if f € Cm(@),ftk‘tzo =0, for k =
0,1,.... Moreover, u(.,t) € Wim(Q), for all ¢ € [0, T, (see[5, 18, [I7]).
3. MAIN RESULTS

3.1. Existence of generalized L,-solutions. In this subsection, we prove the
existence of generalized L,-solution. Firstly, we prove the needed following propo-
sitions:

Proposition 3.1. Suppose that 1 < p <2 and f € C®(Qr), and fx |t=0 =0, for

k=0,1,... ; then u® is a generalized L,-solution of (2.4)-(2.5) in Q% satisfying
6,10 < ClF 1l =m,—13p

where the constant C' is independent of €,u and f.

Proof. From u€ satisfying system (2.4) in Q%; i. e.,

f = Lu® —ug,, in QF,

mmé

valid for all n € W;’“(QET)
By using Green’s formula and integrating by parts with respect to ¢, we obtain
from the equality above that

we have
Lufndxdt — / ug, dx dt
Qr

€
T

Ba[u®,n] = {f,n) (3.1)
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valid for all 77 6 V[/m o . This clearly shows that u¢ is a generalized L,-solutions
of problem (2.4] in QT; otherwise, using inequality (2.8)), we conclude from

(3.1) that
HUE”mvl;p S C”fH—?TL,—l;gr
U

Now we prove the existence of the generalized L,-solution of (2.4)-(2.6)) in Qr,
when the assumptions of Proposition are satisfied.

Proposition 3.2. Let the following hypothesis be satisfied:

(i) 1<p<2,
(ii) f e C™(@r), and fu|,_, =0, for k=0,1,...

Then [2.4)-[2.6) in cylinder Qr has a generalized Ly-solution w € W' (Qr) which
satisfies

[ullm.1:p < CllF [l =m,~1:p (3.2)
where C' is a constant independent of u and f.

Proof. By Proposition [3.1] we have
[l < ClFll=m,~1p (3.3)

where the constant C' does not depend on e. Setting u® = u° in %, and vanishes
outside )5.. From the inequality above we obtain

14,155 < ClFl=rm— 150 (3.4)
where the constant C' does not depend on e.

It implies that the set {4°}.~¢ is uniformly bounded in the space W;”’l(QT).
So we can take a subsequence, denoted also by u® for convenience, which converges
weakly to a function u € W;ﬁ’l(QT). We will show that u is a generalized L,-
solution of (2.4)-(2.6) in cylinder Q7. In fact for all n € I/i/qm*l(QT), there exists
ns € C§°(Qr) such that ns = 0 in Q7 \ Q%, and ||ns — Nlm,1,4 — 0 when § — 0.
Since u’ is a generalized solution of — in the smooth cylinder Q7,, we have

Bi[u®,ns] = (f,ns)

Passing to the limit when € — 0,9 — 0 for the weakly convergent sequence, we get

Bl[U‘Vn] = <f777>
Since W;l’l (Qr) is imbedded continuously into L,(£2), the trace sequence {u*(z,0)}
of {u°(x,t)} converges weakly to the trace u(z,0) of u(z,t) in L,(Q2). On the
other hand, u®(x,0) = 0, so that u(xz,0) = 0;by analogous arguments, we have
uy(x,0) = 0. Hence, u(z,t) is a generalized Lj-solution of (2.4)-(2-6). Moreover,
from we have

([l 1p < T (|6 |1 < C|LF [, —15p-
e—0
([l

Proposition stated the existence of generalized L,-solutions of (2.4)-(2.6) in
W;”’l(QT) when f € C*®(Qr) and f =0, for k=0,1,.... We now establish
the problem when f € Wpfm’fl(QT).

1o
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Theorem 3.3. Suppose that [ € szm”l(QT),p € (1,400), then . ) has
a generalized L,-solution u € W’”’l(QT) and
||u||m,1,p — CHf”p,p? (35)

where C' is a constant independent of u and f.

