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REMARKS ON THE PHRAGMEN-LINDELOF THEOREM FOR
LP-VISCOSITY SOLUTIONS OF FULLY NONLINEAR PDES
WITH UNBOUNDED INGREDIENTS

SHIGEAKI KOIKE, KAZUSHIGE NAKAGAWA

ABSTRACT. The Phragmén-Lindel6f theorem for LP-viscosity solutions of fully
nonlinear second order elliptic partial differential equations with unbounded
coefficients and inhomogeneous terms is established.

1. INTRODUCTION

The notion of LP-viscosity solutions was introduced in [5] to study fully nonlinear
second order elliptic partial differential equations (PDEs for short) with unbounded
inhomogeneous terms. We refer to [3] (see also [4]) as a pioneering work for the
regularity theory of viscosity solutions of fully nonlinear PDEs.

It turned out that the Aleksandrov-Bakelman-Pucci (ABP for short) maximum
principle can be extended to LP-viscosity solutions for fully nonlinear second order
elliptic PDEs with unbounded coefficients and inhomogeneous terms in [I4]. See
also [I7] for a generalization.

As an application of the ABP maximum principle in [I4], it is known that the
(boundary) weak Harnack inequality for LP-viscosity solutions of the associated
extremal PDEs in [I5] (see also [I6]) holds, which implies Holder continuity for
LP-viscosity solutions of fully nonlinear elliptic PDEs with unbounded ingredients.
We also refer to [19] for Holder continuity estimates on LP-viscosity solutions by a
different approach.

On the other hand, qualitative properties of viscosity solutions of fully nonlinear
elliptic PDEs have been investigated as generalizations for classical elliptic PDE
theory. For instance, the ABP maximum principle in unbounded domains in [7]
and [15], the Liouville property in [I1} [6], the Hadamard principle in [6], and the
Phragmén-Lindelof theorem in [8]. We refer to references in [8, 111 [6] for these
qualitative properties of strong/classical solutions.

Our aim here is to extend the Phragmén-Lindel6f theorem in [8] when PDEs
have unbounded coefficients (i.e. p in this paper). In view of the boundary weak
Harnack inequality in [15], it is natural to relax the hypotheses on coefficients
and inhomogeneous terms. However, for the weak Harnack inequality, we need
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to suppose that the coefficient to the first derivatives is small enough in L™-norm.
When we work in bounded domains, this is not a restriction. Since we are concerned
with unbounded domains, we will need a bit more delicate analysis than those in
[8].

Since our argument is essential to treat domains of conical type (i.e. the case for
7 > 0 in our notation), we will mainly discuss this case. We will add corresponding
results for domains of cylindrical type (i.e. the case for n = 0).

Our paper is organized as follows: section 2 is devoted to showing the definitions
and known results. In section 3, we present the ABP type estimates on LP-viscosity
subsolutions of fully nonlinear PDEs with unbounded ingredients under appropriate
geometric conditions. We show the Phragmén-Lindelof theorem in our setting in
section 4. In section 5, we give a proof of an elementary geometric property, which
is needed in the proof of Lemma [3.2

2. PRELIMINARIES

We consider fully nonlinear second order PDEs in unbounded domains 2 C R™:

G(x,u, Du, D*u) = f(x) in Q, (2.1)
where G : QxR xR"x S™ — R and f: Q2 — R are given measurable functions. We
also suppose that (r,p, M) € R x R" x §" — G(z,r,p, M) is continuous for almost
all z € Q. Here, S™ denotes the set of symmetric matrices of order n equipped with
the standard order.

We will use the standard notation from [I3]. We denote by L (Q2) the set of all
nonnegative functions in LP(£2).
Throughout this paper, we assume that

>n
p 9"

We recall two facts: if u € Wlif(Q) for p > 5, then we may identify u with a

continuous function on 2, and wu is twice differentiable for almost all z € Q.
First of all, we recall the definition of LP-viscosity solutions of (2.1)).

