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MULTIPLE SOLUTIONS FOR NONLINEAR ELLIPTIC
EQUATIONS ON RIEMANNIAN MANIFOLDS

WENJING CHEN, JIANFU YANG

ABSTRACT. Let (M, g) be a compact, connected, orientable, Riemannian n-
manifold of class C°° with Riemannian metric g (n > 3). We study the
existence of solutions to the equation

—e2Agu+ V(z)u = K(z)|ulP~%u

on this Riemannian manifold. Here 2 < p < 2* = 2n/(n — 2), V(z) and K(z)
are continuous functions. We show that the shape of V(z) and K(z) affects
the number of solutions, and then prove the existence of multiple solutions.

1. INTRODUCTION

In this article, we consider the existence of solutions of the problem

—2Ayu+V(z)u = K(z)uf?u in M, (1.1)
where (M, g) is a compact, connected, orientable, Riemannian manifold of class
C* with Riemannian metric g, dimM =n > 3,2 <p < 2* = % and A, is the

Laplace-Beltrami operator.

In the whole space R”, problem is the so-called Schrédinger equation. The
existence of solutions of Schrédinger problem has been extensively investi-
gated, mainly in the semiclassical limit ¢ — 0, see for instance [1], [2], [7], [8], [10],
[15], [I7], [18]. In particular, it was found in [I5] a mountain pass solution of prob-
lem in the case K(x) = 1. Later on, it was shown in [I7] that the maximum
point of the mountain pass solution concentrates at the minimum point of V as
e — 0. In the case K(x) #const., Wang and Zeng found in [I8] a ground state
solution for € small. Furthermore, they studied the concentration behavior of such
a solution as e — 0. In [§], it was shown that the number of solutions of problem
is affected by the shape of functions V and K. In fact, in [8] the number of
solutions of problem was related to the topology of the set of global minimum
points of certain function. On the other hand, for a bounded domain € in RY with
rich topology, Benci and Cerami proved that problem with V = K =1 has
at least cat € positive solutions. Such a result was recently generalized to compact
manifolds. In [3], the authors showed that problem with V = K =1 and
positive mass possesses at least cat(M) + 1 solutions, while for the zero mass case,
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similar results were obtained in [16]. Inspired by [3], [§] and [16], we consider in
this paper the effect of coefficients V, K on the existence of number of solutions.
Problem (|1.1)) is related to the problem

—Au+V(n)u=K(n)uP ?u inR" (1.2)
for fixed n € M. It is well known that the problem
—Au+u=uP?u in R" u>0, (1.3)

has a positive radial solution U; see for instance [5]. The function U and its radial
derivatives satisfy the following decaying law
1 U'(r)

Ur) ~ e IMr|="2, rlglc}o i) =1, r=]lz|

By a result in [I3], U is the unique positive solution of problem (1.3). We may
verify that w(z) := (%)1/(1)72)U<(V(77))1/22) with K(n) > 0 is a ground state
solution of problem (1.2)); that is, it is the minimizer of the variational problem

= inf F
C"] ulenNT, 77(“’)3

where
1 1
By =3 [ (Val +Viu)dz = [ Knupdz
-
is the associated energy functional of problem (|1.2) and
Ny = {u € H'(R")\{0} : / (IVul +V(nu?)dz= | K(n)lul? dz}
Rn Rn

is the related Nehari manifold. In fact,

1 1L, Viz iy

ey = Ep(w) = (5 — ];)KpT'z(n) / |U(2)P dz.

coznien/f/ta7 and Q:={neM:c,=co}

Let

For 6 > 0 let
Q5= {€ € M: i [l€ — ], < o).

ne
We assume in this paper that V, K € C'(M,R) and there is a positive number v > 0
such that V, K > v > 0. Denote by catx(A) the Ljusternik-Schirelmann category
of Ain X. Let

Kax = max K(z), Kpin = min K(z).
reM reM

Our main result is the following.

Theorem 1.1. Problem (1.1) has at least catq, () positive solutions for € > 0
small.

