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WEAK SOLUTIONS FOR ANISOTROPIC NONLINEAR
ELLIPTIC EQUATIONS WITH VARIABLE EXPONENTS

BLAISE KONE, STANISLAS OUARO, SADO TRAORE

ABSTRACT. We study the anisotropic boundary-value problem

N
> L, Ly =y mo,
= ox; ox;
u=0 on 99,

where Q is a smooth bounded domain in RN (N > 3). We obtain the existence
and uniqueness of a weak energy solution for f € L°°(Q2), and the existence of
weak energy solution for general data f dependent on w.

1. INTRODUCTION

Let Q be a bounded domain of RY (N > 3) with smooth boundary 9. Our aim
is to prove existence and uniqueness of a weak energy solution to the anisotropic
nonlinear elliptic problem

N
0 0
_ ; a—xiai(m, a—xlu) =f inQ (1.1)
u=0 on 01,

where the right hand side f is in L*°(2). We assume that for ¢ = 1,..., N the
function a; : @ x R — R is Carathéodory; i.e., a(x,.) is continuous for a.e. z € Q
and a(., t) is measurable for every ¢t € R and satisfy the following conditions: a;(z,§)
is the continuous derivative with respect to £ of the mapping A4; : & x R — R,
A; = Ai(z,8); 1e., a;(x, &) = %Ai(x,g) such that:

The following equatility holds

AZ(JZ,O) = O7 (1.2)

for almost every = € Q.
There exists a positive constant C such that

lai(z,€)| < Cr(ji(z) + [¢P7) (1.3)

for almost every x € (2 and for every £ € R, where j; is a nonnegative function in
LPiC)(Q), with 1/p;(x) + 1/pi(z) = 1.

2000 Mathematics Subject Classification. 35J20, 35J25, 35D30, 35B38, 35J60.

Key words and phrases. Anisotropic Sobolev spaces; weak energy solution; variable exponents;
electrorheological fluids.

(©2009 Texas State University - San Marcos.

Submitted February 10, 2008. Published November 12, 2009.

1



2 B. KONE, S. OUARO, S. TRAORE EJDE-2009/144

The following inequality holds

(ai(xvg) 7(11(1'777))(5777) >0 (14)
for almost every x € 2 and for every £, € R, with £ # 7.
The following inequalities hold

€7 < ai(w,€).€ < pile)Ai(x, €) (1.5)
for almost every x € 2 and for every £ € R. -
For the exponent pi(.),...,pn(.), we assume that p;(.) : @ — R are continuous
functions such that:
AN
2 <pi(x) <N, — >1, (1.6)
i=1 Pi
where
p; = essinfp;(x),p] = esssup p;(z).
e Pr=te)

A prototype example that is covered by our assumptions is the following anisotropic
(p1(.),- .., pn(.))-harmonic problem: Set

Az(x7€) = (1/pl($)>|§ pi($)7 ai(x7€) = |£

where p;(x) > 2. Then we obtain the problem:

Pi(1)_2§

N

9 (0 s d
=3 g (g 2 ) = 1

i=1 v

which, in the particular case when p; = p for any i € {1,..., N} is the p(.)-Laplace
equation.

The study of nonlinear elliptic equations involving the p-Laplace operator is
based on the theory of standard Sobolev spaces W™P({2) in order to find weak
solutions. For the nonhomogeneous p(.)-Laplace operators, the natural setting for
this approach is the use of the variable exponent Lebesgue and Sobolev spaces
L) (Q) and W™P()(Q). The spaces LP() () and W) (Q) were thoroughly
studied by Musielak [I§], Edmunds et al [7, [ @], Kovacik and Rakosnik [13],
Diening [5], 6] and the references therein.

