Electronic Journal of Differential Equations, Vol. 2009(2009), No. 12, pp. 1-22.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu (login: ftp)

FULLY DISCRETE GALERKIN SCHEMES FOR THE
NONLINEAR AND NONLOCAL HARTREE EQUATION

WALTER H. ASCHBACHER

ABSTRACT. We study the time dependent Hartree equation in the continuum,
the semidiscrete, and the fully discrete setting. We prove existence-uniqueness,
regularity, and approximation properties for the respective schemes, and set
the stage for a controlled numerical computation of delicate nonlinear and
nonlocal features of the Hartree dynamics in various physical applications.

1. INTRODUCTION

In this paper, we study the nonlinear and nonlocal Hartree initial-boundary value
problem for the (wave) function ¢ (x,t) being defined by

i = (A4 v+ AV« [P, if (z,t) € Qx[0,T),
Y =0, if (2,t) €00 x[0,T), (1.1)
121:1/10, if(x,t)GﬁX{O},

where Q is some domain in R? with boundary 92, and T > 0 is the upper limit
of the time interval on which we want to study the time evolution of ¢ (here, ¥
is the derivative of ¢ with respect to the time variable ¢). Moreover, v stands for
an external potential, A\ denotes the coupling strength, and V is the interaction
potential responsible for the nonlinear and nonlocal interaction generated by the
convolution term (to be made precise below). The system has many physical
applications, in particular for the case @ = R?. As a first application, we mention
the appearance of within the context of the quantum mechanical description
of large systems of nonrelativistic bosons in their so-called mean field limit. For the
case of a local nonlinearity, i.e. for V' = §, an important application of equation
lies in the domain of Bose-Einstein condensation for repulsive interatomic forces
where it governs the condensate wave function and is called the Gross-Pitaevskii
equation. This dynamical equation, and its corresponding energy functional in the
stationary case, have been derived rigorously (see for example [19] [I1] and [I4],
respectively; moreover, the nonlocal Hartree equation has been derived for weakly
coupled fermions in [10]). In [4], minimizers of this nonlocal Hartree functional have
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been studied in the attractive case, and symmetry breaking has been established
for sufficiently large coupling. A large coupling phase segregation phenomenon has
also been rigorously derived for a system of two coupled Hartree equations which
are used to describe interacting Bose-Einstein condensates (see [8,[5] and references
therein). Such coupled systems also appear in the description of crossing sea states
of weakly nonlinear dispersive surface water waves in hydrodynamics (with local
nonlinearity, see for example [I5] [18]), of electromagnetic waves in a Kerr medium
in nonlinear optics, and in nonlinear plasma physics. Furthermore, we would like
to mention that equation with attractive interaction potential possesses a so-
called point particle limit. Consider the situation where the initial condition is
composed of several interacting Hartree minimizers sitting in an external potential
which varies slowly on the length scale defined by the extension of the minimizers.
It turns out that, in a time regime inversely related to this scale, the center of mass
of each minimizer follows a trajectory which is governed, up to a small friction term,
by Newton’s equation of motion for interacting point particles in the slowly varying
external potential. Hence, in this limit, the system can be interpreted as the motion
of interacting extended particles in a shallow external potential and weakly coupled
to a dispersive environment with which mass and energy can be exchanged through
the friction term. This allows to describe, and hence to numerically compute, some
type of structure formation in Newtonian gravity (see [12] 13| 2]).

The main content of the present paper consists in setting up the framework
for the numerical analysis on bounded € which will be used in [3] for the study
through numerical computation of such phenomena, like, for example, the dissipa-
tion through radiation for a Hartree minimizer oscillating in an external confining
potential (see also [2]).

In Section [2] we start off with a brief study of the Hartree initial-value boundary
problem in the continuum setting and we discuss its existence-uniqueness and
regularity properties. In Section |3, the system is discretized in space with
the help of Galerkin theory. We derive existence-uniqueness and a bound on the
L2-approximation error. In the main Section we proceed to the full discretization
of , more precisely, we discretize the foregoing semidiscrete problem in time fo-
cusing on two time discretization schemes of Crank-Nicholson type. The first is the
so-called one-step one-stage Gauss-Legendre Runge-Kutta method which conserves
the mass of the discretized wave function under the discrete time evolution. The
second one is the so-called Delfour-Fortin-Payre scheme which, besides the mass,
also conserves the energy of the system. We prove existence-uniqueness using con-
traction methods suitable for implementation in [2, 8]. Moreover, we derive a time
quadratic accuracy estimate on the L2-error of these approximation schemes. In
the proofs of these assertions, we write down rather explicit expressions for the
bounds in order to have some qualitative idea how to achieve a good numerical
control of the fully discrete approximations of the Hartree initial-value boundary
problem for the computation of delicate nonlinear and nonlocal features of
the various physical scenarios discussed above.

2. THE CONTINUUM PROBLEM

As discussed in the Introduction, we start off by briefly studying the Hartree
initial-boundary value problem (1.1]) in a suitable continuum setting. For this pur-
pose, we make the following assumptions concerning the domain €2, the external



EJDE-2009/12 FULLY DISCRETE GALERKIN SCHEMES 3

potential v, and the interaction potential V', a choice which is motivated by the
perspective of the fully discrete problem and the numerical analysis dealt with in
Section [4| and the numerical computations in [3] (some Hartree-dynamical compu-
tations have already been performed in [2]).

Assumption 2.1. Q C R? is a bounded domain with smooth boundary 9%).
Assumption 2.2. Assumption holds, v € C§°(,R), and V € C§°(R% R).
Assumption 2.3. Assumption [2.2 holds, and V(—z) = V(z) for all z € R%.

The Lebesgue and Sobolev spaces used in the following are always defined over
the domain € from Assumption [2.I] unless something else is stated explicitly. Thus,
we suppress €2 in the notation of these spaces. Moreover, under Assumption [2:2] let
the Hilbert space H, the linear operator A on H with domain of definition D(A),
and the nonlinear mapping J on H be given by

H .= L7
D(A) := H* N Hy,
A:=—A,
JW] = v + fY),

where the nonlinear mapping f is defined by

fl = Agv[lvPle,
A e CR(Q,R),

gﬂﬂ@%=1¥me—yWW)

Remark 2.4. The function A stands for some space depending coupling function
which can be chosen to be a smooth characteristic function of the domain 2. Such a
choice, on one hand, insures that all derivatives of f[¢)] vanish at the boundary 02,
and, on the other hand, switches the nonlocal interaction off in some neighborhood
of 002 where, in the numerical computation, transparent boundary conditions have
to be matched with the outgoing flow of 9 (see [2], B]).

Remark 2.5. Under Assumption we have gy [¢] € C5°(R4,C) for all p € L1,
and f[] € L? for all ¢ € L?, see estimate (2.10)) below.

We now make the following definition.