Proof. We start by studying the case 1 < p < 2. Denote

0, outside Q%
fu(z,t) = f(z,t), t>h
0, t<h

for all h > 0. We denote by gu the mollification of f;. Then gn € CSO(QT),g% =
0,t < & and gx — fin W, ™~ (Qr). By Proposition 3.2} problem (24)-(2.6) has

o m,l
a generalized Ly-solution uy, € W, (Qr) with replacing f by g », and the following
estimates holds
l[unllmip < Cllgy l-m,—1:p (3.6)
where C' is a constant independent of h,u and f. Since {g%} is a Cauchy se-
quence in L,(Qr) and inequality , it follows that {up} is a Cauchy sequence

o m,l

in W, (Qr). Hence, up, —u €W, (Qr), then u is a generalized L,-solutions of

(2.4)-(2.6) and satisfies
e 1y

Thus, the theorem is proved in the case 1 < p < 2.
Now we study the case p > 2. It is clear that ¢ = p%l € (1,2); by the proof

above, for any g € Wq’m”l(QT) there exists a solution v € Wg"’l(QT) of the
adjoint problem

Buv, u] = {g,u) (3.7)

for all u € W;”’I(QT), and

[0llm,1:0 < Cllgll-m,~1:q-
We suppose that f € C*®°(Qr), fur(2,0) =0, k=0,1,... and for u = u€ in .
Then, by , we have

(g u)| = |Bi[v,u]| = |Bi[us, o]| = |(f,v)]

<N fll=m—vpllvllm,iiq

< Clfll=m=1pllgll=m,~ 15
for any g € W™ ~1(Qr). This implies

(g, u)]

HUEHm’l;p = Sup { I :0#g€ Wq_m’_l(QT>} < C”fom,*l;p'

||—m7—1;q
From this inequality and arguments analogous to proofs above, we get the proof of
the theorem in this case. The proof is complete. O

We should remark that by replacing the condition f € V[/’p’"“*1 (Qr) by condition
f € Ly(Qr), and noting that

‘f”wljmv*l(QT) < ||fHLp(QT)7

we obtain the following theorem.
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Theorem 3.4. If f € L,(Qr),p € (1 +00), then (2.4)-[2.6), in the cylinder Qr,
has a generalized Ly-solution u € Wg” YQr) which satisfies
[ellm,1p < CllfllL,@n)

where C' is a constant independent of u and f.
3.2. Smoothness of the generalized L,-solution with respect to time. The
following theorem shows that the generalized Lj-solution u € W;™!(Qr) of prob-

lem ([2.4)-(2.6) is smooth with respect to time variable ¢ if right hand-side f and
coefficients of operator (2.1]) are smooth enough with respect to ¢.

Theorem 3.5. Let h be a positive integer, and assume that

(1) fex € Lp(Q), k < h,
2) forl,_ O_Oxeﬂ,kgh—l,

( sup {| Lo t(z,t) € Q7,0 < |af, |8l < m} < p.
Then the genemlzzed solution u € W;’“EQT) of (2.4)-(2.6) has generalized deriva-
tives with respect to t up to order h in WIT’I(QT) and satisfies the estimate

h
e lmaip < €D 1 fee iz, m)s (3-8)
k=0

where ¢ is a constant independent of u and f.

Proof. In the case 1 < p < 2, Clearly, we needed only to show that

l[wn [lm,1p < Z 1 feellz,(@r) (3.9)

where f € C®(Qr), fur(x,0) = 0,2 € Q. It is proved by induction on h. According
to Proposition inequality is valid for h = 0. Now let it be true for h — 1;
we will prove that this also holds for h.

From the fact that u® satisfies in Q%, we have

f = Lu® — ug,. (3.10)
Differentiating equality (3.10)), h times with respect to ¢, it follows that

h—1
h—1
o=t + 3 (") D wan e D) = i
k=0
Therefore,

(fyr,v) :/ Luthvd:cdt+2( )/ (aaﬂthkafujk)ﬁdxdt
T Q

T lal,|8]=0
7/ Ugn+10 d dt
T

for all v € Vi/;"’l(QT).
By using Green’s formula and integrating by parts,

By [ug,v] = (fin,v) — ( ) / aopin—k DEuS, Do d dt.
QT |a],|8]=0
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for all v € W1(Qr).
From the inequality above and Hoélder’s inequality, we have
h—1
|Bilug, o]l < Clforllzp@r) + D 1 llmap) 0]l 1iq (3.11)
k=0

for all v € Vi/qm’l(QT). By using (2.8), 1) and the induction assumption, we
obtain

g

h
mip < CY | fellL, @)
k=0

where C' is a constant independent of €, u. The proof is completed in this case.