Solutions of problem (|1.1)) will be found as critical points of the associated func-
tional

1w =55 [ ETu@P Vi) dug = [ K@l dy).
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in the Hilbert space
Hy(M):={u: M—R: /M(|Vgu|2 +u?) dpy < 0o}

with the norm 1o
fuly = ( [ (95uP + ) diy) "
M

where dug, = v/det gdz denotes the volume form on M associated with the metric
g. For o > 0, let

Yeoi={ueN.: I.(u) <cop+o}
be a subset of the Nehari manifold

N i= {u € HA(M)\{0} : /M<s2|vgu<x>|2 +V(@)u?) dpry = /M K ()|t P dpg}

related to the functional I.. To prove Theorem we first show that problem
has at least caty, , ¥¢ , solutions, then we need to relate cats, , ., with
catg; Q. By a result in [II], we know that M can be isometrically embedded in a
Euclidean space RY as a regular sub-manifold with N > 2n. For any set w C M
and r > 0, we define
(W], := {z € RY : dist(z,w) < 7}

a subset of RY | where dist(z,w) denotes the distance between z and w with respect
to the Euclidian metric in RY. Let 7 = 7(£25) be the radius of topological invariance
of Qg, which is defined by

r(Qs) :=sup{l > 0: cat([Qs];) = cat(Qs)}.
We choose r > 0 so small that the metric projection
II: [Q(;]T - RN — Qs

is well defined. We will construct a function ¢, : 2 — 3., and a function 3 :
..o — [Qs], such that
a2y, Lo L a
€,0 Slr &

and Il o 3o ¢, is homotopic to the identity on Qs. It implies that caty, A ¥., >
catq, (2.

In section 2, we outline our frame of work. The mappings ¢. and § are con-
structed in section 3 and section 4 respectively.

2. THE FRAMEWORK AND PRELIMINARY RESULTS

Let M be a compact Riemannian manifolds of class C">°. On the tangent bundle
of M we define the exponential map exp : TM — M which has the following
properties: (i) exp is of class C*°; (ii) there exists a constant R > 0 such that
exp,, ’B(O,R) : B(0,R) — By(z, R) is a diffeomorphism for all z € M. Fix such an
R in this paper and denote by B(0, R) the ball in R™ centered at 0 with radius R
and By (z, R) the ball in M centered at = with radius R with respect to the distance
induced by the metric g. Let C be the atlas on M whose charts are given by the
exponential map and P = {¢¢ }cec be a partition of unity subordinate to the atlas
C. For u € H}(M), we have

/M Vgul* dugy = Z L¢C($)|vgu|2dﬂg'

cecC
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Moreover, if u has support inside one chart C' = By(n, R), then

IR
M
i ou(exp, (2)) Oulexp,, (2
= [ ol (i () O N PR iz,
B(0,R) 0z 0z,

where g,, denotes the Riemannian metric reading in B(0, R) through the normal
coordinates defined by the exponential map exp, . In particular, g,,(0) = Id. We
let |ga,(2)| := det(ga,(2)) and (g% )(z) is the inverse matrix of g,,(z). Since M is
compact, there are two strictly positive constants h and H such that

Ve eM, YveT,M, h|v|?<g.(v,v)<H|v|?>
Hence, we have
Vee M, h"<|g,| <H"
Theorem will follow from the following result in [14].

Proposition 2.1. Let N be a C%' complete Riemannian manifold modeled on a
Hilbert space and J be a C* functional on N bounded from below. If there exists b >
infar J such that J satisfies the Palais-Smale condition on the sublevel J~1(—o0,b),
then for any noncritical level a, with a < b, there exist at least catja(J*) critical

points of J in J¢, where J* := {u € N|J(u) < a}.
We need also the following Lemma.

Lemma 2.2. Let X and Y be topological spaces, Z C'Y be a closed set and hy €
C(Z,X), ha € C(X,Y) with hy being a closed mapping. Suppose that hoohy : Z —
Y is homotopic to the identity mapping Id in'Y, then catx (X) > caty (Z).