Definition 2.6. Let Assumption hold, and let T' € (0,00) U {oo}. We call a
differentiable function ¢ : [0,T) — L? a continuum solution of the Hartree initial-
value problem (1.1)) with initial condition g € D(A) if

i9(t) = Ap(t) + J(t)], Ve [0,T),
¥(0) = vo.
If T < oo, the solution is called local, and if T' = oo, it is called global.

(2.1)

We make use of the following theorem to prove that there exists a unique global
solution of the Hartree initial-value problem in the sense of Definition In
addition, this solution has higher regularity properties in time which are required
for the bounds on the constants appearing in the L2-error estimates in the fully
discrete setting of Section
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Theorem 2.7 ([I6] p.301]). Let H be a Hilbert space and A a linear operator on
H with domain of definition D(A), and A* = A.

(a) Let n € N, and let J be a mapping which satisfies the following conditions for
all ¥, ¢ € D(AF),

JD(A¥) C D(A®), Vk=1,...,n, (2.2)

T[]l < ClviDllvll, (2.3)

AR T < C(lll]s- - (|5 D[R, VE=1,...,n, (2.4)

[A* (T[] = JEDN < ORI €N, - - ARl | AR ARy — AR, Yk =0,. -(-2,;),

where each constant C is a monotone increasing and everywhere finite function of
all its variables. Then, for each g € D(A™), there exists a unique local continuum
solution in the sense of Definition [2.6 with 1(t) € D(A™) for all t € [0,T).

(b) Moreover, this solution is global if

lv@l <C, vtelo,T). (2.6)

(¢) In addition to the conditions in (a), let J satisfy the following conditions for
all 1 < k < n: ifp € CH([0,00), H) with d P(t) € D(A™Y) for all 0 <1 < k and

datt
Ar(t) € C(10,00), H) for all 0 <1<k, then
J[(t)] is k times differentiable, (2.7)
dk n—k—1
——
421 S (0] € O(0,0). M) 29

If this condition holds, then the local solution from (a) is n times differentiable and
;Tizﬂ(t) € D(A"%) for all 1 <k < n.

Remark 2.8. With the help of Theorem (and its proof) the constants in the es-
timates (4.39) and (4.47) below on the L?-error of the fully discrete approximations
are finite and can be estimated explicitly.

Proof. To prove the assertions of Theorem we verify its assumptions for the
situation specified above. Let us start off by checking condition (2.3)).

Condition ([2.3): T[]l g2 < CUIl )l 2
Using Assumption [2.2] and the estimate

[Agv [e]x|l 2 < ||/\||Lo<>”V“Lm(Rd)H@HB||1/)||L2||X||L27 (2.10)

we immediately get

701112 < (oll e+ 1M e IVl e ety 112 121 2

and the prefactor C(||¢]) from is a monotone increasing function of ||¢||, 2.
Next, let us check condition (2.4).

Condition 2-4): |A* T[]l 2 < C([¢]| )| ARl 2 for all k € N
To show (2.4, we have to control the L*norm of A¥(vi)) and of A*(Agy [[¢]?]4)).
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Hence, we write the powers of the Dirichlet-Laplacian as follows,

A*(py)
- S Carprans (00100 050 ) (0] 01 Lol k0 Py,

Jisende=1,...,d
a,B1,..,ak,8,=0,1
(2.11)

A*(gv []®)

— 17041 1—[31 1—04k 1—ﬂk
= Z CayBr...anBr 951901 9° kaﬁkv[‘d (ajl ajl s ajk 8jk d)),
. B J1 J1 Ik Ik
Ji,--dk=1,...,d
a1,B1,..,0,8,=0,1

(2.12)
where ¢q,8,...a,8, denote some combinatorial constants. Hence, using (2.10) and
the following Schauder type estimat(ﬂ

9]l g2im < ClAY| gm, V¢ € H*™ N Hy, Vm € N,
we get the following bounds on and (2.12)),
1A% ()2 < Cligllwar.ce 1]l e < Cllollppanoe A5 2, (2.13)
1A*(gv [l 22 < CIV liware @y 191l 1 1AT ]| - (2.14)
Using , and twice, we arrive at
IA* T[]l 2 < Clollyarce + [ M lwanoe [V lp2n.co gy [ G171 AF ] 2y (2.15)

where the prefactor C(||1)]], || Az, . .., ||A*14]|) from depends on |[|9)|| ;> only
and is monotone increasing in ||| .. Next, we check condition (2.2).

Condition (2.2): JD(A¥) C D(A*) for all k € N
Due to and since D(A*) = {yp € H* N H} | Ay € H2 N HE, ..., AF 1y €
H? N H{}, it remains to show that A7J (i) € H} for all v € D(A¥) and for all
j =0,...,k. But this follows since v, A € C§° and from the fact that C>(€Q) is
dense in H™ with respect to the H™-norm for all m € Nj.

Condition :
AR = TEDN 22 < CURN s €]l 25 1A® P 2, [AFEN L) | A% — AR 12
To show ([2.5)), we write the difference with the help of the decomposition
gvp1tilxa — gv[pathalxe
= gvlp1(¥1 — ¥2)lx1 + gvi(er — e2)valx1 + gvle2t2] (1 — x2)-

Each term on the right-hand side of (2.16)) can then be estimated with the help of
(2.14). Hence, as in (2.15)), we get

IAR(IT] = TIEDI 2 < Clllyrar.ce + [z oo 1V [l yror oo ey
< (19072 + (1 g2 + Il L) 1A* ] ) [ Ay — A*E| s,

(2.16)

(2.17)
where the prefactor C(||¢|, [|€]], - -, [|A¥¥|, ||A*¢]|) from (2-5) depends on the low-

est and the highest power of A only, and it is monotone increasing in all its variables.

1I.e.7 the elliptic regularity estimate of generalized solutions up to the boundary, see for example

2, p.383).
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Condition (2.6): ||¢(t)|l;2 = ||¢ol| 2 for all ¢ € [0,T)
This condition is satisﬁed due to Proposition [2.9] below.

Condition is k times differentiable in L? with respect to time ¢
Let n € N be ﬁxed and let k = 1 Then it is shown in [I6, p.299] that part
(a) and conditions (2.7), (2.8), and for k = 1 imply that ¢ € C?([0,00), L?)
with d2¢( t) € (A" 2) and A= 2§t2w( ) € C([0,00), L?). Then, using condltlons
., ., and . for subsequent 1 < k < n leads to the clalm of part
by iteration. Hence, we have to verify that conditions , 7 and (2.9)) are
satisfied for 1 < k < n. To this end, we make use of decomposmon (12.16| i to
exemplify the case £k = 1 and to note that the cases for £k > 2 are analogous. In

order to show that J[i(¢)] is differentiable in L?, we write, using (2.16)),

J[W(t + )] — J[b(t)]
h
_ YRR 200 |t 4+ by B0 ¢ )

h
gy [V Gt (e -+ h) -+ gy (o) L0,

Applying (2.16) and (2.10)), we find that J[¢(¢)] is differentiable in L? with respect
to ¢t with derivative

J[TZJ( )] = v() + Agy [ VDI (E) + Agv (D)) + gy [0 (1)) ).
(2.18)
Using (2.16)), (2-13)), and (2-14) in the estimate of |A"~2(L Iy (t)] — %J[@[J(S)])HLQ
similarly to (2.17), we find that & J[y(¢)] € D(A""2) and that A"=2L J[y(t)] €
C([0,00), L?). Due to the structure of , we can iterate the foregoing procedure
to arrive at the assertion. (]

To verify condition (2.6, we define the mass M [1)] and energy H[y)] of a function
Y € H' by

M) = [1$]s,
HIYL = 9013 + (0 08) 2 + 5 (0, S0

We then have the following statement.

