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THE RIEMANN PROBLEM IN GASDYNAMICS

EDWARD DAIRE CONWAY, STEVEN 1. ROSENCRANS

ABSTRACT. In this note we give a proof of the existence of a solution to the
Riemann problem in one-dimensional gasdynamics. Lax’s 1957 paper on con-
servation laws leaves no doubt that such a solution exists, but it seems to us
that there may be interest in a brief and explicit proof favorable to numerical
computations. Our procedure also allows us to give a simple characterization
of those problems in which a given wave is a shock or a rarefaction wave. In
the final section we prove a result of Von Neumann’s concerning the overtaking
of two shocks. This paper was written in 1969 and is being published now at
the suggestion of Jerry Goldstein, whose editorial note is included.

Editorial note by Jerry Goldstein: This work was done in 1969 and presented in
the PDE Seminar at Tulane, where the two authors and I were colleagues. I was
struck by the beauty and simplicity of the result, although Ed and Steve felt that the
experts understood that the result was implicitly contained in Peter Lax’s earlier
paper [4]. Later these results were included in Joel Smoller’s book [7], but I still
felt that the Conway-Rosencrans global in time analysis of the Riemann problem in
gasdynamics deserved a wider audience. Ed Conway died in 1985. In March 2009,
I met Steve Rosencrans in New Orleans and urged him again to publish this lovely
short note. I am very pleased that he finally agreed to do so.

1. INTRODUCTION

In this note we give a proof of the existence of a solution to the Riemann problem
in gasdynamics. Lax’s paper [] leaves no doubt that such a solution exists, but
it seems to us that there may be interest in a brief and explicit proof favorable to
numerical computations. Our procedure also allows us to give a simple characteri-
zation of those problems in which a given wave is a shock or a rarefaction wave. In
the final section we prove a result of Von Neumann’s concerning the overtaking of
two shocks.

The proof we give follows the general method given by Lax although a familiarity
with that work will not be needed. In the general case treated by Lax existence is
proved only for data close to a constant state (see below) but in the special case of
gasdynamics, it is possible to prove a global result.
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The Riemann problem is of current interest because of several recent papers (e.g.,
[3], [6]) considering weak solutions of conservation laws, in which existence is proved
by approximating the given Cauchy problem by a sequence of Riemann problems.
The Riemann problem is the Cauchy problem for one-dimensional gasdynamics

with the initial data
" >0,
v(0,z) = {V v
vi <0,

where v, and v; are any 3D vectors and generally

p(t, )
v(t,x) = | p(t,x)
u(t, x)

(t > 0and —o0 < z < 00) and p, p, u are the density, pressure, and velocity. The
function v must satisfy the equations of gasdynamics and the Rankine-Hugoniot
conditions [2, eqns. 34.06 and 54]. We assume that the gas is polytropic, i.e.,

p = Const. x eS/C“pV,

where ¢, is the specific heat at constant volume, S is the entropy per unit mass,
and 1 < v < 2. The sound speed is then ¢ = \/vp/p.

2. METHOD OF SOLUTION OF THE RIEMANN PROBLEM

Following Lax we restate the results of [2] as follows: given any state v; there
exist three one-parameter families of states

{By)vi}, {Cy)vi}, {F(y)vi}

—o0 < y < oo such that

e v; can be joined to B(y)v; on the right by a backward-facing shock (if
y < 0) or a centered backward-facing rarefaction wave (if y > 0)

e v; can be joined to C(y)v; on the right by a contact discontinuity.

e v; can be joined to F(y)v; on the right by a forward-facing shock (if y < 0)
or a centered forward-facing rarefaction wave (if y > 0).

We solve the Riemann problem by finding 1, y2, y3 such that
F(y3)C(y2) B(y1)vi = vy.

The solution then consists of constant states separated by rarefaction waves, shocks,
or contact discontinuities (see [2]).

In the following sections we determine the maps B, C, F. Actually, they are given
almost explicitly in [2], and we use these results. The choice of the logarithm of the
pressure ratio as a parameter makes the formulas explicit except for the inversion
of one scalar function.

3. ONE-PARAMETER FAMILY OF FORWARD-FACING WAVES

First we shall derive the set of all states reached from v; by a centered forward-
facing rarefaction wave. In this case p, > py, see [2, Section 81] so we can write
br_ev, y>o0
Yz
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Then
pr_ (&)1/’y — oY/
Yz P

(see [2, Eqn. 40.10]). Finally [2, Eqn. 40.09] implies

bt 2 v,

C| N ﬁ
where
v—1
2y
and ¢; is the left-hand value of the sound speed. Now we compute the set of states
reached from v; by a forward-facing shock. We need the following two equations,
[2, Eqn. 67.02]

p1_ p1+ pPpo -1
AR S Y (3.1)
po  Po + up1 v+1

and [2, Eqn. 71.05]

_ 1 — 2 _
|U1 u0|: U= P1— Po Po (3.2)

Co V1+p?2 Po p1+ p12po
where the subscript 0 stands for the state in front of (i.e., “before”) the shock, and
1 stands for the state in back of (i.e., “after”) the shock. In a forward-facing wave,
particles cross the shock from right to left, so 1 =1 and 0 = r. Furthermore in a
forward-facing shock p, < p;, so we can write

Pr_ .