Proof. Let k = catx(X), there exist closed sets Vi, Vs, -+, V} such that X =
Ulgigk V; and each V; is contractible in X. Since hy € C(X,Y) and hy being a
closed mapping, each ho(V;) is closed and contractible in Y, then

catx (X) > caty (ho(X)). (2.1)
Since hg o h1(Z) C hao(X), we have
caty (ha2(X)) > caty (ha o hi(Z)). (2.2)

On the other hand, ho o hy : Z — Y is homotopic to the identity mapping Id in Y,
thus
caty (ho o h1(Z)) > caty (Z). (2.3)

By (2.1)-(2.3), catx (X) > caty (Z). O
3. THE FUNCTION ¢,

We know that M. is a C»! manifold. If u € A, we have |ull, > C > 0,
C is independent of u. For u € H](M), there exists a unique t.(u) > 0, t. :
H)(M)\{0} — R™, such that t(u)u € N and

I (te(w)u) = max I (tu).

More precisely,
S (EVgu(@)? + V(x)u?) dug

P=2(y,) =
e ) T K@) P duy

€
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The function t.(u) is C1. Let us define a smooth real function yg on RT such that
1 ifo<t< i
t) = - -z 3.2
Xr(t) {0 ift>R. (3.2)
and |yz(t)] < %. Fixing € Q and € > 0, we define

W (x) = {we(exp;l(w))XR(l exp, ' (2)]) if x € By(n. R);

. (3.3)
0 otherwise,

where w(z) is the ground state solution of problem (1.2) and w.(z) = w(Z). We
define ¢, : Q@ — N. by

G(n) = te(Wye(2)) Wy e (2). (3-4)
Lemma 3.1. With the above notation, we have
7/ 2V, W, e (z )|2dugH/ |Vw|?dz  as e — 0. (3.5)
—/ )W o ()| dpy — V(nw?(2)dz ase — 0, (3.6)
RT?
—/ K(z)|Wy e (z ug—>/ K(nwP(z as e — 0. (3.7)
Proof. We have
1
=A@ g~ [ Vul
9 M R™
1 _
|5 [ 19, (e @) al oy @) [Py — [ [Vulas]
€ By (n,R) R™
1 2
—| = [ AT walexrla) o) 2 dz [ Vol
€ JB(0,R) R™

- /Bw#:)

[ 3 2DED a pgeaiean -

" ow0xs (=) ow dxa(l2)
v ngv““)X?('z')“’”(azaz.+az oo ) (e dz
" J J

v (w(z)xa (=)

2
(=) dz— [ [Vupdy
RTL

g9

IN

‘dz

"o O (|2]) dxa(|2])
+/ Z g#(az)wQ(z) - = ‘|gn(<€z)|1/2dz = 11 +IQ—|—I3

Zi Zj
ij=1 92 92

By the compactness of the manifold M and regularity of the exponential map of
the Riemannian metric g, we have

tim [, (12])gff (e2) gy (e2)| /2 = 315] = 0

uniformly with respect to n € 2, so I) — 0 as € — 0. By the definition of xg(¢),

Hn/2
I, < 5 /n

i ow aXR(|Z|) dw Ixz(|2])

,j=1
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4H”/25/
< w(2)||Vw(z)| dz
Th Rnl (2)| [Vw(z2)]
4Hn/2 2/(p— 2)
- ( = [ Elvue) d
]Rn

2H”/26 V-2 2—%(77)
~ Bh Kim (@)

/ (VUG +U()P) d

Similarly,

HY2 42 Va3
I3 < = 5 (77)/ U(z)? dz.
h R K73(p) n
Hence, Is + I3 — 0 uniformly with respect to n € Q as ¢ — 0 and (3.5) follows.