Variable Sobolev spaces have been used in the last decades to model various
phenomena. Chen, Levine and Rao [4] proposed a framework for image restoration
based on a variable exponent Laplacian. An other application which uses nonhomo-
geneous Laplace operators is related to the modelling of electrorheological fluids.
The first major discovery in electrorheological fluids is due to Willis Winslow in
1949. These fluids have the interesting property that their viscosity depends on the
electric field in the fluid. They can raise the viscosity by as much as five orders of
magnitude. This phenomenon is known as the Winslow effect. For some technical
applications, consult Pfeiffer et al [19]. Electrorheological fluids have been used in
robotics and space technology. The experimental research has been done mainly in
the USA, for instance in NASA Laboratories. For more information on properties,
modelling and the application of variable exponent spaces to these fluids, we refer
to Diening [5], Rajagopal and Ruzicka [20], and Ruzicka [21].

In this paper, the operator involved in is more general than the p(.)-Laplace
operator. Thus, the variable exponent Sobolev space Wl’p(')(Q) is not adequate
to study nonlinear problems of this type. This lead us to seek weak solutions
for problems in a more general variable exponent Sobolev space which was
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introduced for the first time by Mihailescu et al [I6]. Note that, Antontsev and
Shmarev [2] studied the following problem which is quite close to (1.1)):

- Z Di(ai(z,w))|DiufP" ™2 Diu + e(x,u)[ul”™2u = F(z) inQ

(1.7)
u=0 on 99,
in a bounded domain Q € RY, and elliptic systems of the same structure,
—ZDj(aij(x,Vu)) = fi(z,u) nQ,i=1,...,n.
J (1.8)

u=0 on oN.

In [2], the authors proved among others result, existence of (bounded) weak solu-
tions and establish sufficient conditions of uniqueness of a weak solution, where the
variational set considered is

V(Q) = {ue L°@DQ) n W, (Q), Di(u) € LPF@(Q),i=1,...,n}

equipped with the norm |Jully = ||ulls(y + >iq [Diullp;()-

The remaining part of this paper is organized as follows: Section 2 is devoted
to mathematical preliminaries including, among other things, a brief discussion of
variable exponent Lebesgue, Sobolev and anisotropic Sobolev variables exponent
spaces. The main existence and uniqueness result is stated and proved in section
3. Finally, in section 4, we discuss some extensions.

2. PRELIMINARIES

In this section, we define the Lebesgue and Sobolev spaces with variable exponent
and give some of their properties. Roughly speaking, anistropic Lebesgue and
Sobolev spaces are functional spaces of Lebesgue’s and Sobolev’s type in which
different space directions have different roles.

Given a measurable function p(.) :  — [1,00). We define the Lebesgue space
with variable exponent LP()(Q) as the set of all measurable function u : Q — R for
which the convex modular

Pp(y(u) == /Q [P dz:
is finite. If the exponent is bounded; i.e., if py < co, then the expression
[ulpcy = inf{A > 0: ppy(u/N) < 1}

defines a norm in LP()(Q), called the Luxembourg norm. The space (LP() (), lIpc))

is a separable Banach space. Moreover, if p_ > 1, then LP(") () is uniformly convex,

hence reflexive, and its dual space is isomorphic to L”/(‘)(Q)7 where L~ + 4~

p@) T P(@) T
Finally, we have the Holder type inequality:

1 1
uv dx §(—+—>u ol y, 2.1
|/Q | Py LU OIS (2.1)

for all u € LP()(Q) and v € L") (Q). Now, let
WhPO(Q) = {u € LPO(Q) : |[Vu| € LPO(Q)},
which is a Banach space equipped with the norm

lullip) = lulpcy + [Vuly).-
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An important role in manipulating the generalized Lebesgue-Sobolev spaces is
played by the modular p,y of the space Lp(')(Q). We have the following result
(cf. [II]).

Lemma 2.1. If u,,u € LP)(Q) and py < 400 then the following relations hold

(0) Julp) > 1= \UIg() < pp(y(w) < \“|§6;
(i) Julpy < 1= Julyy < ppey (u) < Julyy;
(iii) [un —ulpc)y — 0= ppr)(Un —u) — 0;
(iv) |ulecr (o) <1 (respectively = 15> 1) < pp(y(u) < 1 (respectively = 1;>1);
V) [un|pecr) — O (respectively — +oo) & ppy(un) — 0 (respectively —
+00);
(vi) ppy(uw/lulpecr()) = 1.