Proposition 2.9. Let Assumption[2.3 hold, and let ¢ be the unique local continuum
solution of Theorem[2.7. Then, the mass and the energy of 1 are conserved under
the time evolution,

M[¢(t)] = M[wO]’ vt € [O’T)v
H[Y(t)] = H[yo], Vte[0,T).

Proof. From Theorem it follows that the function ¢ — M][i(t)] belongs to
CY([0,T),R{) with

(2.19)

%M[w(t)] =2 Re (P(1), ¥(t)) 2,

which vanishes due to (2.1). For the conservation of the energy, we have the follow-
ing three parts. First, using the regularity of ¢ in time and (¢, —At¢) 2 = ||V'¢)||iz
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for all » € H2 N HY, we observe that t — [[Ve)(t)||72 belongs to C*([0,T),Rg) and
has the derivative

S IV =2 Re (B(1), ~Ap (1)) o (220)

Second, the function ¢ — (¢(t),v9)(t)) = belongs to C*([0,T),R) and has the de-
rivative
d .

S (W0, 0(0) 12 = 2 Re (9(0), (1)) (221)

Third, using |¢|2 — |¢|? = ¥ (¥ — @) + (¢ — ¢)@ in the decomposition of f[v] — f[p]
as in (2.16), we get 5rgv[[¥[°]¢ = gv[[¥[*J +2 Re(gy [¢4]) ¢ in L?, and therefore
the function t — (¥(t), f[1(t)]) - belongs to C1([0,T),R) and has derivative

00, S0 2 = 4 Re (D0, T (222)

where we used Assumption m to write (g[z/;d}}w, V)2 = (1/), fl¥]) 2. Finally, if we
take the scalar product of (2.1]) with w and the real part of the resulting equation,
we get

0= Rei[[$(t) ;2 = Re [(d(t), —Aw(1)) 12 + (W(1), 00 (1)) 12 + (D(8), FEE(B)]) 2]

(2.23)
Plugging (2.20)), (2.21), and (2.22)) into ([2.23]), we find the conservation of the energy
Hp(B)]- O

Remark 2.10. For more general interaction potentials V', in particular in the local
case f[y] = 1%y in d = 2E| one can use an estimate from [7] which controls the
L -norm of a function ¢ € H' by the square root of the logarithmic growth of the

H?-norm,
[Pl e < C(1+ y/log(1+ [[¢]l 52)),

where the constant C' depends on ||| ;1. This estimate allows to bound the graph
norm of the continuum solution by a double exponential growth, and, hence, makes
the solution global.

Taking the L2-scalar product of (2.1]) with respect to functions ¢ € H{, and using
again that (p, —AY) ;. = (V,V1p),. for all » € H2 N H} and for all ¢ € H}, we
get the following weak formulation of the continuum problem (2.1)),

i((pvd})[ﬁ = (V%Vw)p + ((and))L? + (%fW/DL'z, VSD € H&a te [OaT)v
$(0) = to.
This formulation is the starting point for a suitable discretization in space of the

original continuum problem. We will discuss such a semidiscrete approximation in
Section [3l

(2.24)

2We are mainly interested in d = 2 for the numerical computations.
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3. THE SEMIDISCRETE APPROXIMATION

In this section, we discretize the problem (2.24)) in space with the help of Galerkin
theory which makes use of a family {S, }ne(0,1) of finite dimensional subspaces.

Assumption 3.1. The family {Sh},¢(0,1) of subspaces of H} has the property
Sy CcC(Q)NHY, dimS, =N, <oco, Vhe(01).

Remark 3.2. For the numerical computation in [3], the physical space is (a smooth
bounded superset of) the open square Q = (0, D)? C R? with D > 0 whose closure
is the union of the (n — 1)? congruent closed subsquares generated by dividing
each side of  equidistantly into n — 1 intervals. Let us denote by Nj, = (n — 2)?
the total number of interior vertices of this lattice and by h = D/(n — 1) the
lattice spacingﬂ Moreover, let us choose the Galerkin space S;, to be spanned by
the bilinear Lagrange rectangle finite elements ¢; € C(Q) whose reference basis
function ¢g : 2 — [0, 00) is defined on its support [0, 2h]*? by

xy, if (x,y) € [0,h]*?,
1 J(2h =)y, if (x,y) € [h,2h] x [0, h],
2@V =524 o — 2)@h— ), if (2,5) € [h 202, (3:1)
(E(Qh—y), if ((E,y) € [Ovh] X [h,Qh],

see Figure[l] The functions ¢; are then defined to be of the form (3.1)) having their
support translated by (mih,mah) with mi,ma = 0,...,m — 3. Hence, with this
choice, we have S;, C C(Q) N H(Q) and dim Sj, = Np,.

R
RN

l.,"l.

AT
LR
T

L

1

FIGURE 1. @o(z,y) on its support [0,2h]*? with maximum at ver-
tex (h, h).

Motivated by the weak formulation (2.24]), we make the following definition.

Definition 3.3. Let Assumptions and hold. We call ¢y, : [0,T) — Sj, with
Y, Y € L2 (0,T; Sp) a semidiscrete solution of the Hartree initial- boundary value

3As bijection from the one-dimensional to the two-dimensional lattice numbering, we may use
the mapping 7 : {0,...,m — 1}*2 — {0,...,m? — 1} with j = 7(m1, m2) := m1 + mam.



EJDE-2009/12 FULLY DISCRETE GALERKIN SCHEMES 9
problem (1.1]) with initial condition ¥ € Sy, if

d
i & (Qp,wh)L2 = (V%th)m + (%UT/Jh)Lz + (Qoafw)h])L% VQD € Sh, te [O,T),

Yr(0) = bon.
(3.2)

Remark 3.4. In general, the weak problem (2.24]) is set up using the Gelfand
evolution triple H} C L? C (H})" = H~'. One then looks for weak solutions
¥ € W3(0,T; HY, L?) C C([0,T), L?) motivating Definition [3.3]

We assume the Galerkin subspace S, from Assumption [3.1]to satisfy the following
additional approximation and inverse inequalities.

Assumption 3.5. Let Assumption [3.1] hold. Then, there exists a constant C'y > 0
such that

nf (1 = @ll gz + Bl — @lln) < Cab® Y]l gy Vb € H? N Hy.