Next, we prove (3.6). We have

= / VW) diy — [ Vi (el

=[5 [ Ve @l @D b~ [ Vo
"7R Rn
== /B o VO CxRD Plon() 2 b= [ VOpu?(eya
—| [ View, el loE) 2 de— [ Vi) d
B(0,8) "

IN

[ [viexpycoDlanies) Plan(e) 7 = Vi w(2)d

" ‘ /”\B(O ) {V@Xp"(gz))'“('az')‘2|9"(€Z)|1/2 - V(n)} “’Q(Z)dZ’
=1+ Is. h

We note that exp, (ez) — 1 and g,(¢2) — d;j as € — 0, by the continuity of V,
Iy — 0. Obviously, Is — 0. So (3.6) holds. (3.7) can be proved in the same
way. ([l

Proposition 3.2. For ¢ > 0, the map ¢. : Q — N, is continuous; and for any
o > 0, there exists g > 0 such that if € < g ¢<(n) € Xe » for alln € 2.

Proof. The continuity of ¢. can be proved as [3, Proposition 4.2], so we omit the
details. Now, we show ¢.(n) € X, , for ¥n € Q. By Lemma

tp_Q(W (z)) = ﬁ fM 52|ngn 6( )(z )|2dﬂg + 61” fM V(z) (Wn,s(x))Q dpg

T K |Wn+e< D)IP diy
. Jan [Vw(z)? dm—fRn w?(2) dz i
wa )dZ '
Consequently,
Ia(d)f(n)) = Ie(te(Wn75(l‘))Wn7E(l‘))
=3 [ 0vu@R + Ve s -1 [ K@) ds o)

=cy,+0o(1) =co+0(1)
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uniformly with respect to n € €2 and the proof is completed. O

4. THE FUNCTION (3
Let us define the center of mass 5(u) € RN for u € N, by
By = L O iy
S [ut (@)IP dpg
The function [ is well defined on u € A, since u™ # 0 if u € N,. Let

me := ulel}\ffg I (w), (4.1)

which is achieved as M is compact. Since K(z),V(z) are bounded, we may show
the following result as in [3, Lemma 5.1].

Lemma 4.1. There exists a number o > 0 such that for any € > 0, ms > «.

For a given e > 0, let P. = { P} }jea. be a finite good partition of the manifold M
introduced in [3]: if for any j € A. the set partition P is closed; PyNP;7 C OPfNOPS
for any @ # j; there exist 71(g) > r2(e) > 0 such that there are points q; € P; for
any j, satisfying By(q5,e) C P C By(q5,m2(e)) C By(g;,r1(¢)) and any point
x € M is contained in at most Naq balls B,(q5,71(¢)), where Naq does not depend
on €. This last condition can be satisfied for € small enough by the compactness of
M, and r1(€), r2(¢) can be chosen so that r1(¢) > ra(e) > (1+ &)e with a constant
O independent on . We may assume that the value gy of Proposition [3.2]is small
enough for the manifold M to have good partitions.

Lemma 4.2. There exists a constant v > 0 such that for any fized o > 0, € € (0, &p)
and function u € X, ,, there exists a set P; € P. such that
1

o [ K@ dy 2 .

Proof. Fixed ¢ > 0 and 0 < € < 9. Then for any u € N, and any good partition
P- = {P:}jen., let uf = u't on the set P§. Then

= | V@) + Vi) du,

1
-5 [ K@,

1 (4.2)
— 2% [ K@t

jea. ' Ff
1 B2 1 2/p

<umax (5 [ K@lufPan) TS (5 [ K@)

J € P Jen. € Ps

Let
1 ift < ry(e);
XE@)::{ < ra(e)

0 ift> 7’1(6)

be a smooth cutoff function, where r(¢), r2(e) are defined above for good partitions,
and assume that |[y.| < € uniformly. Let

ij(x) = u" (z)xe(lz — gj)-
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We know that @;(z) € Hy (M), and supt(u;(x)) = By(q5,71(€)). By the definition

of u;r, we have u;r = ut on the set Pr C Bg<q§’7"2(€)) C Bg(qu,rl(g)), By the

Sobolev inequality there exists a positive constant C' such that for any j,

1 2/p
(& [, K@l duy)
Pf
1 2/p
- (& [ K@l n,)
1 2/p
<(=/ K (&) o xe (o — )P sy
By (45 ra(€))
1 R 2/p
<(z/ K@) xe (e — g DIP duy)
By (a5 ,r1(2))