Definition 2.1. We call v € C(€) an LP-viscosity subsolution (resp., supersolu-
tion) of (2.1)) if
essliminf{G(z,u(x), Do(x), D*¢(z)) — f(x)} <0

T—x0 -

(resp., ess lim sup{G(z, u(z), Do(z), D?b(z)) — f(z)} > o)

T—T0

whenever ¢ € mep(Q) and xo € Q is a local maximum (resp., minimum) point of

u— ¢. A function u € C(Q) is called an LP-viscosity solution of ([2.1)) if it is both
an LP-viscosity subsolution and an LP-viscosity supersolution of ([2.1)).

To make easier recalling the right inequality, we will often say that u is an LP-
viscosity solution of

G(x,u, Du, D*u) < f(x) (2.2)
(resp., G(-T,U,DU,D2U) > f($))a
if it is an LP-viscosity subsolution (resp., supersolution) of (2.1)).
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Remark 2.2. If w is an LP-viscosity subsolution (resp., supersolution) of (2.1),
then it is also an L%-viscosity subsolution (resp., supersolution) of (2.1) provided

q=p-
In what follows, instead of ([2.1]), we mainly consider PDEs which do not depend
on u-variable:
F(x, Du, D*u) = f(x) in Q. (2.4)
We will assume that F' is (degenerate) elliptic:
F(x,p, M) < F(z,p,N)

2.5
for (z,p, M,N) € Q x R™ x S x S™ provided M > N. (2:5)
For fixed ellipticity constants 0 < A < A, we assume that
there is u € L1 () such that
- (2.6)

P~ (M) — p(x)|p| < F(z,p, M) for (z,p, M) € Q& x R" x S™,
where the Pucci operators P+ : §™ — R are defined by
P~ (M) = min{—trace(AM) : A€ S{,}, PT(M)=-P (-M).

Here, S% ) :={M € S : A\I < M < AI}. We refer the reader to [§] for examples
of PDEs which satisfy (2.5) and (2.6). We first recall a lemma concerning change
of unknown functions.

Lemma 2.3 (|8, Lemma 1]). Assume (2.5) and (2.6) with p € LL(Q) for ¢ > n.
Then, there exist constants h; > 0 (j = 1,2) satisfying the following property: if
¢ € C?(Q) satisfies

2
&(x) >0, |D;|(w)<k1(x), |D££(x)<k2(x) forxz e Q

with some functions k;j € C(Q) (j = 1,2), then for LP-viscosity subsolution w €
C(Q) of [2.4) with f € L (), u:= ¢ is an LP-viscosity solution of

€
P(D*) = (@Dul ety < L0 in (2.7
where Qu] = {z € Q | u(x) > 0}, 11 () = hiki(z) + p(z) and y2(x) = hoka(z) +
1 (2)p().
We will use the constant pg = po(n, A, A) € [§,n), for which we refer to [12]. Tt
is known that for p > po, and f € LP(B,(2)), where B,.(z) = {y e R" : |z —y| < r},
there exists a (unique) strong solution u € C(B,(z)) N WP (B,.(z)) of

loc
P~ (D*v(x)) = f(z) ae. in B.(2)
under v(z) = 0 for z € 9B, (%) with estimates:
~Clf Ner(Boe)y < v(@) < Clf Loy in Bi(2),
where C' = C(n, A, A,p) > 0 is a constant, and for 0 < s < r,

[vllw=r (5.2 < Cllf Lo s, )5
where C' = C'(n, \, A, p,7 — s) > 0.
We remark that to prove the ABP maximum principle [14, Theorem 2.9], which
implies the boundary weak Harnack inequality [I5, Theorem 6.1], it suffices to
obtain the existence of strong solutions of the above extremal equation only in balls
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although this fact is not clearly mentioned in [I4] [I5]. In fact, this existence result
holds with local W?2P-estimates for more general domains satisfying the uniform
exterior cone property but the py € [§,7) associated with general domains might
be bigger than the above. We also notice that we may replace cubes by balls in the
(boundary) weak Harnack inequality in [I5] by Cabré’s covering argument, which
we will see in the proof of Lemma [3.2] below.

Fix R> 0 and z € R". Let T, T' C Bgr(z) be domains such that

|71
"]

TcT, and 6y < <1 for some 0y > 0.