=e z <0).
b (z <0)
Then (3.1]) implies
& B e + MQ
pr 1+ pPer
In a forward-facing shock uy; > ug so (3.2)) implies
Up — Uy 1—p? 1-—e®
Cy \/1+H2\/,U2+€m
The above calculations show that
f3(y)v
F(y)v = erv2 ;
vz + /T2 hs(y)
where
(e —1) y>0
h3(y) = 2 eY_1 0
VAGHD Yere Y5
and

e/ y>0
fS(y) = 2, v B
ey Y <0.
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4. ONE-PARAMETER FAMILY OF BACKWARD-FACING WAVES

The procedure is as in the previous section. The results are

fl(y)v1
B(y)v = e vy ;
v+ T2 (y)
where
fily) =1/f3(y) —oo<y<oo
and

%(1 —e V) y>0
hi(y) =

2 1—e” Y <0
YO+ 2 re—v Yy ’
5. ONE-PARAMETER FAMILY OF CONTACT DISCONTINUITIES

In this case the density suffers an arbitrary change while p and u are constant.
Thus we may take

eYu,

6. SOLUTION OF THE RIEMANN PROBLEM

We need the following observation:

—x/2
hs(@) e =1 —oo<z<oo0. (6.1)
fi(x) hi(z)
We define
Pr
A, ==,
g pi
Dr
A, =—,
P
A, =
a

It is easy to see that h; is monotonic increasing and that

2

hl([_oov OO]) = [_OO’ m

]

Therefore, the equation

[A
hl(yl) + Iphl (yl + log Ap) = A, (62)
p

has a unique solution y; if and only if

A, < %(1 +/4p/4,). (6.3)
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Let

y3 =y1 +log A,

Apfl(ys))
fl(y1) .

It is then a straightforward calculation to show that
F(ys)C(y2) B(y1)vi = vr

so that we have a solution to the Riemann problem for arbitrary v, and v; satisfying

2.1

Note that this solution is explicit except for the inversion of only one function,
ie. . Thus the method is well-suited to computations.

We also have some information about the solution. The backward wave is a
rarefaction wave if and only if y; > 0, which by is equivalent to

\/ﬁ?hl(logA,,) <A, < %(1 +1/4p/4,)

and is a shock otherwise. Similarly, we find that the forward-facing wave is a
rarefaction wave if and only if y3 > 0, which by (6.2)) is equivalent to

hi(—log Ay) < A, < %(1 +1/4,/4,)

and is a shock otherwise. These explicit criteria seem to be new.

Yo = 1og<

7. OVERTAKING OF TWO WEAK FORWARD-FACING SHOCK WAVES

We now apply the above results to the interaction of two forward-facing shock
waves. This problem has been treated by von Neumann (unpublished). (However,
see related material in [5].) He showed that if 4 < 5/3, then the resulting configura-
tion after the waves meet consists of a backward-facing rarefaction wave, a contact
discontinuity, and a forward-facing transmitted shock. The proof is included in the
report [I].

The criteria derived at the end of Section 6 immediately enable us to formulate
the problem as an inequality. As a simple application, we prove von Neumann’s
result for sufficiently weak interacting shocks: the resulting backward wave is a
rarefaction wave if v < 5/3 and is not a rarefaction wave if v > 5/3.

The problem is formulated as follows. We are given three states, v, v,,, v, such
that

Vi = Fs(v)) s<0
v, =Fi(vin) t<0

and we wish to solve the Riemann problem with initial states v;, v,.. From these
equations we see

v, = Fi(Fs(v1))

1Physical interpretation: if (6.3)) is violated, the two sections of the gas are moving away from
one another so fast that a vacuum is formed
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which implies

A, = f3(t) fa(s)

_ t+s
A, =e

A, = hg(S) + hg(t)\/ es/fg(s).

From Section 6 we know that (assuming (6.3)) the backward-facing wave is a rar-

efaction wave if and only if
A
Ay >y “Lhi(log A,).
Ap

Using (6.1) we see that this is equivalent to

hl(t+5) <h1(t>+h1(}j3)(ht;(t). (71)
Let
o+l
ﬂ-—ﬁ
b(a) =

Then ([7.1]) is equivalent to
G(t,s) <0 fort <0, s<0.

The following rearrangement:

G(ts) _ o ¢(s) = ¢(=1) }{¢(t) — o(=t) !

t2(s+1t) s+t s+t
Ps+t)—o(t) _ ¢(s)—o(=1t)
- —t { s s+t
H(-1) t
allows us to calculate the limit
: G(t, S) / 2 3 /1
lim ————— =2¢'(0)* — =¢(0 0
s,ltTH}) t2s(s + t) ¢'(0) 2¢( )#"(0)
392-1, 5

764 73 (773)7

which proves the stated result.
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