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PERIODIC SOLUTIONS FOR A LIENARD EQUATION WITH
TWO DEVIATING ARGUMENTS

YONG WANG, JUNKANG TIAN

ABSTRACT. In this work, we prove the existence and uniqueness of periodic
solutions for a Liénard equation with two deviating arguments. Our main
tools are the Mawhin’s continuation theorem and the Schwarz inequality. We
obtain our results under weaker conditions than those in [14], as shown by an
example in the last section of this artticle.

1. INTRODUCTION

The Liénard equation can be derived from many fields, such as physics, mechanics
and engineering technique fields. An important question is whether this equation
can support periodic solutions. In the past several years, the existence of periodic
solutions to Liénard equation has been widely discussed, notably by Liénard [6]
and by Levinson and Smith [5]. Recently, Zhou and Long [14] studied the existence
and uniqueness of periodic solutions of the following Liénard equation with two
deviating arguments

2(t) + f@()' () + g1 (t,2(t = 1a(£) + ga(t, w(t = 2()) = e(t),  (L.1)

where f, 71,7, € C(R,R), g1,92 € C(R*,R), 11(t), 72(t), g1(t, ), g2(t, ), e(t) are
periodic functions with period T', with respect to ¢, T-periodic for short.

In recent years, there have been many publications on the existence of periodic
solutions of the Liénard equation of the type ; see for example [2] [7] [8, 1], [0} [T0],
11,12, [13]. However, as far as we know, there are fewer results on the existence and
uniqueness of periodic solutions to . Applying Mawhin’s continuation theorem
and some analysis techniques, Zhou and Long [14] provided a sufficient condition
for the existence and uniqueness of periodic solutions to 7 but their results can
be improved.

The main purpose of this paper is to provide a new sufficient condition for
guaranteeing the existence and uniqueness of T-periodic solutions to , by using
Mawhin’s continuation theorem and Schwarz inequality. Our results hold under
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weaker conditions than those in [I4], and that are verifiable as shown by an example
in the last section.

2. PRELIMINARIES
For convenience, we define

= t oo = "(1)],
] 0o trerE%]Ix()L 2’| 0o tg[lggs]lx()\

T 1/k 1 T
_ k 5 _
||, = (/o |z (t)] dt) , €e= T/o e(t)dt
Let

Ct:={rx € CY(R,R) : x is T-periodic}, Cp :={x € C(R,R): z is T-periodic},
which are Banach spaces with the norms
lzllcy = max{|z]oo, [2'lec},  N@ller = |2]co-
The following conditions will be used in this paper:
(HO) There exist C; > 0, Co > 0, by > 0 and by > 0 such that |f(x1) —
f(@2)] < Cifwr — a2, [f(2)] < C2 and |gi(t,u) — gi(t,0)] < bilu — vl,
for all x1,z9,z,t,u,v €R, i =1,2.

The following Mawhin’s continuation theorem is useful in obtaining the existence
of T-periodic solutions of ([1.1J).

Lemma 2.1 ([8 p. 40]). Let X and Y be two Banach spaces. Suppose that
L:D(L) C X — Y is a Fredholm operator with index zero and N : X — Y is
L-compact on Q, where Q is an open bounded subset of X. Moreover, assume that
all the following conditions are satisfied:

(i) Lx # ANz, for allz € 9QND(L), A € (0,1);

(ii) Nz ¢ Im L, for all z € 0N Nker L;

(iii) the Brouwer degree deg{JQN,Q Nker L,0} # 0, where J : ImQ — ker L is

an isomorphism.

Then equation Lz = Nz has at least one solution on QN D(L).

Lemma 2.2. Ifz € C*(R,R) with z(t + T) = x(t), then
T 2
N2 « (—_ " 2.
2’3 < (2ﬂ_) Eb
The proof of the above lemma is a direct consequence of the Wirtinger inequality;
see for example [4]. Consider the homotopic equation of (1.1)), for A € (0, 1),

() + M (x(t)z'(t) + g1 (t,z(t — 71(t))) + Aga(t, z(t — 72(2))) = Ae(t).  (2.1)
We have the following lemma.