When we apply our weak Harnack inequality below, our choice of T' and 7" always
satisfies the above condition.

For a given domain A C R™ and a function v € C(A), we define vy, 4, on T"U A
by

_ _Jmin{v(z),m} ifz e A,
UT/’A(x) N {m ifxeT\ A,
where

m = liminf v(x).
z—T'NOA

We note that if 7" N 0A # 0, then v, 4 is a real-valued function and that if
T'NOA # 0, v is a nonnegative LP-viscosity supersolution of (2.4) and f < 0 in
T’ N A, then Ups 4 is a nonnegative LP-viscosity supersolution of 1' inT'.

Next, we recall the boundary weak Harnack inequality when PDEs have un-
bounded coefficients and inhomogeneous terms.

Lemma 2.4 ([I5, Theorem 6.1]). Let T, T’, A be as above. Assume that TNA # ()
and T'\ A # () and that

g>n, q>p>po. (2.8)

Then, there exist constants g = eo(n,\,A) > 0, r = r(n,\,A,p,q) > 0 and
Co = Co(n, \,A,p,q) > 0 satisfying the following property: if p € L (T' N A),
f e Li(T' N A), a nonnegative LP-viscosity solution w € C(T" N A) of

PT(D*w) 4 p(z)|Dw| > —f(x) in T N A,

and

el n(rnay < o, (2.9)

then it follows that

1 _ - 1/r ) B
(m/’f(wT/’A) d.T) SCo(lr%fwT',A+R||f||L"(T’ﬂA))

provided that ¢ >n and ¢ > p > n, and

(i femare)

M
< Oo(il%wa/,A +R*Y Ifll e (rna) ZR(I_%)ICHHHIB(T/M))
k=0

provided that ¢ > n > p > pg, where M = M(n,p,q) > 1 is an integer.
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Remark 2.5. We refer to [16] for the (boundary) weak Harnack inequality for
LP-viscosity supersolutions of fully nonlinear PDEs with superlinear growth in the
gradient and unbounded ingredients.

In the next section, we will establish some local and global ABP type estimates on
LP-viscosity subsolutions for (2.4]). To this end, we recall the notations concerning
the shape of domains from [g].

Definition 2.6 (Local geometric condition). Let 0,7 € (0,1). We call y € Q a
Go,r point in € if there exist R = R, > 0 and z = 2z, € R" such that

y € Br(z), and |Bgr(2)\Qy B(z),-| > 0|Br(2)], (2.10)

where € p,.(»)- is the connected component of Br(z) N € containing y. For
o,7 € (0,1),and Ry > 0,7 >0, wecall y € Q a Gf;oﬂ point in Q if y is a G, »
point in 2 with R = R, > 0 and z = z, satisfying

R < Ry +nlyl. (2.11)

Remark 2.7. For the sake of simplicity of notations, for a G, , point y € Q, we
will write By for Br, (z,), where R, > 0 and z, € R™ are from Definition

Definition 2.8 (Global geometric condition). We call Q a Gﬁ(’;" domain if any
y € Qis a GF9" point in Q.

We refer the reader to [20] and [§] for examples of domains €2 satisfying GZ9:".
We also refer to [1] for a generalization.

3. ABP TYPE ESTIMATES

We present pointwise estimates on LP-viscosity subsolutions of , which is
often referred as the Krylov-Safonov growth lemma.

In what follows, we fix o,7 € (0,1) and Ry > 0. Let y € Q be a GUR’OTW point with
n > 0. It is possible to apply our weak Harnack inequality in By, which is from
Deﬁniti if [|pllzn(B,n0) < 0. Here and later, eg > 0 is the constant from
Lemma [2.4]

Even if ||u||zn(B,n0) > €0, Wwe may use Cabré’s covering argument; we divide B,
into small pieces so that we may apply the weak Harnack inequality in each piece.
We then obtain the weak Harnack inequality in By by combining all the inequalities
for small pieces.

However, since we need the estimates uniform in y € ), this argument does not
work immediately because of unboundedness of {R,},cq when n > 0.