1 5 2/p
= | K@i du,)
€ JIm

2
< K2/p 1 |i,|P d /e (4.3)
max en ™ J Hg

1
<KERCo [ (@190, +105P) duy
" IM

1
— KERCo [ (VP () duy
Ps

1
€7 JBy(g5,r1(e)\Pf

1
< KRS [ 19 4 ) du
M

(52|V9ﬂj|2 + |ﬂj‘2) dpig

1 -
+K2hC— / (€IVgt51? + 151%) dpg-
€7 I By(a5,m1(e)\ P
Moveover

/ @fdu, < | Py, (4.4)
Bgy(q5,m1(e)\Pf By(q5.m1(e))\P§

and

/ e?|Vgti;*dpug
By(a5,ri(e)\FP§

2
- / [V, (ut (@)xe (e — ¢D)| dug
By (a5 m1()\P§ (4.5)

IN

15 15 2
2 | 2 (I, P2 — a5 1) + (il — g5 )? ur*2) d
By (q,m()\ P

<2f (219 + 021 ?) dig.
By (a5 71 (e)\PS
Substituting (4.4) and (4.5) into (4.3), we get

1 2/p 1
(G [ K i)™ < KALOL [ @90+ )
J
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max

+ K2/p C’C’ /M (2|VguT|* + [ut?) dpg,
where C' = max{2,20?2 + 1}. Hence,

1 2/
Z (o /P K@)l 17 dny)

< KOS / (21 g 2 + [ 2) dpy

JEA.

+ K2/P.CC'Npy / (2| Vgu | + [ut|?) dpy (4.6)
M

max

max

1
< K*ro(C + )NMgn/M (2| Vgu | + [ut|?) dpy

111
< KROC + )N {12 h 2 [ (VP + V) da,
M

ETL
From and . we have

maX / K(x |u+‘p dpsg ) ;2} > e f/\/t 2|v u(z )|2 +V(m)U2>d2/ji
JeA (e" fPf ‘u+|p dl@)
1
KalhC(C" + 1)Nagmax{1, 1}
Thus, the proof is completed. ([l

Lemma 4.3. Let o and ¢ be fired, and 17727 := {u € N.|I.(u) < m. + 20},
where me is defined in . For any v € ¥, , N IM=T29 there exists u, € N such
that

L(uy) < I (u), |[|Jus —ullle < 4v0, (4.7)
where [ull2 = & [ ((c2IVgul? + u2) sy, and
’v|NaI€(ua)‘ < \/E|||§H|5 (4.8)

The above result follows by the Ekeland principle, also by the proof in [3, Lemma
5.4].

Let uy € X, 0, N Ie , where €;,00, — 0 as k — oo. For all k, the
map exp, : T, M — M is a diffeomorphism on the ball By(ng, R). Let {¢.}
be a partition of unity induced on M by the cover of balls of radius R. By the
compactness of M, we can assume that there exists p > 0 such that for all &

mak +20

min {1, (1) (%) |2 € By( 77k7 } > by > 0. (4.9)
Let )
R R " exp,
o1 By(m, =) — B(0, =) CR", ¢ := —1&
p kP Ek

and define w : R — R by
wi(2) = Xk (2)ur (@, (2) = Xr (ek|2lp) ur(exp,, (er2)) = x = (| expy (2)])ur(x),

(|z]). Then, wy € H} (B (O7 %)) C

where = = exp, (exz) € Q and xi(2) = x &
P
H'(R™).
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Lemma 4.4. There exists w € H*(R™) such that, up to a subsequence, wy tends
to w weakly in H'(R™) and strongly in L} (R™). The limit function W is a ground

state solution of the problem
—Au+V(n)u=Kn)|uP?u, onR".
Proof. We first show that wy, is bounded in H'(R™). There holds
1 1,1
L(u) = (5 - )= / (€%Jurl? + V(2)ui) dug < co + o,
M
which, together with the boundedness of V (x), yield

2 pieg
1 C
[ Py < S [ V@) da,
€k JM €k JM

N

C
< & [ @IV + Vi) duy
Y

< C(co+0)
an
1 2 2
= [ @R dny > 3 (0 () s ()2 g
Ek Bg(nk,%)
- W i(expy, (2))luw(exp, (D) g (2)] /2 dz
5k B(0,%)
- /B o O G o o) 2 2 107 / w2 d.
Moreover,

/ |Vwg | dz

/ Z (xk(z w« wk '(2))) 0 (xk(2)u ey, ' (2))) s
0 _R

75kp 5,J

/ Zxk (ur (i ( ) 9 (un(ei'(2)) .