Lemma 2.3. Suppose that the following conditions are satisfied:

(H1) one of the following conditions holds:
(1) (gi(t,u) — gi(t,v))(w—v) >0 for all t,u,v € R, u # v, i=1,2,
(2) (gi(t,u) — gi(t,v))(u—v) <0 for all t,u,v € R, u # v, i=1,2;
(H2) there exists d > 0 such that one of the following conditions holds:
(1) 2(g1(t,z) + g2(t,z) —€) >0, for allt € R, |z| > d,
(2) z(g1(t,x) + g2(t,x) —€) <0, for allt € R, |x| > d;
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If x(t) is a T-periodic solution of (2.1), then
VT
|20 < d+ 7|x’\2. (2.2)

Proof. Let z(t) be an arbitrary T-periodic solution of (2.1). Then, integrating (2.1))
from 0 to T, we have

T
| sttt = ma(0)) + gttt = 7o) = et =, (2.3)

which implies that there exists t; € R such that
gl(tl,I(tl — Tl(tl))) + gg(tl,x(tl — Tg(tl))) — €= O (24)

Now we show the following statement.
Claim. If z(t) is a T-periodic solution of ([2.1]), then there exists t2 € R such that

|z(t2)| < d. (2.5)
Assume, by way of contradiction, that (2.5) does not hold. Then
|x(t)| >d forallt € R, (2.6)

which, together with (H1), (H2) and (2.4]), imply that one of the following four
relations holds:

z(ty — 1(t)) > 2(th — 12(t1)) > d, (2.7)

z(ti — 2(t1)) > 2(t — 7i(t1)) > d, (2.8)

z(ty — mi(th)) <ty —72(t1)) < — (2.9)

a(ty = 72(th)) <@t —7i(t)) < — (2.10)

Suppose that holds, in view of (H1)(1), (H1)(2), (H2)(1) and (H2)(2), we

consider fours cases as follows:
Case (i): If (H1)(1) and (H2)(1) hold, according to (2.7), we have

)
0 < gi(tr,z(t1 — 72(t1))) + ga(tr, x(t1 — m2(t1))) —
< g1(tr, z(t; — Tl(tl))) + ga(t1, z(t1 — 2(t1))) — €,

which contradicts (2.4]). Thus is true.
Case (ii): If (H1)(2) and (H )( ) hold, according to (2.7, we have

0 < gi(ty,z(t1 — 71(t1))) + ga(tr, x(t1 — m1(t1))) — €
< gi(ty, z(ty — 71(t1))) + g2(ty, (1 — m2(t1))) — €,

which contradicts (2.4]). Thus (2.5)) is true.
Case (iii): If (H1)(1) and (H2)(2) hold, according to (2.7, we have

0> g1(t1,z(t1 — 11(t1))) + g2(t1, z(t1 — 11 (t1))) — €
> gi(ty, z(t — 11(t))) + g2(ts, 2(ts — 72(t1))) — &,
which contradicts (2.4). Thus (2.5) is true.
Case (iv): If (H1)(2) and (H2)(2) hold, according to (2.7), we have
0> g1(t1,z(t1 — 12(t1))) + g2(t1, z(t1 — 12(t1))) — €
> g1(ty, z(t — 11(t))) + g2(ts, 2ty — 72(t1))) — &,

which contradicts ([2.4). Thus (2.5)) is true.

Q]
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Suppose that (2.8])(or (2.9), or (2.10])) holds; using methods similar to those used
(2.5)

in Case (i)—(iv), we can show that is true. This completes the proof of the
above claim.

Let to = kT + to, where {5 € [0,7] and k is an integer. Then noticing z(t) =
z(t+T) and (2.5)), for any t € [ta,t2 + T], we obtain

2 (t)] = ‘x(%}) +/t

to

x’(s)ds) <d+ /; |z’ (s)|ds

and
t

2+ T 04T
x’(s)ds’ <d+ ‘ —/ x’(s)ds‘ < d+/ |2’ (s)|ds.
ot T t t

0] = [ola+T)+ [

Combining the two inequalities above, we obtain

lz(t)] < d+ %/0 |z’ (s)|ds.