To avoid this difficulty, we will suppose a decay rate of p: ||pl|zao\8,0) =

o(t_(l_%)). More precisely, for fixed ¢ > n, we suppose that for all 6 > 0 there is
Ts > 0 such that

2]l L@ B0y < 0074 for t > T (3.1)
Remark 3.1. It is assumed in [8] that u(x) = O(|z|™!) as || — oo, which only
implies ||| La(o\ B, (0)) = ot~ 1=,

Of course, if n = 0 (hence R, < Ry), then we can apply directly Cabré’s argu-
ment.
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Lemma 3.2. Assume that (2.5), and hold with p € LE(Q). Let n > 0
andy € Q be a Gf;“;" point in ) with R = R, > 0 and z = 2, € R". Then, there
exist k = k(n, A\, A, 0,7, Ro,n) € (0,1) and e = e(n, o,n) > 0 satisfying the following
property: if w € C() is an LP-viscosity subsolution of with f € LY (), then
we have the following properties: (i) Assume that |y| < Ro. (a) If p > n, then

w(y) <k sup wh + (1 — k) limsup wt + Roll fllz(B,n0)-
B,NQ — By NON

(b) If po < p < n, then

w(y) <k sup wh + (1 — k) limsup wt
B,NQ — B, NON

M
2-2 (1-2)k
+ Ry Pllflle,n0) Y Ro el e, 0
k=0

(i1) Assume that (3.1) is satisfied and that |y| > Ro. (a) If p > n, then
w(y) <k sup wh + (1 - k) limsup w® + R[|fllLn(5,n0\B.r0)-
ByNQ 2— ByNIQ
(b) If po < p < n, then
+

w(y) <k sup w + (1 — k) limsup w
B,NQ 1-—>Byr189

M
+ R*7% || fll o (B,ne\Ber(0)) D R(k%)k||M||]Za(Bme\BeR(o))~
k=0

Here M = M(n,p,q) > 1 is the integer in Lemma .

Remark 3.3. To get the weak maximum principle (Lemmabelow), it is impor-
tant to have the term || f[|L»(B,no\B.x(0)) instead of || f||Lr(p,nq) in the estimates
of the assertion (ii) above.

Proof. First of all, we shall omit giving the proof in the case of ||| a(q) = 0 because
it is easy to do it, and we suppose that ||| La(q) > 0.

It is enough to show the assertion when C' := lim SUp, . B, noQ wh(z) = 0. In
fact, after having established the assertion when C =0, we may apply the result

to w — C to prove the assertion in the general case.
Due to (2.6, w is an LP-viscosity solution of

P~ (D*w) — p(x)|Du| < f(z) in Q.

Setting Cy = supp now™, we immediately see that v(z) := C\ — w(z) is an
LP-viscosity solution of

PH(D*v) + p(x)|Dv| > —f(z) in Q.

We shall first prove (ii).

Case (ii) |y| > Ro: Fix e € (0, 3 min{sL,(§)7}). Note that 2e < 1/(1+17)

and (2¢)" < 0/4. We set T' = Br(z)\ B2:r(0) and T’ = B, \ B-r(0). Observe that

< Bo+nlyl

2¢eR <
140~ 1+4n

<yl
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and consequently y € T = Bg(z) \ B2.r(0). Let A be the connected component of
T’ N Q which contains y. We have

|T\A| > |T\Qy,BR(2),‘r|
> |Br(2)\Qy,Br(2),r

- |B25R(O)|

> 0|Br(0)] - (2¢)"|Br(0)]
o
> 7184(0)
> 27,
2
Since
T'NOACT NA(T' NQ) CcT' NOT'UIN) =T N, (3.2)
in view of C' < 0, we have
lim inf =Cy — i > Cy. .
mig’l’lr?{)Av(z) C rin’ll“/sr:l(%)AW(x) C (3.3)

Now, we verify (2.9). By (3.1]), we can choose T. > 0 such that
€o TE 1_%
el oo B, (0)) < W (7) for t > T-..