Next, we define Wol’p(') (Q) as the closure of C§°(€2) in WP()(Q) under the norm
lull1,p)- Set

C+() = {p € O() : minp(z) > 1}.

Furthermore, if p € C(Q) is logarithmic Hélder continuous, then C§°(€2) is dense
in Wol’p(')(Q)7 that is Hé’p(')(Q) = Wol’p(')(Q) (cf. [12]). Since € is an open bounded
set and p € O () is logarithmic Hélder, the p(.)-Poincaré inequality

ulp < CVulp()
holds for all u € Wol’p(')(ﬂ), where C' depends on p, ||, diam(Q2) and N (see [12]),
and so

lull == [Vulpy,

is an equivalent norm in VVO1 P (')(Q). Of course also the norm

N9
ullpe) = Z ’37“ ()
i=1 ¢

is an equivalent norm in Wy (Q). Hence the space Wy (Q) is a separable and
reflexive Banach space.

Finally, let us present a natural generalization of the variable exponent Sobolev
space VVO1 P (')(Q) (cf. [16]) that will enable us to study with sufficient accuracy
problem . First of all, we denote by P : @ — RY the vectorial function

D = (p1,...,pn). The anisotropic variable exponent Sobolev space Wol’p(')(Q) is
defined as the closure of C§°(£2) with respect to the norm

AN
lullz o) =D l5-u
i=1 v

pi()’

The space (W&’?(')(Q), lull4 ) is a reflexive Banach space (cf. [16]).
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Let us introduce the following notation.

—_— g _ _
P+:(p-1i_7"'apx)a P—:(pla"'7p]\/')7
Pfrr = max{pf, . ,p}}, Pt = max{p;,...,Py}
P~ =min{py,...,pn}, P- . =max{PT P*},

N
Zi:l pi—

We have the following result (cf. [16]).

Theorem 2.2. Assume Q CRY (N >3) isa bounded domain with smooth bound-
ary. Assume relation (1.6)) is fulfilled. For any q € C(Q) verifying

1<q(z) < P_ o foralzeQ,

then the embedding
Wol’p(')(Q) — LIO(Q)
is continuous and compact.

We remark that Assumption (L.4) and relation a;(z,§) = VeAi(z, ) imply in
particular that for ¢ = 1,..., N, A;(z,£) is convex with respect to the second
variable.

3. EXISTENCE AND UNIQUENESS OF WEAK ENERGY SOLUTION

In this section, we study the weak energy solution of (1.1).

Definition 3.1. A weak energy solution of ([1.1)) is a function u € Wg’?(')(Q) such
that

/Zaz 63 pdr = / f(x)pdz, for all p € W, L7 () (). (3.1)

The main result of this section is the following.

Theorem 3.2. Assume (1.2))- and f € L*(Q). Then there exists a unique
weak energy solution of (L.1).

Proof of Existence. Let E denote the anisotropic variable exponent Sobolev
space Wol’ P (')(Q). Define the energy functional J : £ — R by

/ZA dac—/fudx

We first establish some basic properties of J.

Proposition 3.3. The functional J is well-defined on E and J € CY(E,R) with
the derivative given by

(J' /Zaz — 5‘ @dx—/fapdm

for allu,p € E.
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To prove the above proposition, we define for i = 1,..., N the functionals A; :
FE — R by

/ A u)dz, forallueFE.
sz

Lemma 3.4. Fori=1,.

(i) the functional Ai is well-deﬁned on E;
(ii) the functional A; is of class C*(E,R) and

/ Y
(A (u), @) = /Qal(x, axiu).axigodx,

forallu,p € E.

Proof. (i) For any = € Q and £ € R, we have

1 d 1
A, €) = /0 A, 1€)t = /0 i, 16) £dt.

Then by ,
JM%OSQA%()+K“”%MI)WM<QM) U pi(a)
The above inequality and imply
0<A&@£ﬁm<qéﬂn Md+—/| e

for all w € E. Using and Lemma 2.1, we deduce that A; is well-defined on E,
fori=1,...,N.