Using Schwarz inequality yields

1 [T 1 1

7)o = max |z(t) <d+ ’/ |2/(s)|ds < d+ = |1]a]a’ ] = d+ =VT|2'].
te(ta,ta+T] 2 0 2 2

(2.11)

This completes the proof. ([
Lemma 2.4. Suppose (H0)—(H2) hold. Also suppose the following condition holds
(H3) ColL + (b1 + b)) < 1.
If x(t) is a T-periodic solution of (1.1), then |x'| < D, where
(b1 + b)d + max{lgr (1, 0)] + lga (0 : 0 < ¢ < T} + [eloc]T
21— Col — 0, 22 — 5, %) '
Proof. Let x(t) be a T-periodic solution of (1.1)). From (H1) and (H2), we can

easily show that (2.2)) also holds. Multiplying z”(¢) and (1.1]) and then integrating
it from 0 to T, by Lemma 2, (HO), (2.2)) and Schwarz inequality, we have

D =

|$H|2
’ T T
=— / f(t)a' ()" (t)dt — / g1(t,z(t — i (1)))2" (t)dt
0 0
—/ gg(t,l‘(t—Tg(t))).%‘”(t)dt-i-/ e(t)z” (t)dt
0 0

T T
S/O If(l"(t))lll”’(t)III”(t)Idt+/O g1 (&, z(t — o.(1))) 2" (¢) |dt

T

+ATmuwu—mw»w%wm+A () 2" (1))t

T T
SCQ/ Ix'(t)llz"(t)\dtﬂL/ (g1 (t, 2t = 71())) — 91(£,0)| + g1 (¢, 0)[]|2” (¢) it

0 0

4 [ lgalt, (e = 7a(6)) = g2(6,0)| + lga(e, " (@)t + [ lelt)]o” D)
0 0
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T T
SCzlx’Izlx”lerln/ Iff(t—Tl(t))llx"(t)\dtJr/ l91(£, 0)l|2" (#)]dt
0 0
T

T T
by / et — ma(8)) 2" (8)|dt + / g (6,0) 12" ()| dt + / le(t) 2" () dt

< C’g |a: 12 4 (by + b)) VT|x|oo|2”|2

[max{|gl(t 0)] + g2(t,0) : 0 < t < T} + |e|oc] VT |22
T 2
< [022—+<b1+b2> JI="13

(b + ba)d + max{|gs (1, 0)] + |g2(£,0)| : 0 < £ < T} + leloc] V2",
which, together with (H3), implies

2] < [(b1 + by)d + max{|gi(t,0)| + Ig2(t 0)\ 0<t<T}+eloc]VT
1-— 0227‘_ bQi

Since x(0) = z(T), there exists ty € [07T] such that 2'(tg) = 0, for any ¢ €
[to, to + T], we obtain

()] = [ (t0) + /tt o (s)ds| < /tt 12 (5)|ds,

t to+T to+T
|z'(t)| = |2/ (to +T) +/ 2 (s)ds| < / :c"(s)ds’ g/t |z" (s)|ds.
t

to+T

(2.12)

Combining these two inequalities, we obtain

T
|2 (t)] < %/O |2 (s)|ds.

Using Schwarz inequality yields

e 1 1
|7']00 = max |2/(t)| < 5/ |2" (s)|ds < §|1|2\x”|2 = §ﬁ|x”|2. (2.13)
0

te[to,to-'rT]

By (2.12) and (2.13)), we obtain

0| < [(b1 4 b2)d 4+ max{|g1(¢,0) + |g2(2,0)[ : 0 < t < T'} + |e|oo] T
oo = 2 2

2(1- Gk~ 0 - bF)
This completes the proof. ([l

+:D.

Lemma 2.5. Suppose (HO)—(H3) hold. Also assume the condition

( ) Cl +Cg2ﬂ_ (bl +b2)*<1
Then has at most one T-periodic solution.

Proof. Suppose that x1(t) and zs(t) are two T-periodic solutions of (L.I). Set
Z(t) = z1(t) — x2(t). Then, we have
Z"(t) + [f (@1 (0)21(£) = f(a2(t)25 ()] + [91 (2, xl(t —n(1))) = g1t 22(t = 1(1)))]

+ [g2(t, z1(t — 72(t))) — ga(t, w2(t — m2(1)))] =
(2.14)
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Since x4 (t) and z5(t) are two T-periodic solutions of (1.1)), integrating ([2.14) from
0 to T', we obtain

T
/0 (91t 21 (t — 71 (1)) — gn (£, 2a(t — (1))

+ ga(t, 1 (t — 72(t))) — ga(t, z2(t — 72(t)))]dt = 0.
Thus, in view of Mean Value Theorem for integrals, it follows that there exists
t € R such that

g1tz (T—=71(1) — g1 (, 22 (E— 11 () + g2 (£, 21 (E—72(1))) — g2(L, 22 (F—72(1))) = 0.