Assume R > A; := T.e~!. Using the above, we see

n

n

11-ny (R a
iy < BOFH (2) 7 il snon <

Setting m = liminf,_7/no4 v(z), we use (3.3) to show for any r > 0,

(%)UT Cy < (ui\jjﬁl)l/er < (ﬁ1| o mrdm) v < (%/T(v;,ﬁ)rdx) 1/T.

Since y € A, we have
i%f V4 S0(y) = Cy —w(y). (3.4)
Thus, letting r > 0 be the constant from Lemma [2.4] we have

g

1/r
(3) " Cu < Co (it vz a+ BIflincrnn ) < Co(Co = wly) + RIfn o)

if p > n, and

AN M _n _n
(3) " Cu < Co(Cu—wm) + I lrerny Yo B2 5l i)
k=0

if p € (po,n). Therefore, we conclude that the assertion (ii) holds with k = 1 —
(2)Y"min{C; ", 1} > 0 in the case where R > A;.
Next assume that R < A;. We can choose constants
Po = po(n7 q,T,€0,E, A17 ||/'L||Lq(Q))7

Ho = MO("L q,T,€0,¢, A17 ||M||LQ(Q)) S (07 1)7 NO = No(’I'L, q,T,€0,¢, A17 ||M||LQ(Q)) eN
and a finite sequence {z;}Y°, C T" such that

TC UzN:OIBPoR(xi) C UzZv:()lE?PoR(x’i) C T/a (35)

|BP0R(xi) N BPOR(xiJrl)‘ > ,LLO|BPOR(O)|7
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where B, r(zn,+1) = Bpor(z1), and

1 60 q—n
o < ( ) . 3.7
ATB )7 \allaey 3.7
We see that
1_1
6l (B r () < [Bpor(@i)|[™ ™ |1l La(B,n0) < €0
For the reader’s convenience, we recall Cabré’s covering argument when p > n.

Since vy, 4 is a nonnegative LP-viscosity supersolution of P*(D?u) + pu(z)|Du| >
—f(z) in T, in view of Lemma [2.4] we have

HUT_“’,AHLT(BpOR(Ii)) < |Bp0R($i)‘1/rCO(B inf )’U;,A +pOR||f||L"(A))

poR(Zi

for i = 1,2,..., Ny, where r,Cy > 0 are from Lemma [2.4l Furthermore, for i €
{1,2,...,No}, setting B; = B, r(x;), we have

infv. , < inf o5
B A= p i VA

< (71 (v )"d )w
< U T
|Bi N Biyil Jpiop,, 7
< Cl( inf U;’.A + RHf”Ln(A))
By ’
for some C7 > 1. Thus, repeating this argument, for 1 < i < Ny, we have
infuz, 4 < O (inf vz 4 + NoRISlonca) )
Bi ’ BNO ’

Since we may assume that infr vy, , = inf By V7 4> there is Cy > 0 such that

No
[vzr allrery <D oz allirs,) < R7Co (ing%,A + R”fHL"(A)) -
i=1
When py < p < n, we can easily apply the above argument to show that

M
oz allirry < B¥Co(inf oz, 4+ B3l 3o RO D ullfaca))-
k=0

What remains of the proof follows the same argument as in the case of R > A;.
Case (i) |y| < Rp: Since we have R < (1 +n)Ry in this case, we may regard

as a bounded domain. Thus, we can use the standard covering argument by Cabré

without using . Setting T' = Bg(z), T' = Bg (2) and A = Qy g, (z),r» We have

g
IT\A| = |BR(2) \ Qy,Br(2),| 2 9|Br(2)| 2 SIT].

We shall only give a proof when ||| zn(77na) < €0.
Following the same argument as in case (ii) with the above inequality, and new
A, T, T, we have

a\/r e
(3) " Cu = Co(infvra+ Rollfln(s,00)) < Co (Cu = w(y) + Roll flliacs,om)
provided that p > n, and
— 5kt

/r M
(%)1 Cu < Co(Cu —w(y) + | los, ) 3 Ry
k=0

[~
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provided that p € (pg,n). Therefore, we conclude that the assertion holds with the
same k € (0,1) as in case (ii). O

Remark 3.4. The above proof clearly shows that € can be any constant satisfying
0<e< %min{ﬁ, (2)¥/m}. In the above proof, we have stated that Ny can be
chosen independently of z and R, which may not be trivial. We will give a proof
of this fact in Appendix.

