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TRIPLE SOLUTIONS FOR MULTI-POINT BOUNDARY-VALUE
PROBLEM WITH p-LAPLACE OPERATOR

HAITAO LI, YANSHENG LIU

ABSTRACT. Using a fixed point theorem due to Avery and Peterson, this article
shows the existence of solutions for multi-point boundary-value problem with
p-Laplace operator and parameters. Also, we present an example to illustrate
the results obtained.

1. INTRODUCTION

During the previous two decades, boundary-value problems for second-order dif-
ferential equations with p-Laplace operator have been extensively studied and a lot
of excellent results have been established by using fixed point index theory, upper
and lower solution arguments, fixed point theorem like Leggett-Williams multiple
fixed point theorem and so on (see [2, [3], 51 6 [7, 8 O] 10}, 1T, 12} 13| 14] and references
therein). For example, Ma, Du and Ge [I0] studied the following boundary-value
problem (BVP, for short) with p-Laplace operator

(ep(u/ (1)) +a()f(t,u(t)) =0, t€(0,1);
w'(0) =Y s/ (&), u(1) =Y Biu(&),
i=1 =1

where @, (s) = [s[P7%s, p > 1, ot = oy, %Jr% =l,and0< & <& < <& <L
The nonlinearity f is not depending on u'. Using the upper and lower solutions
method, they obtained sufficient conditions for the existence of one positive solution.

Lv, O’'Regan and Zhang [9] considered the following boundary-value problem
(BVP) with p-Laplace operator

(po(y' (1)) +a) f(y(t) =0, tel0,1];
y(0) = y(1) =0.
By Leggett-Williams multiple fixed point theorem, they provided sufficient condi-
tions for the existence of multiple (at least three) positive solutions.
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Recently Ji, Tian and Ge [8] studied the following boundary-value problem, in
which the nonlinearity contains u’,

(op(' (1)) + Af(t,u(t),u'(t) =0, t€(0,1);

/ ~ - (1.1)
W' (0) =Y o/ (&), u(l) = Biu(&).
i=1 i=1
Applying Krasnosel’skii fixed point theorem, they obtained the existence of at least
one positive solution.
Wang and Ge [I3] studied the multi-point boundary-value problem

(op(' (1)) + q(t) f (£, u(t), ' (t) = 0, ¢ € (0,1);

u(0) = Zaiu(fi)a u(l) = Zﬂiu(ﬁi)-

Using the fixed point theorem due to Avery and Peterson, they provided sufficient
conditions for the existence of multiple positive solutions.

Motivated by [8] [13], we investigate . We study boundary value conditions
that are different from those in [9, [13]. We obtain three solutions by the fixed
point theorem due to Avery and Peterson, which is different from the methods in
[8, [, 10]. To the best of our knowledge, has not been studied via this fixed
point theorem.

This article is organized as follows. Section 2 gives some preliminaries. Section 3
is devoted to the existence of triple solutions for . Finally an example is shown
to illustrate the results obtained. Now, we give some notation which will be used
later.

Let X = C'[0,1] be a Banach space with the norm

!/
[Jul| = max { Jax, Iu(t)l»tren[gf;] u' ()]}
A function u(¢) is called a positive solution of if u € X, satisfies and
u(t) > 0 for ¢t € (0,1). Let

C*0,1] ={u € X :u(t) > 0,u(t)

0,4/ (t) is nonincreasing for ¢ € [0, 1]},
P={ueX:u(t)>0,d(t) <0,u

<
< 0,u'(t) is concave on t € [0,1]}.
It is easy to see P is a cone of X.

In this paper, we assume the following hypotheses:

(H1) 05,0, >0,0< >0 a5, 2o B < 1.
(H2) f e C(]0,1] x [0, +00) X (—00,0],[0, +00)).

2. PRELIMINARIES

In this section, we provide some background definitions from the study of cone
in Banach spaces; see for example [4].