Remark 3.6. For an order of accuracy r > 2 of the family {Sy,}1e(0,1), the usual
assumption replaces the right-hand side by Cah®||¢|| ;s for 1 < s < r and is asked
to hold for all ¢» € H* N H}. For simplicity, we stick to Assumption

Assumption 3.7. Let Assumption [3:I]hold. Then, there exists a constant Cp > 0
such that

lelg < Csh™Hipll2, Vo € S
Remark 3.8. For the two-dimensional bilinear Lagrange finite element setting of

Remark both Assumption and Assumption hold (see for example [6]
p.109,111]).

Furthermore, we make an assumption on the approximation quality of the ini-
tial condition g, € Sy of the semidiscrete problem (3.2) compared to the initial
condition 1y € H? N HE of the continuum problem (2.1)).

Assumption 3.9. Let Assumption [3.I] hold. Then, there exists a constant Cy > 0
such that
1Yo — Yonll 2 < Coh?. (3.3)

The semidiscrete scheme has the following conservation properties.

Proposition 3.10. Let Assumptions[2.3 and[3.1] hold, and let 1y, be a semidiscrete
solution of the Hartree initial-boundary value problem (L.1)) in the sense of Defini-
tion[3.3 Then, the mass and energy of 1y, are conserved under the time evolution,

M[wh(t)] = M[¢Oh]7 vt € [O7T)7
H[n(t)] = H[Yor], VYt e[0,T).
Proof. If we plug ¢ = ¥ (t) into (3.2)) and take the imaginary part of the resulting
equation, we get the conservation of the mass. If we plug ¢ = () into (3.2)) and

take the real part of the resulting equation, we get the conservation of the energy
using Assumption (in the sense of Remark [3.4)). O

(3.4)

Existence-uniqueness is addressed in the following theorem.
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Theorem 3.11. Let Assumptions [2.3 and [3.1] hold. Then, there exists a unique
global semidiscrete solution vy, of the Hartree initial-boundary value problem (1.1))
in the sense of Definition[3.3

Proof. Let {¢; ;V:’Ll be a basis of the Galerkin space S, and let us write

Np,
Yn(t) =Y 2(t) @5 (3.5)
j=1

Plugging (3.5) into the semidiscrete system (3.2), for z(t) := (21(t),..., 2N, (t)) €
CNr | we obtain

i2(t) = A"Y(B+Y)z(t) + A H[z(t)]2(t), Vte[0,T),

0 — % (3.6)

where o = ij:hl(zo)j ¢; and the matrices A, B € CN+*Nn are the positive
definite mass and stiffness matrices, respectively,
Aij = (#ir¢5) 20 Bij = (Vei, Vi) o
Moreover, Y € CN» XN is the external potential matrix,
Yij = (i, v9;5) 2
and the matrix-valued function H : C"» — CN+ XN is defined by

Np,

Hzl,; =Y Zez (00 Ag[Prepilof) -
k=1

Since the function CN» 3 2z +— A"Y(B +Y)z + A~'H[2]z € CM* is locally Lip-
schitz continuous analogously to the continuum case, the Picard-Lindel6f theory
for ordinary differential equations implies local existence and uniqueness of the
initial-value problem (3.6). Moreover, this local solution is a global solution if it
remains restricted to a compact subset of CV». But this is the case due to the mass
conservation from . O

We next turn to the L2?-error estimate of the semidiscretization. For that pur-
pose, we introduce the Ritz projection (also called elliptic projection).

Definition 3.12. Let Assumption hold. Then, the Ritz projection Ry, : Hi —
S}, is defined to be the orthogonal projection from Hg onto Sj with respect to the
Dirichlet scalar product (V-,V+);, on Hg; i.e.,

(VSOV VthJ)LZ = (V% v¢)L27 VSO € Sh~
The Ritz projection satisfies the following error estimate.

Lemma 3.13 ([20, p.8]). Let Assumptions and[3.5 hold. Then, there exists a
constant Cr > 0 such that

11 = Ru)¢ll 2 + I (L= Bu)ell g < CrP?|[W]l e, Vo € H*NHy.  (3.7)

The next theorem is the main assertion of this section.
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Theorem 3.14. Let Assumptions [2.3, [5-8, and [3-9 hold, and let + be the
solution of the continuum problem from Theorem and Py, the solution of the
semidiscrete problem from Theorem/|3.11. Then, for any 0 < T < oo, there exists a
constant Cg > 0 such that

t) = ()|, < Cgh?.
tg}%lliﬂ() V(). < Ck

Proof. We decompose the difference of ¢ and v, as

P(t) = Pn(t) = p(t) +6(0),
where p(t) and 0(t) are defined with the help of the Ritz projection Ry, from (3.12)
by
p(t) := (1= Ru)p(t), 0(t) := Ruptp(t) — hn(t).
Making use of the schemes (2.24)), (3.2)), and (3.12]), we can write

i1(,0() 12 = (Vep, VO(2)) 2
= —i(p, pt)) g2 + (0, 0( () = i () 12 + (0, FIP D] = F¥n(D)]) 12

Plugging ¢ = 0(t) € S}, into (3.8) and taking the imaginary part of the resulting
equation, we get the differential inequality

1d )
5@ 10|72

< (1B + o) = wn(®) ] g2 + 1 F0] = Flon®ll2) 10@) ] 2 39)
< (eIl > +ex (lp@)ll L2 + 16 L2)) 0] 2
where we used the conservation laws and , and to define the

constant

(3.8)

r = [l + 20N o [V ] o ey (M 0] + M)
Using € > 0 to regularize the time derivative of [|f||,. at # = 0 by rewriting the
left-hand side of (3.9) as %%HQH; = %%(H@Hiz +€%), we get

S 1012+ ) <10+ Uo®lls + 1601, 3.10)

where we used ||6(t)|| . < (||9||2L2 + 62)1/2. Integrating (3.10]) from 0 to ¢, letting

€ — 0, and applying Gronwall’s lemma to the resulting inequality, we find

10| L2 < 10(0)]] .2 +/0 ds ([6(s)ll .2 + evllo(s)ll 2)

+ Cl/o ds (“9(0)”L2 +/O du (HP(U)HLQ +Cl||p(u)”L2)) e01(t75).