The corresponding result for n = 0 is as follows.

Corollary 3.5. Assume that (2.5)), and with 1€ L(Q). Let y € Q
be a fo’;o point in Q with R = R, > 0 and z = z, € R". Then, there exist
k=r(n,\,A,o,7,Rg) € (0,1) and e = £(n, o) > 0 satisfying the following property:
if we C(Q) is an LP-viscosity subsolution of with f € L% (), then the same
estimates as in Lemma[3.9 (i) hold.

In the case of n = 0, we always have |y| < Ry unlike Lemma For the proof
of the above corollary, we just follow the steps in the proof of Lemma (1).

When Q@ C R™ is a G‘QOT*" domain, we derive the ABP maximum principle for
LP-viscosity subsolutions bounded from above of .

Theorem 3.6 (ABP maximum principle in unbounded domains). Assume (2.8)),
(2.5) and ([2.6) with € LL(Q) satisfying (3.1). Let n >0 and Q@ C R™ be a Gﬁ(’;"
domain. Assume also
sup Ry”fHL”(AynQ) <oo ifp>mn,
yEQ, |y|>Ro
2-2 ) (3.8)
sup. Ry " ||fllze(a,ne) <00 ifpo <p<n.
yeQ,|ly|>Ro
Let 0 < e < min{ﬁ7 (2)Y/"}. Then, there exists
C= C(TL, A7 A7p7 q,€,0,T, ROa 77) >0

satisfying the following properties: if w € C() is an LP-viscosity subsolution
bounded from above of (2.4) with f € L% (), then it follows that

supw < limsupw™ (z) +C  sup Ry”f”Ln(AyﬂQ)

Q x—00 yeQ,|y|>Ro (3 9)

+CRy  sup  |fllLr(B,n0),
yEQ|y|<Ro

provided that p > n, and

M

) 2_n (1—2)]&‘
supw < limsupw™ (z) +C sup Ry ° ||f||LP(AyﬁQ) ZRQ ! ”'“HII?“(AyOQ)
Q z—0Q yEQ, |ly[>Ro k=0

M

2-n (1-2)k

+CRy " sup ||fHLP(Bme)§ Ry " ||Mleq(Bme)
yEQL|Y|<Ro k=0

(3.10)
provided that p € (po,n). Here, Ay, = Bry (2,) \ Ber,(0) and By, = Br, (2).

Proof. We take the supremum over y € ) with the estimates in Lemma to
conclude the inequalities (3.9 and (3.10)). O
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Remark 3.7. By following our proof of Lemma (ii), it is easy to show that
(3.1) implies
1—n
sup Ry “[[pllzeca,ne) < oo (3.11)
yEQ,|y|>Ro

To show the ABP maximum principle in unbounded domains corresponding to
the case n = 0, we do not need to assume (3.8 since R, < Ry.

Corollary 3.8. Assume (2.8), and with p € LY (). Let Q C R™ be
a G'f"’;o domain. Then, there exists C = C(n,\,A,p,q,e,0,7, Ry) > 0 satisfying
the following properties: if w € C(Q) is an LP-viscosity subsolution bounded from
above of with f € L% (), then it follows that holds provided p > n, and
that @ holds provided p € (pg,n).

4. PHRAGMEN-LINDELOF THEOREM

In this section, we show that the weak maximum principle holds for PDEs with
zero-order terms. As before, assuming that €2 is a G(If";’” domain, for each y € €,
we use the notations R, > 0 and z, € R™. Also, B, and A,, respectively, denote

1.c00 1 (oy\l/n
Bry (zy) and Br, (2y) \ Ber, (0) for € € (0, 5 mln{H_n, ($)H"}).