Let (E,| - ||) be a real Banach space. A nonempty, closed, convex set P C F is
said to be a cone provided the following two conditions are satisfied:

(a) if y € P and A > 0, then \y € P;
(b) if y € P and —y € P, then y = 0.
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If P C E is a cone, we denote the order induced by P on E by <, that is, z <y
if and only if y —x € P.

A map « is said to be a nonnegative continuous concave functional on a cone P
of a real Banach space E, provided that a: P — [0, 400) is continuous and

altz + (1 —t)y) > ta(x) + (1 — t)a(y)

forall z,y € Pand 0 <t < 1.
Similarly, we say a map (3 is a nonnegative continuous convex functional on a
cone P of a real Banach space E, provided that 8 : P — [0, +00) is continuous and

Btz + (1 —t)y) < tB(z) + (1 —t)B(y)

forall z,y € Pand 0 <t <1.

Let v and 0 be nonnegative continuous convex functionals on P, « be a non-
negative continuous concave functional on P, and v be a nonnegative continuous
functional on P. Then for positive real numbers a, b, ¢ and d, we define the following
convex sets:

P(y,d) =A{x € Ply(z) <d},
P(v,a,b,d) = {z € P|b < a(z),v(z) < d},
P(v,0,a,b,¢,d) = {z € P|b < a(x),0(x) < c,v(z) <d},

and a closed set

R(v,%,a,d) = {x € Pla <¢(z),~(z) < d}.

The following fixed point theorem is fundamental in the proofs of our main
results.

Lemma 2.1 ([1]). Let P be a cone in a real Banach space E. Let v and 6 be
nonnegative continuous convex functionals on P, a be a monnegative continuous
concave functional on P, and i be a nonnegative continuous functional on P sat-
isfying Y (Ax) < Mp(z) for 0 < X < 1, such that for some positive numbers L and
d,
a(2) < ¥(@) and |z < Ly(z),¥a € P(3,d).

Suppose T : P(v,d) — P(v,d) is completely continuous, and there exist positive
numbers a,b, and ¢ with a < b such that

(S1) {z € P(~,0,a,b,¢c,d)|a(z) > b} # 0 and a(Tx) > b forz € P(~,0,a,b,c,d)
(S2) a(Tx) > b for x € P(y,a,b,d) with 6(Tz) > ¢
(S3) 0 ¢ R(v,v,a,d) and ¥(Tx) < a for x € R(y,¢,a,d) with ¢(z) = a.

Then T has at least three fized points x1,xo, x5 € P(vy,d) such that v(x;) < d for
i=1,2,3; b < a(x1); a < Y(ag) with a(za) < b; Y(z3) < a.

To prove the main results in this paper, we will employ the following lemmas.
Lemma 2.2 ([8]). Assume (H1)-(H2), and let

b — Pp(Xiny )
L= p(30isy )
For x € C*[0,1], if u(t) is a solution of the problem

(ep(u' (1)) + Af(t,2(t), (1)) =0, t€(0,1);



4 H. LI, Y. LIU EJDE-2009/150

u'(0) = Z o/ (&), u(l) = Zﬁﬂdfz’%

then
S B[, palAx = [ M (rya(r), 2/ (r))dr)ds
1- E?:l Bi (2.1)

-/ Cpu(Ar - | Atato).a oy,

where Az € [—kX fol f(s,2(s),2'(s))ds, 0] is unique and satisfies

u(t) =

n &i
0q(Az) = ZQWQ(A% /O M (s, 2(s),2'(s))ds), (2.2)

Define the operator T' by
Sy Bi fg pq(Au— [5 Af(r,u(r), u'(r))dr)ds
1- Z?:l Bi
— /1 0q(Au — /05 Af(ryu(r), o (r))dr)ds.
¢
T(h;n b(y Lezrr)lma it is easy to see u(t) is a solution of if and only if
u(t) = (Tu)(t).

Lemma 2.3 ([8]). For each A > 0, the operator T : P — P is completely continu-
ous.