In the case p > 2. It is easy to recognize that ¢ = ;27 € (1,2); by Theorem

for any g € W, ™~ 1(Qr) there exists a solution v € W;"l(QT) of the adjoint
problem

Bl [’U,U] = <gau> (312)
which for all u € W™ (Qr), and
[vllm,1:¢ < Cllgll=m,~1;q-

We assume that f € C*°(Qr), fi(2,0) =0, k=0,1,... and for u = u, in (3.12).
Then, by (3.12)) and (3.11)), we have

(g, ugn)| = | Bilv, ugn]| = | Bi[ug,, v]]
h—1
< C(ferllLp@e + Y 15kl 1) 10]lm 15
k=0
h—1
< Ol forllnp@e + Y Ul 1) 191l -m, 130
k=0
for any g € W™~ 1(Qr). Hence,
(g, ugn)| o
45 [l = sup { ———: 0 # g € W™ H(Qr)}
91l =m,~15
h—1
< Clforllny@ey + Y Ntfellmip).
k=0

From this inequality and induction assumption, we have the proof of this case, and
complete the proof. O

3.3. Regularity of the generalized L,-solution. In this section, we consider
problem (2.4)-(2.6)) in cylinders Qr = Q x (0,T), where its base 2 is described as
follows:

Let ¢ be an infinitely differentiable positive function on the interval (0, 1] satis-
fying the conditions

(i) lim, o p(7)*to(r)®) < oo for k =1,2,...;

Nl gy
(i) Jf, (jm =400
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These conditions are satisfied, for example, by the function ¢(r) = 7* if « > 1.
Obviously, conditions (i) and (ii) imply ¢(0) = 0. Suppose that  is a bounded
domain in R™(n > 2),0Q\{O} is smooth, and

{zeQ: 0<a, <1l}={zeR":z, <1, 2’ € p(x,)w},
where 2’ = (21,...,2,_1),w is a smooth domain in R"~!. Then the mapping

1
Ti .. dr
Yy, =———, ifj=1,...,n—1, and yn:/ —
T p(an) z P(7T)

takes the set {x € Q: 0 < z, < 1} onto the half-cylinder C; = {y € R" : ¢/ €
w, Yn > 0} =w x (0,+00). Moreover, it follows that

Ay
det (—j)
¢ O0xr/ jk=1,...,n

(3.13)

= p(xn) "

It is known that the function ¢ can be extended to an infinitely differentiable
positive function on the interval (0,+00). To consider the problem, we need to
introduce some weighted Sobolev spaces. The space WA ﬁ,»y(Q) can be defined as

the closure of the set C§°(Q\{O}) with respect to the norm

1/p
lullw: , (@) = (/Q Z ePBYn (@) o, YT IHlaD) | pag|p dx) _

e <

Let X,Y be Banach spaces, we denote by L,(0,T;X) the spaces consisting of all
measurable functions w : (0,7) — X with norm

T 1/p
oo = ([ o) ar) ™

and by W;(O, T;X,Y),k = 1,2, the spaces consisting of functions u € L,(0,T; X)
such that generalized derivatives u;x = u(®) exist and belong to L,(0,T;Y), (see
[4]), with norm

k

9 » /p
lullwgco.rx.vy = (Il o) + Dol o rr) -
j=1

For short notation, we set
VZf(Q) = W;lz,O,O(Q>7 Vpl’k(QT) = W;(O’ T Vpl(Q)a LP(Q))7

W (@Qr) = WEO,T; W 5 (Q), Ly(9).

Finally, we define the weighted Sobolev space Wé’ ﬁ,v(QT) as the set of functions
defined in @t such that

1/p
Hu”Wzl),ﬁ,w(QT) = (/ E e2ﬁy(w”)SD(CCn)p(h_H_aHk)|Dautk|p dr dt) < +00.
QT |o|+k<l

To simplify notation, we continue to write V,/(Qr) instead of W/ ; o(Qr).
Moreover, we assume that the functions

Gap(y,) = p(a(y)* 1 Plags (2 (y), ) (3.14)
satisfy the condition of stabilization for y,, — oo for a.e. ¢ in (0, T")(see[L9] Sec.9]).