2.15
By (H1), implies ( )
Z(t-ni(1) Z(i-m2(f)) = (21(t—71(8) —22(t—71(£)) (21 (E=72(D)) — 22 (E-72())) < 0.
Since Z(t) = 1(t) — x2(t) is a continuous function in R, it follows that there exists
t € R such that R
Z(H) =o. (2.16)
Set t = nT +t, where £ € [0,T] and n is an integer. Noticing Z(t +T) = Z(t), we
get

Z@#) = Z(nT +1) = Z(t) = 0. (2.17)
Hence, for any t € [t,t + T, we obtain
t t
Z(t)] = ’z@ +/ Z'(s)ds| < / 12" (s)|ds
t t
and
t t+T t+T
20| =]z + 1) +/ 7'(s)ds| = | _/ 7'(s)ds| < / 12/ (s)|ds.
t+T t t

Combining these two inequalities, we obtain

1 (T
Z01< ;5 [ 126
2 Jo
Using Schwarz inequality yields

17 1 1
[Z]oe = max [Z(t)| < 7/ |Z'(s)]ds < =[1]2| 2|y = VT|Z)s. (2.18)
tE[LE+T) 2 Jo 2 2

Multiplying Z”(¢) and (2.14]) and then integrating it from 0 to T, by Lemma 2,
Lemma 4, (HO), (2.18)) and Schwarz inequality, we have

23 = — / (s ()2 () — f(aalt)) e (£)) 2" (1)t
T
- / (91 (b1 (£ — 72(1))) — g (1 22t — 7 (1)) 2" (1)t
—/0 [g2(t, 21 (t — 72(t))) — g2(t, 22(t — 72(t)))] 2" (t)dt
T
< / P ()11} () — 2h(6) | 2" ¢t
+ / F@a(0) — Fa(0) (]| 2" (1) de
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+b1/0 |1 (t = m1(t) — w2t — 71(1) 1 27 (t)|dt
T
+62/0 |1 (t = 72(t) — w2t — m2(£))1 27 () |dt

T T
< / Co|Z'(t)|| 2" (t)|dt +/ CiD|Z(t)|| 2" (t)|dt
0 0
T T
by [ 122 Ol b [ 120 )2 0l

0 0
< Co|Z'12|Z")2 + CrDVT|Z|o| 2" 2 + (b + b2)VT| Z 0| 2”2
T2 T T2
— — + (by +bo)—1Z"3.
= +0227T + (b + 2)47r]| 5
Since Z(t), Z'(t), Z"(t) are continuous T-periodic functions, by (H4), (2.18) and
the above inequality, we obtain

Z(t)=2'(t)=Z"(t) =0 foralltecR.

Thus, z1(t) = z2(t), for all ¢t € R. Hence, (1.1)) has at most one T-periodic solution.
This completes the proof. ([l

< [CiD

Lemma 2.6. Suppose (HO)—-(H3) hold. Then the set of T-periodic solutions of
[2.1) are bounded in C.

Proof. Let S C C} be the set of T-periodic solutions of (2.1). If S = (), the proof
is complete. Suppose S # ), and let € S. Multiplying z”(¢) and (2.1) and then
integrating it from 0 to T, by Lemma 2, (HO), (2.2) and Schwarz inequality, we
have

2|2
T T
:‘AA ﬂmwnwm%wﬁ—AA ot et — m(0)a" (1)t
T T
- A/O g2(t, x(t — ma(t)))x” (t)dt + A/O e(t)z" (t)dt

T T
< [ 1@l O O+ [l - n @)l ol
T T
+ [ lanteate = ma)lle @l + [ jetla” 0l
<G [ W@l O+ [ ot alt - n®) - 0. 0)]+ loa(t.0)la" O
0 0
T T
+ [ llaattsatt = o) = a6, 00| + lon(t )" Ol + [ letoll 0l

T
< Cala/blaa b [ falt = @)l Oldt+ [ loa(t.0)Jo" (Ol
0 0

T

T T
+m/\ﬂrwxmm%mw+/|mmeNMﬁ+A|dmwwmt

0 0

T
S CQ%LL'H@ + (bl + 62)ﬁ|x|oo‘xﬂ|2
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+ [max{|g: (t, 0)] + |g2(t,0)] : 0 < ¢ < T} + le|oc]VT |2
T T2
< - s "2
< [Cog+ (b +b2) 12”13
+ [(bl + bo)d + max{|g1(¢,0)| + |g2(£,0)| : 0 <t < T} + |e|oo]\/T|x”|2,
which, together with (H3), implies that there exists My > 0 such that

|25 < M. (2.19)
This, together with Lemma 2 and Lemma 3, leads to
VT3
|20 < d+ - M. (2.20)