(Tu)(t) = -

Now we give an important property of Ax defined by (2.1)).
Lemma 2.4. Assume (H1) holds. Then for each x € C*[0,1], 7 € (0,&1),

e ) [ , ) ! ,
1—p(3iy i) Jr M alr) @ (n)dr < ~dz < k/o Af(ryz(r),z (r))d:2 3)

Proof. By (2.1), we have
f,
0

q(Az) = Zaicpq(Ax — / l M (s,2(5),2'(s))ds)

>3 gy = [ Af(s.als).a/(9)ds),

i=1
and
gv
0

0 (Az) = Zaigaq(Ax - / 1 M (s,2(5),2'(s))ds)
i=1

n &1
<> asga(de— [ Af(sia(s),'(5))ds)

i=1 T
From the increasing property of ¢, and the two inequalities above, it is easy to get
the conclusion. (]
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Set
1 (m+1)&: -m
27T 41 n th
m=——--. |l=———
&1 2
Voo 2 Bl =6+ (-3, 8)A-&)
1- Z?:1 51

Choose an 7 € (0,¢&;) such that [=Y/™ < 7 < &, and define the functionals:

1(e) = 0(@) = o, 0@) = max [¢/(0). a() = min af). Ve P (24)

Then it is easy to get the following lemma.

Lemma 2.5. The four functionals defined by (2.4)) satisfy Lemma . In addition,
for each x € P, O(x) = —2/(1), a(x) = (&), v(z) = ¥ (x) = x(0).

3. MAIN RESULTS

First we state the following hypotheses to be used in this article.

(H3) There exists a positive constant H such that
ft,u,v) <" pu(Jul + |vl]),
for t € [0,1] and (u,v) € R? satisfying 0 < |u| + |v] < H.
(H4) There exist positive constants b, d such that
1 1
max{q, 21
f(t,u,v) > pu(b), for (t,u,v) € [1,&] % [b,d] x [—d,0].

Now we are ready to state our main results.
Theorem 3.1. Assume (H1)-(H4). Let
1- Z?:l 5z§z
(1= 201 Bi)eq(1 = 9p (31 i)

1 1
- <-H
Nib<d=gH

M =

Then for each \ satisfying

L 1

G MTT o7 T M7
and a € (0,b), Equation has at least three solutions x1(t), x2(t), x3(t) satisfying
(ii) b < min{|z1(t)||t € [0,7]};
(iil) ||x2|] > @, min{za(¢)|t € [0,7]} < b;
(iv) [lzs| < a.

(3.1)

Proof. We divide the proof of this theorem in four steps.
Step 1. Let us show T : P(v,d) — P(v,d). In fact, for any u € P(v,d), it is
not difficult to see

| Tul| = max{(Tu)(0), ~(Tw)'(1)}. (3.2)
From (2.3)), (3.1), and (H3), we obtain
X Bi Jg walAu = [ M (ryu(r), () dr)ds

(T = g
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- [ et At ey

X Bi fg el Jy M (routr) o (0)dr = [T Af(ryu(r), o/ (r)dr)ds
N L= B

—/04,0(1 k://\fru dr—/)\fru dr)ds

q— _Zz: 6@5@
S T S AP ey Ll / f (’“’“(”’“(W)

1

m+1
1

m—+1

< (——=) AT M |

< (——) 2N Md < d

and

1
~(Tu) (1) = —pg(Au / A (ru(r), () dr)
<o [ Mt alrar + | A ulr), ol (r))dr)

1
< it = /
SRR R S LAY A
! ya-tona— et

< (——

m+1

1
fryu(r), ' (r))dr)
1

[ul < d.

‘Pq(l - @p(Z?:l a;))

Thus ||Tu|| = max{(Tu)(0), —(Tu)' (1)} < d. Hence T : P(~,d) — P(v,d).
Step 2. Check condition (S1) of Lemma Choose an integer w > 0 such that
max{ﬁ, T} <w< ¢ Set u(t) = wb(1 —t). Then

b < 0(u) =wb, y(u) =wb<d, b<alu)=wb(l-=,)< wb.