Then the coefficients of the operators E(y, t; D,,), which arises from the operators
o(x)*™ L(z,t; D) via the coordinate change 2 — ¥, stabilize for y, — +oo. If
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we replace the coefficients of the differential operator f(y,t; D,) by their limits

o~

for y, — 400, we get differential operator (denote also by L(y',t; Dy, D,, ) for
convenience) which has coefficients depending only on 3" and t.

By the following proposition, we can apply the results of the Dirichlet problem
to elliptic equations in domains with cuspidal points on boundary.

Proposition 3.6. Suppose that u = u(x,t) is a generalized solution of problem
-(2-6) and Uy € L,(Qr). Then for a.e. t € (0,T), u(t) = u(.,t) is a general-
ized solution in W (Q) of the Dirichlet problem for elliptic equation

L(.,t;Dy)u= f1(.,t) (3.15)
where f1 = uy + f.

Proof. For any ¢ € W,;”(Q), 0 € C§°(0,T) and setting v(z,t) = P (x)d(t), we
substitute the function v(zx,t) into (2.7), we conclude that

/ [ Y ausDE DT — (w T+ f9)[fDdwdr =0, (316)
QT "lal,|51=0
We will denote by

0= [ [ > aunDIuDED - (T + 1)) o
Q -
], | B]=0
then &(t) € L,(0,T). Noting that 8 € C5°(0,T), which dense in L,(0,T) and using
Fubini’s theorem, we obtain from (3.16]) that

/Tf(t)e(t) dt =0, foranyfe L,(0,7),(1/p+1/q=1). (3.17)
0

Therefore,

T
I€llz, 1) = Sup{/o E)0(t)dt : 0 € Ly(0,T), 101, 0,r) = 1} = 0.

This implies £ = 0 for a.e. t € (0,T). Hence,

/ Z aang uD& dx = / (uge + f)ip da
2 al,151=0 @

forally € qu(Q), fora.e. t € (0,T). It follows that u(t) is a generalized solution in
W];”(Q) of the Dirichlet problem for elliptic equation (3.15)), for a.e. t € (0,7). O

In this section, we present the main results which is based on our previous
subsection and the results for elliptic equations in cusp domains (cf. [19]). For
the start of this section, we denote by U(X\, t)(A € C,t € (0,T)) the operator
corresponding to the parameter-depending boundary-value problem

~

L(y',t; Dy, A)v =0 in w;

. (3.18)
dv=0 ondw, j=1,...,m—1

Where E(y’7 t; Dy, A) is the Fourier transformation y, — A of E(y’, t; Dy, Dy,).

For each ¢t € (0,T), the operator pencil U(\,t) is Fredholm, and its spectrum
consists of a countable numbers of isolated eigenvalues. The similarly, to Theorem
9.1 in [19], we have the following lemma.
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Lemma 3.7. Assume that f; € W;BW(Q), where 3,7 are real numbers. Suppose
further that no eigenvalues of U\, t),t € (0,T)) line in strip

ImA_ <ImA<ImA;; ImA_ << Imis

where Ay, A_ are eigenvalues of U(A,t), and ImA_ < 0 <Im ;. Then the gener-
alized solution u of the Dirichlet problem for the elliptic equation (3.15), u = 0 if

xn > 1, belongs to the space sz%l':k(ﬂ) and satisfies the inequality

2 2
”u”Wﬁfgtk(Q) S C”fl”W:ﬁw(Q) (319)
where the constant C' is independent of fy.

Proof. Setting w, = ¢(7)w by the Friederichs inequality, we have

/ uPdz’ < Cop(rP* 3 / DY upPda’

[v|=Fk

therefore,

SD(UPCn)pw—m)/ |DY,ulPda’ < C Z/ | DSl da’
w |a]=m w

Tn Tn

for all |y] < m. Hence,

3 / (P11 Dyurdz < ¢ Y / |\ DulPda (3.20)
Q Q

[v|<m la|<m

Let v = v(y) be the function that arises from ¢(z,)™ » u(z) via the coordinate
change z — y. We set $(yn) = ¢(2,,), from the properties of the mapping (3.13)
and from inequality lb it follows that (@) ™50 e WH(Cy). Since (@) "t ru
is the solution of an elliptic equation in C; with coefficients which stabilize for
Yn — +00, i.e.