(i) Existence of the Gateaux derivative. Let u,¢ € E. Fix x € Q and 0 < |r| < 1.
Then by the mean value theorem, there exists v € [0,1] such that

0 0 0
(o) + v (o) | o)
= |A4i(o, (o) + 5 p(2) — Aie, gl |

WHW%ﬂM.

|a;(x

pi(z)—1

. P+ a
S I:Cljl(x) + 012 + (‘@U(I)
Next, by (2.1), we have

0 0
i — < P, —
/chjz(x”axl@(x)‘dx = ﬁ‘cljlkni(z) |8$2§0

0
+ |8T:Z<'0(I)

pi(x)

and 9 b
/Q‘ﬁ P @)= 1| gp|dac<a|| » pi(w)_1|p£(7:)‘|87migo|l7i(£)'

The above inequalities 1mply
n [ite) + 27 (| ut)

It follow from the Lebesgue theorem that

0 0
! - j _ —_— ) —
(Aj(u), @) = /Qaz(x, 6%@)&“@6@7 fori=1,...,N.

W“méﬂmeﬁm

pi(xz)—1

Awg%ﬂm
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Assume now u,, — u in E. Let us define ¢;(x,u) = a;(z, a%u). Using assumption
([T-3), [13, theorems 4.1 and 4.2], we deduce that ¥;(x, w,) — 1 (z, u) in LP@)(Q).
By (2.1), we obtain

0
and so
1A} (un) — Aj(W)]| < Cli(, un) — ¥i(z, W)y @) — O,
asn — oo fori=1,...,N. The proof is complete. ([

By Lemma 3.4, it is clear that Proposition 3.3 holds true and then, the proof of
Proposition 3.3 is also complete.

Lemma 3.5. Fori=1,...,N the functional A; is weakly lower semi-continuous.

Proof. By [3], corollary II1.8], it is sufficient to show that A; is lower semi-continuous.
For this, fix u € F and € > 0. Since A; is convex (by Remark 2.3), we deduce that
for any v € E, the following inequality holds

0 0 0 0 0
) _— > ) _—_ . . _ .
/ Al(x7 = U)d(t / Al(gc, - u)d:ﬂ / al(x7 - u) ( l‘iv = u)dx

Using (/1.3 and ., we have

13}
> 4 B
/A v)dx /A /Q|a1( )H -V 8$iu\dx

/A dx—Cl/ i(x )|ai(v—u)|da:

*Cl/ ‘ium 1|i(v7u)\dx
(9] xz Jf'z

0 .
Ai(xv Biaclu)dx — Caljily, 87%(” —)|p, (2)
. 0
_03” ‘pl( )= 1‘ |(97Ii(v_u) pi(x)
/ Ai(x, s—u)dr — Cyllv — ull5 ()

> /QAi(x,aiiu)dx — ¢,

for all v € E with [lv — ull) < § = €/C4, where C2,C3 and Cy are positive
constants. We conclude that A; is weakly lower semi-continuous for ¢ = 1,..., N.
The proof is complete. O

Proposition 3.6. The functional J is bounded from below, coercive and weakly
lower semi-continuous.
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Proof. Using (1.5]), we have

/ZA da:—/ fudz
Q

1 0

FZ/Q'(TZ“

> S [l s~ |l

+ =1

J(u)

Y

Pi(®) g — / fudx
Q

where [Jullq = ( J, [u|?dz) Y9 and 1 < q < P*. Foreachi € 1,..., N, we define
o — Pl oif |52 < 1,
PTif | 2u > 1

For the coerciveness of J, we focus our attention on the case when v € E and
llull5 ) > 1. Then, by Lemma 2.1 we obtain

sz 31

+ i=1

pf(,) = [1f llgllullq

1 0 p- 0 P
2P+Z|8m w0 T BF 2 (17000 = 17l = 11l
{ir;=P}}
P 1 J P
zprsz WOTDF 2 (177 4lorcy) = 171 el
i=1 {zal_PJr}
2p+2'ax o~ +—||f||qf\|u||q