Therefore, u(t) = wb(l —t) € P(v,0,®,b,wb,d), and a(u) > b. This guarantees
that {u € P(v,0,a,b,wb,d)|a(u) > b} # 0. For any v € P(v,0,a,b,wb,d), it is
easy to see

b<u(t)<d, —-d<u(t)<0, Vtelr,&l

Thus by (H4), f(t, u(t),w'(t)) > ¢p(b).
By Lemma [2.2] and Lemma [2.3] it is not difficult to see

o(Tu) = (Tu)(&1)
S Bi f; Qq(Au— [ Af(r,u(r), (r))dr)ds
1- Z?:l Bi
— /1 0q(Au _/0 Af(ryu(r),w (r))dr)ds

S Bi f; gk [5" Mf(ryu(r), ' (r) dr—!—fos Af(r,u(r), o (r))dr)ds
1_21 1ﬁ7,

/1 ook /gl Af(r, u(r dr+/0 Af(r, u(r), o (r))dr)ds




EJDE-2009/150 TRIPLE SOLUTIONS 7

_\\n £ &1
> pats 7 ! Zz:l biki 7 ‘Pq(
(1= 221 B (1 — op(3oiy i) T
> XL M > b,
This shows that condition (S1) of Lemma (2.1)) is satisfied.

Step 3. Examine (S2) of Lemma[2.1] For any u € P(v,a, b, d) with 6(Tw) > wb,
we know

frou(r), v (r))dr)

0(Tu) = f(TU)/(T) = gpq</07 Af(r, u(r),ul(r))dr — Au) > wb. (3.3)

Therefore by and ,
a(Tw) = (Tw) (&)
S Bi Je, palAu — 7 AS(ru(r), o (r))dr)ds

1- Z?:l Bi
_ /1 0q(Au —/0 Af(ryu(r), o' (r))dr)ds
N S Bi f; ©q (k; Jo M (ryu(r), ' (r))dr — Au) ds
N 1= B

+ /51 wq(k/o Af(r,u(r), o (r))dr — Au)ds

YA -&)+(-Y, 8)(
1- Z:‘L:l Bi

—&) soq(/oT M (ryu(r), o (r))dr — Au)
> Nwb > b.

Thus, condition (S2) of Lemma is satisfied.

Step 4. Finally we show (S3) of Lemma holds. Since (0) = 0 < a, we
know 0 ¢ R(7,1,a,d). For each u € R(v,v,a,d), ¥(u) = |lul]| = a, by (2.3)), (3.1),
and (H3), we obtain

X B J palAu = [ M (ru(r), ' (r))dr)ds
1- Z?:l Bi

_ /01 o Au — /0 M u(r), ol (r))dr)ds

1- Z?:l /Bzfz
0=, B)pa(l — pp(Cy o))
< ()2 M
_ 1
- (m +1

=

(Tu)(0) =

< )\

2 / £, ulr), ' (r))dr)

yirtaxaT e e < a
and

—(Tu)' (1) = —pq(Au - / A (ru(r), () dr)

< soq(k/o Af(hU(T)W'(T))dTJr/OS Af(ryu(r),u'(r))dr)
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q—1 1 1 R

= %(1—%(22‘104»)%(/0 frutr), o ()

) g—19yq—1jg—1 1 " .
<o)t (pq(l_%(z?ﬂai))ll | <

Therefore,

P(u) = |lull = max{(Tu)(0), —(Tu)' (1)} < a.
So condition (S3) of Lemma (2.1]) is satisfied. Thus an application of Lemma
implies that the boundary value problem ([I.1)) has at least three solutions
x1(t), z2(t), z3(t) satisfying (1)—(iv). O

We remark that in Theorem the two solutions z1(t) and x(t) are positive,
while z3(t) may be the trivial solution.