€w i,J

Y e o) (L D) 20l

B(o,w 7 0z; 0z;
9 (ur (" (2))) O(x(2))
o T 20@) H0a)) o, gy,
B(0, 2 i j
(07Ekﬂ i aZ 62]

(4.10)

By the hypotheses on wg, ¥(z) denotes the functions of the partition of unity

associated to Bgy(ng, R), using (4.9), we obtain

5

/ 17 s ()2 dit

r
E

>5[ @IVu) P,
€k J By (ni, &)
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>¢0/B(07%p (Zg ExZ) Uk(%; (Z))) a(uk(%; (Z)))) ‘gnk(gkzﬂl/? d

62’1' 62’]'
> C(M)thols

for a positive constant C(M) depending only on the manifold. By the Minkowski
and Holder inequalities,

17|
1 9 (un(pi ' (2)) 9(xk(2)
1 k
< ’2/3(0, R Zj:uk(sak () 02 0z dz’
Exp’ T,
1oz g\ V2 2e4p |0 (ur(py ' 1/2
<zz(/ L e ) (/3(0755) 2l ) .
and

4ne? p? _ 2
AR N O
B(0

o5
Hence, wy, is uniformly bounded in H'(R™) since I., (ux) < 2¢q for all k.

Suppose now that wy, — @ in H!(R™). We show 0 is a solution of problem .
Let we, := {y € R¥|exy € [} and denote by exp the exponential map associated
to we,. We set v(y) := u(epy) for u € H)(M), y € w,, and let J., (v(y)) =
I, (u(ery)). For each ny € Q, we define

, m R R e -1
ron b (B25) =2 (055) 0 oree = (Foslagogy) - )

For any £ € Cg°(R™), supp& C {xx(z) = 1} for k large enough. Hence, wi(z) =
ug ((p,;ik (2)) for z € supp & C B(0, %) and k large enough. So we have

L, (Wi rer ))) [E(r,e ()] = JL, (ur (03 (0her (1)) [E(PRer ()]

=1, (u(2)) [5 (%’E"' (;)ﬂ

where if y € w,, then y € Ei for a x € Q. By the Ekeland principle,

72, (0020 ) [P, ]| < VERIE (0 (25 e

while e
e (ot () lex = [ [ (19682 + i) ]

as k — oo. Therefore,

TL (Wi (re, (1)) 622 ()] — 0 (4.12)
for £ € C§°(R™). Moreover,

|JL, (Wi (ke (1)) [E(Pr,er ()] — T (@) [E]]
> gil(e 8w’; aaij) |9y (e2)| /% dz

)Nsupp &

<

B(0, 2

— | Vax)VeE(z) dz‘

R
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+ V(expy, (242)wi (2)E(2) g, (ex2) | 2
0,L)Nsupp ¢

— [ V(=) dz|

Rn

+ [ K(expy, (242)) bk (2) "~ €2l (2] V2 d
0,2 )Nsupp ¢

- [ Kalap e i

/ Z ’g'flk Ekz CB ( )M 85(2) |g77k (€kz)|1/2 — 51’]’ 871;(z) 657(2)

Zi 8zj 822 6Zj
/IR’VL

+ [ 6@ (6o, @lon (@) K exp,, (Do)

- K(n)lﬁ)(Z)\”’l)
=TIy + Lo + 111

dz

2) (VIexp,, (c62)Cago. 2) (2)n ()lgns (e2) |2 = V()in(2) ) | dz

dz

where (g r)(2) denotes the characteristic function of the set B(0, %) C R™. We
-
see that Iy, I;g and I tend to zero as k — oco. By the fact that

kh—{go \g:,]k (Ekz)CB(O,E—Iz)(Z”g”}k (5k2)|1/2 - 5z',j| =0
and exp,, (exz) — Mk — 0 as k — oo, we obtain
T2y (Wi (ke (1) [€(hen (9)] = T (@)[E] for V€ € Cg°(R™). (4.13)

Equations (4.12)) and (4.13) imply @ is a solution of (4.10)).