To extract the factor h?, we apply and Assumption to obtain 40
lp@)ll 2 < Crllv(@)] =h?, (3.12)

1Pl 2 < CrIW @21, (3.13)

1600}l 2 < (Co + Crllvol =), (3.14)

Plugging (3.12), (3.13)), and (3.14)) into (3.11)), we finally arrive at
[9() = Yn®)ll 2 < 102 + D)l 2 < e2(H)h?,
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where the time dependent prefactor is defined by

t
c2(t) := (Co + Crllvol =)™ + CR/O ds ([1¥ ()l g2 + ealleo(s)l] =)

t s
+erCr [ ds [ du (D@ ge +ellw)lg=) €+ Crllo(t)]
0 0
Setting C'p := maxe[o,1) c2(t) brings the proof of Theorem to an end. O

Remark 3.15. For the local case f[1)] = [1|?¢, one replaces the original locally
Lipschitz nonlinearity f by a globally Lipschitz continuous nonlinearity which co-
incides with f in a given neighborhood of the solution ¥ of the continuum problem.
One then first shows that the semidiscrete solution of the modified problem satisfies
the desired L?-error bound, and, second, that for h sufficiently small, the modified
solution lies in the given neighborhood of . But for such h, the solution of the
modified problem coincides with the solution of the original problem, and, hence,
the solution of the original problem satisfies the desired L2-error bound, too (see
for example [I).

4. THE FULLY DISCRETE APPROXIMATION

In this section, we discretize the semidiscrete problem (3.2)) in time. To this end,
let us denote by N € N the desired fineness of the time discretization with time

discretization scale 7 and its multiples t,, for alln =0,1,2,..., N,
T
T= 5 ty = nT. (4.1)

As mentioned in the Introduction, we will use two different time discretization
schemes of Crank-Nicholson type to approximate the semidiscrete solution 1)y, of
Theorem |3.11] at time ¢, by ¥,, € U, where

U= (Vg Uy,..., Uy) € 5N, (4.2)

These two schemes differ in the way of approximating the nonlinear term gy [|4|?]
as follows. Let N :={1,2,..., N} and Ny := N U {0}, and set

1
W12 = 5 (U, +V,—1), Vnewn. (4.3)

The first scheme implements the one-step one-stage Gauss-Legendre Runge-Kutta
method in which the nonlinear term is discretized by

gVH\IIn—l/2|2]\IIn—1/2- (44)

In this method, the mass M[¥,] is conserved under the discrete time evolution.
The second scheme, introduced in [9] and applied in [, discretizes the nonlinear
term by

GV + [ ) o (45)

This method, in addition to the mass, also conserves the energy H[¥,] of the
system. In the following, for convenience, we will call the first scheme coherent and
the second one incoherent.
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4.1. Coherent scheme. To define what we mean by a coherent solution of the
Hartree initial-boundary value problem (1.1)), we set

: 1
Uy =~ (U= Uyo1), VnEN.

Definition 4.1. Let Assumptionandhold. We call ¥ € S;L((NH) a coherent
fully discrete solution of the Hartree initial-boundary value problem (|1.1) with
initial condition ¥y € Sy if

1(807 \Iln)LZ = (v§07v\11n—1/2)L2 + (wavq]n—l/2)L2 + (@7f[\lln—1/2])L27
Vo € Sp, Vn e N, (4.6)

Vo = thon.
The coherent solution has the following conservation property.

Proposition 4.2. Let ¥ € S;(N—H) be a coherent fully discrete solution of the
Hartree initial-boundary value problem (|1.1) in the sense of Definition . Then,
the mass of ¥ is conserved under the discrete time evolution,

M[,,] = Mtpon],  Vn € No. (4.7)

Proof. If we plug ¢ = W,,_; 5 into (4.6)) and take the imaginary part of the resulting
equation, we get

0 =1Imj (\I/nfl/% \Iln) = o= M[¥,,] = M[T,,_4]).

Lz o7

O

Remark 4.3. The energy H[¥,] of the coherent solution (4.6)) is not conserved
under the discrete time evolution (see [I] and references therein, in particular [17]
and [21] for the local case with d = 1).

The question of existence and uniqueness of a coherent solution is addressed in
the following theorem.

Theorem 4.4. Let Assumptions|[2.3, and[37 hold, and let the time discretiza-
tion scale T be sufficiently small. Then, there exists a unique coherent fully discrete
solution of the Hartree initial-boundary value problem (1.1)) in the sense of Defini-

tion [{-1}

Proof. Let ¢ € Sp, be given, and define the mapping Fy : S, — Sp, by

(Qoa Fqﬁ[w])[} = (907 ¢)L2 - % ((v907 v¢)L2 + (cp,m/))LQ + (903 f[w])L2)’ VQO S Sh'

(4.8)
For some n € N, let the n-th component ¥,, 1 of ¥ € S;(NH) from be given.
Adding 2i (¢, ¥,,—1)/7 on both sides of (4.6), we can rewrite with the help of
in the form of a fixed point equation for W, _; s,

\I/’ﬂ—l/2 = F‘I’n—l [\Iln—l/Q]a (49)

from which we retrieve the unknown component ¥,, by (4.3). In order to construct
the unique solution of (4.9)), we make use of Banach’s fixed point theorem on the
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compact ball B,_1 := {1 € Sy | |[¥]| ;2 < M[¥,,_1]'/241} in S),. Using Assumption

and (12.17), we get, for ¢, € € Sp,

|(<P7 F\P'n,—l [w] - F‘I’n—l [ﬂ)[ﬁ‘

T _
< T(CBH ol + 20N eIV oy (19125 + E32) ) — €l ol
(4.10)
Plugging ¢ = Fy,, ,[¥] — Fy,_,[¢] into (4.10) and picking ¢ and & from B,_;, we
find
QU
1Fa, [ = Fa, €]l € == 7llv = &l o (4.11)

where the constant a,,_; is defined, for all n € A/, by
an_1:=(9éh—2—kuanw-+4uAanuvaa«R@<AA[wn_1r/24—1)? (4.12)

Let now ay,_1(M[¥, 1]/ +1)7 < 1. Then, 1t follows from and (£.12)
that Fy,_, maps B,_; into B,_1 (set £ = 0 in ) and that Fq,%1 is a strict
contraction on B,,_;. Therefore, for such 7, Banach’s fixed point theorem implies
the existence of a unique solution ¥,,_; /5 G B, —1 of the fixed point equation (4
Moreover, due to the mass conservation , there exists no solution ¥,,_; /5 of
. with W,,_1/5 € Sh \ B,,—1. Hence, the component W, of the coherent solution

exists and is unique for such 7. Startmg at ¥y = 9o and proceeding iteratively, we
X (N+1)

get all n + 1 components of the coherent solution ¥ € S} . Moreover, again
due to ([4.7), we get a uniform bound on the size of the tlme discretization scale 7,
e.g.
ao(M[yon)/? + 1)1 < 1.
O

Remark 4.5. Since ag > C%h_2, we have that 7 < C§2h2, where C'p stems from
Assumption [3.7]

We next turn to the first of the two main assertions of the present paper which
is the time quadratic accuracy estimate on the L?-error of the coherent solution.

Theorem 4.6. Let Assumptzonsm ‘l and 3 hold, and let ¥ € SX(NH)
44

be the coherent solution from Theore Then, there exists a constant C’K >0
such that

mex [(tn) = Wl 2 < Ce (7% + 2).

nENo

Remark 4.7. The constant C'x depends on higher Sobolev norms of the continuum
solution 1. These norms exist due to the regularity assertion in Theorem c).