L) " rv=f
where f, = ()%™ f1, we obtain (p) " rv € W§m+k(c+) (cf. [19) Theorem 8.1,

8.2]). This implies u € W;g’;’ik(Q) Using the fact that

’Y_m"!‘ke_ﬁyn(rn) — 0

o(zn)
as x, — 0, if 0 < € < B, we conclude that u € Wg”}jﬁ((l) In a similar manner,

Theorem 8.2 in [19] it follows that u € W;’gﬁk (©). Furthermore, (3.19) is valid. O

Lemma 3.8. Suppose that f, f; € L,(Qr), f(x,0) = 0, and the strip InA_ <
ImA <ImAy does not contain eigenvalues of U(A,t),t € (0,T)). Then the gener-

alized solution u of problem (2.4)-(2.6), uw =0 if x,, > 1, belongs to the szm’z(QT)
and satisfies the inequality

[ullyzm2(gry < CllfllLy@r) + 1 fellL,@n)s (3.21)

where the constant C' is independent of f.

Proof. Using the smoothness of the generalized solution of (2.4)-(2.6|) with respect
to t in Theorem and Proposition we can see that for a.e. ¢ € (0,T),u €
W () is the generalized solution of Dirichlet problem for equation (3.15) with
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compact support, where fi = uy + f € Ly(Q) = W) 4(€) = V,)(€2). From Lemma
it implies that u € V7™(Q) for a.e. t € (0,T) and satisfies the inequality

[ullvzm@) < Cillfillz,@ < C (1fllz,@ + lusllz, @) -

By integrating the inequality above with respect to ¢t from 0 to 7', and using the
estimates for derivatives of u with respect to ¢ again, we obtain u € V2™*(Qr),

which satisfies (3.21)). O

Theorem 3.9. Let the assumptions of Lemma be satisfied, and fu € Ly(Qr),
kE <2m, fu(x,0) =0, for k =0,1,...,2m — 1. Then the generalized solution u
of problem (2.4)-(2.6), v = 0 if z, > 1, belongs to the Vp2m(QT) and satisfies the
inequality

2m

lullvzm@ry < C Yl firllLy@n) (3.22)

k=0

where the constant C' is independent of f.

Proof. Let us first prove that u;s belongs to V;)vao(QT) for s=0,...,2m — 1 and
satisfy

||ut"‘

2m
V2o gy < CY lf iz @n)- (3.23)
k=0

The proof is by done induction on s. According to Lemma[3.8] it is valid for s = 0.
Now let this assertion be true for s — 1, we will prove that this also holds for s.
Due to Lemmathen u satisfies , by differentiating both sides of with
respect to t, s times, we obtain

Lugs = fts + Ups+2 — Z (Z) Ltk Ups—k (324)

k=1

where

ofFaas(z,t) 4
Ly = Ly (z,t; Dy) Do DB).
oo = Lo %:0 ( otk )

By the supposition of the theorem and the inductive assumption, the right-hand
side of (3.24]) belongs to L,(Qr). By the arguments analogous to the proof of

Lemma 3.8, we get u;s € V2™0(Qr) and
2m
luse ly2moggry < C S 1fitllpian) (3.25)
k=0

where C' is a constant independent of u, f, and s < m — 1.
Using (3.25)) and estimates for derivatives of u with respect to ¢ in Theorem
we have

2m—1 2m
lullvzniom < 3 N llyzmoop + luenllz @ < C S I lzy@n-
k=0 k=0

Remark. Let 3 be a sufficiently small positive number. Suppose that
ePun@n) f e L(Qr), TmA_ < f<ImAy
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and the strip

ImA_ <ImA <ImA;
contains no eigenvalues of U(A,t),t € (0,7)); then the generalized solution u of
—, u = 0 if z, > 1, belongs to the W;,TE,O(QT)- In fact that, setting
u = e P (@) we obtain the first initial boundary value problem which differs

little from (2.4)-(2.6). Therefore, U € V2™ (Qr), and then u € W23 ((Qr). Using
the remark above and Lemma [3.7] we obtain the following theorem.