Finally, we show o is a ground state solution of (4.10)). For ui € X, -, we have

(co+or) > I (up) = (z — = /K ‘uk|pdﬂg
1 1 1/
>(d-ht K@) lui P d
(2 p)gk Bg(nkaﬁ) g !

= (% - %) »/B(O K(eXpnk(€kZ))|u:(<p;1(2))|p|gnk(gkz)|1/2 dz

=)

The sequence of functions

Fi(2) o= (Kexpy, (212)) 7" uf (01 ()b (e12) o, ) (2) € L (R,

is bounded in LP(R™), so there exists F' € LP(R™) which is the LP— weak limit of
the sequence Fy. However, for £ € C§°(R™), as wy, tends to @ weakly in H!(R™)
and strongly in L7 (R™), we get

[ B@s@rds= [ (Ko, @) 7w (o e ) dz

— Km)YPut(2)é(z)dz as k — 0.
R’H,
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Hence, F' = K%(n)u?"‘ =K» (m)@ and for any k,

11 11
- — - K(n)|w|Pdz <lim inf (= —— F Py <
(2 p) - (n)|wl? dz < 1rnk1£)1oo(2 p)/Rn\ k(2)|P dz < ¢o + o,
namely,
2
[ xwlap iz < 2ot +o0). (4.14)
Rn p—2

Hence, w € N,y U{0} and J(w) < cp. If @ # 0, @ is a ground state solution.
Now we show that w # 0. Given T' > 0, we can choose 1 € M such that for k
big enough 7y € P5* C By(nk, exT),ex < %. By Lemma

I Voncoairy = o X I 0

: i (o' )|
€k JB(0,exT) FATE Dy

1 1 / ‘ (1 ZNIP 1/2
> af ()] lgne (er2) 2 d
Hn/2 e JB0.ent) k k £k Nk
11 / »
Z K(z) |uf (z)|" du
Kmaan/2 €k By (nk,erxT) | k | g
11 o
> e o K @]
> 7
= KunaxH"/?
This implies w # 0 because wy, converges strongly to w in LP(B(0,T)). The asser-
tion then follows. O

Proposition 4.5. For 0 € (0,1) there exists o9 < co such that for o € (0,00),
€€ (0,e0) and u = u. » € X. , we can find n =n(u) € Q such that
1 2p(1 —6
L K@)t P duy > 2L,

& Sy #) p—2
Proof. First, we show that the result holds for u € X., N I™=2°. Suppose by
contradiction that there exists 6§ € (0,1) such that we can find sequences ¢j, and

ok, which are positive and tending to zero as k — oo, and a sequence {uy} C
me, +20%

Yer,on Ne, such that for any 7 € {2 there holds

1 2p(1—46

- K (@)t dy < 22—, (415)

& B, %) p=2
By Lemma we may assume that

VI, Lo ()| < VRN, VE € H(M). (4.16)
Lemma [4.2] implies that there exists a set P, of the partition P- such that
1

= | K@l dug >,

k J Py

and we may choose 7, € Px. By the compactness of M, we may assume that
m —1n € Mask — oo.
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By the hypothesis on K, K,j, > 0. We claim that for any 7> 0 and 7 € (0,1)
it holds
11 %
p —
emor) < g 1,170
(0)] =1 for all z € B(0,R)
1—r7)if 2 € B(0,e,T). By

Jwi 5€0
for k large enough. Indeed, we note |gy, (cx2)| — |gy
and fixed 7 € (0,1). For k large enough, |g,, (2)| > (

this fact and (4.15]) we have

0l ooy = [ @)l (o7 G dz
B(0,T)