Proof. Let n € N be fixed and define v, := 9(t,) with ¢, from ([4.1). As in the
proof of Theorem [3.14] we decompose the difference to be estimated as
where p,, and 6,, are again defined with the help of the Ritz projection from (3.12)
by

Pn = (1 - Rh)wnv On == Rptpp — ¥y (414)
Using Taylor’s theorem in order to expand 1, around ¢t = 0 up to zeroth order in
t, and the estimate on the Ritz projection (3.7), we immediately get

t’” .
lols < Cot® (ol + [ at 190 (415)
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To estimate 6,,, we want to extract suitable small differences from the expression

i 1
mep = i(% en - en 1) (V% v(en + enfl))[p - 5(%07 U(en + 97171))[,2
(4.16)
which contains all the linear terms in (4.6) moved to the left-hand side with ¥,,

replaced by 6,,. For this purpose, we first plug the definition of ,, into (4.16]), and
then use the definition of the Ritz projection (3.12)) and the scheme (4.6)) to get

Lnio = 1 (0, B = 1)) g2 = 5(V, Vo + Yn 1)
m (4.17)
2 (@? URh(w" + thn— 1)) (4103 f[len—l/ZDLz

Rewriting the first term on the right-hand side of (4.17)) with the help of the con-
tinuum solution satisfying the weak formulation (2.24), we have

% (907Rh(wn - ¢n—1))L2
= o (R = D)W = n 1)) 41 (0 2o — n 1) = Guryn) . (B1D)
+ (Vo, Vibn_1/2) 1 + (0, 08n_1/2) o + (05 flhn—1/2]) ;2>

where we used 9,1 /5 := ¥(t, —7/2) and Qj}n_l/g = 4(t, — 7/2). Plugging ([£.18)
into (4.17), we can express L,, ., in the form

6

3

(Sovwr(Lj))LZa (419)

j=1

where the functions w(J ) with j=1,...,6 are defined by

1) = i(Rh B 1)( 1/)"_1)7 wg) =1 (%(wn - 1/%-1) - 1211'7/—1/2)7
1
2

%(13) = ( (77/1 + 1/%—1) - ¢n—1/2) ) Wﬁf) = (¢n—1/2 - % (¢n + 1/’n—1)) )
(5) = % (1 - Rh) (wn + ¢n71) , WSLG) = f['(/)nfl/Q] - f[\Ilnfl/Z]v

and, for wﬁf), we used again (Vp,Vi)),2 = (p, —A¢),. for all ¥ € H> N Hg.

Plugging ¢ = (0, + 0,,—1)/2 into (4.16]) and (4.19), and taking the imaginary part
of the resulting equation, we get (if 6, = 0, we are left with (4.15]))

6
16n]l 2 < 10n—1lle +7 Y w2 (4.20)

j=1
Let us next estimate the terms \|w£Lj) || 2 forall j=1,...,6. For wg), we expand

¥, around ¢t = t,,_1 up to zeroth order in 7 and use (3.7)) such that

tn .
[0l < Crh?r / At 1) 2. (4.21)
tn—1
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For w,(?), we expand t,—1 and 1, around ¢ = ¢, — 7/2 up to second order in 7/2,

1 tn—7/2 tn
ol < e ([ @t 05O+ [ @215 01,)

IN

21\ Jt, s tn—T/2
T tn
<[ il
tn—1

(4.22)
Analogously, for wff) and w£L4), we expand ,,_1 and v, around t = ¢, — 7/2 up to
first order in 7/2,

tn
T .
ol < 5 [ atladls, (423)
n—1
4 T 128 .
Jolze < ol [ QIO (4.21)
n—1

For wﬁf’), expanding v,,_1 and 1,, around ¢t = 0 up to zeroth order in time, we get,

analogously to the estimate of wg),

tn .
oz < Co?loll (ol + [ a0 (4.25

Finally, for wr(f), we apply the local Lipschitz continuity (2.17) to get

w2 < et 172 — Tn_1/2ll 2, (4.26)

where we used the continuum mass conservation (2.19) and the coherent fully dis-
crete mass conservation (4.7) to define the constant

c1 = 2| M| pos V[l oo may (Mtho] + Mtbon]) - (4.27)
Since we want to reinsert the decomposition (4.13]) into the right-hand side of (4.26)),

we write

[¥n-1/2 = ®n—12ll ;> < 1¥n—1/2 = 5 (@n + Yn-1)ll
+ % (lon—1llz2 + llonll g2 + 100l L> + 100l 22) -
Plugging the estimates (4.15)), (4.21)) to (4.26)), and (4.28) into (4.20)), we find
16 L2< 10012+ (A%1)+TA%2))}L2+A%3)T2+% T (10n-1ll2 + [10nllL2), (4.29)

(4.28)

where the first term on the right-hand side of (4.28]) was estimated as in w or
(4)

wr , and

tn )
A = Cn [ a0 (4.30

tnfl

tn )
AR = Cn(er+ olp) (ol + [ 1), (430
3) 1 tn . 1 ([in
AY = et o) [ At +g [ atlE,

e o (4.32)

1 [tn ..
bq [ dAGOl
tn—1
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If we choose the time discretization scale 7 to be small enough, e.g. c17 < 1, we
can construct the following recursive bound on [|6,,[| . from inequality ([£.29),
162l 2 < BY|6n-1ll2 + B, (4.33)
where we used that 1/(1 —¢17/2) <1+ ¢17 if ¢;7 < 1 to define
BM .= (1+c¢17)%,

B® .= (1+ clT)((AS) + 7'14%2))712 + ASLB)TQ).

Therefore, if we iterate the bound until we arrive at ||6p||; 2, we get

n n n—k
10nll 2 < (BD) N6oll,. + > (BO) " B
W (4.34)
S C2(||60||L2 + Z ((AI(Cl) —|— TA](€2))h2 + AI(CB)T2)>’
k=1

where, on the second line of (4.34), we first extract the global factor (B(Y))" which
can then be estimated as (BM)"™ < (1 + ¢;T/N)?N < ¢, with the definition

cy = e*a T, (4.35)

It remains to estimate ||fo||, . on the right-hand side of (4.34)). This is again done
by using the estimate on the Ritz projection (3.7)),

160l 2 < ¥0 — tonllz2 + (Bn = Dol 2 < [0 — tonllg2 + Crb? ([0l 2. (4.36)

Hence, with estimate (4.15) on ||p,||,. and the estimates (4.34) and (4.36) on

10l 2 in the decomposition (4.14)), taking the maximum over all times, we finally
arrive at

Hé?\); ||¢n - \Iln”[ﬂ < 02||¢o - ¢0h||L2 + C3h2 + 647—27 (437)
neNg

where the constants c3 and ¢4 are defined by

T .
= Cr(1+ea (147 (e + o)) (Wl + [t 130:). (438)