Theorem 3.10. Let the assumptions of Lemma[3.7 be satisfied. Furthermore, we
assume that fu. € pﬁ’Y(QT) k < 2m and fi(x,0) =0, for k=0,1,...,2m — 1.
Then the generalized solution u of —, such that w = 0 if x,, > 1, belongs
to the W;’E’V(QT) and satisfies the inequality

2m

lllwzn @ <C Y Ifwllwe, @n (3.26)
k=0

where the constant C' is independent of f.

This theorem is proved by arguments analogous to those proofs of Lemma [3.8|
and Theorem [3.5] Next, we will prove the regularity of the generalized solution of

problem —.

Theorem 3.11. Let the assumptions of Lemma[3.7 be satisfied. Furthermore, we
assume that fu € pﬁv(Qﬂ kE<2m+h and fu(x,0) =0, fork=0,1,...,2m+
h—1, h € N. Then the generalized solution u of (2.4 . ., such that u = 0 if

T, > 1, belongs to Wj}'}fyh(QT) and satisfies the inequality

||U||W§jg:h(QT) < OZ ||ft’<HWh ~(@r) (3.27)

where the constant C' is independent of u and f.

Proof. The theorem is proved by induction on h. Thanks to Theorem this
theorem is obviously valid for h = 0. Assume that the theorem is true for h — 1,
we will prove that it also holds for A. It is only needed to show that

Ugs € W2m+h SO(QT) fors=h,h—1...,0;
(3.28)

Hute W2m+h S(QT) < CZ ||ftk||WhB,Y(QT)

Differentiating both sides of (2.4]) again with respect to t, h times, we obtain

h
h
Lugn = fin + Uphtz — Z (k) Liktyn—r (3.29)

k=1

By the supposition of the theorem and the inductive assumption, the right-hand
side of belongs to W) ; _(Q) for a.e. t € (0,7). Using Lemma [3.7, we
conclude that Ugn € W2m O(QT) It implies that ll holds for s = h. Suppose
that ( - ) is true fors-h h—1,...,7+1 and set v = u;;, we obtain

Lv=F, (3.30)
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where F; = fi +vy — 22:1 (1) Lyrugi-v. By the inductive assumption with respect
to s, vy belongs to W;EQ(Q) for a.e. t € (0,T). Thus, the right-hand side of 1}

belongs to W;LIEJA/(Q) Applying Lemma again for k = h — j, we get that

v o=y € W;?fyhi]‘(ﬁ) for a.e. t € (0,7). It means that v = wu; belongs to
ig;h_j 0(Qr). Furthermore, we have
2m
||U||Ws%:h’_j’0(QT) < CHFJ'|‘W£E)J;'YO(QT) < C;O HftkHW]fﬁﬁ(QT)- (3.31)
Therefore,
s lwzmin=i(gpy < llusstllyemensoig oy + s lyzmin-soq,
2m
<O Ifrlwr, @
k=0
It implies that (3.28)) holds for s = j. The proof is complete. a

Now we prove the global regularity of the solution.

Theorem 3.12. Let the hypotheses of Lemma[3.7 be satisfied. Furthermore, as-
sume that fu € Wz?,ﬁw(QT)’ k<2m+h and fu(x,0) =0, fork=0,1,...,2m+

h—1, h € N. Then the generalized solution u of (2.4)-(2.6]) belongs to Wi’g;h(QT)
and satisfies the inequality

2m

||“||ng;h(QT) < CZ ||ftkHW1’}ﬁﬁ(QT) (3.32)
k=0

where the constant C' is independent of u and f.

Proof. We denote by B the unit ball and suppose that ( € C§°(B), and ¢ =1 in
the neighborhood of the origin O. We have

L(Cu) — (Cu)y = Cf + Liu

where L; is a differential operator, whose coefficients have compact support in a
neighborhood of the origin. By Theorem we obtain

2m
||Cu‘|W§$;h(QT) < Cz HftkHW;';ﬁ),y(QT)'
k=0

Setting (1u = (1 — {)u, then (;u = 0 in a neighborhood of the origin and u =
Cu+ (1 — {)u, and using the smoothness of the solution of this problem in domain
with smooth boundary, we get

2m

||C1u||w3m+h(QT) ~ ||ClUHW§jgf;h(QT) < CZ HftkHW;ﬁM(QT)-
k=0

The proof is complete . |
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4. AN EXAMPLE