Lemma 4.1. Assume , and with p € LY (Q) satisfying . Let
n>0and bea lef;’” domain. Then, there exists co = co(n, \, A, p,q,0,7, Ro,n) >
0 satisfying the following property: if c € L (Q), w € C() is an LP-viscosity so-
lution bounded from above of

F(x, Dw, D*w) — c(z)w™ <0 inQ (4.1)
such that
lim sup w(z) <0, (4.2)
x—0Q
and
Ky = max{ sup ||é||Ln(Ame)7 sup HCHLn(Bme)} < ¢, (4.3)
yE€Q,|y|>Ro yeQ,|y|<Ro

where é(x) = (1 + |2|?)2¢(x), then w <0 in Q.
Remark 4.2. Instead of (4.3)), it is assumed in [§] that
co

Set c(x) = ﬁ We easily see by following an argument in the proof of Lemma
(ii) that the K, associated with this ¢ is finite.

Proof. Note that by (2.6) together with Remark w is an L"-viscosity solution
of

P~ (D*w) — p(x)|Dw| — c(z)w™ <0.
We apply Theorem with f = cw™ to obtain that when |y| < Ry,

Rollew™ || pn(,na) < Ro Slglzper”C”L"(Bme) < RoKy sgpw*.

On the other hand, when |y| > Ry, we have

Ry

V1+ (eRy)?

. Ky
Ryllew™||zn(a,ne) < sup whléllzaca,ne) < 7Sgpw+. (4.5)
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1
1+n?

Choosing £; = 1 min{ (2)}/m} for instance, we have

1
1 +
supw < Csmax {RO, —}CO sup w
Q &1 Q

for some constant C3 > 0. Taking ¢y < 1/(Csmax{Ro, é}), we conclude the
proof. (I

The next Corollary can be proved exactly same as above by using Corollary
instead of Theorem

Corollary 4.3. Assume (2.5), (2.8) and (2.0) with pn € LL(Q2). Let Q be a G’gf‘;’o
domain. Then, there exists co = co(n, \, A, p,q, 0,7, Ro) > 0 satisfying the following
property: ifc € L} () andw € C(Q) is an LP-viscosity solution bounded from above

of (4.1) such that (4.2) and (4.3) hold, then w <0 in Q.

Theorem 4.4 (Phragmén-Lindel6f theorem). Assume (2.5), (2.8) and (2.6 with
p € LY (Q) satisfying B.1). Let n > 0 and Q be a GE." domain. If w € C(Q) is
an LP-viscosity solution of

F(x, Dw,D*w) <0 in (4.6)
such that holds and
wh(z) = O(log|z|) as |z| — oo, (4.7
then w <0 in Q.

Remark 4.5. In [§], it is assumed that wt (z) = O(|z|*) with a constant > 0 as
|z| — oo, which is weaker than (4.7). In fact, to deal with unbounded coefficients
(i.e. p), we will have to use a different function £ to apply Lemma This is the
reason why we suppose a restrictive growth rate in comparison with that in
[8].

Proof of Theorem[[.]] Define a positive smooth function
E(w) =log(1 + (1 +[z[*)"/?),

where 8 > 0 will be fixed later, and set u = w/£, which is bounded from above. A
straightforward calculation shows that

D¢ 5 -

e DS T Pog 1 (L1 )Py )
|D%¢| BCy .

& S T aPiest + A ape @

for some C4y > 0. Thus, in view of Lemma we see that u is an L™-viscosity
solution of
P~ (D%u) = 71(2)|Du| = 2(z)u” <0 inQ,

where
_ hifp _.
O = ) og(1 + (11 fappyors) ) T e el
(z) = haBCy n Bu(z)
" (1 +[z[?)log(1 + (1 + [2[2)7/2) ~ (log 2)(1 + |z|?)*/2

=t 721(%) + y22(7)
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We first show that v, satisfies (3.1)). Note that we only need to show that ;1 satisfies
(3.1). Setting g(z) = (|z[log|z|)~" for |z| > 1, we easily show ||g|lLa(Bs(0)) =
o(t— %)) as t — oo, which implies that 1, satisfies (3.1).