T T T
Co . 1 .
o= 2 (e ol [ a1l +5 [ @l + [ ajaiol,.).
(4.39)
The constants ¢; and ¢y are given in (4.27)) and (4.35]), respectively. Using Assump-

tion and setting Ck := max{c2Cy + c3, ¢4} brings the proof of Theorem to
an end. (]

Remark 4.8. We can compute an explicit bound on the integrands in (4.38]) and
(4.39) on any finite time interval. As an example, for the last term in the constant

¢y from ([4.39), we have (see Theorem [2.7(c) and [16] p.299])
1AD(E)| 2 < A% 2 + IAZT WO 2 + 1A FI O -

The first term is exponentially bounded in time using the conditions from Theo-
rem (a) and (b) and Gronwall’s lemma on the Duhamel integral form of the
differential equation ([2.1)),

HAB'IZJ(t)”L2 < HA3'¢10”L2 GC(MWD])t,
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where the constant C' stems from ([2.15]) (see also [16] p.300]). In contradistinction to
the general case from Theorem a), the growth rate C' from only depends
on the mass of the initial condition (and on v, V', and A, of course). The second term
is again bounded due to . Finally, the third term is bounded due to equation
for the time derivative of the nonlinear term J[¢(¢)] and the corresponding

estimates (2.13]) and (2.14)).

4.2. Incoherent scheme. As described at the beginning of Section [4 we also
study a second discretization scheme which approximizes the nonlinear term gy [|1]?]

not by (4.4)) but rather by the expression (4.5)).

Definition 4.9. Let Assumptions and hold. We call ¥ ¢ S;(N—H) an
incoherent fully discrete solution of the Hartree initial-boundary value problem
(1.1) with initial condition gy, € Sy, if

i ((pa \I/n)Li’ = (V‘P, v\1171—1/2)1/2 + (‘pa v\pn—l/2)L2
+ (90, %)\QVH\I/n‘Q + |‘Iln71|2}\11n71/2)L27 V‘P S Sh7 n e Na (440)
Yo = Yon-

The incoherent solution has the following conservation properties.

Proposition 4.10. Let ¥ € S:(N—H) be an incoherent fully discrete solution of the
Hartree initial-boundary value problem (1.1)) in the sense of Deﬁmtion and let
Assumption [2.3 hold. Then, the mass and the energy of ¥ are conserved under the
discrete time evolution,
M[\I/n] = M[’@/J()h], VYn € ./\/‘()7
H[\I’n] = 'H[¢0h], Vn € N().

Proof. Plugging ¢ = W,_;/, into and taking the imaginary part of the
resulting equation leads to the mass conservation as in the proof of Proposition
In order to prove the energy conservation, we plug ¢ = ¥, into and
take the real part of the resulting equation. Using that (U, Agy [|¥,—1]?]¥,,) 2 =
(U1, Agv[|¥,]?]¥,,—1) ;2 due to Assumption we get

1

T or

(4.41)

O:Rei(\i/ny\i’n)[ﬁ (H[Wn] — H[Wn-1]).

O

We next turn to the proof of existence-uniqueness of the incoherent solution.

Theorem 4.11. Let Assumptions and hold, and let the time dis-
cretization scale T be sufficiently small. Then, there exists a unique incoherent fully
discrete solution of the Hartree initial-boundary value problem (1.1)) in the sense of

Definition [{-9

Proof. The proof for the incoherent solution is analogous to the proof of the coherent
solution. Let ¢ € Sp, be given, and define the mapping Gy : Sy, — Si, by

(0, GoltD g = (9 8) iz = o (T, V) + (0090

(4.42)
+ (0 3Agv (120 — 91 + 912)0) 1. ), Vo € i
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For some n € N, let the n-th component ¥,,_; of ¥ € S;(NH) from (4.2) be given.

Adding 2i(p, ¥,,—1)/7 on both sides of (4.40)), we rewrite (4.40) with the help of
(4.42) in the form of a fixed point equation for ¥,,_; /5,

\Iln—l/Q = G‘yn71 [\Iln—l/2]'

To use the Banach’s fixed point theorem as in the proof of Theorem [£.4] we show
that Gy, , maps the compact Ball B,,_1 := {¢) € Sp|[|¥]l ;2 < M[¥,,_1]Y/2 + 1}
into itself and that Gy is a strict contraction on B,,_1. To this end, we write

|(<,0, G\I]nfl W] - G\I,nfl [E])Lzl
1
< T(IVW ~ a1Vl + ol el — Ell il + & Allplz2).

where, with the help of (2.10)), , and [|2]? — |w|?| < |z + w||z — w]| for all
z,w € C, the third term A on the right-hand side of (4.43) can be estimated as

A= Agv[|2e — Vot |? + [Vt 2] — Agv (|26 — W [ + |1 €] 12
< 8l IVl oo gty (11172 + NENT> + 1¥n—1ll72) 146 = €]l -

Hence, plugging ¢ = Gy, _, [¢)] — Gw,_, [¢] into (4.43), we get for ¢, & € B,,_1 using
Assumption [3.7]

(4.43)

On—1
2

G, [¢¥] = G, [E]ll 2 < Tl[Y —€ll e,

where
an—1:= CEh % + [[v]l poo + 120Nl e IV | oo ety (M[W—1]"2 + 1)

like in the coherent scheme (4.12)). Therefore, we arrive at the claim as in the proof
of Proposition using the mass conservation from , i.e., the incoherent
solution exists and is unique if the time discretization scale 7 is sufficiently small,
e.g. ag(M[on]"/?2 + 1)1 < 1. O

Finally, we also provide a time quadratic accuracy estimate on the L2-error of
the incoherent solution. Again, the proof is analogous to the corresponding proof
for the coherent solution from Theorem

4.6
Theorem 4.12. Let Assumptz'ons and hold, and let ¥ € S:(NH)
be the incoherent solution from Theorem|4.11. Then, there exists a constant Ct > 0
such that
2 2
s [9(t0) = Walls < Crlr? +12),

Proof. Asin (4.13)) and (4.14]), we make use of the decomposition v, —V,, = p, +6,,
and we estimate p,, again by (4.15). In order to estimate ||6,];., we define L,, ,
as in (4.16). Then, everything in equation (4.17]) remains unchanged up to the last
term which is replaced by the expression — (¢, $Agv [|[Vn|? + [V 1[*]¥,_1/2) 2.
Using again (4.18)), we can rewrite L,, ., as in equation (4.19)), where the terms w )

remain unchanged for all 7 =1,...,5, whereas the term wﬁlﬁ) now has the form

WO = flbn_1y2] = Agv (1 Wnl? + [ Wt )W 1/ = 0 + w0 + 0,
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where we use the same notation as introduced after (4.18) to define

©) .