In this section, we apply the results of the previous section to the Cauchy-
Dirichlet problem for the beam equation. Suppose that 2 is a bounded domain in
R™, OOQ\{O} is smooth, and

{reQ:0<z, <1}={zeR”: 0<x, <1,]2| < o(x,)},
where ' = (z1,...,Zp-1),¢ € C®[0,1), ¢ (zn) — 0,0(z)¢" () — 0 as x, — 0
and ¢(0) = 0. Set Qr = Q x (0,T), Sy =90\ {O} x (0,T).
We consider the Cauchy-Dirichlet problem for the beam equation in Q7:

Ay —Au—uy =—f inQr, (4.1)
u=0,uy =0 onQ, (4.2)
u=0,0,u=0 on St (4.3)

where f : Q7 — C is given and Lu = A2u — A u. By using Green’s formula, we
get

Blu,u; t] = / (|D2u|? + |Dyul?) dx
Q

for all u € W22 (©2). On other hand, by the Friedrich inequality

/|u\2dx§ C/ |Dul? da,
Q Q

it implies that there exists a constant vy > 0 such that
Blu, u; t] = /Q (|D2u|* + |Dyul?) dx > 70|U|%/V§(Q)-

Hence, (2.2) is satisfied for all u € W2(Q), for all ¢ € (0, T).
For simplicity, we consider (4.1)-(4.3) in the two-dimensional case (n = 2), and
let (1) = 72; Then € is a bounded domain in R?, 9Q\{O} is smooth, and

{(,9) €Q:0<x <1} ={(2,y) €eR?: 0 <z < 1,|y|l < 2?},

on the change of variables
Ldr

2

x_l -1, n= yl’_27 (44)

x

which transforms {(z,y) € 2:0 <z < 1} onto
C+ = {(gan) : E > Oa ne (717 1)}
With the notation v(&,7n,t) = u(x,y,t), we have
u(a,y,t) =v(@™! —1,yz7% 1)

and

dyu = x 29,

Ozu = —x_285v — 2yx_38nv,

2 4492

Oyyu =" "0p,v

02, u =z 30v + 6yz 0,v + x_4852§'v + 4yx_58§nv + 4y2$_685nv

=gz [xagv + 6y0,v + 8?51) + 4ym_18§nv + 4y233_38,2mv]
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=21 [85251) +4n(E+ 1)_1852,]11 +4n? (€ + 1)_282771)

+ (64 1) 9ev 4+ 6n(¢ + 1) 20,v].

Hence, the differential operator 3, which arises from the differential operator
28 Au, (p(x) = 2%,2m = 4) via the coordinate change (z,y) — (&,7), turns out
to be

Av=(£+1)"* (8§2€U + 8,27,71)) +4An(E+ 1)75852,71) +4An* (€ + 1)76872”,11

+ (€ +1)P0ev + 6n(€ +1)"%0,v;

the similar calculation for A2. Clearly, coefficients of differential operator L=
A2 — A stabilize for £ — 400 and the limit differential operator of L (denote by L
for convenience) is

Z = A\z’U = 52%;1) -+ 28,32&-2'0 -+ 6341).

We denote also by U(N)(A € C) the operator corresponding to the parameter-
depending boundary value problem

d*v d*v

—— =2\ + Mo =0

dn* dn? tav=0
v(—=1) =v(1) =0,

v'(=1) ='(1) = 0.

It is easy to see that U()\) is invertible for all A € C. From arguments above in
combination with Theorem and Theorem we obtain the following results.

Theorem 4.1. Suppose that eﬁ(%*l)zzwftk € L,(Qr), k < 2,8,v are real num-
bers and fux(x,0) = 0, for k = 0,1. Then (4.1)-(4.3) has a unique solution u in
W§7677(QT) and

2
1_
@r) S C D 11e"Ea fullr, )
k=0
Moreover, if fu. € Wz]},ﬁm(QT)f k<2+h, and fix(x,0) =0 fork=0,1,...,1+h,

then u € Wj;}; (Qr) and satisfies

||u||W§‘B‘W

2

lullwasr @) < C D Nfellwe, @n:
k=0

In case boundary when 2 has cuspidal points, then by arguments analogous to
Section |3] we obtain the similar results.
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