We next show that (4.3) holds for 2. We shall observe that

K{:=max{ sup [52llm(a,n0),  sup ||'72||Ln(BmQ)} (4.8)
yEQ |y[>Ro YyEQ |y|<Ro

is small when 8 — 0, where 42(z) = /1 + |z|?72(x).

When y €  satisfies |y| < Ry, we see that By C Bgy(24n+r-1(145))(0). Thus,
the second term in (4.8]) can be small when 8 > 0 is small enough.

To estimate the first term of (4.8), we note that A, = B, \ Bcg, (0) C Bcg,(0)°
provided e < 2(%% Setting Yoo () = /1 + |x|?v22(x), by lb we can choose
To > 1 such that

[422]l oo Bo(0y) < Bt~ 7% for t > Ty,

Hence, for R, > A := %, we have

. .
[22lln(a,n0) < CsRy “ [F22llLa(a,ne) < Cs =
&

for some C5 > 0, where ¢ = %min{ﬁ, (2)1/m}. If R, < Ay, then we have

N 1—n 1—n
922/l Ln(a,n0) < CeBRy “[lpllLa) < CsBAs “ullLaa)
for some Cg > 0. Thus, in this case, we may suppose that [|92||pn(a,n0) is small
by taking small 5 > 0.
The remaining case is to prove that sup,cq /> r, 9211l = (4, nq) is small, where
A21(z) = /1 + |z|?>v21(x). To this end, we shall show that for any c¢o > 0, there is
small 3 > 0 such that ||421]/z»®n) < co. Since

/Oo ! d ! fort > 1
r= or
. r(logr)® (n—1)(logt)"—1 ’
we can choose 7' > 1 independent of § > 0 such that 19211l (B,0)c) < co/2-

For this fixed 7 > 0, we can find small 3 > 0 such that ||421]|1n(5,(0)) < co/2-
Therefore, using Lemma [£.1| with 4 = v, and ¢ = 72, we get u < 0. This concludes
the proof. (I

Our Phragmén-Lindel6f theorem for n = 0 is as follows.

Corollary 4.6 (Phragmén-Lindelof theorem). Assume (2.5), (2.8) and (2.6) with
p€ LL(Q). Let Q be a GELO domain. If w € C(Q) is an LP-viscosity solution of

(4.6) such that (4.2) and (4.7)) hold, then w <0 in Q.

Proof. The only difference from the proof of Theorem is how to estimate “o5.
However, since R, < Ry, we can show it immediately. [l

5. APPENDIX: A PROOF OF AN ELEMENTARY GEOMETRIC PROPERTY

In the proof of Lemma [3:2] the integer Ny might depend on y € Q such that
ly| > Ro and R := R, < A;. We shall show that the integer Ny has an upper
bound independent of such y € Q. To this end, we recall our domains 7" and 7’ in
this case: T = Bg(2) \ B2:z(0) and T' = Br (2) \ B:r(0).
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We note that the position of (T,T") varies depending on the distance of two
centers; |z|.

For ¢ € [0,1], we denote by (T},7}) the couple (T,T") when |z| = (1 —t)(L 4 2¢).
For instance, Ty and 7T} are annuli with the common center at z = 0 while Ty =
Bgr(z) and T} = BR( ). All the possible positions of (T,7') can be found in

{(T3,T]) : ¢t € [0, 1} For each (T3,TY}), it is easy to find an integer No; € N

satisfying (3.5) , ., with Ng = Ngg.

For any ﬁxed t e [0, 1] we can choose {x;};° (” C T} such that , ,
with Nog = Noy, @, = x4, T =Ty and TV = Tt’. We can find d; > 0 such
that holds for T' = T, and T" = T, for s € I; := (t — §,t + ;) N [0, 1]
because (T3, T) changes continuously in ¢. Since [0,1] C Usejo,1)1¢, we can choose
a finite set {t; € [0,1]}%_, such that [0,1] C UL_,I;,. Therefore, we can take
N := max{No, : k=1,2,...,L} as an upper bound for Ny.

Acknowledgements. The authors want to thank the anonymous referee for sev-
eral suggestions and comments on the first draft of this article.
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