On the other hand, since z(0) = z(T), there exists ty € [0, 7] such that 2’ () = 0.
For any t € [tg,to + T, from (2.19)), we obtain

¢ T
|2 ()] = }x'(fo) —1—/{ x”(s)ds| < /0 |2" (8)|ds < |1]2|2" |2 < VT My,
0

which implies
2| = max [2/(t)] < VT M. (2.21)
te[to,t[)JrT]
Let M = max {d + \{l?MO, \/TMO}, by li and 1’ we have ||z|| < M. This
(I

completes the proof.

3. MAIN RESULTS
Now we are in the position to give our main results.

Theorem 3.1. Suppose (HO)-(H2), (H4) hold. Then (L.1) has a unique T-periodic
solution.

Proof. Lemma 5 states that has at most one T-periodic solution. Thus, to
prove Theorem 1, it suffices to show that has at least one T-periodic solution.
To do this, we apply Lemma 1.
By Lemma 6, there exists M > d such that, for any T-periodic solution z(t) of
1)
[z < M. (3.1)
Set
Q={z:2€Cr,|z| < M}. (3.2)
Define a linear operator L : D(L) C C} — Cr by setting D(L) = {z: x € Ck, 2" €
C(R,R), for z € D(L), and

Lz =2". (3.3)
We also define a nonlinear operator N : C+ — Cr, by
Nz = —f(z(t)2'(t) — g1(t, 2(t — 71())) — g2(t, 2(t — 72(1))) + e(t). (3.4)
Then is equivalent to the operator equation
Lz =ANz, Xe(0,1). (3.5)

It is easy to see that

T
ker L =R ,and ImL:{x:xECp/ x(s)ds = 0},
0
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then, L is a Fredholm operator with index zero. Also let projectors P : CJ. — ker L
and @ : Cr — Crp/Im L defined by

Pz = x(0) where x € O},

1 T
Qx = —/ x(s)ds where z € Cr,
T Jo

hence, ImP = Im@Q = ker L = R and ker Q = Im L. Define the isomorphism as
follows
J:ImQ —kerL, J(z)=uz. (3.6)
Let
Lp = Lp(r)rker p : D(L) Nker P — Im L,

then we know, by [3| p. 41-42], that Lp has a continuous inverse L;,l on Im L

defined by
T
f= / Gs, t)y(s)ds, (3.7)

G(s,t) = {_T(T_t) 0<s<t

where

—2(T—s), t<s<T.

Using Ascoli-Arzela theorem we have, from and (3.7), that L5 (I — Q)N(Q)
is compact. On the other hand, QN () is bounded by the continuity of function
QN. Thus N is L-compact on Q. By and (3.5, condition (i) of Lemma 1 is
satisfied.
In view of (H2)(1) and (H2)(2), we will consider two cases:

Case(i): If (H2)(1) holds. Since

QNz = —*/ t) + g1(t, x(t — 71(1))) + g2(t, x(t — 72(t))) — e(t)]dt
S / £+ g1t 2t — 71(0)) + g2t 2(t — 72(1))) — el
forany x € Q0 Nker L, v = M or x = —M, 2’ = 0, we obtain
1 T
QN(M) = /O [g1(6, M) + gs(t, M) — eldt < 0, (3.8)
QN(-M) =~ / [91(t, M) + ga(t, ~ M) — eldt > 0 (3.9)

which implies the condition (ii) of Lemma 1 is satisfied. Define
H(z,p) = —pz+ (1 — p)QNx

=== (=) [ [Fe®) )+ (bt = n(0)

T ga(talt — (1)) — e(t)]dt

T
= —ur = (= [ a0 @)+ ottt = n(0)

+ ga(t, z(t — 72(t))) — €] dt
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in view of (3.8]) and (3.9)), we get xH (z,u) < 0, for all x € 9QNker L and p € [0, 1].
Hence, H(xz,p) is a homotopic transformation, together with (3.6) and by using
homotopic invariance theorem, we have

deg {JQN,QNker L,0} = deg{QN,Q Nker L,0} = deg{—2x,Q2Nker L,0} # 0,
so condition (iii) of Lemma 1 is satisfied.
Case(ii): If (H2)(2) holds. Since
1 /7
QNa =~ [ [F(0)2'0) + ga(t. ot = 1(0) + galt, (¢ ~ 7o(t)) — et
0
1 T