1
== X'z (2) |u;€"(expnk (z))|p dz
k JB0,e,T) *°

1 |9, (2) ]/
< 57/ 777'1” — |uz(expnk (z))}p dz
kl B((l),EkT) (4.17)
= n |“Z|p dpig
1—7eg By (nk,exT)

1
(1 = 7)ek Kmin J 5, (n.2)
S et
We know from Lemma[4.4] that @ is a ground state solution of problem (4.10); that

1S

K () |wf [P dpsg

)

By(@) = (5=7) [ Kl dz = ao

By Lemma there exists 7' > 0 such that for k large enough

2
L= [ K@aPd< [ K@il < Kow [ JufP e
p—2 R~ B(0,T) B(0,T)
Choosing 1t > Kmax/Kmin and 7 such that % < %,u < 1, we obtain
1 1-6 2p w 1—60 2p / I
< < Pd 4.18
Koml-7p—2° Kol —7p—2° B(O,T)“”k' : (4.18)
a contradiction to (4.17]).

Next, we show that . ,NIM<+27 = % ;. In fact, for u € X, ,NIM™T27 we have
I.(u) < ¢g+ o and I.(u) < me + 20, which yield m. > (1 — 6)co for any 0 € (0,1).
By Proposition limsup,_,,m: < cp, and then lim._,o m. = co, which implies
e o C IM=T29 for o, e small enough. The proof is completed. ([

Proposition 4.6. There exists o9 € (0,¢q) such that for o € (0,00), € € (0,€0)
and u € ¥, , there holds B(u) € [Qs],.

Proof. By Proposition for 8 € (0,1) and u € X, , with € and o suitably small,
there exists n € €2 such that

2p L +1p
(1 9)p_200< o Bg(n,%)K(l')‘u P dpsg. (4.19)
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On the other hand, for u € ¥, ,, we have

1p—2
I.(u) = 57% /M K(z)|ut|P duy < co + o,
therefore,

1 11 1 2
— FPdpg < — [ K(@)utPd . (420
[ g < 2 [ K@i < 2 ). (@20
Let

ut ()|
fu(@)) = o
Syl (@)IP dpg
By (@19) and (E20),
/ o) i > R 7 I, 0 K@ @ by 1,1 0)co
u(zx)) dug > .
By(n, ) ! = Jpq lut @)IP dpsg Kmax(co + )
Therefore,
s -l <| [ s ) | +| [ (& =) (u(a))
Bg(n, %) M\ By (n, §)
r(Qs) Knin(1 —0)co
<—+4+Dll— —/—————
- 2 + ( Kax(co + 0) )’
where D is the diameter of {25 as a subset of M. The assertion follows by choosing
0 and o suitably small. O

Proof of Theorem[1.1, We know that I. € C* and N is a C!'! complete Riemann-
ian manifold. Also I. is bounded from below on N, and satisfies the (PS) condition.
By Proposition I. has at least caty, (2. ) critical points.

By Propositions and Boge: Q— [Qs], is well defined and 3o ¢.(n) €
[Qs], € RY for n € . Now we show that ITo 3 o ¢. is homotopic to the identity
on (2s5. Indeed,

H0ﬂ0¢>s(n)77/M(wn)f(¢s(n)) sy
— [ @ mf (ttwslexn, @)l exw, @)
M

xwe(exp, () xa( exp, (@)])) dig

_ uale = myw(exp, (@)Xl expy ! ()]) iy
o (expy " (2)xh (| expy  (2)]) dpg

Sy (@ — Mk (expy (@)X (| expy, ! (2)]) dug
C ay o v (expn (@)X (lexpy (2)]) dpg
 Jno,m) 2R (1])]ga ()] 2 dz
" Jaoum WEGR(2Dlg ()72 dz
& fp0m) 0P ()X (2 gq (e2)] /2 dz
A e A I CIREr
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Hence, |ITo fo ¢.(n) —n| < eC — 0, where C > 0 does not depend on 7. Applying
Lemma 2.2 with X = X.,, Y = Q5, Z = Q and hy = ¢., hg = Il o 3, we obtain
caty, (X:,) > cato,(Q2). The proof is complete. O
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