3.1. Example. Consider the differential equation
(ep(u'(£)))" + Af(t,u(t),w/(t)) =0, te(0,1);

2 2
u'(0) =D e (&), u(l) =Y Bu(&),
i=1 1=1
where p=3/2,¢=3, 01 =as =1 =02 =1/4, & = 0.9, & = 0.95,

Ft,u,v) = 1.80V2ED Ll (¢ u,v) € [0, 1] x [0, +00) x (—00,0].

Choose | = 1.835055448, m = 10(v/2 + 1)/9, H = 20000, d = 10000, b = 100,
a = 50, 7 = 0.88, then by simple calculations, it is easy to show (H1)-(H4) are
satisfied. Therefore, by Theorem for 9\/@/430 < A <1.461370837, Equation
has at least three solutions.

(3.4)

Acknowledgements. The authors want to thank the anonymous referee for the
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REFERENCES

[1] R. I. Avery, A. C. Peterson; Three positive fized points of nonlinear operators on ordered
Banach spaces, Comput. Math. Appl., 42 (2001), 313-322.
[2] W. Ge; Boundary value problems for nonlinear differential equations, Science Press, Beijing,
2007 (in Chinese).
[3] W. Ge, J. Ren; An extension of Mawhin’s continuation theorem and its applications to
boundary value problems with a p-Laplacian, Nonl. Anal., 58 (2004), 477-488.
[4] D. Guo, V. Lakshmikantham; Nonlinear problems in abstract cones, Academic Press, New
York, 1988.
[5] X. He, W. Ge; Existence of positive solution for a one-dimensional p-Laplacian boundary
value problem, Acta. Mathematica. Sinica., 46(4)(2003), 805-810 (in Chinese).
[6] X. He, W. Ge; Twin positive solutions for the one-dimensional p-Laplacian boundary value
problems, Nonl. Anal., 56 (7) (2004), 975-984.
[7] S. Hong; Triple positive solutions of three-point boundary value problems for p-Laplacian
dynamic equations on time scales, Comput. Math. Appl., 206(2007), 967-976.
[8] D. Ji, Y. Tian, W. Ge; The existence of positive solution of multi-point boundary value prob-
lem with a p-Laplace operator, Acta. Mathematica. Sinica., 52 (1)(2009), 1-8 (in Chinese).
[9] H. Lv, D. O’'Regan, C. Zhang; Multiple positive solutions for the one dimensional singular
p-Laplacian, Appl. Math. Comput., 133 (2002), 407-422.
[10] D. Ma, Z. Du, W. Ge; Ezistence and iteration of monotone positive solutions for multi-point
boundary value problem with p-Laplacian operator, Comput. Math. Appl., 50(2005), 729-739.
[11] J. Wang; The ezistence of positive solutions for the one-dimensional p-Laplacian, Proc.
Amer. Appl., 125 (8)(1997), 2275-2283.



EJDE-2009/150 TRIPLE SOLUTIONS 9

[12] Y. Wang, W. Ge; M-point boundary value problem for second order monlinear differential
equation, J. Anal. Anal., 85 (2006), 659-667.

[13] Y. Wang, W. Ge; Ezistence of triple positive solutions for multi-point boundary value prob-
lems with a one dimensional p-Laplacian, Comput. Math. Appl., 54 (2007), 793-807.

[14] Y. Wang, C. Hou; Ezistence of multiple positive solutions for one-dimensional p-Laplace, J.
Math. Anal. Appl., 315 (2006), 144-153.

HaArtao L1
DEPARTMENT OF MATHEMATICS, SHANDONG NORMAL UNIVERSITY, JINAN, 250014, CHINA
E-mail address: haitaoli09@gmail.com

YANSHENG LIu
DEPARTMENT OF MATHEMATICS, SHANDONG NORMAL UNIVERSITY, JINAN, 250014, CHINA
E-mail address: yanshliu@gmail.com



	1. Introduction 
	2. Preliminaries
	3. Main Results
	3.1. Example
	Acknowledgements

	References