=— | [f@®))2' )+ g1(t,x(t = 71(8) + g2(t, 2(t — 72(1))) — €]dt;

T Jo
forany x € 00 Nker L, v = M or x = —M, 2’ = 0, we obtain
1 /7
QN Q) =~ [ loa(e. M) + galt,20) — elat >0, (3.10)
0
1 T
QN(—M) :—?/ [g1(t, —M) + g2(t,— M) — €]dt < 0 (3.11)
0

which implies the condition (ii) of Lemma 1 is satisfied. Define

H(z,p) = pr + (1 - p)@Nz
1 T
= px — (1 - u)f /0 [f((®)a’ (t) + gr(t, 2(t — 71(t)))
+ ga(t, x(t — (1)) — e(t)] dt
1 T
= pzr — (1 - M)f /0 [f(z(t)2(t) + g1 (t, z(t — 71 (1)))
+ gat,a(t — 7a(1)) — €],

in view of (3.10) and (3.11), we get zH(x,p) > 0, for all x € 9Q N ker L and
w € [0,1]. Hence, H(x,u) is a homotopic transformation, together with (3.6) and
by using homotopic invariance theorem, we have

deg{JQN,QNker L,0} = deg{QN,QNker L,0} = deg{z, 2 Nker L,0} # 0,

so condition (iii) of Lemma 1 is satisfied. Therefore, it follows from Lemma 1 that
(1.1) has at least one T-periodic solution. This completes the proof. O

In [14], Zhou and Long studied (1.1)) and obtained the got the following results.

Theorem 3.2. Assume (HO), (H1), and that the following conditions hold:
(A2) there exists d > 0 such that one of the following conditions holds:
(1) ‘T(gl(tvx) +g2(t7 .’E) - e(t)) > 07 fO?” allt € R} |$| > d;

(2) 2(g1(t, @) + ga2(t, 2) — e(t)) <0, for all t € R, |x| > d;

2 2
(A4) C’lDlgjr + Cg% + (b1 + bg)%r < 1, where
(b1 ba)d + max{]1 (¢,0)| + g2 (£,0) 0 < ¢ < T} +[ele]T
1-CoLt -0, —p, L2 '

Then (1.1) has a unique T-periodic solution.

Dy =
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If e(t) # constant, it is easy to verify that the condition (H2) is weaker than the
condition (A2) since mingeg e(t) < € < maxger e(t). On the other hand, noticing
ﬁ < % and D < %Dl, we can see that the condition (Hy) is also weaker than the
condition (A4). Therefore, our results improve those in [14].

4. EXAMPLE AND REMARK

In this section, we apply the main results obtained in previous sections to an
example.

Consider the existence and uniqueness of a 27-periodic solution to the Liénard
equation

2 (t) + 1—10 costx'(t) + g1 (t, x(t — cost)) + go(t, z(t —sint)) = e(t), (4.1)

Where T = 2m, 11(t) = cost, To(t) = sint, g1 (¢, x) =

50=(1 + sin *t)arctanz and e(t) = Lsint.

It is obvious that the conditions (AO) and (A1) in [I4] Theorem 1] hold. However,
we can easily check that (A2) does not hold, which implies that (A4) does not hold.
Hence, [14], Theorem 1] can not be applied. Meanwhile, Theorem 1 in this paper
remains applicable as we show now.

By , we can get by = Soﬂ,bg = 30% and Ch7 = Cy = %. Noticing e =

T fo t)dt = i OQW ;smtdt = 0, we can get d = % (Actually, d can be an
arbltrarlly small positive constant.) and check that (HO)-(H2) hold. On the other

hand, noticing that
_ (b1 + bo)d + max{gi (¢, 0)| + [g2(£,0)] : 0 <t < T} + |e|oc] T
D - 2 2
2(1 - Cot =i — b, )

1,1 1 1
L L4 Ly 119
_ 15 (50% - 307r1) ﬂl] T~ 1.176,

8071'(1-‘,—0052 t) arctan , gQ(t7 ;L‘) -

it is easy to verify that (H4) holds since C’lD%? +Cot+(by +b2)4T—j = 15 x 1176 x
T+ 15 + 55 + 35 ~ 0.515 < 1. Thus, Theorem 1 in this study shows that (L.I)) has
a unique 27-periodic solution. Hence our results improve those in [14].
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