P’ N ,
> PJ-: Z|a$ pi() P+ = Cullq
=1
1 ) - N
> ( 2 ul)) el
N; ox; Py
1 - N
>

WHUH?( P+ -’ ||U||?( )s
+

since E is continuously embedded in L?(Q2). As P~ > 1, then J is coercive. It is
obvious that J is bounded from below. By Lemma 3.5, A; is weakly lower semi-

continuous for ¢ = 1,..., N. We show that J is weakly lower semi-continuous. Let
(un) C E be a sequence which converges weakly to w in E. Since fori=1,...,N
A; is weakly lower semi-continuous, we have
A;i(uw) < liminf A; (uy). (3.2)
n—-+o0o

On the other hand, F is embedded in L(Q) for 1 < ¢ < P_ . This fact together

with relation (3.2)) imply
J(u) < liminf J(uy,).

n—-+oo
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Therefore, J is weakly lower semi-continuous. The proof is complete. O

Since J is proper, weakly lower semi-continuous and coercive, then J has a
minimizer which is a weak energy solution of (1.1)). The proof of existence is then
complete.

Proof of uniqueness for Theorem Let u1, ua be two weak energy solutions

of . Then
N
Z/ (ai(x
=179 ‘
Using in (3.3)), we obtain
N

0 0
lur — w25y = Z 'a?/““ - 8701@2 pi() = 0. (3.4)
i=1

0 0 0
uy) — a;(z, a—xim)).(axiul — %uQ)dx =0. (3.3)

From ((3.4) it follows that u; = us.

4. AN EXTENSION

In this section, we show that the existence result obtained for (l.1)) can be
extended to more general anisotropic elliptic problem of the form

N
0 0
- a_ W I = ) i Q
; 3xia (z 8xiu) f(z,u) in (41)
u=0 on 0.
We assume that the nonlinearity f : {2 x R — R is a Carathéodory function. Let

F(m,t):/o f(z,s)ds

We assume that there exists C; > 0, Cs > 0 such that

|f(,8)] < Cy + Calt), (4.2)
where 1 < § < P~. We have the following result.
Theorem 4.1. Under assumptions - and , Problem has at least

one weak energy solution.

Proof. Let g(u fQ x,u)dz, then ¢’ : E — E* is completely continuous; i.e.,
Up = U= g (un) — ¢'(u), and thus the functional g is weakly continuous. Conse-
quently,

Z/A dﬂc—/QF(x,u)dm, uek

is such that J € C'(E,R) and is weakly lower semi-continuous. We then have to
prove that J is bounded from below and coercive in order to complete the proof.
From (4.2), we have |F(x, t)| <C(1+ |t|5) and then

N
J(u) 2 ———|lu || o~ pF —C [ |ufdz—Cs,
+ a7 PZ
P N + Q

for all u € E such that [[ul|5) > 1.
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We know that E is continuously embedded in L?(Q). Tt follows from inequality
above that

P” N Jé;
J(u) > C5HU||5>(,) - FI - 04”“”5’(,) —C3 — +o0
as [[ul|5y — +oo. Consequently, J is bounded from below and coercive. The
proof is then complete. (Il

Assume now that FT(x,t) = fg T (x,s)ds is such that there exists C; > 0,
C5 > 0 such that
[F (@, )] < G+ Colt] 7, (4.3)

where 1 < 8 < P~. Then we have the following result.

Theorem 4.2. Under assumptions (1.2))-(1.6)) and (4.3)), Problem (4.1)) has at least
one weak energy solution.

Proof. As f = fT — f~,let F~ fo (x,s)ds. Then

/QZA )dx—!—/QF_(a:,u)dx— F*(x,u)dz

Q
>/ZAi(x,iu)dxf/F+(x,u)dfc.
CJain O; Q

Therefore, similarly as in the proof of Theorem 4.1, the conclusion follows immedi-
ately. O
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