Wy = Agv[[Yn— 1/2| ](¢n71/2 - %(d’n + Yn-1)),

n,

WA = 2 Agv Wyl = B(al? + [na ] + ),

1
with = 3 Mgy [3(0al + [t P W + Y1) = Agv [ (Tal” + [t P T

For wff)l, expanding ¢, and v, around ¢t = t, — 7/2 up to first order in 7/2, we

get , using (2.10) and the mass conservation (2.19)),

tn .
ol < 1 =N IVl Rd)MWo]/ At [ ()]l .- (4.44)

n—

To estimate wff%, we expand 9,1 and ¢, around ¢t = ¢, — 7/2 up to first order in

7/2 and get similarly

o3l e < TN e IV ] oo gray M0 2l tm 121 = 3 (46 + 11 ) s

(4.45)
< a (a7 +aP72 4 aP73),

where we define

@@ = M e IV o ety M 0] 2,

oD = M(yy) / (),

tyn—

tn .
2 = 5 Wnosall s (Wnszalla+ [ (02

n—1
1 [i» . 2
o =g [ ol
tn—l
For wff%, using in particular again ||2]? — |w|?| < |z +w||z — w| for all z,w € C and
the decomposition (4.13)), we get

o <6>|\L2_—||Agv[|¢n|2+|wn V2@ = Ty 4 1 — Ty q)| 2

+ Z ||AgV[|7/}n|2 - |\I/n|2 + |wn—1|2 - |\I/n—1‘2](\11n + \Ijn—l)”LQ

< A e IVl e gty (M) + MEgr) (ol 2 + 1pn=1ll 2 + 160ll = + 16—l 2)-

4.46
Therefore, plugging the estimates , , and (| into , we (agau)l
find the closed inequality (4.29 -, the coeﬂi(nents An) and A;) havmg the same
form as in and , respectively. Using estimate on w,(f)l, we see
that the coefficient Ag) in the incoherent case contains all the terms from
of the coherent case with ¢; replaced by a(?, plus an additional term of the form
a@ (@ +a!? 7+ a! 72) which is due to the estimate of w( ) Plugging the
coefﬁc1ents Aﬁl , ;2 , and A( into the iterated bound and using estimate

on 6y, we again get an estimate of the form Where the constant c3 has
the same form as in (4.38]) whereas the constant cy, compared to (4.39)), now looks
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like

Cq =

T ; 1 /T . T ;
2@+ oll) [l +5 [ @O+ [ atiaiol,.)

T
+e2a® (M + 37 e [90152) [ a0l

(0) (0) T
Caa . 2 coa ° . 9
T t 2 [ At ||h@)]s.
5 e [0+ 257 [ at o
(4.47)
Herewith, as in the proof of Theorem we arrive at the assertion. 0O

Remark 4.13. Using estimates as in Remark[4.8] we can again bound the constants

in (4.47) explicitly.

(10]
(11]
(12]
(13]
[14]
(15]
(16]
(17)
(18]

[19]
20]

REFERENCES

Akrivis, G. D.; Dougalis, V. A.; Karakashian, O. A.; 1991 On fully discrete Galerkin methods
of second-order temporal accuracy for the nonlinear Schrodinger equation Numer. Math. 59
31-53

Aschbacher, W. H.; 2001 Large systems of non-relativistic Bosons and the Hartree equation
Diss. ETH No. 14135

Aschbacher, W. H.; On radiative dissipation of Hartree solitons, in progress

Aschbacher, W. H.; Frohlich, J.; Graf, G. M.; Schnee, K.; Troyer, M.; 2002 Symmetry
breaking regime in the nonlinear Hartree equation J. Math. Phys. 43 3879-91

Aschbacher, W. H.; Squassina, M.; 2008 On phase segregation in nonlocal two-particle Hartree
systems, submitted, and arXiv:0809.3369

Brenner, S. C.; Scott, L. R.; 1994 The mathematical theory of finite element methods (New
York: Springer)

Brezis, H.; Gallouet, T.; 1980 Nonlinear Schrédinger evolution equations Nonlinear Anal. 4
677-81

Caliari, M.; Squassina, M.; 2008 Location and phase segregation of ground and excited states
for 2D Gross-Pitaevskii systems Dyn. Partial Differential Equations 5 117-37

Delfour, M.; Fortin, M.; Payre, G.; 1981 Finite-difference solutions of a non-linear Schrédinger
equation J. Comput. Phys. 44 277-88

Elgart, A.; Erdos, L.; Schlein, B; Yau, H. T.; 2004 Nonlinear Hartree equation as the mean
field limit of weakly coupled fermions J. Math. Pures Appl. 83, 1241-73

Erdos, L.; Schlein, B.; Yau, H. T.; 2007 Rigorous derivation of the Gross-Pitaevskii equation
Phys. Rev. Lett. 98 040404

Frohlich, J.; Tsai, T. P.; Yau, H. T.; 2000 On a classical limit of quantum theory and the
nonlinear Hartree equation Geom. funct. anal. 57-78

Frohlich, J.; Gustafson, S.; Jonsson, B. L. G.; Sigal, I. M.; 2004 Solitary wave dynamics in
an external potential Commun. Math. Phys. 250 61342

Lieb, E.; Seiringer, R.; Yngvason, J.; 2000 Bosons in a trap: a rigorous derivation of the
Gross-Pitaevskii energy functional Phys. Rev. A 61 043602

Onorato, M.; Osborne, A. R.; Serio, M.; 2006 Modulational instability in crossing sea states:
a possible mechanism for the formation of freak waves Phys. Rev. Lett 96 014503

Reed, M.; Simon, B.; 1975 Methods of modern mathematical physics II (New York: Academic
Press)

Sanz-Serna, J. M.; Verwer, J. G.; 1986 Conservative and nonconservative schemes for the
solution of the nonlinear Schrédinger equation IMA J. Numer. Anal. 6 25—42

Shukla, P. K.; Kourakis, I.; Eliasson, B.; Marklund, M.; Stenflo, L.; 2006 Instability and
evolution of nonlinearly interacting water waves Phys. Rev. Lett. 97 094501

Spohn, H.; 1980 Kinetic equations from Hamiltonian dynamics Rev. Mod. Phys. 52 569-615
Thomée, V.; 1997 Galerkin finite element methods for parabolic problems Springer Series in
Computational Mathematics, Vol. 25 (Berlin: Springer)



22 W. H. ASCHBACHER EJDE-2009/12

[21] Tourigny, Y.; Morris, J. L.; 1988 An investigation into the effect of product approximation
in the numerical solution of the cubic nonlinear Schrédinger equation J. Comput. Phys. 76
103-30

[22] Zeidler, E.; 1990 Nonlinear functional analysis and its applications I1I/A (New York:
Springer)

WALTER H. ASCHBACHER
TECHNISCHE UNIVERSITAT MUNCHEN, ZENTRUM MATHEMATIK, M5, 85747 GARCHING, GERMANY
E-mail address: aschbacher@ma.tum.de



	1. Introduction
	2. The continuum problem
	3. The semidiscrete approximation
	4. The fully discrete approximation
	4.1. Coherent scheme
	4.2. Incoherent scheme

	References

